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PREFACE 


The second volume of the Mathematical Papers of Sir William Rowan Hamilton is mainly 
devoted to dynamics hut it was thought desirable to include in it Hamilton’s Calculus of 
Principal Relations, which is a natural and obvious extension of his method of the principal 
function. The greater part of this volume is now appearing in print for the first time, the only 
papers previously published being bis two famous essays on dynamics and a number of minor 
papers. A detailed description of the contents will be found in the Introduction. 

The frontispiece is reproduced from an etching in the Dublin University Magazine, Vol. 
XIX (1842), facing page 04. 

The Royal Irish Academy wishes to acknowledge with gratitude generous financial assist¬ 
ance towards the publication of this volume from the Board of Trinity College, Dublin, the 
Senate of the National University of Ireland and the Council of the Royal Society of London. 

The Editors desire to thank all those who have helped by advice and interest in the pro¬ 
duction of the volume, and in particular to record their appreciation of the care which the 
Cambridge University Press has shown in the printing. 

A.W.C. 

A.J. I c C. 

Dublin, 

August-, IMS 
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INTRODUCTION 


This is the second volume of the collected mathematical works of Sir William R. Hamilton and 
is devoted to his researches on Dynamics and topics closely related to them. As in the first 
volume, it is thought desirable that in this Introduction we should give a connected account of 
Hamilton’s work over the period in question, as it will help to put the papers appearing in this 
volume in their proper perspective and show their close connection with one another. 

Following the decision of the Editors of the first volume to divide the material into volumes 
by subject rather than by date, we include here all Hamilton’s contributions to dynamics 
apart from those that arose as applications of quaternions; nevertheless most of the papers of 
the volume belong to a definite period of Hamilton’s life, from 1833 to 1839. The contents of 
this Introduction may be stated as follows: 

1. Arrangement and editing. 

2. The application of the characteristic and principal functions to dynamics. 

3. The calculus of principal relations. 

4. The dynamics of light. 

5. Abstracts. 

1. Arrangement and editing. 

The present volume falls naturally into three main divisions. In the first part we have 
included Hamilton’s two famous Essays in which he defines and obtains the chief properties of 
his characteristic and principal functions together with several manuscripts, hitherto unpub¬ 
lished, where he applies his general method to specific problems. We have also included a few 
miscellaneous papers on dynamics having no direct relation to his principal function. 

In the second part, most of which consists of manuscript, Hamilton is dealing with a new 
calculus, called by him the Calculus of Principal Relations, which is really an extension of the 
method of his principal function to obtain integrals of total and even partial differential 
equations. 

The last part is taken up with Hamilton’s researches in the dynamics of vibration and its 
application to the theory of light. As will be seen this part also consists of unpublished manu¬ 
script with the exception of one or two brief abstracts of some of his results in this held. 

This second volume differs considerably in character from the first. The latter was very 
homogeneous in its matter, being Hamilton’s contribution to optics, and at least three-quarters 
of it had already appeared in print. The present volume, although dealing mainly with dynamical 
problems, is much more varied in character and less than one-quarter has been published 
before. As the Introduction of the first volume has emphasised, Hamilton arrived at his 
conclusions by heavy and laborious preliminary work and by the working of many examples 
he often reached the general results gradually through the particular. Whenhe finally published 
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his results, they appeared in very compact and condensed form, which made his published 
papers somewhat difficult reading and gave very little indication of the labour by which he 
arrived at the end of his journey. Most of the manuscripts printed here for the first time are 
in a very unfinished condition, but they show clearly Hamilton's method of working as well 
as his great power of manipulation. The Editors have no hesitation in printing these manu¬ 
scripts in full, though Hamilton himself was obviously not entirely satisfied with them and 
published only brief abstracts of their contents. 

We have tried to make this volume as uniform as possible with the first and have adopted 
the same plan of editing. Footnotes of the Editors are inserted in square brackets w here it was 
considered necessary and longer notes on difficulties that arise in the text are printed in an 
Editors’ Appendix at the end. 

2. The application of the characteristic and principal functions to dynamics. 

Much of Hamilton’s researches on optics could be at once carried over into dynamics and 
he at once began in characteristic manner to study particular problems before producing any¬ 
thing for publication. Problems in dynamics at this date were largely of an astronomical 
character, so that it is not surprising that his first attempt was made on the celebrated problem 
of three bodies which had already been treated by Laplace, Lagrange and. others. None of the 
previous attempts consisted of much more than obtaining the classical integrals and applying 
the known methods of approximation to special cases. It cannot be said that Hamilton’s work, 
now published for the first time, did much more than verify the results already known, although 
his method of attack in utilising his characteristic function was quite different. Restricting 
himself to the special case of the Sun, Jupiter and Saturn, the orbits of which wore supposed to 
lie in the same plane, he obtained approximations to the motion. Of course, in his optical work, 
no reference to time was necessary and the question of finding the approximation to the time 
of Saturn required new developments. Under the supposition that the time followed, the same 
law in its approximation as the eccentricity or the major axis, his first attempts seemed un¬ 
satisfactory. AH the particular cases which, as was his habit, he tried showed even that there 
was a definite error somewhere. Returning to the simplest case of two bodies, the Kepler or 
Newtonian orbit, he discovered the result which he required to complete his theory, viz. that 
by differentiating the action function with respect to the vis viva constant he obtained the 
time. Calculations more extensive at once enabled him to prove that this result was general 
for what would now he called conservative systems and he at once started on his First Essay 
“On a General Method in Dynamics/ 5 

There is no necessity to give a resume here of this famous Essay and it is sufficient to observe 
that before he had completed it he had discovered a more manageable function, the principal 
function. 

This function he tested by means of a particular case of the three-body problem. Sun, 
Earth and Moon, and obtained approximations of already known type. His “Second Essay” 
contained not only the development of his principal function but also here appeared for the 
first time his canonical equations of dynamics. It is curious to remark that Hamilton hardly 
made any use of these equations and was more interested in reducing all work to the con¬ 
sideration of one function and of carrying out his approximations by means of it. 
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3. The calculus of principal relations. 

Hamilton immediately saw that the general method he had expounded in dynamical theory 
admitted of a considerable extension. If S is the principal function of a dynamical system whose 
kinetic energy is T and force function £7, then 

dsS = (T — U)dt, 

and S — S (aq, x 2 , ... x tt , t, a L , a a , ... a u , t Q ) is a principal relation that enables us to solve 
the above total differential equation and the equations associated with it by the calculus of 
variations, namely, the equations of motion of the system. So in the same way if we take any 
total differential equation 

/ (x, x', x x , a: a , ... x. n , ;r' , ad, ... x'„ ) = O, 

where dashes denote derivatives with respect to a variable u, and if we associate with it the 
equations given by the calculus of variations, namely 
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we are able to deduce a principal or central relation 

jF (x, x x , x 2 , x n , a, a x , a a , ... a n ) — 0, 

the a’s being initial values of the afs, the knowledge of which will furnish the solution of the 
total differential equation and the auxiliary equations. Hxactly as in the dynamical case, it is 
found that the function JT must satisfy two partial differential equations of the first order, and 
if we cazi find the appropriate solution of these equations, our problem is solved. Hamilton has 
been criticised in that he did not indicate how the particular solution required of his partial 
differential equation was to be distinguished from other solutions, and also that he did not 
show how this integral was to be obtained- In the first manuscript on the Calculus of Principal 
Relations, Hamilton gave a means of identifying this required integral and described an 
interesting method of successive approximation by which the principal relation or function 
can be rigorously obtained without any integrations whatever. We have given an account of 
this method in the important dynamical case in one of the Appendix notes. 

The next step was to extend his results, and he applied the same methods to a system of 
total differential equations of any order, 

f x (x x , x 2 , ... x 7l , x' x , x 2 , ... x„, x x> ... x", ... x { ?\ ... a4f>) = 0, 

ftc( x 1> •** x l> *•* **• > *** a4P) = 0- 

He associated with these the auxiliary equations of the calculus of variations, and indicated 
that we ought to have a principal relation of the form 
JF (x x , x 2 , ... x n , x X3 ... x' t , ... ^ -1) , ... « 2 , ... a n , a/ x , ... a' t , ... ... — 0. 

Hamilton did not develop his ideas much further in this direction and left his investigations 
in a very unfinished condition. A great deal of his work on this calculus deals with methods of 
approximation to his principal relation or function, and obviously his work has a close con¬ 
nection with the investigations that were afterwards conducted in the methods known generally 
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as Rayleigh's Principle, which also deals with successive approximations to the solutions of 
variational equations. Hamilton himself gave his methods an interesting application to 
dynamical ast ronomy in a series of letters to *1. \V. Lubbock, which arc reproduced on pp. 2-tU 
-S,*> of this volume. 

Applying a similar type of argument to partial differential equations, Hamilton succeeded 
in obtaining a very interesting method of solving partial dilferential equations of the first and 
second orders. His method is analogous to Cauehy’s theory of cl laraeteristies for equations of 
the first order, but he approached the problem from a different, point, of view and one which 
suggested a similar method for equations of the second order. To elucidate Hamilton’s manu¬ 
script on the subject, which is fragmentary in character, we have added a note in the Appendix 
giving a short account of his method and its relation to < ■auehy’s theory. 

4 . The. dynamics of Hyht. 

On taking up the dynamica l theory of optics he attacked the problem of the propagation of 
light in a crystalline medium. He obtained much the same results as Oauchy but anticipated 
him in later researches, lie pushed his investigations very much further than any of’his con¬ 
temporaries but after much numerical calcula tion concluded that the accuracy of the measure¬ 
ments available was not sufficient to decide the much debated question of the direction of the 
light vector. H is strict adherence to the classical dynamical principles and his use of discrete 
attracting particles form a contrast to the ideas of his great colleague MaeUulIagh, whoso idea 
of a continuous medium and the resulting equations form a direct forerunner of the Fa rad ay - 
Maxwell aether. Concurrently he developed his ‘‘ Sko tody » ami cs” or dynamics of darkness. 
That is, he studied the exact manner in which an e las to-opt ica l disturbance travelled into the un¬ 
disturbed part of the medium. This brought him into various now paths in mathematics which 
ultimately led to a great paper entitled "‘Fluctuating Functions” (to bo included in VoL HI 
of his works) and incidentally led to his discovery of the difference between group-velocity and 
phase-velocity and of many of the properties of the functions afterwards called Bessel Func¬ 
tions. In fact, he was the first to give a complete asymptotic expansion of these functions. 

5. Abstracts. 

The following abstracts of the papers in this volume have been made as concise as possi ble. 
The dates given in the ease of published papers are those of communication. 

PART I. Dynamics of Material, Bodies 
1, Problem of Three Bodies by my Characteristic Function . (1833.) 

This paper is an attempt by Hamilton to solve the problem of three bodies by the aid of the 
characteristic function. It contains a number of curious and interesting results, among others 

J -'rX j J.J 

± / .. ; . — v : -rfv. 

-.*“Vr + r 0 + x 4 a A 

He also discovers in this paper the important formula d V jdh — t. Towards the end of the paper is 
a proof that his two partial differential equations for V have a common solution in this particular 
case. 
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II. On a General Method in Dynamics. (1S34.) 

This is the first of Hamilton’s two famous Essays oil dynamics, in which he develops the 
whole of theoretical dynamics by the aid of one central function. In this Essay lie defines his 
characteristic function by analogy with his researches in optics, and develops its chief 
properties for a general system of points in any system of coordinates. The remainder of the 
paper is devoted to methods of approximation with a view to applying them to perturbations 
of astronomical bodies. At the end he introduces another function, the principal function, 
which he develops in the Second Essay. 

III. Second Essay on a General Method in Dynamics. (1835.) 

Hamilton develops the properties of the principal function in much the same way as in the 
previous Essay, but he here establishes for the first time his well-known equations of motion. 
He applies his method to a case of planetary motion, using a system of canonical elements. 

IV. On the Application to Dynamics of a General Mathematical Method previously applied to 
Optics. (1834.) 

This is a Report to the British Association on the methods developed in his two Essays. 

V. On nearly Circular Orbits. (1836.) 

The principal function in the case of a binary system is expressed in a form suitable for 
approximation when the orbit is nearly circular and similar results are also given for the three- 
body problem. 

VI. Theory of the Moon. (1837.) 

The method of the principal function is applied to the theory of the Moon and approxima¬ 
tions are obtained which he compares with results already obtained by Plana and Lubbock . 

VII. Correspondence with J. W. Lubbock. (1837.) 

This long correspondence between Hamilton and Lubbock arose from an enquiry on 
Lubbock’s part as to whether Hamilton had considered the application of his general methods 
to lunar theory as the methods in use were so laborious and unreliable. Hamilton replied in 
a series of letters giving an interesting account of his methods differing somewhat in point of 
view from those in his two Essays. These methods are in fact his applications of the calculus 
of principal relations to this particular problem, and some of his results are already contained 
in the previous paper VI. 

VIII. On the Composition of Forces. (1841.) 

This contains Hamilton’s statical proof of the parallelogram of forces. 

IX. On Theorems of Central Forces. (1846.) 

General formulae are given for the description of conics and sphero-conics under central 
forces. 

X. The Hodograph. (1846.) 

The hodograph of a particle is here defined and it is applied to the case of central orbits. 
Various interesting theorems are deduced concerning the relation between the hodograph and 
the law of force. 
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XI. On Theorems of Hodographic and Anthodographic Isochronism. (1847.) 

In these two notes, the anthode of a particle is defined and two theorems of isochronism, 
one hodographic and the other anthodic, are stated. 

PART II. Calculus of Principal Relations 

XII. Calculus of Principal Relations. (1836). 

This is the incomplete manuscript of a text-book which Hamilton had intended to write on 
the calculus of principal relations. It consists only of an introduction and scrappy portions 
of Chapter I. It does little more than state the basic problem and merely indicates the met h< >d 
of solution. 

XIII . Calculus of Principal Relations. (1836). 

This is really material for his proposed treatise expressed in rough and incomplete form. I n 
addition to stating the problem, he gives an interesting method of obtaining his principal 
function from the partial differential equation by successive approximation. The manuscript 
ends with applications to some examples. 

XIV. Calculus of Principal Relations: A new series of investigations. (i 836.) 

This is a continuation of XIII in which he states the fundamental problem in a more general 
form and also sketches how the method may be extended to deal with a system of total differ¬ 
ential equations of any order. 

XV. Integration of Partial Differential Equations by the Calculus of Variations. (1836.) 
Hamilton here shows how the calculus of principal relations can be used to solve partial 

differential equations of the first and second orders. 

XVI . Calculus of Principal Relations . (1836.) 

A British Association Report in which Hamilton gives a sketch of the method of principal 
relations. 

PART III. Dynamics or Light 

XVII. On the Propagation of Light in Crystals. (1835-38.) 

A dynamical attempt to reproduce the phenomena of the propagation of light through 
crystals, and an attempt at comparison with existing physical measurements. 

XVIII. On the Propagation of Light in vacuo. (1838.) 

A brief discussion of the law of force between “particles of the ether.” Hamilton decides 
against the inverse fourth power law and suggests a formula of Poisson as more suitable. 

On the Propagation of Light in Crystals. (1838.) 

This is an abstract of XVII, which appeared as a British Association Report. 

XIX. Researches respecting Vibration connected with the Theory of Light. (1839.) 

A series of equidistant particles lie in a line, the end particles being fixed, and each particle 
is acted upon by its two adjacent particles. The problem of small transverse vibrations is 
worked out in great detail. Many interesting results are obtained, such as, an asymptotic value 
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of wliat were after wan Is called llessel functions, the reciprocal theorem In dynamics, and the 
distinction between phase- and group-velocity. The term fluctuating function is first mentioned 
here. 

XX. Propagation, of Motion in Elastic Medium — Discrete- Molecules. (1839.) 

This paper deals with the same problems as XIX and extends them to two and three 
dimensions. The method of attack is quite different and consists of very interesting operational 
methods, what is now known as Heaviside’s operator being extensively used. The asymptotic 
values of various integrals are obtained and a detailed account of the wave front is given. 

XXI, XXII. Researches on the Dynamics of Eight. (1839.) 

These papers give an account of some of the problems dealt with in XIX and XX. 

XXIII. Correspondence. (1835—39.) 

Correspondence with Professor Powell and with Sir John Herschel on the dynamics of 
light. 


A. w. CONWAY 
A. J. Mt:C02SrjSTBLI/ 
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I. 

PROBLEM OF THREE BODIES BY MY 
CHARACTERISTIC FUNCTION 

[IS33-] 

[Note Book 29.] 

[It has been considered advisable to add a table of contents to this paper. It is a trial of the 

9 V 

Characteristic Function in an attack on a classical problem. It led Hamilton to a new result = t 
and to various subsidiary investigations. 
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I. PROBLEM OP THREE BODIES 


[1, 2 


[40.] Proof that the partial differential equations 

(BV\* . /SF\ 

VS x J y) 

have a common solution. The expansion of V for various laws of lorce. 
[41.] [42.] [43.] Various transformations of the partial differential equations.] 
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[General statement of problem, Sun, Jupiter, Saturn 
in centrobaric coordinates. 

(Dec. 16th, 1833.) 

[1.] Let Sun, Jupiter, Saturn have their masses 1, m, m '\let their common centre < gravity 
be fixed at the origin of coordinates; let them be considered as moving in the plane of the ecliptic 
which we shall take for the plane of xy; lot, in this plane, the rectangular coordinates of .1 u pi tor 
be x , y , and those of Saturn x', y f , so that those of the Sun must be •— nix — m'x\ ~ my m'i /; 
then, t being the time, the equations of motion of Jupiter will be 


(1)... o-Jg + (x + mx 4 m'x*) {(x. 4- mx 4 m'x ') 2 + (;// 4- my i • m f y' ) « 


d dy 
dt dt 

and those of Saturn will be 


(2)... 0 = ^ 4 (y 4- my 4 m'y') {(a; 4- mx 4 mV) 8 4 (y 4- my 4- m'y')~\ & 


f m' (;r - x f ) {(x - x') 2 -I (y -• ;>/ ) 2 1 ^; 
+ m' (?/-?/') {(;r —;«')* + Li ; 


(3) - 

(4) ... 


dl dx f 

0 = -=- - j + (a:' 4- mV 4- mx) {(af 4- m'x' 4- mx) 2 4- (?/ 4- m/y' 4~ mv/) a }"^ 

Cvt Gf/t 


~~~ 4- (y' + m r y' 4~ my) {(x' 4- m'x/ 4- mx) 2 4- (?/ 4- m/y' 4• my) 2 } ^ 

Cot Cut 


+ m (x f - x) {(F - x) 2 *h (?/' -;?/)“} *; 

4* (?/ 4- m/y' 4 • my) 2 )* 

4- m (?/ - y) {(*' - x) 2 + (y f - y) 2 ) &; 


while the Sun’s coordinates are linear functions of those of the 2 planets, obtained, as 
above, from the condition that the centre of gravity of the system is fixed at the origin of 
coordinates. 


[2.] The integration of the 4 foregoing equations would give x, y, x', y' } the four varying 
coordinates of Jupiter and Saturn in the plane in which both are here supposed to revolve, as 
functions of the time t; of the planetary masses m, m' (Sun’s mass being unity); and of 8 arbitrary 
constants, which we may suppose, if we choose, to be the four initial coordinates x 0 , y 0 , x $, y ' 0 , 

corresponding to the origin of time, and their first differential coefficients , 


And reciprocally, the problem of the 3 bodies would be solved (neglecting inclinations) if we 
could find these four functions; that is, if we could determine the dependence of the 4 co¬ 
ordinates x, y, x\ y' on the eleven quantities t, m, m\ x 0 , y Q} x' 0> y' 0 , ™-°, . 

dit €tt COT Ctt 
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[3.] The equations (1) (2) (3) (4) give, as one of their I st integrals, the equation of living 
force; which may be obtained by multiplying 


/•.XT /, . dx , dx' 

( 1 ) bym(l+m)i7 + mm l 

Cut Ctt 


cHoCr 

(3) by m' (1 4- m') ~~=~; &c.; 

Cut (Jut 


and may be thus written, 


(5)... 


m 

~2 


(dx\ 2 (dy\ 2 ) m' {(dx'\ 2 (dy'\ 2 \ If/ dx ,dx'\ 2 i dy , dy'\ 2 

U) -{£) J + v ((*) +(1) \ + 2\( m ~ d t +m *) -dt) 

— m {(x 4 mx 4- m'x') 2 4 (y 4- my 4 m'y') 2 }~~ 

— m' {(x f -h m'x' 4- mx) 2 4- ( y ' 4- m'y' 4- my) 2 }~& — mm' {(cc — x') 2 + (y — y') 2 }~ 2 ' = /a, 

h being independent of the time. If therefore we had determined the four functions x , y, x', y' 
and substituted them in this last equation (5), we should obtain a relation between the eleven 


quantities h , m, m\ x 0 , y 0 , x$, y' 0i 


dx Q dx 0 dy Q dy' Q 


not involving the time t; which may 


dt dt dt dt 

indeed be obtained at once from (5) by changing the final to the initial quantities. And com¬ 
bining this relation with the 4 which determine the forms of the four functions x, y, x', y', we 
could, by elimination, determine or at least conceive determined the four initial components 


dx n 


dy'o { 


of velocities , ... as a function of the eleven quantities h, m, m', x 0 , y 0 , x' 0 , y' 0 , x, y, x', y'. 

The time t would also be determined as a function of these last eleven. 


[Introduction of the Characteristic Function V and its variation SF.] 


[4.] Now my fundamental dynamical theorem* is that the 4 initial components of velocities 
cLcc cLi-j 

~dt ’ * ’ * dt anc ^ a ^ so ^ ie ^ components may be expressed by the partial differential coeffi¬ 
cients of the first order of another function V of the same eleven quantities; and this function, 
which I call the characteristic function, is = j '£mv 2 dt, that is, the integral of the product, the 
living force of the system x the element of the time; so that we have 

<»>-' 4:H(S)4trH ((¥Hf) 


It is, as I have said, to be regarded as a function of the 4 initial and 4 final coordinates, the 
planetary masses, and the constant h in the equation of living force; and its variation SF, corre¬ 
sponding to any infinitesimal variations of the initial and final coordinates of all the bodies of 
the system, the Sun included, is equal to the sum of all those variations multiplied respectively 


[Of. Vol. 1 , pp. 330-332.3 
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by the components of initial momentum, taken negatively, and by the components of final 
momentum. That is, we have, 


(7)... 




/ dx ,dx'\ / * 

+ Im + m -jYJ ( m + m )' 

h ^ + tit' (l \j ( j (mSt/ p m* St/) 



5- f ’o + 


— + m' (mSx 0 -f m' 8x' {) 

) ~ (»» / -f- (mSi/v 1 in' S//,’,) 


and therefore 


( 8 )... 

( 10 )... 

( 12 )... 

(14)... 
Hence also 


1 SF 

m Sx 

1 SF 
m Si/ 

1 S Y 

m 8x n 

l SV 
m 8y 0 


dx . .dx/ 

dt (l+ ’"' ) + m dt ’ 

Xu'. 

dt ’ 


-Y (1 -{~W ) -i- W 


dt 

dx, 


dt a+»)+»»'■*“; 


,<1<Ak 
dt ’ 


"^n C) (1 4- m) H- m‘ 




( 0 )... 

(LI)... 

(Li)... 

(15)... 


i sr 

m' Sx/ 
l SV 
■m/ Si/' 
I 8V 
Hi' Sx/ Q 
I SV 
m' St,;, 


dx/ 

dt 


(I f- 


m') 


m 


dx 

dr 


(16)... 

(1 + « + »') g- 

1 -b m' S V SV 
m Sx Sx' 

(17)... 

(l+m + n/ll 

I P w 81' 81 
7 n/ Sx 8.j 

(18)... 

(l+m + m') ~ 

1 + m' S V 8 V 
m 8// 8/ 3 

(10)... 



(20)... 

1 ' dST~ 

1 + m' 3 V 8 V 
m Sx () 8a'y ’ 

(21)... 



(22)... 

/ /?/<> 

1 + m'SF SV . 
m S?/ 0 %<7 

(23)... 




and these 4 last equations contain the expressions sought, for the four initial component* 
velocity by means of the partial differential coefficients of the l Ht order of the (■haraetens 
Function V, taken with respect to the four initial coordinates. 


[5.] The equations (16)...(23) may be put under the following forms; 


(24)... 

dx 

1 SF 1 

(SV SF\ 

[ Sa; + Sce'J ’ 

(20)... %. 

1 SF 1 

dt = 

m Sa; 1 4- m + m' ' 

rnf Sx* 1+w-fm' 

(26)... 

dy _ 

1 SF 1 

/SF SF\ 
\Sy Sy'J’ 

(27)... 


dt 

m 8y 1 + m + m' 


(28)... 

dx 0 

1SF ( 1 

/SF SF\ 

S#q/ 

(29)... 


dt ~~ 

m Srr 0 1 + mim' 1 


(30)... 


1 SF 1 

/SF SF\ 

Up%o/ ; 

(31)... 


dt 

m8y 0 1+m-pm' 
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5, 6] 


and they give 




(32)... 

dx , dx' 

m Tt +m 

1 1 

/SF SF\ 
\ Sas 8x') 

1 4m4m' ‘ 

(33)... 

dy , dy' 

1 i 

(SV SF\ 

m ~£ 4 m -j- = 
dt dt 

I4m4m , ‘ 

( By + Sy'/ 

(34)... 

dx 0 , dx' 0 

1 1 

/SF SF\ 

l ~dt +m ~sr~ 

l4m4m' 

(S^o Sa ; 0 / 

(35)... 

dt dt 

1 , 

/SF 8V\ 

1 4 m 4 m '' 

VSy 0 + SyJ 


Hence the living force of the system, at the time t, may he thus expressed: 

1 (/SF SF\2 /sv SF\ 2 ) 

1 4 m4 m' { \ So; + Sx'J Sy + Syy J 5 

an expression which results either from (6), or from the formula 

W^SVdx SVdy SF SF d^_ 

^ dt 8x dt~*~ Sy dt^~8x' dt Sy' dt J 

combined with (24)...(27). The equation of living force, (5), gives* V the 2 following partial 
differential equations which the function V must satisfy: 


(38)... 


(39)... 


1 f/3F\ 2 /SF\ 2 } lf/SF\ 2 {—Y\~- _ 1 _f/5Z SF\* /8F SF\ 

mj\S;r/ ~\Sy/ j m'{\Sx'/ ~\Sy'/ j 1+m 4m' |\So? + 8x'J + \Sy + Sy'/ 
= 2m {(# 4 mx 4 m'x' ) 2 + (y 4 my 4- m'y f ) 2 } - * 

4- 2m' {(x' 4 m’x' 4- mx) 2 4- (y' 4 m r y f 4- my) 2 } - * 

4- 2mm f {(x-x') 2 -t- {y— y')*}-* +2h; 

W/SF\ 2 /SF\ 2 ) _lf/<$F\ 2 (^ZY\ _L_f/SF SF\ 2 /SF SF' 

m{\Sx 0 / + \Sy 0 / rm'IW + W J I 4 m4-m' (\Sa? 0 + Sx'/ + \Sy 0 + Sy^ 
= 2m {(a; 0 4- mx Q 4 m'x' 0 ) 2 4 - (y Q 4 my 0 4 - m'yi) 2 }-* 

+ 2m' {(#0 4 m'x' 0 4 mx 0 ) 2 4 (y' 0 4 m'y'o + w*/ 0 ) 2 } -i 
4 2mm' {(a; 0 - x ' 0 ) 2 4 (y 0 - yo) 2 }“* + 2A. 


[^jp^ro&imatfe equations solved .] 

[6.] So far all is rigorous and nothing has yet been neglected for the sake of approximation. 
If, however, we were now to neglect m' in (I) (2) and m in (3) (4), we should be able to integrate 
the fundamental differential equations; and we should get approximate values for the functions 
x, y, x\ y', which we may call x f ,y f , x' f , y'. But to approximate to the mutual perturbations we 
shall only change x, y, x\ y' to the following expressions x t 4^m', y, + ^m% x‘, 4 £’m ? y' f +v}'m 

* [V *= therefore. See footnote, Vol. 1 , p. 370.] 
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[6, 7 


and tlie differential equations (1) &c. will resolve themselves into the following, which are 
rigorous. 


(40)... 

p _ ^ ( 1 + W)" 2 

(41)... 

tZ fZ.r 7 
~ (it dt 

, (i 

^ rfjf (a: 2 4- 2/?)“ 

K 2 +2/;4 

(42)... 

f} _ dd y r j y, (l4-m)~ 2 
dt dt (a: 2 4- y 2 )- 5 

(43)... 

o=4 

cZZ d7 

?/' (1 4-m 7 )-“ 

(a ,7a 4~y' 2 )~ 


and the following, which are approximate. 


(44)... 

0 = 

_d dg 

4“ 

x'+i 

4- 

•x, — x r f 


3a;, (.r. 

:r 7 4- 


■ £-\ y,v) 


dt dt 

(zf + t/*)$ 

{(*, 

— x') z ~b (y f 




n+tf)* 

* 

(45)... 

0 = 

■$1* 

!l 

4- 

y', + v 

(x 2 ,+yj)§ 

+ {( x , 

_ v,-v: 

-x’,)~ + (y. 

-sO 2 )- 

%, 


>+y?) ? 

). 

(46)... 

0 = 

_d d£ r 

4- 

sc, 4-f 7 

4- 

x\ — X , 


3a:; (a:. 

a-; 4- 

?/, y, 7 + :r; 

:r+?/:v) 


dt dt 


(^: 2 +y; 2 )" 

«*, 

-*£)“+(?/, 

-m ~ 


(4 

•; 2 +?/ 2 ) :i 


(47)... 

0 = 

d dr] 

4- 

y, +V 

4- 

_ y'—y, 


%; ( 



) 


dt dt 


(x'r+vrf 

{(*, 

-x'~) 2j r(y, 







[7.] The equations (40)... (43) can be completely integrated by the theory of elliptic motion. 
They have for approximate integrals, (corresponding to the ease of nearly circular orbits,) 

(48)... x,=a cos (nt + e) + cos (2 nt + 2c — to) — cos w; 


(49) ... y t — a sin (nt 4- e) 4- -zr sin (2nt 4- 2e — tn)-sin m; 

z z 

(50) ... x' f = a' cos (n't + e 7 ) 4- ^ cos (2n't 4- 2e' - za f ) - —~ cos m f • 

2 2 


(51)... 


y\ = a' sin (n't 4- e') 4- ™ sin (2^,7 + 2e' - n? 7 ) 


which are derived from the following: 


Sa'e' . 

... .--.gin to ; 


(52)... r, —qecos (^* 4 -*r o>); 

(54)... r 7 — a 7 — a'e' cos (w,7 + e 7 — m') ; 
(56)... x, = r, cos ; 

(58)... aj^rjcos^; 


and in which 
(60)... : 


1 +m s 


(53)... 0, = +• € 4~ 2c sin (nt -p e — ro); 

(55)... O', ■— n't 4- c 7 4 - 2c 7 sin (n/t 4- € 7 — m 7 ); 

(57).,. y,=r,8in0,; 

(59)... 2 /J = fj sin 6* f ; 


(61)... 


n 7 ~ 


a 7 ~a 

14m 7 ’ 


In fact the equations (48) (49) (60) give, when we neglect e 2 , but not any power of m, 

(62) ... (a; + yj)* = cir — qe cos (n£ + e — ter); 

(63) ... (:s' 2 4*y' 2 )* = a' — a'e'cos (n't + e' — w'); 

( 64 ) - ■ • ^ (^') = - am 2 {cos (nt + e) + 2e cos (2nt + 2e - m)} = - ^ (1 +to)~ 5 \ 

^ y t \ ^) 

( 65 ) — ~ an2 { 8in (nt + e)+ 2esin (2ni + 2e - 10 )} = -gJ 1 + w l~_ ; 
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observing that 

— - — r- s - = {1 + 3e cos (u£ 4 e — to)} {cos (?&£ 4 e) 4 ^ cos (2 nt 4 2c — w) — ~ cos ? 
(#,4^;)® I 2 2 


= cos (nt-he) +~ cos (2w£4 2e — to) — ™cos t?7 + ~ {cos (2^+ 2e — w) 4 cos w}; &c. 


[8.] In integrating (44)...(47) we shall neglect the masses and the excentrieities, and thus 
we shall have 


(66)... 0 = -j ~-h n 2 g + n 2 a'QQa(n't-he)-h _ 


a cos (nt 4 e)—a' cos (n't 4 e') 


' (a 2 4 a' 2 — 2aa' cos (nt — n't 4 e — <:')}& 

3?a 2 cos (n^ 4 e) {a' cos (nt — 4 e — e') 4 £ cos (?&£ 4 e) 4 r\ sin (nt 4 e)}; 


(67)... 0 = — 4 n 2 rj -hn 2 a' sin (n't 4 e') 4 


a sin (nt -he) — a' sin (n't 4e') 


dtdt {a 2 4 a' 2 — 2<m'cos(?^ — n't-he — e')}$ 

— 3n 2 sin (nt 4 e) {a' cos (nt — n't 4e-e') + ^ cos (nt 4e)4ij sin (nt 4 0} i 
/eo\ n d d£' „ a'cos (n't-h e) — a cos (nt~h e) 

dt dt (a 2 4a' 2 — 2aa'cos (nt — n't 4e-e')}* 

— 3?z/ 2 cos (n't-h €'){acos (nt — n't-h- e — e') +£' cos (n't-h e') 4 vf sin (n't-he')}\ 

.... ~ d dn' fe> . . , . a'sin(^4e')~~»sin(^4€) 

dt dt {( a 2 4 a' 2 — 2aa cos (nt — nt-he —e )}$ 

— 3?z/ 2 sin (n't 4 e') {a cos (nt —n't-h e — e) +£' cos (n't -he') 4 rf sin (n't-h e')}. 

[9.] Multiplying (66) by cos (nt 4 €) and (67) by sin (nt 4 e) and adding the products, we find 

(7°)- 0 = 003 <"* + £ ) If + sin < rai+€ ) | Tt 

— 2n 2 cos (nt 4e)4ij sin (nt 4 e) 4 a 'cos (nt — n't-he — e')} 

4 {a —a' cos (nt — n't 4 e — e')} {a 2 4 a' 2 — 2 aa' cos (nt — n't 4e-e')}~^; 
and by an analogous combination, 

(71)... 0 = sin (^4e) — cos (nt-he)— ^-hn 2 {iQin(nt-h e) — r) cos (nt-h e)} 

( / a' 2, 2a' \-Hh 

l__/l 4 _—__ cos (nt — n't-he — e')l (• 

Put, for abbreviation, 

(72)... cos (^4€) . ^4sin(^4 e). rj~ r„\ (73)... — g sin (nt-he)-h rj cos (nt-he)—a6„; 

then, 

(74)... g — r ff co&(nt-h€) — a0 // 8in(nt-he); (75)... rj = r n sin (nt 4 e) 4 a&„ cos (nt 4 e ); 

d dg , , , . d dr„ . d d0 tt 

(76) - mto~ OOB W +e) dtii- as ™ (nt+e) * t iit 

— 2n sin (nt 4 e) ~ — 2an cos (nt 4 e) ~~ — n 2 g; 

d dn . . r . d dr„ , , . d d0„ 

(77) - dtTt= Bm(nt+e) dtW +aooB{nt+e) dtli%! 

-h2n cos (nt 4 c) ~ — 2an sin (nt 4 e) — n 2 rj ; 
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(78).., 0 = — 3 n % r„ — 2na — 2« 2 a' cos (w/ — n't 4- e — e') 

at at " dt 


- d dr„ 

(79)... 0= 


(t — «/ (‘OB (w /■ — // 7 -f t: — c-') 

{a. 2 + a' 2 — 2 aa' cos (?it ~~ n't i -1 t')}- 


4- n 2 a' sin (nt — n't + e — «=')) l — | l 4- 


cos (nt — n't 4- c —- 1 ') 


This last equation can be immediately integrated and gives 


do.. n n~a [a , , / < 7 /- 2a 

(80)... — a ----- — 2nr H-> \ — cos (r/2 — n'1 4- € — € ) — ( I 4- „ -.cos hit — 7 / t 4- 

n — n [a \ a 2 a 


n 2 a fa' , . / a!' 2 2a' . , A" 

1 COS (€—€)— I 1-t- - COB (c — 6 S 1 

n — n \a ' c/,- a 


if we suppose, which we are at liberty to do, that £, 77, ^ & *.* ?* 0 , , vanish 

dt dt dt at 

with t. On this last supposition we shall have by integrating (80) 


(81)... ad = — 2n f r dt 4- ----- ■ cos (c — e) — a , 
Jo n-n' ' a' 




> (JOS (<• — <?') J 


(«■.«') a 


X ( -sin(€-eO + rin(^-n / « + €-€')) + —f 

\ / Jo \ « 2 « 

We have also, by substituting (80) in (78), 


1 Ct f a» 2 a \ i 

J ( 1 + f/ r 2 r/ / cow i n/ ’ ~ '^7- 4- c — ') J a7. 


/oo\ ^ d dr., „ 2n 2 n'a' 

(82)... 0 ~ -jf + w, 2 r„ H- r cos (aiS - ^7 4- € — <■') 

d£ d£ n — n ' 

2n z a' f ,. a 2 / a 2 2a, , , 

n — n' { v ' a 2 \ a ' 2 a' K 7 


2M*afia'-i (^ t a* 2a , t . , v \“* + 

n n \ a a ) {a 2 + a' 2 — 2aa' cos (nt — n't 4- € — c')}^ * 

We are V to integrate this equation and to determine the constants by the condition that r and 

dT ^ ** 

shall vanish with t, 
at 


[Perturbations of Jupiter obtained and compared with results of Laplace .] 
[ 10 .] Since a' > a , we have, nearly, 


(■-? 


2a a*\-i 

—7 cos co 4 - - 751 = 

a' a' 2 ) 


, a l a 2 , 

^ ^* 0 ? 008 00 2 a/ 2 (~" 1 *t* 3 cos a*®) 

= l+p cos CO+ |^(1 +3 008 2co); 
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or, exactly, in the notation of the Mec. Cel.* 

2 a 


(84)... 


(i- 2 ? 

V « 


K . 2 a 

1- 7 COS CO 4- — 7 ^ 1 —1 + 3 

a a -/ 


cos co + “ J = J 6 ( ? + fr^cos a> + b ( f cos 2co + &c.; 
3 a 2 


cos co + -- —Ti (3 + 5 cos 2co) + &c. 
a 4 a 1 v y 


V if we put (82) under the form 


|+ 5 ( ]pcos co + 6 ^ cos 2 co + &c.;J 


(85)... ~ + w 2 r„ + l-R 0 + JSj_ cos(w/ — w'£ + e — e') + i? 2 cos 2 (nt —n't+ € — €) + &c. = 0, 


we have 

/rt „. _ 2 n z a' | . /v a 2 /, ~ a - 7 a 2 \~£) % 3 a 2 a ' -1 

( 86 )... 4 i? 0 =-, cos e-e'-- ( 1 — 2 — cose — <=' + -^1 [- 

“ % — ?a l a - 2 \ a a 2 ] ) n — n 

observing that 

d 


U ?) - — —— i. * 
* 2 a' da, ? 


a —a cos co 
(a 2 — 2 aa' cos co + a' 2 )* 

„ A A. 

a' da * 

and similarly 

(87) ... 

( 88 ) ... 


(89) ... 

The integral of (85) is 

(90) ... r„ 


da 


{a 2 — 2aa' cos co + a/ 2 ) ^ 


, 2a a 2 \H 

1- 7 COS CO + 

a a' 


asW = _1_ 1 

a' 2 / ~ 2 a' da a' 


dbf 


1 db f 

. — cos co 7 — cos 2 co — &c.: 

da a da 


*1- 


Ry 


R, 


2 n~n a 2 n z a~ .... 1 dbty 

-- -6<i)-- — 

n~n (n — n)a * a da 

2n z a 2 £ (2) 1 d 6 ( |\ 

(w, — ?&') a' 4 a' da 9 
2n z a 2 1{ ^ 1 d&f. 


(ti — n r ) a‘ 


;b f-A 


a' da 


&c. 


R 0 i^cos («£ — w'^ + € — <=') jK 2 cos 2 (nt~n't + <=--€') 
2n 2 (-^ — n'j 2 — n 2 + 4(w —^') 2 — n 2 


+ 


i ? 3 cos 3 (^ — n't + e — e') 
9 (n — n') 2 — n 2 


+ &c. + R , cos (%£ + e) + sin (nt + e); 


in which the arbitrary constants R, & may be determined by the conditions before proposed 

dT 

to be employed, namely that r f/ & ~~ shall vanish with it; and thus we shall have 


(91)... R f cose + ifc ff sin e—— 


R 0 R 1 cos (c — €.') R 2 cos 2 (e — € / ) JR 3 cos 3 (€ — €') 


2 n 2 (n~n') 2 — n 2 4^(n~~n') 2 — n 2 9 (n — n') 2 — n 2 


•&C.; 


(92)... R f sin € — R ff cos e — — - 


^(i^sin^ —<=') 
(n — n') 2 n 2 


— e') 2R a sin 2 (e — e') 32? 3 sin 3 (e — «■') 


+&c.L 


4z(n — n') 2 — n 2 9 (n — n') 2 — n 2 

We have V determined r „, which is, very nearly, the perturbation of the radius vector of 
Jupiter, divided by the mass of Saturn or the coefficient of this latter disturbing mass, in the 

* [Tome 1 , Livre 2, No. 49.] 


EMFH 
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(78)... 0 = — 3 n 2 r„ — 2?^a ~™ — 2 n 2 a' cos (nt — n't 4 e — e' ) 

Cto Cvtf tty 


a — a' cos {nt ~~ n 1 4- € -■ * ) 

{a 2 + a' 3 — 2 act' cos ( «i — n't I -1 — t ') j * ’ 

« d dQ„ A <2r„ 

(79) ... 0--« s - s ~2». s . ^ ^ } 

4- n 2 a' sin (7it — n't 4 e — «') 11 — ^1 4- ^ cos (•«# — 4 c — |. 

This last equation can be immediately integrated and gives 

(80) ... -~a-~r = 2nr 4 ---- - - - {—cos (fitf — w-7-he — <■') — f 3 4 --«* — co»(«/—w7 + « - 'c')| 

<2£ " % —n (a \ «“ « / 


a' 2 2a' 

a 2 a 


n~a a , ( a - 2a \ 

n - n a v \ a 2 a / 


if we suppose, which we are at liberty to do, that 7;, ^ r„, , vanish 

with tf. On. this last supposition we shall have by integrating (80) 


C l - n 2 a't f . /v a 2 /, a 2 2a . , v V a-a* 

(81)... + ^ «»<«-« )) „, )a 

x ( — sin (<? — «') + sin (nt — n’t + e — e')) *y, J* (l -4* 2 — ^ooh(»!/ --- n’t f * ■ <.')) dt. 

We have also, by substituting (80) in (78), 

/o<»\ ^ d dr„ t 9 , 2n 2 n'a' , x 

(82)... 0 — -T- 4* n 2 r -f-—^ cos (^ — n 1 4c — «4) 

dt dt " n — n K 1 

2n 3 a' ( a 2 ( a 2 2a ,.W) 

r a(£ ~ e l 1 +5**-?«•<—« v ) 


2n z a 2 a'~ 1 ( a 2 2a ,A“* a-a' cos (nt - n't 4«~«') 

n~n \ a a ) {a 2 4 a' 3 — 2aa' cos -n'i + i-i' )}■ * 

We are *.* to integrate this equation and to determine the constants by the condition that r m and 

dr 

shall vanish with t. 
at 

{Perturbations of Jupiter obtained and compared with results of Jjaplace^ 

[10.] Since a' > a, we have, nearly, 

/ 2a a 2 \'d a 1 a a 

(83)... p__posa. + ^;5j| =1+^;C08 to+ -^5(-l + Soo*<«*) 

= 1 00 s to +j ^(1 + 8ooa2to): 
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or, exactly, in the notation of the Mec. Cel.* 


(84) 

[(-? 


(‘ 


2 a a 2 \~~% 

—7 cos CO 4- 
a a 


S) H 


Wf 4- 6Tcos co -f b ( f COS 2oj 4- &c .; 


2 \—I - d ^2 

* | =14 3-7 cos OJ +- -75 (3 + 5 cos 2co) 4- &c. 

2 ) a 4 a 2 -1 

= + b '^ COS co 4- cos 2a> + &c.; 

V if we put (82) under the form - 1 


2 a a* 

cos co 4-- 
a • 


(85)... ~ + n 2 r tf ~{-^JR 0 4- discos («i — e — e') 4- B 2 cos 2 (tw 5 — + e — <=') + &c. = 0, 

Cut Cut 


2 n*a' 


. , a 2 / 

a -- 


• cos (c € )-^r 2 11 

— 2 — cos e — c 

+- 75 ) f 

a 

ay ) 


we have 

( 86 )... iB 0 = 

observing that 

a — a'cos co a . 0 _ , i 

-= — =-(a 2 — 2aa cos co 4- a 2 )^ 

(a 2 — 2aa'cos co + a 2 P da 


da ’ 


1 d / 2a a 2 \^ 1 X <Z&<1> 1 dbf 

— -- —1 -- COS CO H rx ) = — 7—7 -r-i--7 -3-®- cos CO -7 —r-*- cos 2 CO — &c.; 

a da\ a a 2 ) 2a da a da a da 


and similarly 

(87) ... 

( 88 ) ... 

(89)... 

The integral of (85) is 


R,= 


4 a' da y 


2 rihda' 

n — n' (n — n’)a' 

2n ° a \ b m_±Ml. 

r/ * of 


(n-n')a' 
2 n 2 a 2 
(?i--w')a' 


a' da ’ 


(90)... r=-^ 2 + 


JR 0 E 1 cos (w£ — n'£ 4- € — e') E 2 cos 2 (rag — 4- e — Q 


(n — n ,') 2 


4 (n — n ') 2 


E» cos 3 (nt — nt~{-€ — e') . „ . , , . , . . . , . 

4- ——tr™- jTn - 5 -- 4* <Scc. 4- R f cos (%j{ + e) 4- sm (nt+ e); 

9 (w —ft/) 2 --^ 2 

in which the arbitrary constants I?, & i?,, may be determined by the conditions before proposed 

dr 

to be employed, namely that r„ & ~ shall vanish with t; and thus we shall have 

. I ? 0 R 1 cos(e —e') jR z cos 2 (e — e') Ji 3 cos 3 (c — e') 

(91) ... B, cos e + -R„ sin e - ^ - ( n __ n ’- ] 2 _ n * *(»-»')•-»**. 9(n-n’)*~n* °‘’ 

(92) ... + 

v 9 ' " n [(n — n ) 2 — n 2 4 (n — n r—n 2 9m-r)®-r 4 

We have V determined r „, which is, very nearly, the perturbation of the radius vector of 
Jupiter, divided by the mass of Saturn or the coefficient of this latter disturbing mass, in the 

* pbme 3(& 4&J \ 


HMPII 
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[9, 10 


& V 

(78) ... 0 = -f — 3 nh'„ ~ 2 na —f - 2n 2 a' cos (nt - n't 4- e - e') 

at at at , 

a — a cos (fit — n t 4- c — f ) 

{«■“ -f a' 2 — 2aa f cos (nt — n't 4* t — <')} * 

d#,. dr 

(79) ... 

( / a /2 2«r , \ 4 | 

1 — /1 4- — a cos {nt — n 1 4- c — t ) j j • 

This last equation can be immediately integrated and gives 


(80)... 


de„ 

- a —~~ — 2 nr„ 


dt " ' n — n' {a 

if we suppose, which we are at liberty to do, that £, ?/, ^ ^ 

with t. On this last supposition we shall have by integrating (80) 


(81)... <*>8,,— ~2n 


( t *> f \ *■ ‘» 

1 4 - — a — COS {nt — n 1 4- c ■ c ) j 

_. («' 008 («-«')-(i+- 2 "'' cos («- <■)] *1; 

rff . . . </)•„ ill), • , 


C‘ . n~a't ( . re 2 /. a 2 2a . ,.\4 » 2 "' 

} 0 r * dt + ^=.n' 1 C0S (C ~°-a' 2 ( l a' COH (e ~ C 4 I ' ' (« - »')* 

: (— sm(e — e') + sin(raJ — »'< + « — e')^ + J" ( (* + a <a — ^,co»(nt — n'l, \ ( ■ • <')) lit. 


We have also, by substituting (80) in (78), 

^ d dr.. „ 2n 2 n'a f . . 

(82)... 0 = ~ -=f 4 - nV- 4 - -- 7 - cos (— n1 4- € — € ) 

v ' dt dt " fi —» 

2 u 3 a' 
n 


f , , x a 2 /, , tf a 2a .Vi 

|eos(«r-e )--r* (l+ 5 «- >) j 

/ a 2 2a , A , A , , V Y"* , a — a' cos (1 

r ( 1+ a*-a '- cmi+e ~ e 4 


2n s a 2 a r ~’ 1 


a — of cos (nt — n*t 4 - € — c r ) 

cos (wi — 4*« — «' )}^ ’ 


We are *.* to integrate this equation and to determine the constants by the condition that r # and 
dr„ 


dt 


shall vanish with t. 

[Perturbations of Jupiter obtained and compared with results of Laplace *] 

[ 10 .] Since a f > a, we have, nearly, 

( 2 a o. a \"d a 1 a 2 

1 — COS Ct) 4" ^7g J «= 1 4*”; COS' <*> 4* ■( **“ 1 *4! 3 OOS Ct)®) . 

a t a 2 
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10 ] 

or, exactly, in the notation of the Mec. Cel .* 


(84)... 

[( 


, 2 a 

1- 7 cos CO - 

a 


^1 — ?? COS co 4- ~ = Wf + 6 ( ^cos co+b ( f cos 2co 4 &c . ; 

a?y* 

a' 2 ) 


a2X * :143~cos^ 4| —(34 5cos2ox)4&c. 


V if we put (82) under the form 
d dr 


i 4 b ( f cos co 4 b { f cos 2co 4 &c.;J 


(85)... ^^ + n 2 r f , + %B 0 + B 1 cos(nt-n't + €-€') + 22 a oos2(»*-7&'/4e-e , ) + &o * = 0, 

Cot Cot 


we have 

2n s a' a 2 l a -, u 2 W) n*a 2 a’~' L 

(86)... -^1=^7 { oos (^“ e ')“^ (l-S— r oos^~e 4^-J \~^T 

observing that 

a — a' cos co 


1 2a' da 


-- _ ~-^-(a 2 — 2aa' cos o> 4 a' 2 )~£ 

(a 2 — 2aa' cos co 4 a' 2 )* da 

n 2\~k 


X d / 2a a 2 \~* 1 _£ 

= ~a'Ta 1 1_ F C0SCU+ ^) ~~2«''S’ a' 


1 e®<2> 1 d&<£> _ _ _ 1 dbf 


——cos a>- 7 ——- cos 2 a; — &c.; 

da a da 


and similarly 
(87)... 

2 n 2 n f a r 2n z a 2 ^ (1) 1 db<f m 

1 n — n' (n — n')a' * a' da ’ 

(88)... 

2«V 1 dbf. 

(n — n') a' * a* da 

(89)... 

X _ " &C.I 

3 (n-n')a' i a' da ' 

The integral of (85) is 

(90)... r„ — 

_& 0 JR 1 cos (nt — n't + e — e') J? 2 cos 2 (nt — n't+ e — 

~~2n 2+ ( n-n'Y-n 2 4 (n-n') 2 -n 2 


■R 3 cos 3 (nt— n t + e —fJ + & c . + JB, cos (rc.i + e) + ii„ sin (ra« + <0; 

9 (m — n ‘) a — n z 

in which the arbitrary constants R, & R„ may be determined by the conditions before proposed 
to be employed, namely that r, & ~ shall vanish with t\ and thus we shall have 

„ . R 0 R l cos (e —e') R z cos 2 (e —e') ig 3 cos 3 (e-e') . 

(91)... R, cos e + R„ sin e — (»-»')*-»* 4 9 (M-fl .') 2 - w2 


n—n 


i'(lj 1 sin(e —e') , 2ii 2 sin2( <s-e') . 31^8in3(e-V) v fc ,, ) 
" (ji-»')*-n a+ 4(rc-m'P-M* + 9(re—ra') s -ra a 'I' 


(92)... jR, sin € — R„ cos e = -- 

We have v determined r,, which is, very nearly, the perturbation of the radius vector of 
Jupiter, divided by the mass of Saturn or the coefficient of this latter disturbimr mass, in the 
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& V 


< 78 >- 


,„„ x „ d de„ , dr„ 

(79)... 0 =- ra - w _2« w 


2?t 2 a' cow (?// — nl 4- e — c') 

a — //' cow (u/ — //7 {■■ <: 
•[a - 2 4 - a ' 2 — 2 mr' cos (a t — 7 / / 




f I ~f-, — ~ cos hd — n't } * ' 
ti- a 




4- n 2 a' sin (rtf —- n’t 4- e — e') J1. — ^1 

This last equation can be immediately integrated and gives 

(80)... — a = 2 nr 4- —■~ > i -*■ cos (-nl — n't -I- e — c') — ( 1 4- — cos (?it — 7/7 4 <• • <: ) j | 

v ' dt " n-n'\a v \ " / J 

v/ 2 // (7// / a' 2 27// ,A1 . 

n — n (a ' \ a- a J ) 

cl£ dij , . <7/* w <7d w . . 

if we suppose, which wc are at liberty to do, that £, 7p ^ , /f , & V r„, f/„, ^ ^ , vanish 


rfi ’ <//■ 

with it. On this last supposition we shall have by integrating (80) 


7/4/' 

(// //')“ 


(81)... a0 — — 2?i f r dt 4 - - J cos (e — e') — ( I. 4- cos (e — e'A 

Jo l «-\ / 

( \ 7/ 2 // 2 f//‘ _ l / //•“ 2// , i 

— sin (e — € r ) 4- sin ('//£ —r/7 + «sr — e') I 4-.. (14- — , cos (w7--•//.7 | ■< «. ) 

7 n-n J 0 \ a- a 


///. 


We have also, by substituting (80) in (78), 
d dr„ „ 2r/7/7// 

(82)... 0 — -r- ~ 4 - n~r u 4 -— cos (nl — n l 4 -e — e ) 

cf£ <x£ " n — n 

2n 3 a' 
n 


n 3 a { . a u /, 2u . ,.\ 

- 7 i COS (e — e )-, 7 , { I -|- ...-,■ cos (e -- e ) | 

— n ( a “ \ /f 2 // / 

^- 1 / a* 2a . ,A"- a — n/ cum (??Y. — n't \ < .« 7 ) 

I 1 4 —;:-i->•■ cos (w/ — '7£ /H- c — <• ) 1 4 - - f a . 

\ a u a J {a- y //> — 2 /m cos (■//£ — n7, i < « ) j» 


2r/ 3 a 2 a / ~ 1 


We are V to integrate this equation and to determine the constants by the condition that r tt and 
dr „ 


dt 


shall vanish with t. 


[Perturbations of Jupiter obtained and compared with results of Laplace * ] 

[10.] Since u r > a , we have, nearly, 

/oo\ (t a 2 \“- _ a 1 a 2 . . 

(83)... (1- 7 cos a> 4—75 ) = 1 4 - — f cos w 4 - tc —> ( — 1 4- 3 cos oj 2 ) 

\ a ay a 2 a 2 v 

, a 1 a 2 . 

== 14 —cos o»4-t ~tt> ( 14 - 3 cos 2 oj); 
a 4 a~ 
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or, exactly, in the notation of the Mcr. CH* 

(84)... (l - / cos a. + “ = !*.<»> + /><!>cos a. + b<? cos 2a, + &c.; 

\ a a -y ~ - “ 

K 2a. a 2 \ < 7 . 3 a 2 

1 — , cos co 4- 1 — 1 4- 3 , cos to 4- . /0 (3 4- 5 cos 2co) 4- &< 

a a -/ a 4 a/ 2 ' 


V if we put (82) under the form 
dr 

( >) -- & dt +'"" , '» + * A «+ 

we have 

(80)... U4= - -7 |cos (< 

' u n — n ( 

observing that 


— + & ( p cos co 4- cos 2co 4- &c.; 

mder the form 

4- 4- AA, + cos (vt — a,7 4- e — e') 4- /sh cos 2 (wi — n't -b e — e') 4- &c. — 0, 


2n s a' 


a 2 /, 

_ a — 

— a 2 V 

— 

■ COS (€ — €') 

--Ta 1 

. — 2 - 7 COSe - 

- e 4 —vt, ) 

n — n 


a 2 \ 

a 

a -) 


a — a cos co 
(a 2 — 2aa' cos co 4- a' 2 )% 
1 d / 


- ( a 2 — 2aa' cos co 4- a/ 2 ) 3 


1 ri / T 2a a 2 

i i- cos ^ 4 . 

a da \ a a 


1 dbf __ 1 c/6<£> 
2a' c/a a' da 


1 

2c// c/a 3 


- cos 2a> — &c.: 


r> 2n 2 n'a' 2nd a, 2 1 db ( V 

- ■ ~ . 6 I ^ ~ ' 

n — n (n — ?/• ) a - a da 


and similarly 
(87)... 


< 80 >- _ 

The integral of (85) is 

R ( , iih cos (nt — n't 4-e — e') R n co$2 (nt — n't +e — *') 

(90)... r„ = - — 4- — — 7 .. ,77 -o- - + — — ~r~/ ~- tot - sr -- 

2 n m {n — ny — n 2, 4 (n — n )~ — vr 


J7 2 = 

2 n 3 a 2 

• b ( f - 

l 

dbf 


(n — n') a‘ 1 


a' 

da 

R — 

2 n n a 2 

/,(3) __ 

1 

dwy. 


(n — n') a 1 


a' 

da ’ 


I/ 3 cos 3 (nt — n't 4- e — e') 
9 (n — n'y — n 2 


4- &c. 4- R, cos (nt 4- e) 4- R„ sin (nt 4- e); 


in which the arbitrary constants R f & R„ may be determined by the conditions before proposed 
to be employed, namely that r n Sc shall vanish with t; and thus we shall have 


(91)... R f cos € 4- R„ sin € = 


J? 0 i/jCOS (e — e') R 2 COS 2 (e — e') i? 3 COs3 (e —e') 


v 7 " 2n 2 (■n — n'y — n 2 4 (n — n') 2 — n 2 9 (n — n'y — n 2 *’ 

w —w/fiLsin^ — e') 2i/ 2 sin2 U — d) ZR 3 sin 3 (e — e f ) 0 _ ) 

(92)... R, sine - R„ cos e= - -4- l + TT -4- r + TTT -4-^+&e.l. 

7 ' n {(n — n y—n 2 4 (n — n ) 2 — n 2 9 (n — n ) 2 — n 2 ) 

We have V determined r tf , which is, very nearly, the perturbation of the radius vector of 
Jupiter, divided by the mass of Saturn or the coefficient of this latter disturbing mass, in the 


[Tome i, Livre 2, No. 49.] 
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expression of the former radius vector. It must ho observed that the radius vector here is 
measured from the centre of gravity of the system. The distance from the Sun is 

(93)... + m’, + m'x' f ) 2 -f (?/, + m'rj + my t 4- m'y ' f ) 2 ) 

— (1 4- m) V(a;; 4-//“) + v/'r„ I- m/a' cos (/d i ■ < d) 

[sothatin order to haver,, in (90) refer to the perturbation of the distance from Jupiter to Sun j 
we must add to ^ the term a'n' {n' ~ 2?i) t & consequently change in (S7) t he term li ** to 

a'-vj ' /y Vi '2 | *h>i _ , _ n np ' \ 

- {2^ a + (n — n') (n' — 2rc)}, that is, to —-— -- ; and then it will agree with t he result in 

n~n 1 J n — n 

the Mec. Gel. In fact, we find then for the coefficient corresponding to m y H t , when / > o, the 

dA (i > 2 nA ( *> . ... .... 1 , . ,, n a 1 .... . 

expression —y ~ 4- — ZTs //.» in W ^ 11C ^ Ha — — ->• //j J if i > 1 and vl (n ; am i 


da (n — n') a’ 


id 2 na~ l \ a ( 2 n \ , a'n' 2 (\ 

( __— j_ -j . — j j _j_ —; I ci -n " — - 

n — n ) a * \ n — n ) n - 

[11.] Substituting in (81) the value (90) of r„, we find 

ad, f = {<// (i?) - </' (0)} ; 


liw -?/') 


(94)... 

(95)... 

m= 

-2nr 4- nV | 

" n — r>! 1 

that is. 

(96)... 

</>(*) = 

— 2nR f cos (nt 4- 

in which 

(97)... 


v»- 

(98)... 


v,--- 

(99)... 


v,= 


(0 


as above. 

f/f cos i (nt - n 't K - ,') j ; 
>s i (nt — n't | t. d); 


2/4 


4~ V'y 


n~a'W 


n 2 a f 


n a' (n — n/Y 
2n.IL 


nniri/y 


2nIL 


4.. 


n*M<$ 


and generally, when i > 1, 
( 100 ).., 

Hence, by (94), 


4 (n — n! ) 2 — n 1 a/ (n — n/) 


2nR< 


n 2 a 2 b ( P 


(101) ... a6„= -2nS, j ^0OB(nt+e)dt-2ndt„ j\in(nt + e)dt 

+ toi*'* (Jo C ° 3 * n’t + €-e’)dt-t cos »(«-«')) + 2n{ (jR, cos * + sin «); 

(102) ... 0„ = --(sin (jii + e) — sincj — (cos e —cos (ii2-)-«)) 

+ ~\ 2n (-R, cos e-t-J?, sin e) — S T t cosi(e — <r')l + S A* ?™ 1 (w*~w'f+g — «') —sin<(« — «') 

**■ «>i J w)i * a(m-ra') 


that is, 
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This result is concerned with the perturbation of longitude of Jupiter referred to the centre of 
gravity of the system. Por this perturbation 


By 


8x 


(103)... = m'-— 7 tan -1 ~ — m' 

8m x 


X/ 8m' ^' 8m' m' 


{rj cos (nt + <~) — £ sin (nt + e)} = m'd /f ; 


x- + y- 

and if we refer the longitude to the Sun, then its perturbation 

f t . x , S y + my 4- m'y' 

(104)... = m -r —-tan -1 ---- - 

8m x 4- mx 4 -m x 

m {#, {y f + V) - y, (x r + €)} = {(v + y') cos (nt 4- e) - (£ 4- x') sill (nt + e)} 


x,+V1 

= m'0-- 


sin (nt — n't 4- e — e r ). 


Hence, in the perturbation of Jupiter’s heliocentric longitude, the coefficient of 

m' sin (nt — n't 4 - <e — e') 
aa' (n — n') 2 {(n — n') 2 — n 2 } 

is (105)... a'{(n — n') 2 a,' — x Y x (n — n')}{(n — n') 2 — n 2 } 

— 2nJR x (n — n') a' — n 2 a 2 6T {(n — n') 2 — n 2 } 4- a' 2 {(n — n') 4 * — n 4 } 

db ( V 

— a' 2 {(?i — n') 4 — n 4 4 - 4 n 3 n'} — n 2 a 2 bty {(n — n') 2 4 - 3 n 2 } — 2n(n — n') 

— a' 2 n' 2 (n’ 2 — Ann' 4- 6w 2 ) — ?i 2 a 2 b ( ^ (4^ 2 — 2nn' 4- n' 2 ) — 2 n (n — n') * 

The Mec. Cel. gives for the same coefficient 


( 444a) 

%'AW (n' 2 — 2 nn') 4- 2 n z a 2 a' j a (n — n') 4- 2nA (1) ■ 


in which 


= n 2 a 2 a' (An 2 — 2nn' 4- n' 2 ) A 4 - 2 n (n — n') a 


j±(i) — -- 6<p; and An 2 — 2nn' + n' 2 + 2n (n — n') — n' 2 — Ann' 4 - 6w 2 : 

a 2 a * 


,dA<» 
da 3 


V the coefficients agree. When i > 1, my coefficient of 
(106)... n 2 a 2 Uf {i 2 (n — n') 2 — n 2 } — 2na' JR, L (n — n') 


m' sin i (nt — n't 4 - € — e') 
aa' (n — n') 2 {• i 2 (n — n') 2 — n 2 ) 


= n 2 a 2 b ^{ i 2 (n — n') 2 4 - 3 n 2 } 4 - 2n (n — n') 
while the corresponding coefficient in the Mec. Cel. is 

— a 2 n 2 a'A^ {i 2, (n — n') 2 — n 2 } — 2a 2 n 3 a' j a (n — n') 4 . j 

d A (*) 

— — a 2 n 2 a'AW { i 2 (n — n') % 4- 3 n 2 } — 2n(n — n') a' ■ 

1 dbfy 

in which A^> — —— the results therefore agree. My coefficients are therefore the same as 

those of Laplace for the cosines and sines of the multiples of the elongation in the perturbations 
produced by Saturn of the heliocentric radius vector and longitude of Jupiter; hut I have a 
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different constant term in the perturbation of the radius vector and a term pro port* »na I to the 
time in the perturbation of longitude. I have also, in both perturbations, hums dop< ndingon 
the mean longitude of Jupiter and independent of that of Saturn. These diilerenecs at iso i i »>m 
my different manner of determining the arbitrary constants introduced by integration m 
the expressions for the two perturbations.* 

[Perturbatio7is of Saturn. | 

[12.] To investigate now the perturbations of Saturn, that is, to integrate Hie equations 
(68) (69), multiplying the former by cos(M'i4-e') and the latter by sin (n M--c ) and adding the 
products, we get 


(107)... 0 — cos + +sm(»'« + € , )^^--2;4 ,a {fHu)s(-w.7-t-e , )-l-'»/Kin {n't h') 


4 - a cos (nt — n't 4- e — e')} 4- { cl’ — ct cos (nt — n't 4- e — <=')} cos (nt . n t t 

& similarly, by another combination, 

(108)... 0«sin {n't + € ')~| ~| - 008 ( n ' 1 + € ') ^dt Hin v ' (/// 1 f ) 


O! 


i a* 


If then we put 

(109) ... 

( 110 ) ... 

and Y 

( 111 )... 

( 112 )... 


' 2 a sin (nt — n't 4- e — e ) - 1 — ^1 4- H,- a — 2 cos (nt — ti 't I c <■' ) j 


£' cos ( n't 4- e') 4- yf sin (n't 4- s') ~ r '„; 

- £' sin (n't 4- S) 4- rf cos (n't + <=') = a'O ',; 


f' — r ' cos (n't 4-«') — a'O', sin (n't 4* c'); 
y}' = r' sin («/f 4-e') 4- a'0' cos (w/i 4- e'); 
we shall have, by differentiation, 

W = lii 00 ®( )- wV » sin ( )-#V«; OOH( ); 


(113) ... 

(114) ... 

(115) ... 

(116) ... 

(117) ... 

(118) ... 


gi 

dt~dt 

d d£' ___ d dr'„ 
dt dt dt dt 

d dr}' __ d dr ' 
dt dt 

d_dS 

dt dt 

ddg' . 

dt dt Sm 


^-=^sin( ) 4- ft V' cos ( )4-a'^cos( )-aVH>m( ); 


, , d d6>;, . 

d£ dt dt dt dt dt 

, d d#' 

- a * d£ 008 


d£ di di d£ 8m 


- 2n sm 
dt 

dr' 

4- 2m/ ~=f cos 
dt 


0 , ,dC 

— 2m. a/ .cos 

d£ 

— 2n a sm 

dt 


-n'Y; 


cos 


. d d'n' . d dr' , ,dd' ^ , 

4 - ™ - 77 - sm ~ ^ — — 2m, a' — n 2 r „; 


dt dt 

_d<W 

dt dt c 


d£ di 

, d d$'„ 
dt dt 


dt 

-2% f ~^ + a r n'W„ 


* [In this investigation the “unperturbed” orbit touches the orbit at the time i«*0. Laplace makes the two 
orbits have the same mean angular velocity.] 
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*.* our differential equations become 

(119)... 0 — — 3?i' 2 r ' — 2 n'a' — 2n' 2 a cos (nt — n't + e — e') 

Ctt Cut Cut 


( 120 )... 0 — — a' -y- -j" — 2 n' — n' 2 a sin (nt — n't +- <= — e') 

at at at 


a' — a cos (nt — n't -f e — e' ) 

{a 2 -b a' 2 — 2aa' cos (nt — n't + e — e')}- ’ 


/_ a 2 2a 
. i+ c 

\ a 1 a 


—7 cos (%!{— ^ £ + e — e 


The last gives, when we observe that we have supposed r', d ' f , to vanish with t, 

Ctt Cut 


( 121 )... 
and therefore 
( 122 )... 


= ( 0 ); 


■/ 6 '„ = J*^ {</■' (1) — <// (0)} 


(123)... ib' (t)= — 2n'r’~\ -, cos (nt — n't + e — e') 

v ^ "n — n 


n 2 a /.. a 2 2 a . . ~ 

-- | i + — 0 - 7 cos (nt — n t + e — e )) ; 

n — n\ a 2 a v / 


,, ,. a' — a cos co d , „ #0 _ , . i 

(124)... —-—---- 3 =—- 7 — r (a 2 + a' 2 —2aa cos to) * 

v (a 2 + as 2 — 2aa cos oj )£ da’ y ’ 


= (i+ (o 2 + a.' 2 — 2 oa'cosa>) i 

\a a da] 


/I ad \ / a 2 2 a 
~Vi 72 + ^ 72 Ai) ( 1 + F 72_ ~ COSa ’ 


\“* 1 ” / ad\6<; 

7 _ a' 2 (i)_oo \ + da/ 2 


6<j> 

™ 1 —5_ cos ^ — n £ + e — e ); 

da] 2 


V (125)... 0 — ~ + 7?/ 2 r' + 2n'ift' (0) — —--f cos (^ — + e — e r ) + 

' dt dt " r ' n — n' ’2 


' /n + n'\ 

\W — 7l') 


that is, 
(126)... 
in which 
(127)... 


x S b ( $cos i (nt — n't+e — e') -f -. . S ^^-cos£(ra£ — Ti'tf + e — e'); 

(i)— ao * (i )-oo 

/7 fj/v** 

0 = -~--ii+^ 2 r' + | S i^cos i (nt — n't + e — e'), 
at at (i)—co 

i£'o=W (o)+ —g- % 


..... ?a/ 2 a . ^' 2 a' / a 2 2a . 

(128)... ^(0) = _—^os^-O-^-'O+^-TrOosU-O) J 

2 n’bia n'V (»+»'),„ , 2 . . 

.. 6 V + » aa ~St> 


( 129 )... 
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da 


&, when i> l, 

(130)... R’. = "'~ a ' + f *('> |. 

■«. — n 

Hence, integrating, 

, K Z\ JZ ':cos i hit -- n 7 f c — *') ,. 

(131... r — — *)„T E .. V)/ ■ ; -l /i cos /iL.' I/Oiii^'/ 

(oi *-(■«“-■« )--■//■- 

f'H) ___ ^ A'- cos / (<; <') 

tin i a l». 


(132)... 


A*' cos e -f- lV tf sin V - 


'~-n f ", * R] sin l (< 

c/n i“(* 


(133) ... Jr^Binc'-^wiHc'-. 

Hence also, by (122) &c., 

o /y / \ o /y / 

(134) ... ~ Lsin(-«7-f-t") “«in-tO } ~ " I eon (w7 I ■<') 


) 


+ 12 n* (R' cos e' 4- R*„ sin V) - 


M" cos i (t t '), 


™ T’.J sin i (nt — n 7 f c — *.') — sin / {«■ - c.') 


and 


<01 * 


(135)... a' d ~f- 


2n'R' (tv 


IC)S« —cos 


'S (v<7 -f- e')^ 4- 2//' /£' ^sin <;' — sin (n't j < ') J 


in which 

4 E t; 

(0 l 

(136)... 

and, when i> 1, 

XJV .... n ' i(l n '" a ' 

1 n — n* n — n* 

(137)... 

x f;»- —;&<?■ 

■a—-«/ * 




f,o)_ 

* («.—».') a - 1 
— n' a “ 

We have V completely integrated the differential equations ((18), (flU) and determined t he 
perturbations of Saturn in radius vector and longitude referred to the centre of gravity of the 
system, namely < and mQ'„. The perturbations, referred to the centre of the Sun. involve the 

additional terms ma cos (nt - n't ~}~ <• - e') and — sin (ni - n’t 4 c — 

It might be worth while to compare the foregoing process of integration in which the co¬ 
ordinates are referred to the centre of gravity of the system with the usual processes referred to 
the centre of the Sun. 


[Approximate determination of the eight elements a, e, «, sr, a', e.% ro ' 

*»» terms of initial coordinates and initial velocities. ] 

[13.] We have now obtained approximate integrals of the equations (1) (2) (3) (4), that is, 
approximate expressions for the coordinates of Jupiter & Saturn, of the form 
(138)... x—x r +m'£; (139)... tf=y l +m , ry, 

(140)... x'=a < + (141).., y’*=y’,+rmf\ 
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These expressions involve, besides the planetary masses and their times, 8 elements or arbi¬ 
trary constants a, e, e, to, a', e', e', to', which may be determined by the initial circumstances of 
the motion, that is, by the initial coordinates x Q , y Q , x' Q> y' 0 & their differential coefficients 

(3lr*Xs Cl }}* 

~ji 3 *** ~fp • fact, we have, in our present order of approximation, by (48) etc. 


(142)... 

ae 

x 0 — a cos € + — cos 
2> 

(2c-tD) -3 ?? 

cos to; 

(143)... 

ae . 

y Q = a sme + - sin 

(&-®) 

sin to; 

(144)... 

f , / a'e' / ,, a'e 

x 0 — a cos e + —~ cos (2e — to ) — 3 ~ 

- cos to'; 

(145)... 

, , . , a'e' . 

y Q = a sill e -f sm 

( 2e '- CT ')-3~ 

sin to'; 

(146)... 

= —an sin e — ane sin (2e — to) ; 

(147)... ■ 

dy,\ , ~ 

-f- u = aw cos € -f awe cos (2e — 
dt 

(148)... 

dx' Q , , . . , , # . _ , 

= —an sm <= — ane sm (2e ■ 

-CJ') 


(149)... 

~~~ = a'n' cos e + a'n'e' cos (2e' — 

ro'); 


or, putting 




(150)... 

Xq — t q cos 6 0 ; 

(151)... 

y 0 = r 0 sin 0 O ; 

(152)... 

Xq = r' 0 cos 6 ' 0 ; 

(153)... 

y' 0 = r' 0 sin 6 ' 0 ; 

(154)... 


(155)... 

dy 0 cos dx 0 s ^ n 0o 

dt dt r { dt ~ * 

(156)... 

II 

\©|-» 

(157)... 


and neglecting e 2 , e' 2 , we have 



(158)... 

r 0 = a~~ae cos (e — to) ; 

(159)... 

0 O = e + 2e sin (e — to) ; 

(160)... 

r' 0 == a' — a'e' cos (e' — to') ; 

(161)... 

= € ' + 2e' sin (^' — to') ; 

(162)... 

^~ — ane sin (c — to); 

(163)... 

= w + 2wecos (e —to); 

(164)... 

dr' 0 / , , . f , , N 

— ane sm (e — to ) ; 

(165)... 

dOn i _ . , . . 

-™ = n +2w e cos (e — to ). 


These expressions may either be derived from ( 52 ) <fec., or in the following manner from (150) &c.: 
r o = x o + V% — a2 + cos (e — w) — 3 ae cos (6 — to ); 
r 0 — a — ae cos (e — to) ; 

sin 6 0 = sin e + ^ {2 sin ccos (e—w) + sin (2e — to) — 3 sin to} 

« sin € + e (sin 2e —■ to —■ sin to) = sin c + 2e cos e sin (c — to) = sin {e + 2e sin e — to) ; 

“ e + 2e sin c — to; 

.V cos 0 o — cose — 2e sine sin € — m; 
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JL *0 _ _ (oos c _ 2e sin « sin T-^) (sin « + « sin &-m) + («■■> * + 2« cos * * ' *>) 

aw dt _ 

x (oos< + «oos 2 «—"^“^(SRine—in —co8«*<in2« —w + Bin«<H“*2€ — f>) 

I» ^0 _ (cos e _ ge Sin e sine- ra) («w < + <• cos -ct) + (*i»« + *'"* ‘ si 11 ' - m > 

x <«n« + esm&-£)=» 1 + e(t*w<c<w2«- ®+ 2 e - ro) H <'<•<*(« ri) ’ 

dO,, 


an dt 


dt 


0 = n -|~ 2ne cos (c — ra). 


We have now, from the 5 equations (158) <J«>) (162) (163) & (60) to determine «, «, - • *>. 

as functions of r 0 , 0„ *£-, & m, neglecting e* and quantities of the same order ofsmaH.u.ss. 


In this approximation we find 
(166)... 


t> d0 {) Va , 

?T> dt ^ a " n ^ [ p w’ 


(167)... a = (1 + m) 2 rj and (168)... « - (1 -1- m) *( (// °) ; 

V (169)... <m-(l+m)-*r?Qy l ; <»™>- J,,== ‘ 1 + w)2 '»d/" ; 

„ .dr o (tl0 o Y 

V (171)... aesin(e-ro) = (l +»«)*» , o (tt ^ (U } • 

. /rffl„\ a 

(172)... as cos (e — w) ~ (1 p*m)“ r 0 I ^ 1 - r {) ; 

vn .> dr a d() ( x 

V (173)... S = f?,)-2(l + m)-r5 (f/ </f ; 

(& if we neglect m in the expression for e, 

(174)... eain(€-w)-fj^^; ««* <c - «o> «r* ('"*) --*)■ 

Hence the general expressions (52) (53), n&nioly 

r f =a—aecos(w£-b€— ts)> 0, — nt 4*c4-2emn(wi + € — w), 
become ^ ^ 

(176) ... r, = (1 +m) 2 rS (1 - oos mi) + r 0 cos »i + (1 +m)“r« 3 (3) sinnf; 

(177) ... e, = 0 o + 7ii-2(H-m) 2 r^^(l-cosnl) + 28m«j|l-(l+m)-*rJ-*^|^ |; 

or, more concisely, but with equal accuracy, retaining the symbols a, w, 

^178) " ** ™ /IA^ ( /• / 1 ...... AAB _..-H. 

( 179 )... 


r, =r 0 cos w£-ba(l — cos w£) p™-^sinw£; 

= e„ + nt - 1 ^ (1 - cos nt) + 2 ^1 -^ sin mi. 
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In fact, as a verification, these values not only reduce themselves to r 0 , (9 0 when t vanishes but 


have then their differential coefficients equal to ~~ & n + 2 n 


In like manner, for Saturn, we have 


M)' 


■n- f- 2'acos (e — w). 


n' dt " 


(181)... 


(182)... a‘ 

And if we put 

(184)... x = rcos6; 
we have, very nearly, 
(188)... r = r,-h mV,,; 
(190)... r' = r' + mr'; 


e; = 0' + n't - 1 ^ (1 - cos n’t) + 2 (l - £j) 

' = (l + mT r-(f) 2 ; 


sin ??/£; 


(183)... = (1 -f-m')~ 4 r' 0 


° \dl) 

(185)... y = rsin0; (186)... x* — r' cos S' ; (187)... ?/=r'sin#'; 


(189)... 9=zQ t -\- 

(191)... $' = $' + mO' t ; 


in which in the parts m'r f/ , m'6 n , mr' f , md' r , we may change a , a r to r 0 , & n } n f to r 0 




[Expressionsfor vis viva inform h — H f 4- mm' 

[14.] Having thus expressed the 4 polar coordinates r, r', 6 r of Jupiter and Saturn, 
with some approximation, as functions of the time t, the planetary masses m, m', & the 

d/r dQ d*c* dQ f 

8 initial quantities r 0 , 9 0) r' 0 , —~ 3 ~~ , let us substitute these expressions in the 

Cot Cot Cut dt 

equation of living force, & so not only verify our results, but obtain the relation between the 
constant h of living force, the masses and the 8 initial quantities. 

In the equation (5) of living force change rectangular to polar coordinates; it will become 

(drY . „ (d9'\*) 


, mifdry Jdey\ . m' (fdr'Y f% /d 

< 192 >- i(s) +r U) + +r *(-c 

, ddd8'\ .. /, 

r -dtdt ) ooa ( 0 - 9)+ r 


, f (dr dr' 

+mm I [dt-dt +rr 


1 +m 
m' 

1+m' 


2 m 'rr' n ,. / m'r' \ 

r + l+m OOB(e ~ 9) + {TT^) 


dt 

dd' dr 
dt dt 
2)-l 


(1 +m') 
dd dr r 


dt dt) 


s in (0 — 0') 


r 3 + - 


2mrr' 


- cos 


(fl-«')+( r 


2^ -I 


4-m^ 


1 +m' 

— mm y {r 2 — 2rr y cos (0 — 6 r ) + r' 2 }~^ t 

neglecting nothing; or, neglecting terms of the 3 rd dimension with respect to the masses and the 
excentricities, 

dt ] 


(193)... ^ = ^^ ( r / + TO V„)»(f- 


- (r y + mr ( 


;) 2 ( : 




+ mm , aa , nn > cos {nt—n't+c — e') — mm' {a 2 — 2aa' cos (wf—w>'$ + e — e') -H 


mr -1 


1-f m I + m' 


7 + mm 


Va* a' 8 / 


cos (%£ — 71^ + e — e'). 




IB 

that is, 
(194).. 
if we put 


I. PROBLEM OB' THREE BODIES 

h = H, , 


\ 14 


(105)... //,=-£ 


m (1 + m)r 


1<10 A 


-.j i -“' (ii ;; 01 


( 10 r 

( 196 )... H„ = 2 »v, + «a» + 2»' 2 « r„ + n ~ dl 


+ 


(aa'nn’ + J + £) + < ‘ “* 


) i </■' 


How, by (178) & (179), 

(197) - 

„ IdO Y 1 2 

(198) ... r5(l + m)-^ T j --- 


«*+a 

eft « d# 


"(‘"«) 


<,'( >s // /; 


, 2 fir 0 . , 

= ... L- s.n«M 

a a ndl 


s (‘-~) 


) - I d r {> . . 

i 11 , 




■os «r, 


j 


and similarly 

(199)... r', a (l4-w') 2 

also by (80) 

d6„ 


( 200 )... //,- 

\ di / <r' * 


(201)... ?m 2 4- 2n%r w 


n {i aa r 
“ ” n — n‘ 
n 

n—n 1 
n 
n—n 1 


■ cos (nt — n't 4* c —- <0 


m _ ni 
2(1 | vt)a 2(1 i 


. notin' , , s 

.. {a 2 - Zaa' cos {nt - n't 4- c - « )4 « * 4 * f 

e {a 2 — 2aa f cos (« — «') 4* 


& by (121) (123) 

dO' 

(202)... n'a’ 2 ™£ 4- 2 n' 2 a'r'„ * 


n' B aa 
* n~ 


' 7 cos (nt—n't 4* <s *— O 


n[ 

n — n' 
n' 

'n — n’ 


n'hmf 


n*-n'* , , 

since - - 7 -ow- ^cui 


s a % _ 2 actf cos (nt — n't + <s — «') 4- «'*}”* 
n K 

-i—~—- {a 2 — 2aa' cos (« — c') 4* a' z y ^; 
n — n K ^ 

(n 2 4 - W 4- n'®) = m'nnf 4* ^ we have by (196), 


cok(< «■* *') 


[- .... 

(203)... H„ = aa' (^ + ^'+w' 2 )cos(e-«')-K-2oa'oo8(«-«')+a'*}- i . 

We have verified these expressions for the four polar coordinates, by showing ttafc-»fc« 

they are substituted in the equation of Uving force, the time disappears. The resulting relation 
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14 , 15 ] 


(194), with the values (200) (203) for the coefficients., might however have 'been more simply 
obtained from (193), by making t — 0, which would give 


(204)... 


m( 1 + m) 2 / d0 o \ 3 m' (1 + m') , 2 ld0' o \ 3 mr Q 1 
2 7 ® \ dt) 2 T ° \ dt J 1 4- m 


mVi 4 

1 + m' 


4- mm'II n . 


H tf would have evidently the value (203) <& 


r z(Mo\ 

°\dt) 


2 2 a 


(205) ... a (1 ■+■ m) 2 r\ 
so that 

(206) ... h — mm/H, 

as before. 


- = (1 — e cos e — zd) 2 — 2 ( 1 — e cos € — zd)" 1 = — 1, 


2(l+m)a 2(1 +m')a‘ 


= 11, 


[15.] Without neglecting any powers of the excentricities, if we only neglect m 2 m', mm' 2 , 
we may approximate as follows. In the first place we may employ as rigorous the polar 
expressions x = rcos6, ... y' = r' sin O'; we may also consider as rigorous the expressions 


r = r f + m'r /f , Q~0 f + m'Q„ , r* — r' 4- mr'„ , O' = d' t 4- m#', 

observing only that, if so, we must change a little the meanings of r tf , 0 „, r ' tt , 6'„ & consider the 
foregoing values of these four functions as only approximations to their true values; in 
particular these functions will now involve the excentricities, of which they were before 
independent. They will involve the masses also, in their new rigorous conception, but in 
using them these masses will still be neglected, since we neglect m 2 m', mm' 3 . In this manner 
the rigorous equation (192) will still give an approximate equation of the form (194), namely 
h = II,+mm'H„, but we shall now have, by not neglecting excentricities, 


(207) ... 

(208) ... 




Now r f , Q f are rigorously the polar coordinates of one focal ellipse and r', 6[ of another; in 
such a manner that we have rigorously the following differential equations of the first order 
between those coordinates 


(209)... 

( 211 )... 


1 

2 

1 

2 


{(S) 2+r ' (§) a }(l+^) a -i=conBt.= 

{[dr'\ 2 1 

1 (1 +m) 2 —= const. = 
{\dtj .... , \ dt/ r,, ,., 


2a’ 


JL- 

2a,'’ 


( 210 )... 


a (i — &*) . 

r ' dt ~~ 1 pm 


( 212 ), 



Va' (1 — e' 2 ) ^ 
1 m' 



I. problem of three bodies 

d'V Q tiOq 

dt * dt 


20 

the constants a, e depending on m, r Q , >y, & depending on m , d> 


d / o dd,', 
<// ' df 


115, 46 
, hv the 


analogotxs eq uatio ns 

(213)... ^{(§) , + »8(§) > } (1+w ‘ )i -? 0 

2 

+ 


(2 LI)... /■ 


,dd 0 \n(t d~) 


(2,15)... 


0 d£ 1 -I w 

(L>n;>... 

Hencotho equation ff, m — ; j + »«)'«”" l + »*')"«' Mitt exoenlricitios not lioin# 

. . dr„ dO„ dr'„ tW'„ , , 

neglected. And since, without neglecting tbo ex<ientncities, ^ ^ 1 ( n ' dt 1 4 w 

0 ' vanish with /, we have rigorously, II, t being independent of d 

(217)... //,, = -h eos (0 O — %) — {?» “ r o t,<>s M> “ ^o) 1 V*l 

+(§2+'V-:,51?)" <>H <«•-«> 1 ('“'2'S’ -'»In lit ) sin(,, « 

If the 4 functions r , 0 , r' , 0' were detormined accurately with respect to t heexeent rich ms, 
nevleotin^ only the masses, we should have a verification of those determinations by sub 
stituting the four functions in the equation (20K), and seeing that they reduce it to t he form 
(217); a verification which wo have already made, neglecting eccentricities, 

[^Expressions for peri/iirbcitionv r „, 0 „, r„ , ()„.] 

[16. ] To effect this verification of r n , ()„, r', 0', without neglecting any powers oHb< k ex- 
centrieities, we may transform the fundamental differential equations < i).. d 4 )• c Observing that 


(218)... 


d dx , d d// 
;/ + :'/. 


di di 


d 

df lit di 


( dr \^( dr Y 

X di) \di) ■ 


/d0\~ 

Idij 


d d;?/ d dx d ( dy dx A d / a d0\ 

(219).., *2'# ?/ dfdt dt \ dt J dt) ~dt \ dt) 


id dr 
r \dtdt~ 
d dO 


dt dt 

(220)... xx' + yy f - rr f cos (0 - O'), 
wo find tho rigorous transformations. 


, , dr <10 

dt dt * dt dt 


(221)... yx' — «= rr' sin (0 - 0'), 


( 222 )... 

(223) ... 

(224) ,.. 


d dr 

” di di 


my 

\d£) 


d 


0 = 


+ {(l+m)) , + mY cob (0 — 0')} {U H~w) a r a 

+ 2mJ (1. + m) rr f cos (0— 0')-f m'V' 2 }” * 

+ w' {r - r' cos (f? - 6')} {r* - 2rr' ooa (0- 0') + 

(r a ~) + m'rr' sin. {6 — 6') [{r 2 — 2rr' cos {9 —8') + r'*} - X 

— {(1 + to)M + 2to' (1 + to) w' oos (0— Q') + m ''*»•'*}“*]; 

( d SX + {(1 + to') r' + mr oos (0 - 0')} {(1 + TO')‘r'» 
dt J . 

4* 2m (1+ m f ) rr* oos ($-**&*) + mVp 

+TO {r‘ - r cos (0 - 0' )}{»•*- 2»r' ooa (0 ~ W ) + r*jT*i 


dt 
ddr 1 

di dt 
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+§)■ 


(225) ... 0 = ^ |r' 2 j — mr. / sin (0 — 9' ) [{r 2 — 2 rr' cos (0 — O' ) + r' ft ) * 

— {(1 + m') 3 / s +2m (1H- m') rr' cos (0 - 0') -I- m.V} 

Putting then, as before, r == r, + mV # , 0 = 0,+ m'0„, r' — r' + mr' f , 0' = 0} + m0', we liave, without 
neglecting anything, the elliptic equations 


(226)... 0 = 


(228)... 0 = 


d L <fr L _ ( d6 'Y (*+ m )- 2 . 

dt dt T ' \ dt) r 2 

d dr' , /^0;\ 2 , (1 + m')~ 2 > 


(227)... 0 = 


d / „ tZ0,\ 

V 7 “«a/ ; 


,/din 
; r, \dt) 


d I rn d0' 
(229)... 0 = 5 +;s + 


and neglecting only the mass m' in the functions 0„ and the mass m in r 


', 0', we have 


< 230 >- 


/d0,y d0,d0„ 2 (i+m)~ a i cos(e < -9;) \ 

" \ dt} T> dt dt r 3 \ " ' 1 + / 


r, — r'cos (0, — 0J) 

O’? ” % rr 't 008 (0, — 0}) + r' 2 }“ 

(231)... 0 = ^ ^ + 2r, r„ ^) + r, r; sin (9, - 0; ) [{r? - 2r, r) cos (0, - 0)) + *•;*}"* 

— (1 + m-)~ 3 r, 3 ]; 


(232) ... 

(233) ... 


(234)... fV,r;sin(0,-e;){{r*-2r,^cos(0,-0;) + ti a }-»- 

v ' dt r, dt r; J o l 


(1 +m) :i 


< 235 >- °=l^' +r "{ 3 


/d0\*_ 2r7 s 

\dij (1 + m) 2 


+ Fwfo r ' r ' 8in ( - 9, ~~ 2r,r ' 003 ~ e ’ >)+r '^ 3 “ (T+i^ji 


2r' cos (0, — 0)) r, -r) c os (0,-0;) 

r» (1 + m) + {r?-2r, r) cos (0, - 0)) + 


(236) ... 5=-^§ ; +J7- a JV sin (0,-01) 

x |{r» - 2r,r' oos (0, -0)) 

f237 x o-l^ + r' 2 t— 1-jgS T 

(237) ... +r »j 3 \d0 (l + m ')2| r;d«Jo 


2 r, cos (0,-00 <->-, 006 ( 0 ,- 0 ;) 

+ {r* — 2r, r} cos (0, — 0')+r' 2 ^ 
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Substituting the values (234) (230) in (208), .'mil suppressing the masses we til id, h.Y (—*’) - 


>.v v ,, rfr, dr tt ddr. dr'dr' . ddr' t / r\ r t \ 

H " ” dt dl - dt dt + * dl -,« dt + ( 1 r-j w *‘ > 

— L»■'- sil1 ( 0 , — /i;)(r;-2r,r;e"s(i,—(t; t r;0 3 </i 


do, r e 


+ I sin (I) -O’) til- M ' I ‘ i /,sie(h, -lK)dl- (rj — -r, r\ c.iikU, h) i i/') 
MJ or; dl J ,1 

i(h, -(''); 


Idr, dr' 

, dO r d()'\ . , t ,. / 

, dO', dr. 

dO t dr'\ 

\ dt dt * ‘ 

' v ''' d< 

*' dt dt 

r ’ dt dt.) 


V by (235) (237), 


38)-. 

dll „ 

‘ rf/ “ r,/ 

{(.») 

:1 /., idO,\~ «' 

r * 4 ( a U) 

)dt\ '■{ v 

y^m 


(ddr l \ 

< ! >u 

, 1 \ . > l ( 

, dO, dd'\ 


+ \u, 

\dt dt rjl 

,a \ 

(It dt iy ) \ ' 

r ‘ di dt } 


Idt! 

d(K\ / # dtr 

dr, 

dO <ir'\\ , , 



+ u 

dt ) \ r ' dt 

dt 

r < dt 

-10 


(;•; dtr r, (III, 

/dt), 

dO'Xidr tlr* , 

dt!, dt!',\ d i 

( , dtr dr, dt), 

+ \r* dt C t.it 

u 

' rf/)(rff dt * r,r ' 

dt dt j Oir 

i r ' dt dt ' r ' dt 


dr’.\ 


sin 1';) 


2 <Zr, dtl, 2 (//•; dll', _ </. /<«, (WO J 


•1“ 


dt dt 


r' dt dt dl\dt 
d d() t t 2 rfr, dt) f \ 

{dt dt ’ r f dt dt j 


—^j'W I r r' sin (0 ■■■(!',) (r~ 2r r'cosP, 0] j r'~) *rff 
\<tt dt}) Jo' 


j ~~0',)dl .j ^ <l °' 


1 1 Jo 


(tt, <t;)»/o 


2 dr' f d0\ 
l dt dt ' /*; r// rf/; 

& 1 suppose that of these 7 parts ouch vanishes separately hy the laws tif elliptic inel iun, In 
fact these equations make the coefficieuta of the 2 integrals vanish Hy the law oi equal areas; aha > 

Wi ' \ \ dt} r?/ dt \rfJ / dt 1 ' dl \ dt) r, dt dt \ tit} 

and it only remains v to show that the coefficient of taw (tf, — O') anti of sin (0, - O' ) vanish. 
Now the coefficient of sin (0 — 0,) is 


(240).*, 


f241\ d& ' f f r " 4.2^*^ 4 r * d dr, 
(24i) - dl \^ + 2 <U dl +r ‘cU dt 

d& t j r f 
dt jrj* 


d dB' f f dr, 
1 dt dt * dt 


dr, dr' d dr' , 
4 2 v- , / — r, r 

^ dt dt ^ ' 


A 6 J. I r -- 

dt 


ddr, 

'<um 


m, 

" rf/ 


did/ 


>*i) J 

rfrfr; 

dtdi~ r ' r 


d M\ m dr ; 
dt 

■ 0 ; 


'dt til r ’ dt 


and finally the coefficient of cos (0, — 9',) is 

d #$,<11?. ,d [de,d&'A I d/.„dd,dd;\ . 

(242)... 2 K (r,r,) --gr+v'jj ^ V^ S*)" 0 ' 

We have V verified the constancy of the expression (208) for H m t not neglecting mmmMgMm* 
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[17.] To integrate approximately the equations (234)...(237) for the perturbations, 
neglecting squares and products of the excentricities, we may put (235) (237) under the form 


(243)... 


(244)... 


. d dr„ « _ „ / . » -r 8L ,8L . 

0 = — -f n-r„ + 6n 2 er„ cos ( nt 4- e — w) + L 4- e + e ~; + 
dt at ' 8e Se 

d dr' , ,, S U , 8L' 

0 = — -=f 4- n 2 r„ 4 6^'Vr,, cos (nt 4- e — m ) + L 4- e-^—b e ~ 7 ; 
dt dt " ' 8e Se' 


in which, by foregoing investigations, 


(245)... 


(246)... 


[see (85) (126)]; while 


L=|- 21 jK^cos i (nt — n't-he — e') } 

(i)-oo 

CO 

L' — £ 2 R^cosi (nt —n't-he — e'), 

(i)-oo 

8L 8L 8L' 8L' , , , 


can be developed in other less simple series, pro- 


oe oe oe oe 

ceeding according to cosines (& sines?) of linear functions of the time and involving anomalies 
as well as longitudes. In this manner the equations (243) (244) can be integrated by the known 
methods under the form 

(247) ... 0 = ~ + n 2 Ar 4- 6n 2 e (r /f ) cos (nt 4- € — to) 4- e ^ 4- e' ^, 

dt dt oe oe 

(248) ... 0 — ~ 4- n' 2 Ar' ff 4- 6 n' 2 e' (r'„) cos ( n't -he' — w') 4- e 4- e' > 

dt dt oe oe 

in which we have put 

(249) ... r f/ — (r„) + Ar„, (250)... r' = (r' f ) + Ar', 

Ar„, A r'„ being the sought parts depending on the excentricities & (r„), (r') being the parts 
independent of them, so that 


< 261 >-. 0 -drsr +n *^ +L > 


< 252 >- 


and integrating, 

(253)... (r„)=-J|+S 


(264)... «) = 


R 0 y ^ cosi (nt — n't-he — e') 
2n 2 + cm i 2 (n — n') 2 — n 2 

R' 0 y Rj cos i (nt — n't-he — e) 
* %n' 2 + <hi i 2 (n — n') 2 — n 2 


+ R t cos (nt 4- <•) 4- R„ sin (nt + e), 

■ 4- R', cos (n't + e r ) 4- R'„ sin (n't 4- e'), 


R 0t R i , R' 0> R't having the same meanings as before, but the four constants R r , R „, R ', R' f , 
which will evidently melt with the 4 introduced by integrating (247) (248), being now deter¬ 
mined so that (r„) + A r (f , (r'„) -h Ar' & their 1 st differential coefficients taken with respect to the 
time t may vanish when t’~ 0. We may however give the symbols R ( , R „, R ' t , R' n their former 
values by using additional symbols AT?,,... AR', of the same kind. The similar approximate 
determination of the functions 

(266)... »,-<ff,)+Afl„, (266).., e; = ra + A0;, 

* \L is not a function of e or e'. are the coefficients of e, ef on the right-hand side of (243). Similarly 

, 

for (244).] 
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will then 1« easily effected by integrating < h ‘‘ ‘'Uimtu.iis (2!M) (-•'»'-)• 01 ,lH, . r 

initiations of the 'parts of the perturbations of the cc.ntrobark n,r, hnufes dope... 

I*t powers of the exeentrieit ies must, when converted into 11n* pntiii >u. lon.^o >« ' 

coordinates, agree with the results of No. 50 of the li“" Kook ..I the .Wee. </.. »««»« >• 

exception of those .lilferences which arise from a different choice ol the art...rai \ cam.- t.m •• 
Perhaps I shall imd it worth while to return hereafter to the integral.ons here dosenbed. 

IPvMimj /• = (/•, )+Ar, +m’ (r„)+«i.'Ar„, A//„, A F„ and an calculat'd. \ 

[18.1 We have now found approximate expressions lor the eentrohane eoordin.tte.- ol 
Jupiter and Saturn of the form 

(257)... »• = (>',) I Ar, + m’ (r„) + w'Ar„; (25s)... 0 («,)•! AI), i 

(25-))... r'-(r;) + Ar: + W (r;) + u/Ar;,; (2f,U)... >f d>l) I At!) i m (»'. I i »'■'VC 

The parts Ar, &c. depend on the l-« powers of the exeentrieit k** and the other parts ar. 
independent of thu oxront rioit ies, ho that 


(201) ... (/*,) a; (202)... K) >ti \ ; 

(202) ... (r;) ; -rh; C-™)- VO 

(205)... Ar, — ne cos (ni ■ I-t- — m); (*«>)- *'"*«<»' » < 

(207)... Ar), : -r*V (•..»(«/* 4<'-*>'); <*««)••• - 2r.' sin (>*'f i 


rp; 


f-> ): 


while (r ) (tf ) (r'), (#') arc the 1 st approximate eoutlkaunts of perturhat ion, naiimiy tim 

functions (IK)) (102) (131) and Ar.. ... UK ant the corrections of these em-ffieients »t |-r 
turbation depending on the l Ht powers of the exeentrie.it les. til like manner, by 114.i I to. |. 
h -= H, + 7 urn'll,, =- If, ■(• tutu' (//,)■!• «m'A//„ , 


(*«»)••■ 
in which //, 
(270)... 


m _. w , v , and, by (217), 

3(l+»»)« 3(1 him )« 

(//„) + 

...f A '-> a... A, '» fit' 


' (a~ 4- 2aAr 0 rt' a I 2a/Ar^ 


f <fAr 0 


(271) .., 

(272) ... 


— {a 31 — 2aa' cos {€—«') 4 4 2 (ct — it* cob e 

+ 2 aa* sin (£ — «') {A# 0 — A# 0 )}~^; 

(//,)« aa f {n* 4 »*' 4 ft'*) cos (« - * ) - {a* - W ooh (c ~~ e # } 4 o #a } 1 ; 
A/i„ = cos (€ — €'). aa' 



i ,/v hi 

Hin(e-/) 


) Ar fl 4 2 (tt f - 1 " u r<m c «■ 

-«') Ari 




a' 1 


h (a 2 —2aa' cos («—«') + a' 4 }"* 

x [{a—a' cos (« — «')} Ar 0 +(a' - a cos («-«')} Ar£+aa' ai» (« - s') 
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18, 19] 


that is, 
(273)... 
in which 


A H„ = e 


SA //„ 

Se 


+ e 


, SAJEL 
Se' 


(274) ... ^ - =aa'cos (e — e') cos (e — zu) (2?t a 4-7Wi' — n' 2 ) 

— aa' sin (e — c') sin (e — w) (2n 2 4- nn' -{- 2n' 2 ) 

4- a ( a 2 — 2 aa r cos € — e' 4- a' 2 )~% {—(a —a' cos e — e') cos (e — to) 4- 2a/ sin (e — e') sin (e — zo)}; 

(275) ... = cos (e —€ r )cos (e' — m') (2n' 2 4- nn* — % a ) 


+ aa' sin (e — e') sin (e' — m') (2^ 2 4 - 2?m' 4- 2n' 2 ) 

4- o' (a 2 — 2aa' cos e — e' 4 - &' 2 )~& { — (o' — a cos e — e') cos (e' — zd') — 2a sin (e — e') sin (e' — m')}. 
Thus the five constants r 0 , 6 0 , r ' Q , 6' 0 , h are expressed as functions of the 8 elements a, e, e, m, 
o' , e', <=' , to' and of the two masses m, m'; the 4 variable coordinates r, 0, r', are expressed 
as functions of the time t and of the same 10 quantities. We can v reciprocally determine, or 
at least conceive determined, the 9 quantities a, e, e, m, a\ e', e', m\ t as functions of the 
2 masses, the constant h & the 8 final and initial coordinates; and if we can express the action 
F as a function of these 9 functions, we shall have it also expressed as a function of h , m, m', 
r, 0, r', 6r 0 , 0 O , r' Q , 0J. 


[19.] Now 

(276)... F = PsW^, 

J 0 

in which, by the equation of living forces, we have rigorously 

'mVr _1 \ 2 ] ~- 

,T+«rj j 

m' {r a — 2 rr' cos ( 6 — 6') 4 - r' 2 }~%; 

& V approximately 


(277)... 


IOV 2t, mr 

== lZ,mv 2 = h-h~-~ i - 

2 at 14 -m 


i 




m'r'~ x ( 
+ l4-m'{ 


14- 


2mr cos (Q - 
r' 14m' 


* r 1 4 - m 
-S') [nirr'-~ T \ 2 \ “I 

+ (fw) j 


+ 1 


1 dV , mr- 1 m'r'- 1 . fr' r\ /n 

(278)... + 4 - 7 - 7 —> — mm' (— 4— 73 ) cos (0 — 0') 4- 

2 14 m 14-m' \r 2 r 2 / 


Vr 2 — 2 rr' cos (0 — 0 ') 4 - F 2 ’ 


so that we may put 
(279)... 


F » (F,) + AF, + {(F„) + AF,,} mm'; 


in which 
(280).., 

(281)... 

(282)... 


fin* mt .+ m '* 

v (l4“m)££ (l4-m')a' 

Al^~ {sm(w£4-e — t3Li) — sin («r — ta)} 

4 -,. 2 m ~ r - 1 {sin ( n't 4 - e' — m') — sin («' — w')}; 
(1 +<mf)an J 

(fit — 7i/£ 4*6 — €‘ / ) 

4- {a a >- Sosa 7 cOs(t&£ —n'£4-e — e') 4- 


)_W_W_K + i\ c 

2 dt a 2 a' 2 \a 2 ^a /a ; c 


cos 
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or by (190), 
(283)... 


<*(»’„) 


— III )+ d ^ > ”f + +aa'(nn, , — n*—n'*)r<K*Oit~n'( + c — i') 

ilt ' malt a n at 

4{ri 2 — 2at t- cus (lit — n't t-»' - < ' ) i 


it ; 


V (284)... (rj = (//j / + ^ * \ r sin (>// -n't { * ■<') -^in («' ■ ■*')!■ 

4 j {a 2 — 2uu' cos — n't }» <')* e- < 

omitting here the initial values of (0„) and (O',)-, which may however uOcet the remaining «*tw-tii 
eient A(: & with respect to this last, coetlieient, it we put 
(285)... !>-(!'„) i Ai;, 

wo have 

(280) . ldy ".mII I- 1 

' 2 dt " r‘f r/- \r; r,-/ vjr 2 . 2r / /*'eos(d d') » //•; 

while by (208) &, by the eqnations of elliptic mot ion, neglecting only squares o! exemi nr if ies, 
wo have 

2r (i dr > dO 2/■' d , dr* , dO* 

(287) ... //.- y-i - (H .r„ rf ;+ v« iU •(• r 4 i dt .r„ rf /+ v« <ft 

0- 4 V.»+ ^ a *! \ eos(0 — #') Hwhm'/ /V .A sin (/d n*t \ t #') 

\rf r' 2 r/r, / w ' \andf a n dtf 

■ \rj «'2r,r;i'i>s(H t H f t ) i r/'\ *; 

wo have y 

(288) ... = n " + tt ( r » 'dt + r ‘" M + WI?0 * •••t ('■? • 2r, r; <«>« 0, O', (/•;-) » 


and 


(Vaa r, r, \ ... , , / */r, dV, \ . . . ,. 

* 1 eon Ul - O ') 4 nn tin I »/ n t \ < t }, 

\ r,rj 77 ry/ ' ' \andt a n dtf 

(289)... + *■£. > jV -«**«.* O) J <" 

+ /,XHmWJ'(^ r ' ra ^) H in(^ *'< » * 


and* 


(290). .. AF„ — £A//„ 4 am (r „) sin (nt 4 <• — m) 4 a'a'n' (r' M ) sin {n't 4 «' — tn*) 4* f 

an a a 

*4 aa' f [e sin (nt 4 e — to) — e' sin (n't 4<'-~ to^)} (2n % + 2 n* % — nn') sin (nt — n't 4 « — t*)di 
J a 

-4 cm' J {(2n 2 + n' 2 -4 nn') e cos (nt ~he~~m)-4 (2 n ,% + n 2 4* nn') e' cos (n't m')} 

x oos (nt - n't + * — € # ) di 

4 J [{r® — 2r f r' oos (6 / —$' f )+ r; 2 }“^ — {a 2 — 2 aa' cos (nt — n't 4 *—«') 4dSf, 

* [la the second integral in (290) 2n*, 2n r% ahoald be — 2» 4 , —2^,]' 
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an expression which we may put under the form 

( 201 )... 


27 




( 2 ) 12 ).— + + + + 


Sc 


Sc 


+ ( 2n2 + 2n' 2 — nn') aa'j^eux (nt + e-o) sin (nt — n't + e — «') dt 
+ ( 2n 2 4- n' 2 + nn') aa'J cos (nt 4 -e — w) cos (nl — n't 4 - e — <=') dt 

+ a j 1 l a ~ a ' CQS ( nt — n't + e — e')} cos (nt-he — m) — 2a' sin (n t — n't -he — e') sin (nt 4 - e — m) 


{a 2 — 2aa 'cos (nt — n't-he — e') 4 - a' 2 }$ 

SA9 t 
Sc' 


dt: 


(293)... = t (r') sin (n't + € '-w')-h a 2 n 4 - a' 2 n' 


-(2n' 2 -h 2n 2 — nn') aa'J sin (n't 4- e' — w') sin (nt — n't 4- € — e') dt 
4- (2/t' 2 4- n 2 4 - nn') act' J cos (n't + e' — tu') cos (nt — n't 4- e — € r ) dt 

+ a $ f 1 i a ' ~ a cos ( nt ~ n 't + g — e')} cos (n ' t 4- e' — w ') 4- 2a sin (nt — n't -he — e') sin (n't -he' — zb') 

Jo {a 2 —2aa 'gos (nt —n't+ € — *') +a' 2 }* 

We may v consider V as expressed as a function of a , c, e, w, a', e', <=', w', t. 

[20.] This expression for V may be put under the form* 

(294) ... V — m Va (0 — 0 o ) 4 - m' Va f (O' -O') 4 - mm' [v — - ~- >r \ * 

\ " an a'n'J ’ 

& if as a 1st approximation we neglect the terms multiplied by mm', we have 

(295) ... V — m Va (6 — 0 Q )-j-m' -\/ a' (O'— 0'); 

& we are to try to express a, a' as functions of h, m, m', r, 0, r', O', r 0 , 0 o ,r' o , 0' by the four 
equations (158)..,(161) & the analogous approximate equations 

(296) ... r-a — aeeos(nt+€ — m), (297)... 6 — nt 4 - e 4 - 2e sin (nt 4- e — w), 

(298)... r —a —ae' eos (n't 4- c' — w'), (299)... 6' = n't 4 -«' 4~ 2e' sin (n't -he' — m'), 

together with the following other approximate equation 

(300)... 0 = 2* + w*- 1 . 

The equations (159) (297) give 


14- m 14 - m'' 


(301).. 


6 — 9 0 — nt 


( nt ( \ . nt 

¥ + € - ro jsm ¥ ; 


NRMMlMliiK 
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&. (158) (296) give 

(302)... ' |j"==l -cuo»('^ + c-ra)coH^. 

*.• (303)... + l) tan ”/; 

V nearly 

(304) ... i=(I+7»)« 3 {°-^ + - 4 '(' o,r°- *} 1:1,1 • 

In like manner the other ellipse gives, nearly, 

(305) ... i=(I +?»')«' S + >) t:m '' 

We have then the approximate equation 

(300)... (l + m)«* 

(I -}- m') a’i | U' -- Hi + ■( (' JJ" - 1 ] t ;m '' 

to bo combined witii tlio approximate equation 0 ■■■ '2h I ^ ^ t ^ I”') in nnt<T to 

determine a> a f m functions of h, m, vtf , r, r\ 0, 0\ r W( 0 {) , r t '>, 0^. Now suppu.-iug the initial 
coordinates & a , a’ to vary, the equation (506) gives 

(307)... •' ”>)}' .» r «) u J> , <’ ' "L W 

4 \« «' / \/« 2 y ff' 2 


= (l+«t)«S80 o 9 +(' i) (-W ° 2 f, ‘) |I ■(' 1 


a* ic \ 2 s 


while (300) gives 
(308)..* 


- (1 i- m) V«Sr u taii ° v> ^ 1(1 f w') Vn' inn ^ ,, ^; 


p _ w 3a m' 8a' ^ 
' ~ 1 + m <i % 1 4- m' a' 5 * * 


<& if wo use the approximation (295) for V, which does not involve the squares of the oxeen- 
trieities, we must omit the exeentrieitios themselves in the coefficients of SB; wo mm& v by 
(308)reduce the variation SB to the following, hi which we shall make the final coordinate# vary, 

(309) *.. SV^m Va@e-B$ 0 ) + m* v'a r (80'-80J)» 

because the part 

(310) ... 2i?r£8>J® + »l(^riLL s .?:„ 0> 

" Va 2 Va' 


observing that (& — 0 o ) & (#'—#£) are to bo considered as proportional to t JLJL, when wo 

i+» Iff! 

neglect the eccentricities. The approximate expression (309) of SF correspoixds to circular 
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& uniform motion. For, in general, the fundamental property of the variation of V may be 
expressed rigorously by the following polar equation 

(311)... SF= TO (i +m) (|sr + ^| 6 ^ +w '(l + ^)g: S ^ + ^^ S ^ 

-m(l +m )(Jo Sro + r ^ s ,o)-^(l + m' ) (fsrU^f3e') 

+ toto' {(| Sr' + J' 8 r + rr' f t S0' + ,-r' § 8 d) cos (0 — 6') 

+ ( r 'tt se '~ r % se ~ r m Sr ' +r ' S Sr ) sin (o - e ')} 

-^’{(^K + ^K + r 0 r^Sei + r o r^ S^jcos^-d') 

+ ( r » & s *° - r ‘> d St w °- r » 5 Sr « +r ° 5 Sr °) sin (*•-*»): 


if then we neglect mm', (309) gives here 
(312)... | = 0 , 

V (314)... r = r 0 , 
and 

( 336 ) Vex y q “ ?ict“ 


(315)... r' = rj; 


dt 1 + m 


denoting by », «' the functions (00) (01) of a, to, a', to' and supposing that«, «' are functions of 
U~V o ,V-0„, determined by the equation (300) and by the following 

( 318 ) -• • (l + m)«2 (9-8 0 ) = (l+ to') a'i{O'-0'„), 
which gives 

(319) ... 8-8q __ B’-6' 0 

Hence we see that U U 

($20)... 

r o r f 0 ’ 

& to determine this common ratio we have 

(321)... F_mraa 1 [ »VaI , w'gV;-‘ a jmrji + mVJ~ 1 ) 


(321) ... 
but also 

(322) ,,. 

& 


l+m 1 -\~m' r 0 {l~|~m + 1 -hm'j* 


“ + Lo„ 2> 

r n a 


f-^ = W = 2A + f^ l + ^^ 

t dt 1+m 1 + m' 

a \ 1 +to ^1 + to 7 ’ 


(325).., r 0 =a. 


(323)... 
V (324).,. 
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Thus, from the approximate expression (295)... V — m Va (9 — 8 0 ) 4- mf Va’ (6' — d' Q ), in which 
a, a* are approximately such functions of the initial and final coordinates as to satisfy the 
conditions (300) (318), we might conclude by my general methods (including the employment 
of the law of living forces) that the 2 planets move nearly in circular orbits with constant radii 

d~% €i’~^ 

a s a’ & with uniform angular velocities -, - 7 . And, in like manner, from the approximate 

1+m 1+m x L 

expression (294), it must be possible to determine the perturbations of these nearly circular 
orbits. 

[.Perturbations of nearly circular orbits.~\ 

[21.] For this determination, we shall employ a notation analogous to that already intro¬ 
duced, and shall put 

(326)... a = a f +m'a„; (327)... a'= a' f 

(328)... n = n, + m'n fe ; (329)... n' = n',+mn;,; (330)... t = 

(331)... c = (332)... e' = e' f 4- W €' f ; 

& so for the other elements e, e', tu, w' we shall put 

(333)... a, = (a,) + Aa,; (334)... a' = (a',)+Aa'; &c.; 

& then we shall have, for the parts which may he called elliptic, the equations 

(335) ... Q = 2h | W ( 1 + OT )~ 1 , m'(l 

(a) + A a, (a')-j-Aa' ’ 

(336) ... (^) + A^ = (l + m) ' 

X |{(a,) + Ao,}(0-e o ) + 4 V&J+A^; 

(337) ... (i,) + AS, = (l + m') 

x + (&' — 9<>) + 4 (—— (a))-Ao)j tan —~~2 j V(o/) + A«); 

that is, we are first to determine the circular parts (a,), (a',), (*,) by the 3 equations 

(338) ... n-^-L m < 1+w )~ 1 . m'jl+m')- 1 

(<o («)) 

(339) ... ^,) = (l + m){o,)*(fl-fi 0 ), (340)... (t,) = (l + m’)(a',)l (9’-9’ u ), 

and then their elliptic corrections A a, , A a' , At, by these 3 other relations 

(341)... a_ m Aa , . m' Ag( 


(342) ... -(l + w)(a,)I ^O — 0 o ~ 4 z tan — Act, 

+ (1 + m) K)i((r+r 0 ) (2 + _ 4 (a,)) tan -' 

(343) ... Ai, = (l-H»')( 0 ;)i j(|(0'-0')-6tanA=^ Aa; 

+ (V+ri) (2 + g)_4(a;)) tan^= 

which will give Aa,,Aa,',At, as linear functions each of r + r 0 -2 («') & ofV + r' —2(a'). 


tan 
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(345)... A a,=m'(n’,)V(^~)AA, 


The relation (341) may be put under the form 

/<> 4 a\ r. m(n,)Aa r m' (to/) Aa' , __ 

(344) - vfo + ~ vfe : (345) -- Affl '-»'(»;) 

(346)... Aa' = — m (to,) V (a]) AA , 

A^4 being a new sought quantity. To determine this, we have by (342) ( 343 ), if we put 

(347,... 

2(»,)V(a,) V 2 / 2(»;)V / K)\ 0 2 / 

r+r o tan b ~ 6 q ■ m ( n ,) r ' + r o tan : 

(n t ) V(a,) (a,) 2 (»') V«) (a)) 


(348) ... AA=-- w f-tax 

Henee also 

(349) ... 

(■»,) 2 


3“^ 4 fis?-*) + *K>*“ £ i S fw f -*)- 


»,) 2 \ (a,) / 


3-w'(wJ) / 

2 (to,) V(aJ \ 


*- 00 -** mt r 9+ l i|y tan w 


that is, 


- 2 

I'r'+^o .,1 

l„ 3 /to'(to;) 1 

ltan g ~ g ° ■ 2 r ’ hro t a n ff ~ 9 °) 

(to;) 2 1 

\ (®;> J 

1 2 (H / )y r (Ty 

7 0 2 ~3laJ 


g ~ e o /'d±/o __ o\ 1 _ 0 ' _ 4 tan f - d o , 2 !•' 4- r' B 6 ' - 6 ’ 0 ! 


(350)... A< =- — - ._ tan ( r -^- 2 )V - ^ 

' B«)V(a;) 2 V(®,) A ° 


R«)V(<) 2 V(«,) 7 i 0 2 3 

-. -tan^or_i^_ 2 l; e - e 4tan ^o + | 

B(n,)V(a r ) 2 \ (a,) / (, 2 3 


2»-+r 0 e-w 0 ) 

And, since we neglect the squares and products of eccentricities, we may reduce B to its 
circular value 


& may put 

(352)... At,- 


( to ,) 

rn 

° (B) ('<) V(V) 


^ —j T K)VRni^ 

| f£y # - 2 ) tan j 3 (F -flj )-8 tan 9 _&0 


„ , “■ (At'!- 2 ) fa c ^zB |;i ,t -- 8 t.,D t-l 

{B)(n,)V(a' t ) \ «) / 2 ( °' 2 

(353) ... A -2m^K) 1 tan ^°/^ 0 - 2 \- l teD ^/P+^- 2 )} ; 

(-8) !(»,) 2 \ (a,) ) (ra)) 2 \ (o') /J ’ 

(354) ... M ._ »» ( ».)Vig { J _1 < ^£-S(^._,)l. 

(S) IK) 2 (K) K 1 2 I (a() /( 

Thus, neglecting squares and products of eccentricities, 

(365)... mA VoJ.(£>-#„) + m'A Vo) . (0' - 6£) = 0; 
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if v we neglect also tlie product of the masses we have 

(356) ... V = m V(a ,). (8 — 0 o ) + m' V (a'). (O' — 9$). 

Taking account V of the product of the masses, but still neglecting squares and products 
of excentricities, the characteristic function V may be put under the following form, deduced 
from the form (294), 

(357) ... V — m V a,. (0 — 6 0 ) + m' */a' t . (6' — 6$) -j-mm'W; 

in which we are to try to determine the disturbing function 


(358)... 


o u o u/ an a n 


2 VST' 2 Vcf 

or rather its variation STF for the case of evanescent excentricities and of evanescent 
planetary masses. 

{Expressions for variation of constants a 9 e, e, ... in terms of Sr, Sr 09 SO, S0 o , ....] 
[22.] For this purpose it seems convenient to put 


(359)... e cos (e — w) = k; 

(361)... e' cos (e' — w') = V; 

& neglecting perturbations, 

(363)... — = 1 — JcGO&nt+lQinnt', 

r* 

(365)... — = l_&'cos + sink's; 

also, independent of perturbations 

(367)... — = 1 — 

a 

(369)... = 

a 

Hence 

(371)... 


(360)... esin (e — m) =1; 

(362)... e'sin(e' — m') = 1'; 

(364)... d~nt + e + 2ksinnt2lcosnt; 
(366)... O' = n't + e' + 27c' sin n't 4- 21' cos n't ; 

(368)... 0 o = e + 2Z; 

(370)... 0' o = e' + 2 V, 

A a 


(ay a 9 

(372)... co S eo(e-e o ) + (l-n + M cotan(0 _ 0o) . 

( 373 >- * = 0 O -2Z; 

&, as a verification, 


_ 3 6 — 0 o A a 2 /r H- 


2 n a ^ n \ (a) 

which agree with (342) if we neglect, as we may, — ( r -±ls> 2 \ ta ,n- 

cm \ (a) ) 


2 (r 

n{ 


- 2 - 


2 Aa\ 


a / 


| tan °; 
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In like manner 
(375)... 


*'~i 

(a) a 


(376)... V = (L ._ 1 _:cosec (0'-0') + (l 


Jo_ , 

V) «' ) 


eotan (O' ~d' 0 ); 


(377)... 

in which., if we put 


e' = 0' o -2l': 


(378) - 


we shall have 
(379)... Aa = 


(380)... Aa' = 


2 m'n' Va i 1 0 — # 0 /r-t-r 0 




2mw Va' 


(381)... SAa = 


2m'n' *sfa ( 6 — 6 0 8r + Sr 0 #' — Sr' + Sr^' 

B ( 2 an 2 an j 


(382)... SAa' = 


2mn Va' 
B 


(383)... S k - (384)... Sl = —~ cosec (9-6 0 ) + ootan ( 0 _ 0 O ) ; 

(385) ... SV = ~ 8y o + 8 Aa' ; 

(386) ... Sl' = — —f— ■ — coseo (O' — 0 + ~~~r ^ cotan (8' — 9„) ; 

(387) ... 8<==S0 o -28(; (388)... Se' = 80' -2SZ'. 

What are 8 («,), 8 (o,), 8 «)? 

By (339) (340), 


,oo 01 ,, M 80-80. a 8(0. 

(389)... S(i,)_-^-y- + 2^J-(HJ ) 


also, by (338), 
(391)... 

Y (392)... 

(393) ... 

(394) ... 


(390)... |(0^-); 


0-.^8C,)+*^28(O; 

-vR) vR) 


*(*,)« 


8(0 = 


to vR) (Sg-jgoH-w/ vR) (80'-80;) . 

TO (■»,) V(O,) +to' R) V(o') 

2to' (o,) VR) (to,) (80' -S0q) - «) (80 -8gg) . 
3(t,) (to,) to (to,) vR) +to' (»;) vR;> ’ 

_ 2m_ (Q vR) (to, ) (Sr - 80 q) - (to)) (80 - Sfl,) 
3(0 (O to (to,) v - (o,)+ to'(»;) vR7 
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Also, neglecting perturbations, we have by (352) 

( 395 )... 8 At =- (Sr + Sr 0 ) tan | 3 (O' — 6' 0 ) — 8 tan — -5- 0 

Bn'aVa' ^ t " 

+ —^ (Sr' + Sr') tan ] 3 (6- 0 O ) - Stan ° l. 

Bna f V a ^ \ ** ) 

We have therefore expressed the elliptic variations of the 9 quantities a , €, Jc, l, a , e', k , l , i, in 
terms of the variations of the 8 extreme polar coordinates, neglecting excentricities in the 
coefficients of these variations; that is, we have expressed the variations of the 9 elliptic 
quantities a f , € f , h f , l f , a' t , € r f , h' t , V t , 1 1 and they may be thus recapitulated : 

_2 m'aVa' n (SB' — 8flp) — n' (89 — 80 o ) 2m' n' V a 

* ' 3 nt mn ‘Va- J r m / n' Vo 7 B 

Jg. r ±gr°tan^rA-gr: + ^tan *'“*"]; 

[ <m 2 a n 2 ) 


(397)... SaA 


2 ma f A /a n (SO' — S6 q) — n' (86 — 86 0 ) 2mw a/ a' 

3 n't mn VuT+ m'n' VaS B 


8 - r ±. Sr Ptan °' ~ 

an 2 an 2 


(398) St = - VaCSg-Sgoj+m' Va'^ 8 g'- 8 ^) ( to (Sr + 5r 0 ) 8 - ( ? 0 

mn Va 4 - m'n' Va' Rw/a a/»' 2 

x 13 (0' - 9' 0 ) -8ta,n 0 '~ e '°} + m _ '( Sr ' + K) tan ] 3 (5 _ 0 fl ) _ 8 tan 0 ~ e » 

Bna' Va 2 • 

together with the values (383)...(388), combined with (381) (382), for S/c,, 8h ' t , , §1 ', Se,, §«=;; 

B having the value (378) & the quantities a, a', n, n', t in the coefficients of these variations 
having their 1 st approximate or circular values. 

[The disturbing function W.] 

[23.] Now in the disturbing function W, (358), the quantities a ff , a', are connected by the 
relation resulting from (269), (326), (327), and from (335), or from the following 


(399) ... 
namely 

(400) ... 


2(1 +m)a f 2(1 

Va. Vo! 


in the second member of which we may substitute elliptic values. 
By a similar substitution 


(401) ... 

(402) ... 


0 “ — n f t, 4- 2k, sin n f t, — 21 1 vers n f t t ; 

& ~~ Q'o = K t, + 2h' t sin n' t t f - 2V f vers n ' t f ; 
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( 4°3)... -j s . ( e-e') + —z= ( r-r o) 


= — tH H——= ( k sin nt — l vers nt) 4 - — != =- (Jo' sin n't — V vers n't), 
Va, V a' t 

and we obtain an expression for the disturbing function,* which may be put under the form 

(404) ... W = (W) + AW, 

( W) being the circular part, and A W tbe correction for excentricities; or, in full, 

//tf\K\ rxr a t a'.(n.n' — n 2 — n' 2 ) r . . . . , ... 

(405) ... W =--— - - -— {sm(^ / t f — n\ t r 4 - e, — e f ) — sm (e / — e,)} 


in wbicb 


(406)... K gin 

Va 


4- j { a 2 — 2a f a' cos (n t t, -n' f t f -h€ f — e' t ) + a' f 2 }“£ dt f 4 hK -hlLh k'K' 4- I'L', 

'U- sin nt + aa' ^2 n 2 4- ^ n' 2 j j cos (n't 4- e' — <=) dt 
a! ^nn' — ^ j J* cos (2 nt — n't + e — e') dt 




— a' cos ni — n’the — e) cos nt — 2a' sin (nt -n't-he — e') sin nt 


that is, 


{a 2, — 2 aa / cos ( nt—n't 4 e — «') 4 a' 2 }" 2 ' 


a* _L /t CLdf 

(407)... K = --- - - - sin nt + — T {(4 n 2 + 3n' 2 ) sin (n't + € y — e) 4- n' 2 sin (2nt — n'the — e') 
Vfl ^ 


4- (4 n 2 4- 2n' 2 ) sin (e 




i (a — a' cos nt — n't 4 - e — e') cos nt — 2a' sin (nt — n't + € — e) sin nt 


(408)... L-- 


(r ft + a ft ) cos nt — a n 


4- j {(4 n 2 4- 3 n' 2 ) cos (n't 4- e' — e) 4- n' 2 cos (2nt — n't -he —e') — 4 ( n 2 4 n' 2 ) cos (e — e')} 




cos nt — n't 4 - e — e') sin nt 4 - 2a' sin (nt — n't -he —e') cos nt 


(409)... K' — si nn't 

V a' 

+ (3 ^~{(4 n' 2 4 - 3 n 2 ) sin (nt-he-e)-hn 2 sin (2n't-nt-he' — e) 4 - (4n' 2 -j- 2n 2 ) sin (e' — e)} 


, f * (a' — a cos nt — n't -he— e) cos n't 4 - 2a sin (nt—n't 4 - e — e ') sin n't _ t 


[From (289) and (363)-(366).] 


5-2 
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(410)... IP = 


(r' 4 - a') cos n't — a' t 


{(4w ' 2 4 - 3% 2 ) cos (nt+ e ~ e') 4- ^ 2 cos (2?i'£ — nt + e' — e) — 4 (92 2 + ^ /2 ) cos (e — e')} 

r* (a' — a cos nt — n't + e-e') sin n't — 2a sin (nt — n't 4- e — e') cos n't ^ 

J o {a 2 — 2aa' cos (nt — n't 4- e — e) 4- a' 2 }% 


(411) ... 8W = C8t, + D8a, + D'8a', + E (Se-Se') + K8k + L8l + K' 8k' 4-1/ 81', 
if we put 

(412) ... C = aa' (nn f — n 2 — n' 2 ) cos (nt — n't 4 - e — s') 4- {a 2 — 2 aa' cos (nt — n't + € — e') 4- a' 2 }~&; 

n ®' («■»' ~ -m _™ /__ ,-n 


(413)... D=- 


■ {sin (nt — n't 4 - e — e') — sin (e — e')} 


& a J o Va 2 4 a' 2 — 2aa' cos (nt — n't + e — e') 


(414)... D' = a - q ~ n t~ n ~ ^{sin(ng — n't + e — g') — sin(g — e')} 


& a ' J o Va 2 -\-a' 2 — 2aa 'qos (nt — n't + € — <-') % a ' 

F, F* being the coefficients of 8n, 8n' when n, n' are treated as independent of a, a'; so that, 
because 


(415)... 


nn'— n 2 — n' 2 3, \(n + n') 2 

-= —i (n — n')—-- - j- 

n~n 4 4 n—n 


,ai*\ F-F' aa't(nn'-n 2 -n' 2 ) , , „ 

(416) ... -—=---cos (nt — n £ 4 -e — e ) 

v ' 2 n — 'nf v 7 

aa' 4nn' — n 2 — n' 2 f . . , . . , ... 

+ ~2 " "(n~n') 2 -{®n(n*-n«4-«-€ )-sm(«-«')} 

f* £sin (??,£ —+ e — g') dt 

J o (a 2 — 2aa' cos (?w5 — ^ 4- g — e') 4- a' 2 }%’ 

F+F f aa'n + n' . 

(417) ... —-— = ““ 2 ~ —,{sm(^-?i^e-6 )-sm(g- 


(417) ... —g = ~~2 n-n' ^ sin ^ ^ + g - F) - sin (g - 

and finally 

(418) ... JE = ^{cos (n£ — w/£4-e — e') — COS (g — g')} 

, f *_ sin(^ — + e — g')e& 

J o {a 2 — 2aa' cos (nt — n't 4- € — g') 4- a' 2 }% ’ 

In all these coefficients of SIP we are to change a, a', n, n', t, €, g' to their circular values; 
and then we may put, by (311) (357), observing that 

(419) ... m(8 — 6 0 ) 8 Va^+m' ($' — 9' 0 ) 8 VaT, = 0 , 
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(420)... 3 W = ( an$r' 0 — a'n'§r 0 ) sin (9 0 — 9' 0 ) — aa' (nS6' 0 + n'&9 0 ) cos (6 0 — 6' 0 ) 

— %,se 0 —^=se;. 

2 Va 2 vV 


The terms- 7 = 3# 0 , 

2 Vo 

by observing that 
(421)... 


^J=~ are & ere obtained from m | V {a, ) — (1 -h m) r% !- S0 Q + &c. 


(1 4 -m)rg— Vo = V(a r ) + m'a /f , & c. 


We have v the four following equations: 
_ „ S W , , , .. o 


(422)... 0 = 


+ aa'n f cos («? — e') + - 


(423)... 0 — 7 - 7 - + o'?i'sin (e — e r ); j 


(424)... 0 = ^37 + aa'n cos (e — e') H- - 

oty 0 2 Va' 


(425)... 0= gp- — a? 2 sin(e — e'); 


in which the 4 partial differential coefficients of W are functions of the circular elements 
a, an, n', €, e, the time t, the coefficients, of perturbation r „, a „, r '„. o' and the true eentro- 
baric longitudes 0, 0', which may evidently in the present relations be changed to the circular 
quantities nt + e, n't + e': in which n, n' are functions of o. a'. If v the four relations are not 
equivalent to only three, they will enable ns to determine the 4 coefficients r fl . a f r', o' as 
functions of the time t and of the four circular elements o, a'. e, e'. And though there should be, 
as I think there will, a mutual dependence between these four relations arising from the initial 
state of the equation of living forces, yet that same equation will furnish a fifth relation, 
namely (400), or the following: 

(426) ... ^ + <=-2<tf„); 

& this, I am pretty sure, will enable us to complete the determination of r ffj a ff , r' f> o' as functions 
of t, a, a\ e, e : after which it will only remain to express 6 rr , #' by means of r n , a s) , r ' , o' , 
a, o', €, e'. 

[Difficulties arising from the assumption t—t t +mm't n .*] 

[24.] For this last purpose, we shall seek to express a r/ , o', as functions of , 9 „, 
o', e, e', t, by the conditions 

(427) ... (428)... 

combined with the equations (338) (339) (340) (378) (379) (380), or (335) (336) (337), and 
with the following: 

(429)... f = a + mV J/ ; (430)... r' = 

(431)... # = e + (432)... 

* [See Appendix, Note 1, p. 612.] 
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Substituting these last values for 6, 9' in (336) (337) and changing (a,) + Aa, to a-rn'a„ & 
(a') 4- A a\ to a' — ma' /f , we find 

(433) ... (l -^)’ (i + ^) + Wa .tan j .m' (a„ + \r^ 

= (1 - * (t + + 4 V¥ . tan ^. m (a'„ +~ <), 

observing that the initial values of r n , 6„ , r', 0' vanish; that is, 

nt ( A , nt 3 nt \} 

(434) ... m'Vaj a0„ +• 2 r„ tan~ + a„ 14 tan ~ J j 


i Vo 7 + 


, w'i / i a j. 70 0 
tan — + a„ j 4 tan —— 


3«/f 


If then we put, by a simplification of (378), 


(435)... £ = 

we shall have by (434) (426), 


fm'Va/3 , . , nt 

- -VS" 2 W< - 4tan 2 




Va'/S , n 
— Unt -4 tan 


4)}Vau' ( 


(436)... -^2% = -L jm' Vu |a<9„ 4 - 2r„ tan^ - w Vo 7 ^a'0; 4- 2r^ tan| 

— 2 m a/ a' {H„) n't - 

... a„ = - jm' Va ^<z0„ + 2r„ tan^ -mVo 7 ^a'0; 4- 2r' tan j 


4 tan 


FA 

2 /’ 


that is, 
(437) 


2ma' V a 


(#, 


and similarly 

Ti'Va' 

(438)... <=- 5 - 


„)(| ra '«-4tan^); 




4- 2r tan - 


j-rn/a' ^a' 0 ' 4 - 2 r' tan| 

2m'a'Vaf /TT , / 

~B {H " ] \ 


3 , , 

2 — 4 tan —- 


! )- 


These values Y of a„, <z' are to be substituted in the 4 relations (422)...(425). However, as 
these values were deduced from the relation (426), that relation cannot give any additional 
information respecting the four functions r„, r ' H , 6 „, 0 '; & perhaps it will be impossible to 
determine completely these four functions without an integration relatively to the time, as in 
the general theory of my F. 

Hut before having recourse to such a supplementary integration, it would be proper to 
consider whether the condition expressed by the equation (330), namely that the true time 
differs from the elliptic time only by a quantity of the order of the product of the masses, 
is not a true condition (on account of this difference vanishing when either mass vanishes) 
and whether this condition does not give the means of completing the solution of our per- 
turbation problem without effecting the integration which would give t /r in the expression 
t — mm't „. 
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Admitting for the present the truth of this last expression, both sides of (434) will vanish 
& we shall have 

i6„ 4- 2r„ tan ~ a' 0'„ + 2r' r tan ~ 

(439)... «,, = •—-—; (440)... a '=-~—-(Not true.) 

<5 , . , Tit t> Th V 

-nt— 4= tan — - nt — 4 tan — 

2 2, 2 2 

Another reason for adopting these last expressions is that otherwise the coefficients a „, a' 

would involve the ratio of the masses — , which it is hard to think that they should do. And 

m 7 J 

if these expressions be true, we shall have a curious relation between the perturbation co¬ 
efficients r ft , Q„, r'„, 0'„, the circular elements a, a€ — e', & the time t, by substituting in (426) 
these expressions for a„ , a '„. 

But this last relation is certainly not true, because the expressions (439) (440) vanish with 
i while the constant {H „) does not in general vanish. I must v conclude that the two 
expressions (434) for the excess t, — t of elliptic time over true do not separately vanish; and 
that although this excess has the product of the masses for a factor <fc vanishes with either of 
those masses, yet it is not of the order of this product but of a lower order: no doubt by its 
coefficient t„ having for divisor the quantity B which is of the order of the masses. And, in fact, 
from (437) (438), which we know to be true whether they can he reduced to (439) (440) or not, 
we find 

(441) ... B (t — t f ) = Bm'a,, Va ^ nt — 4 tan — J — Bm' V a ^ad t/ 4 - 2 r ff tan ^ j, 
that is, 

(442) ... — Bt /f =~ [a'O', 4 - 2r ' tan ~ ~ nt — 4 tan ^ 

4- ~ (a0„ 4 - 2 r„ tan ~ j n't — 4 tan 4- 2aa' (H „) nt — 4 tan ~ j n't — 4 tan ^j; 

so that t„ has B for a divisor. 


[25.] It seems then impossible to dispense with an integration for the time, such as is 
required in my general method. But the four relations (422)...(425) between r„, 0„, r', t, 
equivalent thus to only 3 distinct relations and involving the 3 circular constants a, a c — e', 

cannot involve really, though they do apparently, the ratio ~ of the planetary masses: they 

may therefore be simplified by supposing this ratio = 0. By this supposition we find 


(443)... B — mna' ^ n't — 4 tan ; 

a'„ is expressed by (440), & we have 


, a'O', + 2r'„ tan 


n't 




a'z 3 , . . n't 7 

~ ni — 4 tan — 


(444)... 


(445)... 8a, = 0; 
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&, attending only to initial variations. 


(446)... 


Sa' — -— j- (n S0Q — n'S9 0 ) 4- 

*57171 t 


i J~, s r 0 . tan ^ - 2Sr' . tan ~ 


3 . , n't 

-nt — 4 tan — 
2 4 


(447)... St, = - - se 0 + ^ tan 
v ' ' n u na 2 


(449)... SA<: 


(385) gives Sk '; 


^ a' , wZ 
2 N /-Sr 0 .tan ¥ - 


2Srn. tan - 


3 , n'Z 

— % Z — 4 tan — 


(448)... 3Aa, = 0; 


(450)... S/j: 


(451)... SZ =-- cotan nt; 

a 


Sr n , SAr// , n t 

(452)... SI =-r cotan % t -. tan - - ; 

v ’ a' a 2 


(387) (388) give Be, Be'; thus in the two equations (422) (424) we have 
SW C 2a'D' „ /1KA , SW 2 a'D' _ 

x J S9 0 n 3 nt S6 0 dn t 

& since by (426) 

SW SW 

(455) ... 0 = n-^- + 2aa'nn' cos (e —e') — (//„), 

OOq OUq 

we ought to have 

(456) ... (H M ) = 2aa'nn' gos (e — e') + E (n — n') — C: 

which, if true, as it seems that it must be, is the condition connecting the 4 relations (422)... (425). 
To verify this last condition we are to calculate the 2 ud side by (412) (418), and to compare it 
with the expression (271) for 1 st side. 

By (418), 

(457) ... E (n — n r ) 4 - 2aa'nn' cos (e — e') 

— aa f (n 2 4 - nn f ■+■ n ' 2 ) cos (s — c') — aa' ( n 2 — nn' 4 - n' 2 ) cos (nt — n't 4- <r — e') 

4- {a 2 — 2 aa' cos (nt — n't 4- e — e') 4- a' 2 }~% — {a 2 — 2aa' cos (e — *') 4- ; 

& in fact this is — C+(H /f ) by (412) & (271): the verification v is complete. 

Continuing to express the partial differential coefficients of the disturbing function W, 
we have 


SW 20 nt 

~——tan— 4- 1) + 
or ft na 2 1 


K' 2 E 4- L' J n't 


a , nt 
tan — 
a 2 


'3 ,, n't 

~nt —4 tan — 


(459)... 


n , , K' 2E + L' n't 

D 4 — 7 - 7 -tan — 

a a' 2 


K 2 E-L 

-f.-.— cotan nt', 

a a 

0 + n>t 

2 tan— %E R , 

. ~-- —-— 7 — cotan nt-— 7 ; 

3 , . , n't a' of 

-n if — 4 tan — 

2 2 
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and since by (423) (425), 
(460)... 
we have 


A 7-7STF y-SW 

°= VC^g—-+ 


§r' 


nt 


(461)... 0 = 2(7tan — — Kn — K'n r + n [2E — L) cotan nt — n' (2 E -f- L') cotan n't 

, nt , n't 

, 0 , , f n , , K’ 2 E + L\ n’t tan- 2- tan -2 

+ 2ara \D +W - — ta n~2~j g ^ . -r f . 

J -nt — 4tan — 

2 2 

We ought to try to verify this equation. When t= 0, it reduces itself to the following: 

dL dL' 


(462)... 

Now, when t— 0 , we have by (408), 
dL 


dt dt 


(463)... -^ = aa'[(2n 2 -h 2n' 2 — nn') — 2{a 2 + a' 2 — 2aa'cos (e — e')} Ljsin (e — e'); 


and similarly, 

(464)... — an! [(2n 2 + 2n' 2 — nn') — 2{a 2 + a' 2 — 2aa'cos (e — €')}“$] sin (e — e); 

V (462) is true. 

We have therefore verified (461) for the case t = 0 , employing the conditions that r„, r', Q„, 6' fl 
& their differential coefficients then vanish. But it will he important to verify it, or transform it 
generally. 


[26.] Let us examine the equation (424). If the transformation (454) he true, when t - 
we must then have 

/Aatz\ d.D' 3 , . 

(465)... —= —— ann cos (e — e ). 


= 0 , 


But, by (414), when t= 0 , 


(466)... — a (n n ' — 92 s — n' 2 ) cos (e — e') + {a 2 + a' 2 — 2aa f cos (e — e')} - ^ — ^ 


2a' dt 9 


dF' 

& (467)... -aa'cos(e-e') 

at 


n + n' nn' —n 2 — n f ‘ 


2nn‘ 


f n 2 -\-n' 1 


- + - 


= — aa'cos (e — e') (n — n')j —aa! cos (<= — e r ) ( n — 2n '); 

V (468)... =^cos(e — e') ( — nn' —2n 2 + 4n' 2 )(a 2 + a' 2 —2aa'cos (e — 


hut this does not agree with (465). It seems then that some error has been introduced, perhaps 
by the unsymmetric supposition of m' — O. Let me therefore avoid this supposition, & try 
whether, -without it, the equation (424) holds good when t = 0. 
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When t = 0 , we have 
(469)... 


= (mn V a')\ 


dt 2 V aa' 

(470)... _ ”' . y g _ =; 

mw 'Va + m'n' Va' ’ 

which last equation holds for all values of t; 

/Aif-jx ,3®, 2 m'a Va 7 ,. 


(471)... t\ 


(472)... t Sci i= 2n . _ ma'Va 

86!, Bn f mn V a -f m'n' V a' 


<^a SmwA/ffi + mV Va' 1 3in' Va + mV 

(these 2 are also general); 

(473) ... C = aa/ (?m' — n 2 — n' 2 ) cos (e — e') + { a 2 — 2aa' cos (e — e') -f- a' 2 ]—; 

(474) ... ^ ~ a' {nn r — n 2 ~ n' 2 ) cos (e — c') + {a 2 — 2aa' cos (e — e') + a' 2 }~4 — 

cu oa J 2 a ell 


& as in (466) 

(475) ... 

(476) ... 

V (477)... 
and as in (467) 


, . , , S , , , 3 n' dF' 

“ ( )008(.-«) +SJ { }'-&-& 

l /dF dF'\ 1 ,, 

i\-di + ^f) = -2 aa (»+»)ooe(«-«'); 

i/<w dF'\ 3 , 

>(w df) = ~2 aa (n ~ n )coS < £ - £ ); 

dF , , , 

=aa (n— 2n)cos (e — e'), 

dF' 

- = aa (w — 2n')cos(€ — e'); 


Si T/t r 

& since all the terms of (411) except the three first disappear in ° , we ought to have when t = 0, 

by (424), 

f 47 g , j a _ rr^t, Sa, dD 8ct' f dF' m'aw (//,.) 

(478)... + + »«co B ( £ -,') + - 

(it 

or, multiplying by mn Va + m'n' Vo 7 and equating separately to 0 the coefficients of m, m'm 
a result of the form 


(479)... Mm 4 - M'm' = 0 , 

we get (465), and the following (dividing by Va') 

(48°)... 0 = ~ C~~a~ + cui'nn'cos 

but it does not appear that either of these coefficients M , M' vanishes. 

There seems v to have been some mistake in the foregoing calculations*; and I suppose it 
originated m some wrong substitution of the elliptic time for the true. But omitting for the 
present the search for such a slip, I shall resume the problem of the determination of the 
disturbing function W by a method more peculiarly my own. 

* ££> ee § [33.], pp. 58-62, and also Appendix, note 1, p. 612.] 
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[Restatement of problem with new definitions of a, e, etc.] 

[27.] We have seen that for nearly circular orbits, neglecting the squares and products of 
the excentricities, the Characteristic Function V may be thus expressed (see equation (357)) 

(481) V — mVa,(9 — 9 0 ) + m'Vaf (6' — 6' 0 ) + mm'W; 

a, a' denoting here the same quantities as (a f ), ( a ') denoted formerly, so that they are functions 
of 9 — 6 0 , 6' — 6q and of m, mf, h satisfying the 2 following conditions: 
ma —i m'of —i 

(482) ... 0 = 2/t + r ~—+ (483)... (1 + m) a -* (6- 0 O ) = (1 +m') a'~« (O' - 8’ a ). 

Hence 


(484) ... 

(485) ... 


S F = m Va (S0 - S0 O ) + m' Va' (86’ - 30') + mm'SW. 


SV mV a . . , S W 

=-sm 6 + mm —; 

ox r ox 


8V mV a . 

(487)... ^-7 =- 7 — sm 9 

ox r 


, 8W 
Sx' 3 


/aga\ SF mV a 0 ,S 1 F 

(486)... — =- cosB + mm -=r-: 

Sy r 3y 

,,q.i 3F m'-Vaf ,SW p 

(488)... k—? =-t— cos0 +mmV?; &c. 

Sy r' By 7 


But I propose to go still further back and to take up the problem more generally. 


[28.] Let a, e, k, l, a', e f , h ', V (new meanings of elements a, e, &c.) be elliptic elements 
such that with them, in an elliptic time T, the two planets would have described, round the 
centre of gravity of the 3 bodies, the actual arcs 9 — 9 0> 6 f — 9' 0 , having also the actual final 
and initial distances from that centre r, r 0 , r', r ' 0 ; & such besides as to satisfy vigorously 

VYbCt /—^ mf of —^ 

equation (300), 0 = ~-h - 7 + 2h , m, m', h being still the planetary masses and the 

^ v/ l+ml+m ° 

constant of living force; & the quantities n, n' being still defined to satisfy equations (60) (61). 

With these new meanings, the 8 elements a, e, ... V will not be strictly constant nor deter¬ 
mined solely by the circumstances of initial motion; they will, by perturbation, be functions of 
the time, & will gradually alter a little. And if we employ u, u' to denote the excentric anomalies 
of the 2 planets in these slowly varying ellipses, we shall have certain rigorous elliptic equations 
which may approximately be expressed, neglecting squares of excentricities but not now 
neglecting perturbations, by the equations (363)...(370), if only we change t to the elliptic 
time T. The rigorous equations may be put under the form 


(489)... 

r —a —ae cos'w; (490)... 

, 6 — iv / 1 +e, u 

(491)... 

nT + e = u — e sin u; 

(492)... 

f 0 = a -fle cosw 0 ; (493)... 

9 0 — w /l+e u 0 

tan 2 = Vl-e tan 2 ; 

(494)... 

€ =u 0 — esinif 0 ; 

(495)... 

P = a'-oVcos-zF; (496)... 


(497)... 

5 

(498)... 

r' 0 = a'— a'e' gobUq; (499)... 

; 

(500)... 

€ —uf^ — e' sin u' 0 


They are in number 12 , and when combined with the rigorous equation. (360) and with the 
definitions (60) (61), they give 15 equations to determine the 15 quantifies a, e, m, n, u, u 0 , 
a', e', e , w', n f , u', f as functions of the eleven following r,9, r t , 9 0 , m, r\ 9', r' 0 , 6' 0 , m, h. 
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If the planets actually moved in the ellipses thus determined, we should have for all ex- 
centricities 

rT 

(501) ... m(l-fim) v 2 dT + m'{l -f-m') v' 2 dT 

Jo Jo 

= m Va {u — u 0 + e (sin u — sin u 0 )} + m' Vo 7 {u' — u' 0 + e' (sin v! — sin u ' 0 )}; 
because we should have 

(502) ... t? = (l + m)~ 

(observing that a z n 2 — (1 -bm)“ 2 ), 

(503) ... dT = (1 + m) Vardu, 

and 

(504) ... J ^2 ~^jdu=j (l + ecosu)du — u — u 0 + e(sinu — sinu 0 ). 

If then we put 

(505) ... V r = ^a{u — u Q + e{siiOiU — sm.u 0 )}; 

(506) ... V' =Va'{u' — u' 0 + e r (sin?/ — sin^)}; 

the quantities (1 + m) f v 2 dt, (1 + m') f v' 2 dt will only differ by perturbations from V f , V', and 
Jo Jo 

their differences will bear some finite limiting ratios to m\ m respectively; from which it seems 
just to conclude that my characteristic function V may be put under the form 

(507) ... V — mV f + m'V'-h mm' W, 

V, F; being functions of r, 6, r 0 , 6 0 , r ', 6', r' Qj 6' 0 , m, m', h determined as above and TF being 
a sought disturbing function which tends to some finite limit when the masses m, m r tend to 0 

along with h 3 preserving finite ratios ^, ~. 

The function V, involves, by former investigations of mine on separate sheets* (series begun 
Aug. 1833), only the sum r + of the extreme radii vectores, the semiaxis a, & the elliptic 
chord; because calling this chord y, 

(508) ... ^_ r 2 _|_ r 2 _ 2rr 0 cos (9 — 9 0 ), (509)... x' 2==rrz + r o 2 ~ 2r'r f 0 cos (6 f — 9' 0 ). 


We have 

(510)... 

_ . U — Uq /_ „/ U + U Q \ 2 

y-2asm 2 1 e 2 \cos £ °j ,, 

(511)... 

X ~2a sm 2 J 1 6 ( cos 2 ) ’ 

(512)... 

, / T u + u 0 u — ?t n \ 

r + r 0 ~2al 1 —ecos -— ? cos—, 

(513)... 

/ , / 0 , u' + u' 0 u' — u'fx 

r +r' Q = 2a ll—e cos —^—2cos— 


* [We have not been, able to traee these sheets. See pp. 135-140 and also Appendix 5, p. 624.] 



28] 


I. PROBLEM OP THREE BODIES 


45 


(514) ... 

(515) ... 


V, — V / a^u — u 0 -\-2e cos sin Q j , 

V' = V ^ 7 | u' - u' 0 + 2 e' cos sin l ; 




eliminating *.* u — u 0 & e cos - ~^° between (510) (512) (514), we shall get V r as a function of 

a, r + r 0 & y; an< ^ similarly for F'. It is to be observed that the equations (510) (511) suppose 
the elliptic chords capable of changing sign. 

The equations (512) (514) give 

(516) ... 

&, if we neglect e 2 , (510) gives 

(517) ... 

& (516) gives 

U — Un F (\ 

(518) - 


1 tan - 

a 2 


X — 2ci sin 


r + r Q \ V 
-——5—1 1 tan— 7 =, 
2a / 2 Va 


V (519)... 


X = (** + *o) sin 


V f 

2 Va-’ 


accurately the elliptic chord x "would be this + terms : 


(520)... 


(r + r 0 )‘ 




Hence by (508), 


but, if we neglect squares of excentricities, we may put 

4rrn ’ -- (522)... V,=Va($-d 0 ). 


(521)... 


('r + r 0 ) 2 


= 1 , & 


However, it may be better for some purposes to retain the form (520), in which we have only 

neglected ( r ^ g - 0 -l)\ but not (r-r 0 ) 2 ; & in which V we have kept closer to the conception of 

V, as a function of a, r + r 0 and x . Thus the form (522) will not give identically 

/SF,\ a /8F,\ 3 _2 1 . 

(523)- ( sr'j + (^Sej ~r~a’ 

but perhaps (520) will do so. It gives or at least it permits us to put 

V, _2 


(524)... 


°° S 2Va _ ^'+ r o 008 2 
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& difierentiating this we find __ 

i . V, 87. r-*Vr 0 (r 0 -r) Ma i 


(526)... 


~ 2 V^ Sm 2 Va' Sr (r + r 0 ) 2 

X . V SV r^Vr 0 e-do. 

r + r 0 2 


57 V I &7 \ 2 l r ( r + r o) g ( y +!j 


(527)... (^)+(5g) 


j / e-0»\ 3 

^( oos ^) 


(r + r 0 ) 2 \ 

4 a _ 4a 

~r(r + r 0 ) (r + ^ 0 ) 2 ’ 


W 


" r (r + r 0 ) 2 


wU cb to &* becomes -f-i wb« « ctomg. ,+to to *» tat «U «- ”»»•««" < 523 > “ 

. , _ •* after ail to confine ourselves to (522), as a simple approxi- 

(528), oeglectog «b. «.«- of th. oecentoictoy. 

, • SI 7 , 1 

,The characteristic function of elliptic motion and the equation §h t. 

r 291 Meanwhile I know, from former investigations, that the function V , determined by 
(510) (512) (514), does in fact satisfy identically the partial differential equation (u-3). But to 
SalSh tMs important point anew and at the same time to prepare for other investigations, 
let us put for abbreviation 


u + u o y 

(52S)... ecos —— = 4; 


(530) . V r =Va (u — u 0 + 2£ sin - 

r + r a _ 5 . u — Uq 

(532) ... __o =I _£ cos „_, 

, considering a as constant. 


. u' + n' 0 y, 

(529)... e cos—• 


^; (531)... V' = W \u' —u' {) + 2'C sin 

(533)... x^2asin^AVi-f 2 ; 


- £ cos ^-°} S (u - w 0 ) + 2 sin- 


( 535 )... ^ = £ sin S (^ — ^ 0 ) — 2 S£ cos ; 


(536)... — = | cotan ^ S (u - ^ 0 )" 


,88,,... 

(538)... (1 — £*) ^ sin {u - u 0 ) - £ sin^p - (r ~ -~ ; 


= S(a-it 0 ) j(cos^^ -S 2 |; 
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icos ^ i — 4 SF 

(539)... -- =—L - ^ : 


2£Sv / . w — \ 

+ x ) 


2S X / w- 
= —- I cos-— 

X l 2 


'll Uq r \_ B(r + r c 
2 ‘ V a( 1-V 


(540) ... 37, =-— 

cos^O-J ( 

. SF, , SF, 

we know *.* —-—, and ~~ . jNow 

S(r + r 0 ) S x 

M41) W ' SV - ■ SV ’ S *- 

(541) — S (r+»- 0 ) ' * 

also 

, XA ^ s x ?--r 0 cos(e-e 0 )_ 

< 543) - s?-x- 5 

(545) ... 

we ought *.* to have 

(546) . l-£* + (sin^)V 

that is, by (512), 

( u — u Q y \ 2 

3-) 


cos——‘ k * 


V 2 / a 2 

* / 1 - £ 2 . S* - sin --y-° S (r -A r 0 ) 

/- / W — 'Mq 7 

Va I cos —-—° — 4 


<“ 2 <- 



( S X 1 

\Sr,) ' 

\r 86] 




sin (6 — # 0 


^ 0 \ 2 r 0 cos (6 - 
5 / * 


& this last condition is satisfied, 
elliptic motion.) 

It is worth observing that, by (i 
but also 

(549) ... 

Hence 

(550) ... 


r 0 cos (a — a 0 ) — r _ i 2a 
a \ r 

2 

| , or, (548)... 
y (532) (533). (See 10 th 




u — u G \ 

cos —2 “ C ) 


_ (r + ?‘q) 2 — x 2 
4 a 2 


satisfied, by (532) (533). (See 10 th sheet o 
tg that, by (532) (533), we have not only j^e 

■-■“o. A 2 _ (»_z±IpY^jI 


10 th sheet of series begun Aug. 18 

A i ( u-Uq y Y (r-f r 0 ) 2 
snot only (cos—--£1 =-^ 


(551)... 


( U — U a 7 

cos __0 + g 

+ ( cos -v-) - 

-P+(b 


OH 


2 ——5—I 

I 20 


O r + r o , (r+r 0 ) 2 -x 2 

\ 2 r+r B (r+r 8 ) a - x a . 
/ a 4a 2 
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so that 

(552)... 

/SF BV / \ 2 4(r + r 0 +x) 1 4 _i. 

\S^ ± S(r + r 0 )j (r + r 0 ) 2 -x i a r + r 0 ± X a 

and v 

(553)... 

SF, SF, , 

S^ + 8(r + r 0 ) ~^r + r 0 + X a ' 

(554)... 

SF, SF, 

S x S(r + r 0 ) -Vr + r 0 -x «' 

(555)... 

SF, r 1 ! 1 

“Vr + r 0 +x 4:Ct~ r+ r 0 —x 

(556)... 

- = + 7 + 

B(r + r 0 ) 

When we may take the upper sign in these 2 last expressions, we have 

(557)... 

rx i i 7 

F = 1 /-— dx, 

' }- x Nr + r 0 + x 4a 


an expres: 


don of which I made great use in former investigations. In general we may put 


(558)... * 7 ,=j" x ± J r + fV+x”^^' 

If we wish to avoid considering a as constant, we have only to change in (540) 

SF, to VaS S X to oS (f) ; & S ( r + r o) to aB 

we find 

SF 1 IV SF, , . SF, \ 

< 559) “' -si = a\i- x ^- {r+ro) W+U))‘ 


& we find 


SF, I/F, SF, SF, \ 

S a a \2 x S x ( + o) S(j- + r 0 )j 


which also follows from V t being a homogeneous function of the dimension of a, r + r 0 , x- 
We have *.* 


SF, 1 \u — u 0 ,, . u — % 
(560) - ^=vi'i^ +£am -2- 


_ . U — Ur, 

2 sin —--- 

2t 


1 — £ 2 — 1 “ £ COS - 


I (u — U Q y . U — Uq) 1 [u — u n U + U n . U — Un 

= vs H - s sm ~2- rvs 1— - ecos — sm — 


-ecos 8111 — 


1 YbdP P 

=- 7 = {u — u Q — e (sin u — sin u 0 )\ =-— = ——--—-, 

2Va X w 2 Va 2(l+m)a 2 ’ 

* [This formula for ¥,, which appears in the First Essay, equation (W 3 .), p. 140, has been erroneously attributed 
to Jacobi. Of. Appell, Mecanique Baiionnelle, Tome i, § 304, p. 577.] 
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T being elliptic time. This last expression shows that although we must consider in the 
present method the semiaxes a, a as functions of the coordinates, yet their variations disappear 
from the variation of the part mF, + m'V' of V; because 

SF , 


(561)... 


r SF r 

m -T- Sa + m' 8a' = — j 
8a 8a 


, T ( 
1 2 (< 


m, Sa 


m' 8a' 


a' \ 

’ 


\(1 + m)a 2 (1+m'] 

by (300). We may *.* in differentiating mV f + m'F' treat a , a' as constant, & *.* may differentiate 
y, respect to the coordinates of m only & F; with respect to those of m'. 

We see also that if we suppose m' = 0, & so reduce F to mF, & *.* to a function of r- 
a, ?7i, which may be considered as a function of r + r 0 , y, m, we have 

SF SF, Sa m 3 7 /S 7 A ' 1 




(562).. 


S h m 8a 8h 2 ( 1 - 4 - m) a 2 \Sa 


= T = t. 


It would be an extremely curious theorem if we should find that in general 

sv 

= t. For thus we should complete our solution of the problem of 3 bodies or any other 

system, by means of the action function F, without employing any integration after this 
function has once been determined. 

SF 

Meanwhile, without supposing m or m' to vanish, we see that the part of which is not 
small, namely 


8h 


8v r ,sf; 
m sE +m -W 


SF, 8 a , SF' So' 

/yy\ _' _ _l tyY) _ - _ OR 

Sa 8h Sa' 8h 2(1 + m) 8h r 2(1 + m') 8h 


mTa~ 2 Sa m'Ta' -2 Sa' 

+ 7 


is in fact equal to T, by (300)*; which is, so far, a verification of my general conjecture. 

(Jan. 8. 1834.) Three pages hence I give a general proof of the truth of this theorem, 
SF 

t = . By this theorem the integration of the differential equations of motion of any system 

of bodies (including problems of rotation) is reduced to finding the form of F, differentiating it 
with respect to the initial coordinates and h, and determining the final coordinates as functions 
of these partial differential coefficients so obtained & of the initial coordinates. The expressions 
thus determined for the final coordinates ought not to involve h . 


Expression for disturbing function and comparison with Laplace. 

SF 

General proof of -g^- = t. 


[30.] By what precedes, we have 
(563)... 

(565)... 


SF 

SF 

8W 

(564)... 

SF_ 

8x 

— m __L 4. 771771 

Sx 

8x ’ 

By 

SF 

,8V I 

,SW m 

(566)... 

SF 

8x' 

— 77i -jc-f + mm 

ox 

Sx' 9 

By' 


8V f , , 8W 

' + ram - 5 —; 

By 


,8V' 


-mm 


,BW 


By' * """ By' 9 

r , , , . ma~ % Sa m / a'~~ s - Sa' n 1 

If we differentiate (300) with respect to h , we obtain 2 — Sh ”T+m' W ~ U *J 


hmph 
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a being treated as constant in V r and a' in V’, ; we have also, when a, a' are thus treated, 

no powers of exeentricities being neglected here. Attending V to (300), the partial differential 
equation (38) becomes 

SF 8W SV SW SF( SW 8F( SW 8F, SF; SF. SF) 

( 56 9)... J,£^2 + by lyy + Sx' Sx’ + By' 8 y' Sx Sx' By By' 

+ {(a: - x'Y + {y - jOT* - (“' + 2/2/') ( r_3 + r ) = 

winch may easily be put under the following form, when we neglect the planetary masses m W, 

d w - j. ^ W + {{ X - + (y - y'?Y* - (**' + 2/2/') (r -3 + r ' _3 )> 


(570)... ^ ^ ^ rlt it 


the coordinates and time in this expression being replaced by their elliptic values. And since 
W varies with the time, we have 

(571)... W= j 0 ® dt ’ 

if ( 572 )... {(*+<2/- y'^- {xx ' +yy,) (r ~ 3+r '” 3) ' 

Again, by the differential equations of elliptic motion, neglecting planetary masses, we have 
(573)... (574) - r* dt** 


a;' d dx* 
(575)... —pa = it~dt'’ 


(57b)... — 


/d\ 2 . , a ldxdx' dydy'\_ 

V (577)... -(asr' + S/2/')( r * + »• ) = (*j (** + ^ > ~ 2 (dJ dt + dt dt)’ 

V (578)... « = (|) 2 (^' + S//)-(5^+^4') + « a: - a: ') 2+(2/ - 2/ ' 2)}_4 ’ 

& also 

(579)... = + 2/2/0 — i(^+ yy ') ( r ~ 3 + r '~ 3 ) + ft* “ x '^ + “ y 

also t 

When the orbit of «!.' is exterior to that of m, the form (580) appears to be the most convenient, 
it gives , 7 ... rt, . w 4 W . 


_ , U/JU , U/lf , CW-.A 

(582)... Tt +y Tt -x 0 ^- 

that is. 




± 2 / 2 / d , 
~'3 at ’ 
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It is important to observe that the quantitv under the integral sign, in this expression for 
my disturbing function IF, is what Laplace* calls — —Indeed. I have here neglected the 

inclinations of the orbits; but I know from former investigations that the general expressions, 
including all powers of those inclinations and of the excentricities. would give the analogous 
result 

~' aF ' , 

"’Wo : 


(584)... W = x' 


Bx 


-y -~-~z ^ 
y By Bz 


ft f, 

+ {{x - x') - -r (y - y'y -r {z - 

J o { 




yy 


: dt ; 


x ~ t y ~ - 
P 


: -p> 


the quantity under the integral sign being still what Laplace calls- ~ t . Adopt! 

?n 

notation, we have 

t tt” r/ ,Bv f r ,sf , bv, 

( 080 )... ft =myn l x — y -~~z — 

• ' V 8u- ^ dy 53 * 

and similarly with the analogous symbol JR\ we have 


this 


8F 


,sr f , an 

- </o £— ~ D ST 
°J/o ^-o 




/«-i\ , Tr ,1 81 ' hj ' df ' 

(o8b)... mm IV — mm jr — y gty t: -^7 - 

We may therefore put. in a symmetrical form. 1 
function Ik 


81'' 8J ' , *51'' • . f-" ,, 

j -W - y 0 -r -j- ) — m I R dt. 


’r.lk 2" 


ssion for the characteristic 


(5S7)... V = > 


- iii I , T - 


sr; 

: 8F ' 


8/ 


c.r 
_ 8F' 

' ”3h " 




- 5 - (>«>■ 


it may however be more convenient occasionally to employ the less symmetric forms (5S5) (566) 
for the part mm' TF. And if we denote by x. y, z the heliocentric rectangular coordinates of rn and 
use a similar notation for the other heliocentric coordinates, we easily find by [5.], 


(588)... 

dx_lW_SV t , 8 IF 

dt m So; Sa? Bx 9 

(589)... 

du dl, , 

dt by 

sir 

By 5 

(590)... 

dz_BV f ,8 IF. 

dt 8z +m Bz * 

(591)... 

dx'_ 1 BV_ 
dt m' Bx' 

BV' 8W 

= -f m -^-7; 

da? bx 

(592)... 

; 

(593)... 



In like manner we have the 6 initial expressions 




(594)... 

idx\ _ 1 SF_ ST r , , STF. 

\ dt / 0 m Sa ? 0 S;r 0 ~ r Bx 0 ’ 

(595)... 


(596)... 

(597)... 

Hence 

/ dx'\ 1 SF SF; ^ ^ 8 Fy 

\dt / 0 m'Bx' 0 Bxq Bxq* 

(598)... 

* 

(599)... 


(600)... 


s *S + ^f+ 8 4= SF ' +roW ’ 

* {Mefcanique Celeste, Book rr. Chap. ¥X,J 
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S here referring only to x, y, z; & similarly 

(601)... 

8' referring to x', y', z'. In like manner 

(602)... (£) 0 + (S),, + S2 ° Oo = - S » V '~ m ’ S ° W ’ 
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& w+ 5 «' , f +! ''S- ST:+ “ 8 '"'- 


Sx ° (§).+* (f)„ +& ;(S).- - w -~ s; ^ 


(603) ... 

a, a / are here treated as constant in F,, F;. Hence 

(604) ... 


(605)... 


8 F, r§W Xo(d$\ . 

Sr 0 ~*~ m Sr 0 r 0 \dt) 0 r 0 \d£/ 0 r o\^/o 

8TF 3p /hF\ ^y'o /dy'\ 

+ ri \dt}Q r' 0 \dfc/ 0 rj V^/ 0 ' 


A sf; 

0 — ~cr~7 +m 

or n 


And if we suppose as before that 6 , 0' are centrobaric longitudes in one common plane, neglect¬ 
ing inclinations, then 


(606)... 

(607)... 


SF 

°=w 0 +m w +Xi 


,BW 

Oo 


0 -S 


S0n 


-m 


BW 

8ft 


'°Wo 2/0 Wo’ 

V , (dy'\ , ldx'\ 

£ +x ° \dt) 0 ~ y ° V5tV 


In all these 1 st differentiations of V f , F' we consider a , a' as constant; but in passing to the 
second differentiations of F,, F; we should be obliged to consider a , a’ as variable and as homo- 

mh m h ^ involving also but 


t r 

geneous functions of the I st dimension of r + r 0 , r' ■+■ r' 0 , x> X » y 

1 +m' 


Tm’ 1 + m' 

not homogeneously the quotient q + ~ 5 because they are determined by the equation (300), 

& by a relation between this latter quotient & the 5 ratios of r + r 0 , r' + r' 0 , x, X> a = a '> obtained 
by equating the two values of the elliptic time T. 

And with respect to the disturbed time t, it is in general = ? & s I conjectured some pages 

ago. For by the idea of my characteristic function V, we have 

(608)... • F = £ jmvds; 

v (609)... SF=sJm(S»& + ^ t te)=sJmt;8^+sJ'm^^ + ^^ + J i —)#; 

also by the law of living force 
(610)... 


£2>mv 2 =h-{- F, 
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F being a function of the coordinates & masses, independent of 7i, & such that 


(611)... 

V (612)... 
and 


Smi? hvdt = hhdt-t-<$Fdt, 


,dx. 


dx n 


(613)... SF^tSA + Xm^Sx-^S^ + J 8y-^Sy 0 ~ Sz 








This is the general dynamical Law of Varying Action, including the variation 3&, and we see 
that it gives in general 


(614)... 


t = 


SF 

bh' 


[ Various investigations regarding the disturbing function and heliocentric 
coordinates. Comparison with Let grange.'] 

[31.] Imagine then that we have expressed the Characteristic Function V. to the accuracy 
of the product of the masses, under the form 

(615) ... V=W> + VV>, 

in which 

(616) ... V a) = mV,+'m'V', 

and 

(617) ... V (2) ~mm'W, 

& that the parts F<« and V<- 2 > are each expressed as functions of the initial & final coordinates 
& masses of the planets, & of the constant A; we shall have the following equations 

SF» SF® 


(618)... 

( 619 )- ° = ™(|) 0 


/dx\ SF» SF® 

0 =m U) 0 + ^ + s^ ; 


Syo) spx2) 
+ %o + ’ 


S7(i) 37(2) 


,dz\ §V a} 

(620)... 0 = m(^) +-g— + 


(621)... 0 = 


“■(f) 


SF« SF® 
( + S4 + 84 ; 


(622)... 


8 z 0 " T " 8 s 0 


(623). 


and 


S 7 (i) 87(2) 

0 =-i+ "sT + ~sit : 


(624)... 

by which we can determine x, y 3 z } x', y\ z r 3 h as functions of 

, , , (dx\ fdy\ (dz\ (&jf\ , m, m\ t. 

z o? x o rVo> z o>\dtjQ\dtjQ V<&y 0 * \^/® \di}o l^/a 
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TEe elliptic parts of these functions are had hy suppressing F®; & if the perturbations of 
the Coordinates be represented, as in [ 8 ], by *'*.*'{, W. *£' « the Sa ™ 

meaning here which it had in [29]) we shall have 


(625)... 

„ s ^ <2> , / / 

(626)... 

SF (2> 

0 = -k-H 

§ 2 /o 

(627)... 

SF® 

0 = TT-h 

Sz 0 

(628)... 

SF® 

0 = ■ g 4 - 

(629)... 

a y( 2 > 

0 ~ st~"~ 

§ 2/0 

(630)... 

SF® 

0 = g , + 

(631)... 

SF< 2) , / 

°=-s/r +m ( 

Now, in 

differentiating 

-r 0 , r' + fo* X> X> a > a '> & 

(632)... 

r + r 0 = p, 


D S 2 F C1) -S^F®! , /> 


, 8 2 F (1) t , 8 2 FW 


, S 2 F (1) 
f Sz 0 S7i 


(632)... r + r 0 = p, (633)... r' + r£-p, 

we have 8 F <i> SF<» , SF®SF® 

(634) ... SF<» = -g ? - 8 p + -^Sp' + -g^S x + - § ^S x +-^ Sa + ^Su, 

in which. , 

SF® SF® _ - 

(635) ... ■W Sa + 'S5 r8 “ - °’ 

it seems evident that we may differentiate this last equation & V that we have 


(636)... 


§F<» SF® 

8 2 F® = 8 2 iP ._ x> x- F® + Sa S p p . x x - 4- Sa'S p> p% XiX * ga , 

SF® 


SF® 

r Sa'S p . jX .-g^r. 


However it may be more simple to proceed in the following manner. In (616), F, is an explicit 
function of the 3 quantities a, p, x ; and V' is a similar explicit function of the 3 quantities 

_ _ . _ _ r X arx +.hn.t. 


&V, J 

< 637 >- 



SF 

SF\ 

(638)... 

sf; _ i 

/f; 

,sf; 

-n'^\ 

( 5 - 

-*sr 

' /> Sp) : 

S of a' 

U 


P SpV 


We iiave wiiin ut »ujlu.v;xcjliu -<=> 

the two following relations to determine a, a', as functions of m, m' , p, p', x> x'> h > 


(640)... ™ + ^ + 2 £- 0 : 
v 1 a a 
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& by differentiating these we can find the partial differential coefficients of a, a' } & \* of F a \ 
with respect to p, p’, x> x'> A. Thus if we put 


(641)... ~ = /x; 


(642)... ~j- = p ‘ 


(643)... 
we shall have 


a a' 5 


(644)... F (1) = h (pV t +/A'F;) = ^xa homogeneous function, 1 st dimension, of p, p. p. p. x . x ; 

& if we put, instead of (634), the following expression 


(645)... 
we shall have 


si7(i)_ SF(1) s ^ SF<*> , SFW 

SF-g-Sp + ^-Sp +^—+ 


SF® SF 

(646)... 


(648)... 


Sp' Sp' 


observing that by (639), (640) 
(650)... 


(647)... 


(649)... 


SF , SF; _ , SF a > 

mSu + m'Sa'=- 5 Y- 
ba 8a 8 h 


SF (1) SF, 

-v- V-; 

d x 

SF' ,SF' 

*x~ m w 


(651)... 


(652)... 


S 2 F<« S 2 F S 2 F 8a 
Sp 2 -m 8p* +m 8p8a 8p ’ 

S 2 F« _ S 2 F, So , S 2 F; 8a'. 
Sp8p'~ m SpSa8p' m Sp'Sa' Sp : 


as a verification of which last we have, by (640), 


(653) ... 

we ought therefore to have 

(654) ... 
but by (639) 

(655) ... a 2 1 


m 8a m' 8a' 
a 2 Sp' + a' 2 Sp' = 


0 a 2 SW ' **' t a' 2 W ' 8 < 
Sp Sa Sp' S p'8a r Sp * 

_ L'2§!E;. w!ZI\ te' 


Sp a Sa' Sp* 


however it is clear that the equation of the two last members of (652) ought to be a consequence 
of the 2 equations 

SF Sa , 8F( Sa' _ SF, Sa , . SFJ Sa' . 


SF Sa ,SF;Sa' . 

(656)... ™-^ Tp +m w , ¥ =0, 


(657)... = 
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and, in fact, if we differentiate the 1 st with respect to p' and the 2 nd with respect to p & compare, 
we find the equation which was to be proved. We have thus the three ratios of -g -, —p , ~, —; 
to find these 4 coefficients themselves & more generally to find 8a, 8a', we have, by (639), 


-(■ 


(658) ... 0 

V if we put 

(659) ... 
we shall have 

(660) ... 8a = 


0 8W n 
a 2 + 2a 


Sa 2 


. 8F, , , 

A j a 

oa 


, s 2 f ; , 0 ,sv: 

' Sa' 2 + 2a 8a 


& (661)... 
Hence 
(662)... 

(664)... 

( 666 )... 


8a' = 


m' SF' 
A 8a 

m 8V t 


£)--(■' 
;(■ 


s*f; _ , 

3 a' s+2a Sa'/ 


AJi) 


,sv: 

8a 


^ 8a' 

?(■ 


-\-a 2 8 


SF; 

’P’X 8a ‘ 


t2 c> sf; 
•“ V.x-s^; 


8 2 F „ SF 


!)■ 


sasf®/ ,„ 8 2 f; - ,sf; 

+ .4 8h [ a 8a' 2+2a 8a 1 




A 8a 


(a 2 S 


8F, 

>•* Sa ' 




') 


SASF< X >/ 2 S 2 F, 
'xl SA 0 8 a- 


+ 2 a 


sf;\ 

8a j ' 


8 a _ 

8 a; 

V 

g2F(i> 

Sp 2 = 


wFa 2 SF: S2F 

^4 8 a' SpSa’ 

ma ' 2 SF, 8 2 F; t 
^4 8 a 8p'8a' * 

_S 2 F mm'a 2 8FI /S 2 F,\ 2 
= m V* .4 Sa' : 


(663)... 

(663)... 

(667)... 


8 a _ 

W 

8a' 

8p 


8a) 

m'a' 2 SF' S 2 F' 


^4 Sa' 8p'8a'* 
ma 2 SF, S 2 F, _ 
yl 8 a Sp Sa’ 

S 2 F (1) mmT S 2 F, S 2 F; 


8p8p' 2a SpSaSp'Sa'* 


In the same manner we might calculate 


§2po> §2]7(i) §2j7(i) gap'd) gap'd) gap'd) 


and then 


Sp - Sp&X &p 8x $x 2 &X&X 2 
8 2 F (1> 

we should be able to deduce the coefficients s 2 ■, &c., in (625)...(631). But the following 

o^o 

method appears preferable. 

[32.] Our disturbing function IF may be considered as giving certain small alterations in 
the initial direction and velocity and elliptic time of each planet, such that by applying these 
we can calculate the place of each planet by the laws of elliptic motion. Thus 

2 1 = /^S.V / 8F A 2 ftY lY 

+ Wo/ + W>/ 

(dyY^(JS\\ 

\dt A 


( 668 )... 


® 2 (' 
A\ 


dt) 0 


Udx\ 8W /d 

y\ 8 IF Id 

S\ 8 TF) 

1 \ dt) q Su?q y Q 

'd) a 8y 0 + \d 

■t)o Sz o J 


and if there had been no perturbation of m by m', that is, if m' were — 0 , we should have had 
a— a value a, depending on the circumstances of projection of m and such that, by (503), 

fdx\ 2 
dt) o 


(669)... 


1 -i-(! + »). 


+ 




if then we change a to a, + m'a„, as in (326), but with new meanings of a t> a,, different from the 
former, we shall have 


2*. 

2a 2 ' 


_dx 0 dx' 0 dy 0 dy' Q dz 0 dz' Q 8W dx 0 8W dy 0 8W dz 0 
" dt dt dt dt dt dt 8x 0 dt + 8y 0 dt + 8z 0 dt ' 


(670)... 
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Now to calculate tlie perturbation of tbe centrobaric radius vector t, — r ~ Tii r v we can 


determine the undisturbed part* r f as a function of r 0 . 
use the formula 

(671).., r t ~a f (1 — e f cosw). 


r, a r m. T; for which purpose we may 


considering e ti u as functions of r Qs a,, m, T, such that 


(674)... r 0 - 


(672) ... T = (1 +m) {u — u 0 — e f (sin-u — sinu 0 )}; 

(673) ... r 0 = a,(l-e,oosu 0 ); (674)... 

& whatever relation is thus obtained, by the theory of elliptic motion, between r s , r 0 , (1 4 - m ), 

a , ———, the same relation must hold identically between r, r n . — ~ . a, '2a 2 ^: we may tiiere- 
' 1 + m “ br 0 ' ' da 


i" 


fore differentiate this relation with reference to the disturbing mass 


Br 

. Sa- 

(675)... 

Sm' 3 

(676)... 

and 

(677)... 


B BV f B W f x 0 cIxq , y c dy!y dz[ 

Bm' * Sr 0 8r 0 1 r 0 dt ’ r 0 dt ‘ r 0 di ’ 

(678)... 


, S 0 »BV, ,BW 

m s^- 2a sE=~ mm ah- 

We have \ 

• 


(679)... 


r —a„ — + ae sin'z*. u„ — ae„ cos-it; 

" " a 

(680)... 


0 — a^^-hae sin u 0 . u 0/ , —ae /f cos u 0 ; 


D? + ^ + Vo T 7 + «o 77 T =+ Va. e„ sin it„ -f Va. e cos « 0 . u 0 „; 


(6 81 ) ... r o g^r+^o-^ +yo ^ 

. m BW . 0 

( 682 ) ... 0 =-^—- 


0 = - 7 = —- 4- %a„ Tar% 4- ru ft - r 0 u 0f/ - ae ff (sin u - sin u 0 }; 

Va Bh 


besides (670) for a n . 

And if we neglect excentricities and inclinations in perturbations, we may put 

(683) ... r„ = a„—ae„cosu, 

1 / STF dx' 0 dy' 0 \ 

(684) ... e„ = a~i cosec u 0 1 r o^r+ x o~^ 


(684) ... 

(685) ... 


a„ — 2a 2 


dx a (dx ; SW\ ,dyo (dti SW)\ 
dt ^ ds Sx 0 / dt\dt SjaJ i 


* [The notation here is inconsistent. r„ », are the coordinates attune iof tbepomt whichmow ato^thc 
fixed ellipse of semi-major axis a,. The ellipse of semi-major axis a passes through th® ; 3 »mte (r.-S.) and (r flb 
T being the time in this ellipse. In this method of calculating perturbations rf we put m eq«d to zero m r,e,a,T 

we get respectively r„8„a„t bo that T-m'^=t, whilst by equation (624) i=T+mm' 
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[32, 33 

SB 7 " STL 

The difficulty is \* reduced to calculating these partial differential coefficients of W , -g— , , 

since we may put 


( 686 )... 

& *.* 


(687)... r„ = ^2a 2 


e = a 2 cosec 

dx ° Va C ° S U 






sinw 0 


‘)(E+ 3 H 


2 

at sin 


>osm \ /3TF cZyjA 
\8y^ dt)’ 


Yet I have some doubt whether this last process of approximation is legitimate, & whether 
u 0 may not vanish or become indeterminate when e is neglected. 

It seems safer to employ the approximate expression (178) 


r f = a+(r Q — a) cos nt + 
r M = a„( 1 — cos nt) + Va sin nt 


sin nt, 


& Y to put 
( 688 )... 
that is, 

(689)... r„ = ^2a 2 ^ (1 — costti) +Vaa: 0 sin^ + 


dxL dyl. 

+x °-di + y°-ii 




■ ( 2 ° a 008 nt )+ v «y ° sin ^) (5 + %°) • 


SW SIT SIT SIT 

But how to calculate ^— or -=r— , -ettt ? Since we may put, neglecting excentricities, 

Sx 0 S y 0 8r 0 8d 0 


(690). 


2 ^&^o + dgo^ + a ^SW 


dt dt dt dt 




[33.] IT may be developed as an explicit function of a, a e, e', k ? Id , Z, V, t; & may be put 
under the form 


(691)... 


-nr /rn A nr /wx 7 §AIT ., SA IT 7 SA W Jf 8AW 
W=(W) + AW=(W) + k- JF+ k'- mr+ l^ r+ l'- sr , 


(IT) being the circular part. Then, by (22), (TT) being a function of a, a% e, e', Z, 


(692)... 


S a 


S a' 


Se 

SAIT 8 (TT) 1 
ST Z he' 


he' S ^ + V 

SAIT 


oZ oe 


also since 

(693) ... 
we have 

(694) ... 
and again 




Z = c$ {9 — # 0 — 2k sin wZ + 2Z(1 — cos ?&Z)}, 


St — a%(89 — 86 0 ) +§Va(d — 6 0 ) Sa + 2a$sinuZ ,S ^p + 2a$(l —•cos nt) 81; 
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V (neglecting eccentricities in results) 


(697)... 

(699)... 


S 1 = — VaS 


8V, 
Sr„ ’ 


(698)... 


SZ' = -Va'd°~': 


SW 
Sr, 


rt[K“t 

S(W) 


Sa 


2 

Va 


ni +2 sin nt 
SAW 


SI 


j -2a 2 (l- 
8(1F)\ S 2 F, 


cos nt) 


m: 


B(b 

St 


Be J 


6r 0 ba 
S 2 F 


§ a ir ~j 
aSk J 


Va sin nt + a 2 (1 — cos nt) l - Va f ^ ^ 
br$) St 


+ 


Sa'\8(W) SAW 


Sr- 


-h- 


(700)... 


SW 
S9 n : 


- I O-A i 

' \~~SI 

IF _ vw ^ _ q S (TT) \ s 3 r; . _ 

z%/ ' ~ 5c' / Sr',8a' 9 


^S (If ) , c 2 V, 8 A IF 
5c / 6 rH abk 


and it seems hardly possible that the ratio of the masses m, m' should disarnear from the per¬ 
turbation coefficient r /f , unless, upon reducing the expression (692) for Sir to an explicit s and, 
if we please, in a certain sense symmetrical) function of Sr. S0. Sr Ql S6 0; Sa and of Sr', Stf\ 3F, 
SOq , Sa' without introducing the masses (by the formulae of elliptic motion considering the 
two ellipses as independent) we can then eliminate simultaneously the variations Sa. Sa' bv 

the relation (658), or by some equivalent relation. Changing *.* f to —-— for the sake of 

symmetry and employing other symmetrical expressions wherever it is possible to do so, we are 
led to try whether the following condition is satisfied, 


(701) ... 
in which 

(702) ... 

(703) ... 


rswii 

L Sa J ~ 


ST' rSTTH ^ ST rSTT-I 
Sa' [_ Sa J ‘ Sa |__Sa' J 9 

!S(PF)SiF , 8 (IF) , SAW t fSAW 


2 St Sa 


+ - 


Sa 


aSk : \ SI 


n 8(W)\8l' 
Be / 8a : 


ISa'S 

Also, by (363) (367), 


pW~\_l S(W)8T f ; 8(W) [ SAIF ] ^ SAIF 0 8 (ir) ^ SI' 


2 St Sa‘ 


Sa' 


a'8k‘ 




sr 


Sc' 


(704)... 


SI 1 nt 
_ = _ _ tan ~ , 
Sa a 2 


& (705).. 


SI' 1 J n't 

W --,= , tan —; 

Sa a 2 


& by (304) &c., 

ST 
Sa 


(706)... ^-V5(| nt-^n^); g,=V^(|n'«-4 tau^); 


it remains V to 


, , , 8 (TP) S(W) S(W) S(W) 8(W) SAW SAW SAW SAW 

calculate -A-^, -±~l, . w . - w ~. -jgr- - Now 


Sa * Sa‘ 


Sc 


Be' 


8k * S¥ 


SI * ST 


since W=j Qdt , (571), we have 
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[33 


(707)... 

8(TF) 

8t 

0; 

(708)... 

S(TF)_ 

Sa 

r:s* 

(709)... 

8(W)_ 

Sa' 

r:s* 

(710)... 

8{W)_ 

Be 

j:s* 

(711)... 

S(W) 

8e' 

f:s- 

(712)... 

SAW | 

8 k J 

r:s* 

(713)... 

SAW 
8k' “ 


(714)... 

SAIL 

f:s- 

(715)... 

SAIF | 

81' “J 



If we put equation (701) under the form 


~8W V8W 


(716)... 


0 = 


S a 

1PF 

8a 


L>'J 

8T' : 
Sa' 


it is easy to see that it gives, when t — 0, 

d rSTTI , d rSTFl 

(717) - ° =a dt\j^r a dt\w\- 

in which (i being = 0) we have 

d rSWH 

( 7 1 8 ) ... “alis r-i e+ “s 5 + s*’ 

SQ SQ 

8a' + S&' 

8Q ,8Q 8Q8Q 


dt\_8a} 

,drsw-[ , fl , 

a dtls^r- iQ+a ^ + ^’ 


(719) ... 

we ought to have, when t — 0, 

(720) ... 

Is this relation true? By (572) 

dx dx'_ + tyty + ^ x _ x y + {y- - ixx' + yy') (r~ 3 + r '~ 3 ); 


i „ ^ ° i ^ _i_:_ 

^~ a hd + Sa' + Sk + Sk'‘ 


<9 = 


and since 
(721)... 

& (722)... 
we have 


dt dt " r dt dt 

dx d(r cos 9) 


dt 


dt 


Q dr . „d9 
■ ooae jt- rsme dt’ 


dy . r\ dr Q d0 

Tt = sme dt +rooae dt> 


dx dx' dydy* , fQ nr\dBd9' 

(723)... __ + JJ- = rrcos(0-e)^ 


■ a ,J ,drdd’ dr'd6\ 0 ,,drW. 

+sm (0-0 )(r dtlU~ r ~di~dt) +OOS(e ~ e) dt dt’ 

therefore, neglecting no powers of the excentricities, we have, in polar coordinates, 

(724)... 


4-sin ( 
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& this is the symmetrical function, relatively to the two elliptic orbits, which we are to develope 
and integrate with regard to i in order to find my disturbing function IT. In the immediate 
question we neglect squares and products of excentricities; and we have •; by [ 22 ], 

6 — nt-r-e-j- 2k sin nt -f 21 cos nt ; 

^ = n (1 4 - 2k cos nt — 21 sin nt}; 

dB' ya\ 

dt r' 2 ’ 

& if we put for abbreviation Ad, A 6' to denote the parts 2k sin nt 4 - 21 cos nt, 2k' sin n't— 2V cos n't 
of 6, O', & similarly use A r, Ar', we shall have 


(363)... 

r = a — ak cos td 4 - al sin?d; 

(364). 

& (725)... 

dr , T . , 7 

— = an {fc sm 4 - 1 cos nt ); 

(726). 

thus 




dO "s/a 


(727)... 

3*7* ' 

(728).. 


< 729 >- l=f 


< 730 >- 


& finally, neglecting squares and products of excentricities, 


(732)... 

(Q) = eos (wi- 

(733)... 

. ^ fa' a 
AQ = -j —5 4— n 
(a 2 a- 

in which 

(734)... 

SA<3 /2a' 
SA r \ a 3 

(735)... 

SA$ / 2 a 

we shall have 

(736)... 


Hence when £= 0, 

(737)*.. 

BQSQ 

8k + 8k' 


that is, if we put 


s 2^SLJ11 (AS - A9') + {r 2 4- r' 2 - 2rr 'cos {d - <?')}-*: 
2 Vaa' 


— — —^=1 4- {a 2 -fa' 2 — 2aa ' cos (nt— n't — € — c'}} 


\\/nn! a 2 a' 2 1 

- — aa' {a 2 4 - a ' 2 — 2 aa' cos (nt — n't 4 - e — e' )}“* - 

i 

x sin (»f — n't 4 - e — e') (A0 — A£') 4 - Ar 4-A r *, 


0 


4- 


$ = (0)4-A<2. 


a/ cos (nt — 4-g —<=') —& 

{a 2 4- a ' 2 — San 7 cos 4- e — e')}^ * 

a cos { nt ~ n't 4- € — g') — a' _ 

2 4 - a' 2 — 2 aa' cos —nt -he—e')}$ 


(e-el 

4- {a 2 4- a' 2 — 2a#' cos (g — g')}“*; 


also 
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[33, 34 


but this is not = 10. My conjecture V is not confirmed respecting the possibility of eliminating 
da, ha' from STL by tbe relation 

(740)... ST = ST' 


without the variation of the relation ^ + £ + 2h = 0. And, indeed, I ought to have perceived 
that this latter relation was necessary, for without it we should have no introduction of 8 h into 
8 W, that is, we should have ^ = 0, & V the elliptic time would not differ from the true time. 

[34.] Since then the part [~] 8* + [|^] 8a' of 8W, when reduced by the relation (740) 


to the form 


SW~\ ha 


hrrhw 

ha LSa'J 




involves still ha, it seems impossible that the expression (688) for r„ should not involve the ratio 


—, except by our having 
m 

(741) ... 

that is, by (740), 

(742) ... 

And, in fact, by (304), 

(743) ... 5?"-^ 


2Va(1 — cos nt) + sin nt . = 0; 

oo 0 or o 

S T _ 2 nt hT 

SL 0 “ “a tan 2*30 o * 


hT _ nt 

(744)... ^ r = 2Vatan-; 


* the condition (742) is satisfied. 

If then we put the total variation of W under the form 


■we shall have for the coefficient r„ in the perturbation of r the expression 


!—S "PP—I 

(746)... r„ = 2Va (1-cos nt) + 


sin%£ 2 a'n r . /w , .v 

-j-cos (e — e ) (1 — cos nt) 

nn 


- sin (c — € r ) sinw.£; 


(747)... 


SAW cotan nt / „ 8 (W) SA1F\ 




Hence, when t = 0, we have 

(749)... ^=aVsm( e - e ') + [^], 
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in which, at present, 
(750)... 


"SBn SA Q) 

_S^J = 2V «r§;-8A0j sm(e- £ '); 


not onl y r » but vanishes with t, which is, so far, a verification of our result (746) because 
we know that the perturbation must have this property. Whatever t mav be we have 


(752) ... r t/ = 2Va f dt -Vasin nt Vacosnt 

J 0 0€ J o OK J 0 &Z 

+ 2 ^/-7 cos ( € ~ € ') (1 —cos ?it)-h J^,sin(€-€ f )siiint. 
This expression may be put under the form 

(753) ... **,,=/(0-/(0), 

in which 

( , 2 Va(0) 2 cos (e — e') cos nt sin (e — e') sin nt 

n — n' n Va > ’ n V a' 

— 2Vo jsinjit I sin nt inrS dt + cos nt I cos yit^^dt- 


(764)... /(«) = ' 


so that we have 


— 2 Va j sin n t I sin nt -^dt-i-oos nt j cos nt 

' J 0 oA# J G cAt? 

-r -1 sin nt f cos dt - cos nt | *sin ntdt -, 

n { Jo 5A r J 0 &Ar i 5 


_ 2 Va(Q)- 2 Va(Q 0 ) t 2cos(€-e') (1-cos nt)-h sin (e-e') sin nt 
(755)... r„ -- 

- 2 ^ -h| {sixx^i JJo° S ^ (J o - eos j W (J^ rf#| 


1 ( . r* SAG . r* . ,SA Q ) 

-b—^sm^| cos nt-z-T— dt — cos nt I sm^-^ dt\. 


Besides 


(756)... 


fbV I uus IVV -?n- U-t/ — tviJ i Oijj. /<-n -ST* w**' ; * 

Jo SAr Jo SAr j 

I f 5A<?^^ (<g)-(£o) ^ CQS(g — eQ—COS (•^ — ?l , g +€-€') _ 
I o 8A9 n — nf 2Voa' (n — n f ) 


, x cos (??,£ — ?i/£4- € — e A ) — cos (e — c') t 2 cos (e — <0 (* — cosnf)+ sin{€--e'} sinn£ 

V (757) - r ' =-(«-»')V? W?- 


if we put for abbreviation 
(758)... 


((^L —L-4=) = ®' (*-»') (2»+»'! 

\\ a? & 2 Va'a 3 / 

„ 2f*8AO* ISA© 


-f-sinwi f cosw£ .$.£?£-f cos ?ai f sinra£. $.c&b 
Jo Jo 


-i*8Ar’ 
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To develope this function, let us employ the former expression, [10], 

1 00 

(a 2 — 2 <m'cosoj + a' 2 ) _ ^ = — 7 S 6 ( |cosico; 

Zd (i)— ao 


we find 


( 759 )... - = — (n — n r ) (2n + n')oos (nt — n't + e — e) 

n 8 A r n 


1 ® S6f 

- — y — S -tt^-cos nut — m‘ t + ie — is.'), 
2an^ i) _ 00 8a 


& (760).,. -f dt = ——— ~(nn'—2n 2 —2n' 2 ) {cos (nt —n't+€ — e')—cos (e — e')} 

v ' a J o SA 0 n — n' K 


7b 7b (i)— co 


S 6 ( |{cos (mi — m'i 4- ie — ^V) — cos (i<= — ie')}; 


*.* (761)... S — S cosi + e — e') 

CO— oo 


in which, if i > 1 , 
(762)... 

when i— 1 , then 


= !$ 0 + ^cos (nt — n't-\-e~ e') + S S^cosfc (w£ —?z/ 2 -i-€ —e'), 

«) 2 

C, 26f | 1 86f. 

1 aa'(?&-—%') a'n 8 a 3 


and 


(763) 26<|> 1 86 <g a' - 2n 2 - 2n' 2 ) a' (n-n f ) ( 2 n + n ') . 

^ * 1 aa'(n — n') a’n 8a n — n’ n 3 


(764)... 


? o=-^T' <"»' - 2 ™ a - 2ra ' 2 > cos <—■'>- 5 5 T»~S') «,?. 6f 008 (e ~ e,) 


1 S& ( 2> &<?> 


4 - 2-4 - 

“ Os,'™ 


Now 


2 a'w. Sa aa' (n — %') * 


(765)... sin^ij cos nt. S . dt — cos nt ) suinl.J3.dt 


c* . 

| sir 

J o 


because 


7i “ S^GOsiint — n't + e —e') — cos nt cos ^(c —e')} n~n' ^ JS j sin i (e — e') sin nt 

2^-co ?i 2 —i 2 (7i-~^') 2 + 2 (i) _co ?i 2 —^ a (w —^') 2 5 


2 sin f cos cos (put + v)dt — 2 cos f sin nt sin (/x£ + v) dt 

Jo Jo 

— sinnij cos (/x -h . t + v) dt + sin nt J* cos (pu — n . £ -+- v) dt 

— cost^J sin(pu+n .t+ v)dt + cosnt j sin (pc — n.t + v)dt 

2n f . -> 2 nsinw£sinv 

— —5 -« (cos (u£ + v) — cos cos v\ + —— ---. 

7b z ~~pb z ^ r ' n 2 — pu 2 

(As a verification, this function & its 1 st differential coefficient both vanish with t.) 

Thus r„ may be developed in a series of the form (90), namely 

i 5 cos (mi — in't-bie — ie') ___ f r _ , . 

(766)... r tf — 2 ^S ^ ^2 __ ^_ ^2 *h t-®/] COS ^ Sm 
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34, 35] 


in which, when i > 1, 

(767) ... 
when i = 1, 

(768) ... 
that is. 


_&.= -nS t = - 


■R-j. — 7hS j “h 


1 a6'f 

au' (n — n ') a/~Ba } 
2a' n* 


(769)... R x + ; 


2nb<V 


aa' (n — n' j a' Ba 

a'n' {(n — n') 2 — 

- ^~-n' - a ( n ~ n ')(-n + n') 

a ' n ' In' (n'-2^-t,^ 2n] 
n 


1 S6T 


a n (mi — 2n 2 — 2?i' 2 ) 
n — n’ 


<fe (770)... i£ 0 = — ~ jS 0 + a f n'ncos(e — z' — 21 

* ’ In — n‘ ) 


_ | n* (n' ~ 2n) - ^ I -f j (n - w ') a - n 2 - 2r, 

, / , n 

neo&U — e — 2- 

' ) 

_ w7 eo s (.- £)+ —_ n ,. ( ^ 6 T cos,(.-«')-frf 


2?* 3 ; 2a'n'n 2 


2a'ri' 
n 


2a' or? 5 


while the coefficients [12, ] and [I2„] may be determined bv the condition that r„ and — shall 

£?f 

vanish with t. All these coefficients agree perfectly with those obtained in [10], & v the present 
method of calculating the perturbation of the radius vector agrees perfectly in results with the 
former. That former method was the usual one of integrating ordinary differential equations of 
the 2 nd order; the present method consisted in a previous integration of a partial differential 
equation of the 1 st order & in a subsequent differentiation of the result, namely, of my 
characteristic function F. 


[35.] It is remarkable that in this last differentiation, so far as was required for determining 
the perturbation of the radius vector of a nearly circular orbit, the semiaxes a, a', though 
considered as variable, have been permitted to be treated as constant, that- is, their variations 
disappear as does also the variation of the time: so that on regarding the disturbing function 
IF to contain explicitly only the coordinates, the semiaxes, and the time (without the masses 
or their ratio), we were at liberty to vary this function with respect to the coordinates only. 
I suspect that this will he found to extend to all powers of excsntricities and inclinations, at 
least in the perturbation of the radius vector and perhaps in that of longitude also. 

Without neglecting any powers of excentricities or inclinations & without introducing 
masses or Ti we may put IF under the form of a function of the initial and final coordinates & 
of the time; namely by expres sing the semiaxes a , of & the other elliptic elements as functions 
of the coordinates & of the time by the theory of elliptic motion. In the variation of IF, it will 
V be sufficient (in order to determine the influence of the masses) to calculate the variation 
Bt, or its equivalent BT, or ST', by the solution of the following equations: 

5^/77 BT' 

(771)... St = ~Sa+S p>x T; (772)... S t- ^So'+S^. ^T'; 

So- . Sci . T 

(773)... ^ = 2SA: 
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which give 


(774)... 


T ’, 2 8 J£^ 8h 

0 2 So,' 8 P,x T + a '2 8a S p',x' + 2 8 a 8a' 8 
= »8T m/ST 

a 2 Sa' a' 2 8a 


Since the part of the perturbation of each coordinate (rectangular or polar) of m, which involves 
partial differential coefficients of W, may be put under the form 




|E +J ," 

8x 0 8y 0 


while 8W may he put under the form 


(775)... 


8W , f 8W 

Sx X 


we see that the only part of each perturbation of m, involving the disturbed mass, is of the form 
mm' 8 T' f 8 W 

Hi 8T 7t/r 8T r 8T 0 30 SP 


d 2 8a ' | Si 
m8T' m'8T 
a 2 Sa' + a' 2 S& 


& since 1 does not in general vanish, it is necessary & sufficient, for the independence of the 
perturbations on the disturbed mass, that we should have identically 


(776)... 


„ r 8T „ r 8T , r ST _ od ST 
0 = 1;^— + Jlf — + 1$^ 2a 2 P ir -. 

o3?q C$£/q 


It will be useful, in every particular case, to verify this latter condition; but we know a 
priori that it must be satisfied. We may */ in calculating the perturbations treat the time t as 
constant in W, not only where it expressly enters that function, but in each elliptic element 
in W, which becomes thus a function of the coordinates and of this constant time, its form 
being determined by the theory of elliptic motion. 

For example, in calculating the perturbation of the radius vector, r, we may use the elliptic 
equation 

r r_ ±rdr ±rdr 

JJd-<'-> 

the upper or lower sign being taken according as r is increasing or diminishing, that 
is, according as sin-w is positive or negative, u being the excentric anomaly, so that 
(489)... r — a—aecosu, and 

du 

(778)... >0, 


± J — — - 

Af a 


-a(l — e 2 ) .e. sir 


(779)... 
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civ 

Hence, supposing r, t, a, to vary, while r 0 remains constant, we have 


(780)... Sif == 


rSr \ / a - / 

y-y *> a • (1 — e cos u) j 1 — < 

1 -Us \ 


COS 2d -f COS Uf, ; 


Va . e. sin ^ ® 


du 

Sill !£“ 

s — w i ,, , du 

- d “37 * I -t ~ € COS 2d - -- 

e dt Jy sinu 2 


v cos u 0 i y 

2 -) (C ° S “®“ c ° 3 “> 

ar 0 sinw 0a <2r 0 /*« 


(781)... 


* Va.e.sin u _ a§r n , . , 4 4;-* 

g r —--- . Bt + (sm (u - u 0 ) — e (sm u - sm u 0 ) J- 5 

Sa f . e , 

+ a “ 1 vers — «o) ~ 9 {- cos u ~ - cos m - 0 + 3 (m — «/ 0 ) sin w - sin u 0 sin [u — u 0 j j 


observing that 


(782)... 


(783)... 


& (784)... 


/ (cos^o —cos u) ■ 

Uq s 


du 


= A cosec w — cos u a A cotan u 


p(c os 
J Uo 


td 0 -4- 3 COS 2d) (cos id 0 — cos u) — 


did 


r« 

= (cos ^nt2 cos u 0 cos y — 3 COS Id'-) — 

J -Uo 

= 3A^ + (3 — cos 2 d|) A cotan u — 2 cos u 0 A cosec u 
2A cos id sin u a 


1 — COS Ur, COS il 1 — COS U 2 


du 


s: 


= 3A u-h 
(eos u% — cos u 2 ) cos u 


sin w sm u 

du 


— sin A id: 


sintt' 


2 


f “ y . o - n \ COS 2d d id 

(sm 2d~ — SUL UZ } - 7- * 

ju<> sm 24- 


(A sin u)“ 


We have therefore for the perturbation m'r„ of the centrobarie radius vector, neglecting no 
powers of eccentricities or inclinations, the formula, by [32.], 

o,f „ . / STF dxi dyL dz' 0 \ 

(785)... r Jf = ~{sin (id — u 0 ) — e (sm u — smid 0 )} ^ 2/o y^r + % -^J 


Sa;* dt J dt ■*“\S|/ 0 ^ \S*b dt] dt 


x [2 vers (id—dd 0 ) — e {2 cos id — 2 cos ?d 0 + 3 (id - id 0 ) sin id -- sin w 0 sin (td - %}} + e 2 (sin u —sin %5 2 ], 
the time being treated as constant in these last differentiations of W« 


9 -* 
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Now, it is to be observed that the equations (771)...(773) give not only (774), but 

8T\ 


(786)... 


(787)... 


8a = 


8a' = 


^CV,^'-S P , X T) + 2^SA 


mST' m'8T 


a 2 8a f + a' 2 8a 


ST 


a^ T S p'’X' T ^ + 2 8a 


8h 


mST' 


r ST 


a 2 8a' + a' 2 8a 


If then we consider Q as a function of the 6 elliptic elements of each planet & of the time, 
& put its variation under the form 

(788)... 

so that we shall have 

*BQ 


SQ=l § St+ ji Sa+ -’ 


(789)... 

we may put, in full, 


S W 


= 8 f Qdt=Q8t+8a f 
Jo Jo 


8a 


dt + ...\ 


(790)... 


SQ 

8a 


dt + 


s* n 

8a) o 


dt -b *«• 




8T 1 ' 

T) + 2^,8k 


m8T' m' 8T 
a 2 8a' + a' 2 8a 


/ 8e 

h I§f 0 


• 2,, ) +2 S s ^ 


a 2 8a' a' 2 8a 


S<= ^ Se ^ Be ~ Se_ 

8x 0 -\-^-8y n + ^—8z n + ^~ Sx + -£-8y~ 

o?/q 02J< OOC O^/ 


8 Q 

8e 


/ Se' _ , Se' , Se' ~ , Se' ~ , 

■W 0 Sx o + Wo y,> + H^ , + ^ 

Q &fa'^ T + ^i B ^ T ' + 2 


Be' _ , Se' 

+ W Sy + 

8T8T' 

8a 8a' 


8 z 1 


8 hj 


r: 


dt 


m ST' m' S T 
a 2 8a' a' 2 Sa 

§€ Se Se^ Se f 

in which ^—, &c. may be calculated from V, and ;, &c. from V '. And if we have ob- 

8a 8x 0 J ' 8a 8x 0 ' 

tained, by the theory of elliptic motion, a relation between any variable coordinate such as x 


-, which is identically true 


and the quantities x 0 ,y 03 z 0 , (1 + m), (1 + m), ~ (1 +m), 

when m' = 0, the same relation must hold good rigorously & identically between the same 

variable coordinate and x Q} y 0 , z 0 , — ^ , 

bx n 

function of the independent variables x, y, z, x Q) y 0 , z Q , a; in fact F, is a function of p, y, a, 
depending on no other quantities except so far as they may be involved in these, (<fc being 
with respect to these homogeneous of dimension j-); & although this function is subject to 


8V SF 

s—- 3 2a 2 ; V. being treated here as a 

oz n oa 
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3F 


BV, 


the partial differential equation connecting the 3 coefficients namelv that 

2 j Bx o’ h'a’ 

the sum of their squares is ==---, yet when along with these 3 coefficients we have also 
SV ° 

(° r F ,)> we ean in general determine a;, y, z; we may v regard x> y, z as rigorously and 

identically functions of x 0 ,y 0 ,z 0i . not involving: the masses nor 

Ji, & determined merely by the form of the function I / ; & we know bv the theorv of elliptic 
motion, as connected with this latter function V f , that if m! were = 0 we should have - fL. 

SF t ^' r ° 

equal respectively to (1 + m) ... , p-p— ; if V without thinking of F, we can in any 

way deduce, from the known theory of elliptic motion, the dependence of x f y. z on x 0 . 
c^o £ 


Vo, z 0 > (Hm) 


dt 5 * ’ J 1 -f -m 


we shall thereby discover the rigorous & identical depend 


SF SF SF SF 

of x , y , z on x 0 , y 0 , z Q , —, — y- 1 , 2a 2 . In this last identical dependence (if we 
ox 0 oy 0 Bz 0 Ba 1 v 

only neglect squares and products of masses in perturbations or even rigorously if we suppose 

IF so determined as to satisfy the equation 

F == mV r + m’ F; + mm' IF) 

, SK, bV f dV , ^Cix 0 ,/Sib dx’\ 

we may change to (1 + m) _» + w (_ + ^), 


t . « ar 

oce .: ana 2a - to 

da 


mm' BW 


l 1 +m SA : ^ *** we ne gi ec ‘ t squares and products of masses in perturbations 3c suppose 

that the ordinary theory of elliptic motion of an evanescent mass m about a fixed unit mass 
has given an expression of the form 


Sa? 


dx - 


sdx n 


dy 0 , -l^-g d~,Q 

dt 


dxBW) 


(791) ... 3a:= ...+ + LS^ 0 + 3fS 

ox, ctt at uv 

we shall have for the perturbation of x 

, v / t {-r /STF dx' 0 \ / 8W dy' 0 \ 

(792) ... mx.-m ji (_+—J + (_+—J + 

and because L, M, N must be such, by (776), that 

(793) ... i H +jif S + ^l|= 2 “ 2 S^(= i S) ; 

(794) ... - 2 “ 2 §(£S*+£Jol! di+ + + + ) + i Si + - af 


v &i 

dt 


dt 

/ Se ~w w- Be , 7 Sc \ f*BQ r, , 

I I /75 -b ^-b j\ T >=■— j I -g~ -r -f 4* + , 

\ S#0 Sz o/ J o ^ 


the four pluses referring to the four other elliptic elements besides a & e. 

* pFrom (786) and (787), + M J^ + jV fr H = -2 ®* H ' 

-So' , „,&j' , w 5a' S“'_ n 1 


L 
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[36.] And if we wish, to refer the coordinates to the centre of the Sun and not to the centre 
of gravity of the system, and denote as before the heliocentric coordinates by x, &c., we have 
(795)... x = (l + m)x + m'x', (796)... x' = (1 + m') x' + mx. 


V (797)... x- 


(1 + m')x — m'x' 


v I+m-hm' 

so that the equation 

a 1 7 _„/ cS s^ .As 


(798)... x' 


*7-„( + 


(1 + m) a?' — mx 
1 + m + m' * 


? SasJ + - + - 


becomes 


(800)... (1 + m + m') SF = m 


/ dx' - , dx o 

Sav 


e -^ S5;o+ - + -) +m ' (S- 82 ' _ S° s ®o+-+■ 


this last equation being rigorous . It gives approximately 


(801)... 

v ' dt dt m Sa; 0 


(802)... 


(803)... ^ = &o. 


& if we represent by F,, FJ what F, V' become when we change p, x> a & p\ x'> a ' f° P> X’ a 
& p', x', a', that is, to (l + m)/>, &c., we may put 

(804)... V = + mm r W, 

vl + m Vl+m 

in which the new heliocentric disturbing function is 


= /_, sv _,bv, _,sf, , sf, f t sf; , , , _ sf; 
sI +2/ W +z W + X °W 0 + + +X W + + +x °W a ' 


~ _ / SF SF 

(805)... *r=TF-(-'M + I7'W + r 

or, omitting the upper bars on 2 nd side,* 


(806)... 


(807)... 


== / SF' SF' 

TF= — - 7 -(^-K-f + ^0'W-7+ + + + l* 

J o m \ Bx Bx 0 J 


: ~ Vl+m Si 


^ _8_p 

: o ^0 J o 


(808)... 1? = & C, 


(809)... 


When v we shall have formed from the elliptic theory, or from the properties of V t , an equation 
of the form __ _ 

s *= , s * aj7 , ss , S 8F 


(810)... 


_ KJtAj * Uul/ * Wuv (V ,n VK . rs. v r . 

8K= sJ 0 8a: ‘> + s^ S2/ » + s^ 8Zo+2 * 8 -“ ss + ~sF 8 & 0 ++ ’ 


we may at once express the perturbation of the heliocentric coordinate x under the form 


(811)... 


= + r_B* + -^ r .d Cltdl; 

* Bx 0 J o sjSF; 0 <s SF ' S^ 0 J 0 


[Cf. equation (585), p. 51.] 



36 , 37 ] 
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R havin § the same meanin g as in ■»*>- Ofl., & J'i* being considered as a function of the 

initial and final coordinates and of the time, which is to be differentiated as if the time were 
constant. We may . put for the perturbation of the heliocentric radius rector r 

Sr S . Sr S 


(812)... 




8x n 


§2/o 


dr S 
c 8E * Sz« 


Rdt; 


r being considered as a function of x Qi y 0> z 0 , ^ , 2a 2 ' 


function may be put by (781) under the form 

Sr 


bx Q t>y G &Zq da 


The variation of this 


(813)... 


(814)... 


Sr = ^Sr n + 

r o 


dr St + ^8a- 


* dr 0 dt ? 
s -dt 


Sr 

¥: 


--2a 2 


Sr dx 0 




Sa dt 


rr\ &c.; 


& consequently 


dt 


(815)... -m'f^-R-.— VRdt + ia^ 

§ Sr 0 Jo Sa 

dt 


Sr jdr 0 _S_ \ ' Rdt _^dya _§ 


l dt ’Sx 0 J o 


it ’Sy 0 j 


dt d; 0 . 


Rdt-. 


In short, the perturbations of the heliocentric coordinates x. y } z may be regarded as arising 

from small perturbations of the initial components of velocity -- without any change 

at at at * ~ 

dx s ?t 

in the initial coordinates, or of the time; and the perturbations of , &c. are — | Rdt, &c., 

the time being treated as constant. 


[37.] We may put for abbreviation 
(816) 


dx 0 _ == 
dt JL ° 3 


(8i7>... ^=r 0) 


dt~ z °’ 


(818)... 

explicit function (omitting the bars) of 


and may suppose tbat R has been developed as an 
x 0 9 Vo9 ^o j Xos Do* 2 /o» -^o» * Then 

/0 ,„. S f* f^-R _ SX 0 C t §12,, SE 0 SB , S^ 0 f* SR . 

(819) - Jo j 0 SX 0 d + JoSFo s * 0 Jo SZ a M ’ 

together with similar expressions for ~ Jisdi & J^di. Hence by ( 811 ) 
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(820)... Sx = m'x„= — 


/ Sx nSR 8a: C* SB Sx C‘SB \ 

\SX 0 J o Sa: 0 ' + S Y 0 J 0 Sy 0 M + SZ 0 J 0 8z 0 ) 

Sx /SX 0 SB ,8F 0 f‘ SB ,,SZ a SB \ 

SX 0 ( 8a; 0 J 0 SX 0 dt+ Sx 0 J 0 8 Y 0 dt + Sx 0 J „ SZ 0 dt ) 


Sx /8X 0 n SB .,87, f* SB ,.8 Z 0 n SB \ 
-FvXWoio^o WoJoSYo SyoJo*z 0 dt ) 


x being considered as a function x 0 , y 0 , z 0 , X 0 . Y 0 , Z 0 , t, and X 0 , Y 0 , Z 0 being functions of 
x, y, z, x 0 , y 0 , z 0> t. We have also, neglecting masses, 


SV 

(821)... X 0 =-^; 


SF 

(823)... Z 0 = 


< S22 >- Y ‘-~w. 1 


(824)... t = T = 2a 2 -^; 

ou 


V (825)... 


so that* 


1 STS oy T-St 
2 a 2 Sx 0 ST 
Sa 


°*o*v 0 » a b $ Xn °v,v,z S# 0 ’ 


(STY 

/ 8 20'j — \ S x o) 

( 82 b)... g -- Tm- 

■° 2 a 2 ^— 


(827)... 


ST ST 

BX 0 _ Bx 0 By 0 BW f = S F_ 0 . 

o«2 


8 a; SX 0 Sa; SX 0 Sx SX 0 _ Sx 8X 0 Sx 8 Y 0 Sx SZ 0 _ Sa; 

(828) ... § 3 ^ $^+gy^a^ + S^ Si^“SX; S^ + ST “ 0 S^ + S^ S^“ ~W 0 ; 

observing that the equation 

(829) - Sa:=g8a: 0 + g8 2 , 0+ gs Z0 + g-8X 0 + ^-Sr 0 + g ; 8 Z0 + |8 < 

must hold good independent of any relation between Sir, By, Sz, Sa; 0 , Sy 0 , 8z 0 , St, when 
SX 0 , SY 0 , SZ 0 are changed to their values 

(830) - 8X 0 =^8a: + ^8 S , + ^*S, + gsa: 0+ -g 82/o + ^S, 0 + ^8, & c. 

Hence the formula (820) for the perturbation of the heliocentric coordinate x becomes 

/00 ,. Sx T* SB ^ Sx f*8 R- 8xr*8B^ Sx CSM^ 

(831) ... Sa; = mX = r — \ -* 

8x 0 J 0 SX q SX 0 J q Sx 0 8y 0 J 0 8Y 0 SY 0 J Sy Q 

* £sX 0 = — 8 ~~, where S is the Principal IHmction.^j 
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And this expression agrees perfectly with a result of Lagrange* who conceives the six elements 
x 0 > Vo> 3 cn -Po> Po, z o to vary (whereas I only conceive the 3 latter to be disturbed) & who 
gives for the perturbations of these 6 elements expressions equivalent to 

J 0 oJL 0 J o 6:c 0 

My former expression (811) may be thus abridged: 

/qoo\ ^ Sa? S 8x § 

Wo s^o ari + §w 0 si;., _. Rdt - 

But as an enunciation of my theorem of perturbation, including this and other analogous 
expressions for 8y, Sz, I see none simpler than the statement at the end of section [36.], namely 
that the perturbations of the final coordinates may be considered to arise from perturbations 
of the initial components of relative heliocentric velocities X 0 , Y 0 , Z 0 such that 

(833)... S I 0 =~f'M; (834)... SY 0 =Bdt; 


8x 8 Sx 8 

st;%; + sf 0 s 7 o ,, .. 


(833)... SX 0 = 


(834)... SZ 0 


(835)... SZ 0 =-^- 


r 

$ z o J o 


a result which seems to me to constitute a new theorem in dynamics. The theorem mav be 
thus presented: 


SV § ~ l 

(836)... = Rdt ; 

bx 0 8x 0 Jo 


(837)... = 


(839)... 
or thus 

(841)... 


S.c^ = 0 ; 

8a 


=A| 

Rdt : 

Sj/oJ 

0 

(840). 

... 8x ( 


(838)... &c.: 


~— Rdt — 8 


x ’V> s Sx 0 


S 2 F SF. 

8V / 8a8x 0 Ux > v > 2 8a 

8x 0 8 2 F 2 8V r 

Sa 2 + a Sa 


[38.] We have 

(843)... 


Rdt = 8„ 


_s_a^ 8V, 

8V, 8r 0 8a bx ’V’ s 8a 
3 8r 0 SW, 2SF, 
8a 21 ^ a Sa 


T X ° SV ' 1 X ~~ X Q W r 

0 r 0 Sp x S X 5 


V (844)... 

& similarly 

(845)... y — y Q F + YqG, & (846) 

if we put, for abbreviation, 

r,_i , X SP,/, 


(847)... ; (848)... - 

* £Jkf dcanique Aiialytigue, Tome i> 2 & P&rtie, Sect, v.J 


— + - 2 "o (*y 

i)... z^z 0 F + Z 0 G, 

(848)... 


HMPII 



I. PROBLEM OF THREE BODIES 


These coefficients F, G are by Lagrange called sometimes T & V; see 1 th - section of Mec . Anal,, 
§ i & § n. Lagrange does not appear to have found any finite expressions for these coefficients; 
but he gives the 1 st terms of their expansions according to the powers of the time, namely, 
neglecting £ 4 & using my present notation, 

(849)... F= 1- L tZ dT{ >' /3_/_J 3 


2rk dt 3 


(850)... G = t- 


By my methods we have by [28.] 


(851)... 


1 ** X ("§* ) ^ | Sin ^ ~ Sin ~ 


in which i — ecos——-- Q ; also 
(852)... 


3. f _ y . U - Uq 

t — a* j u — u 0 — 2£ sm —- -; 


/q-'q's rr 2a ( . u — UqY* 

(So3)... -^ 7 = 1 -—Ism----- ; 


(854)... j0=r-{-r 0 = 2a^l — £cos--^-^; 


& (533)... x = 2a.sin^-^9.Vl-^. 

Hence t—G and r 0 (1 — F) are explicit functions of a, u — u 0s namely 

(855) ... (t — G) — a§{u — u 0 — sin (u — u 0 )}, 

(856) ... r 0 (l-J , ) = 2o^sin^?^ = a{l_oos(w—!t 0 )}; 

and these functions are such that 

/ A u z A u 5 B \ 

f 857^. _ (t-G) 2 _ {u — u 0 — sin (u — u 0 }} 2 \2T3 ~~ 2.3.4.5 + C '/ 

T o (1 —H ) 3 {1 — cos (ic — "Mo )} 3 ~ /A u 2 A u* a . \ s 

("2“2T373 + &0 -) 


A A u 2 A u* 

\ 4T5~*"4.5.6.7 

L A % 2 Aw 4 

0 + 3.4.5.6 


— &c.) 


= g | 1 + AW 2 


&c. 1 — a function of A-w-. 


p_±V 

\6 20 / 


We have y finite expressions for 5 relations between the 8 quantities F, G, a, t, p, x , £, Am; & 
if we eliminate £ we get 4 finite relations between the 4 quantities If, <?, a, A u & the 3 ’ others 
t, p, x, namely 

(858)... -^= = aAM-f- (p — 2a)tan (859)... ^ = 4a^sin^ 2 -(p-2 a )*(tan^) 2 ; 


[(533) and (540).] 
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together with (855) & (856). Instead of (859) we may use the following 


(860)... 


C5 ' 

2 } -\^- a ^ U ) -**'™*±*-\**»-^\'■ 
When the orbit tends to become parabolic, this expression tends to the foil 

(v'a. Aw ) 4 


(861)... 

whilst (858) tends to the form 
(862)... 

Put for a moment 
(863)... 
then 


( A ?/A ^ / t \ 2 / 

sin—J — 1 ^ 7 =” aAuj — 2a 2 vers An — |aA^ 

me paraboii 

2 1 (Va . A u) - 


12 


= x~; 


t=^ (v'a . A u) — — (V'a . A u) 3 
U — V'a.. Aw. 


r/4 f'3 

(864)... 2tU = x* + jj; & (865)... 2t=pU- — : 


(S06j... 0iU = oC 2 ~ 


Y (867)... p?7 = 3i± V / 9^-2p X 2 : 


£7* 


(S6S)... A = fTV9f 2 -2py; 


(869)... p^U 3 — lOSt 3 - 1 S/p X 2 x (36/-- 2p X 2 )\ / 9f 2 - 2 PX - = 6.y = 6p s V^ 2 -2py 2 : 


•~p;c--pv 


Y (870)... 3i(18Z 2 -3p X 2 -p 3 ) = ± (18i5 2 — p X 2 — 3p 3 ) V Qi 2 — 2p% 2 : 

Y putting 

(871) ... 9f 2 — 2p x ' 2 — 

we have 

(872) ... (r + 2p X 2 ) (2T-i-p X 2 — /> 3 ) 2 = t* (2r-j- 3p X 2 —3p 3 ) 2 . 

(873) ... p 3 x 2 (.X 2 -P 2 ) 2 = 4 ^p(.X 2 -p Z )( T +PX 2 -P S )- iT PX i (- 1 '^PX-P S )=‘ -4-/> 3 (" 

Y , since neither p nor x 2 —p 2 can vanish, 

(874) ... 4-r 2 — 4-rp (p 2 - X 2 ) + X 2 (p 2 - X 2 ) 2 = 0 5 V (875)... {2r - p (p 2 - X 2 )} 2 = (p 2 ~ X 2 ) 3 

Y (876)... 18£ 2 = p (p 2 4- 3 X 2 ) 4 (p 2 - X 2 )-S 

Y (877)... (6i) 2 = (p 4- X ) 3 4- (p - X) 3 F 2 (P 2 “ X 2 )"; 

Y (878)... ^H(pfx) ! + (P“X) ! }> 

which agrees with the known expression for time in a parabola. 

When the orbit is of moderate excentricity, (860) gives nearly for small ares 


(879)... 

&, for such arcs, (858) gives 


2Va Aw ='2U ; 

CL t 


(880)... 


oU t y% 4£ 

t =q, V ( 881 )... 5 +f= 7 ; 


( 882 )... 


ICH2 
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In fact tlie radical in the denominator is, for small arcs, the velocity. Hence, for small arcs, 


(883)... 


a p t 2 ' 


In general the relation between &,£,/>, x m ay be had by eliminating A u between (858) & (859) 
or (860): that is, between the foliowing equations 

(884)... — Aw = ^ — 2j tanvers Au — ^ ^ = -2£sin^ = -e.Asin^ . 

For small arcs and moderate excentricities, we have, along with (883), the expression 


« y . A u . \ 

- 2£ sin — = — e. A sm ^ I 


(885)... 


V (886)... F=l- 


, 2t 2 Ut 2 9 
U ~pVa~p*J p *' 

( 887 )... G.t -*; ; 


which evidently agree, so far, with (849) & (850). 

For parabolic arcs* 

(888)... G= + V^ 2 -2 p X 2; (889)... (20)* = (p 2 -X s ){V'^T^ + 

(890)... <3 = ^ Vp 2 — x 2 {^P + x + Vp — x}; 

/can 7 T_a . . -r a /7 ~ ~rrr , U 2 


(891)... £7 = Vp-f * + Vp — Xl 


(892)... F =1-- 


In general we may consider F&.G as functions of « & may accordingly denote them by F„G t . 
Suppose now that z 0 and ~ vanish, so that if it were not for perturbation the planet m 
would have moved about the Sun in the plane of xy- & let us calculate the perturbation of 5 
by the formula (835), hZ Q = — J Rdt, which gives here 

(893) ... m'z„ = Sz= r RdT. 

° z oJ o 

In calculating this last partial differential coefficient we may consider in J*RdT not only the 

whole time t as given but a?, y, x\ y\z' as given functions of the variable intermediate time T\ 
^or z alone varies with z 0 and is the varying vertical ordinate (varying with T) of the elliptic path 
by which m would go from , y 0 , s 0 to a:, y, z (if we put 2 or Zjl = m'z„ we should introduce squares 

of m ) m the given time t; & since in this elliptic path there would be an initial vertical velocity 
Z 0} such that J 

(894) - 0 -z t =F t z 0 +G t Z 0 , 

we shall have 

(895) ... Z 0 =--jJz 0> & V (896)... z T = F T z 0 + G T Z 0 = — f G <~El G .Sz a , 


& (897)... 


Z 0 J 0 jo 


^dT-Z 

s z G, 


t G T ~dT. 

0 OZ 


__ 

[From (855) *-G=-g-, V <?= + V r ««-2 W *= ± Vr. From (875) we get (889). (891) follows from (867).] 
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We Lave . , for the sought perturbation of tiie coordinate perpendicular to the primitive 
heliocentric plane in any planet’s or comet’s orbit, the expression 


(898)... 


= 85 = 0 G r ~dr-G. VF^-dT: 

Jo &Z v J f, " Pc 


in which z Q , z T are to be made = 0 in G Ti F. T and z it s 0 in F t , G t , while rt being = 0 ) 

( 899 >- 

We see also that 


- m'z' {lx — x')- — {y - 


frR • 


(900)... 


«$-*pr« r 2<r- 

at dt J o oz at ' ac 


from which it follows that not only the perturhaif: m’z,, itself but also the differential of that 
perturbation at the end of any time t is the same as if the planet or comet were moving in 
a momentary ellipse corresponding to an initial z 0 and Z 0 represented by 


* oJ^-d T & 

dz 


't 2 E> 

F r -~dT. 

£>Z 


This last result is interesting from its analogy to the results of Lagrange, 
to be useful in calculating the perturbations of planets and comets. It agree 

Lagrange’s theory; G T & F T corresponding to . Perhaps h 

expressions for F T , O t may be found useful in the applications besides the cur 
the same results by considerations and methods so different. 


, d it seems 
s completed 

ioweve-r mv 


.kely 

with 

rrJte 


We have here supposed xy to be the plane of the primitive orbit: but leaving this plane 
arbitrary and employing the expression (881) under the clearer form 


(901)... Sx — m'x,. 

we find by differentiation 


Sx f j'* BR T ^ Sx, 

Sx 0 J o BILq J o 


(902)... 

observing that 


dSx , dx. f 
~dt 


d l jfof \ | t jm_ d_ 

dt\BxJJ 0 ZX Q dt 



^~dT-T - - 
dx Q 


rOAQI _ ( BB * SX * 1 BR * 

l • SX 0 S ^ 0 Sa : 0 SX 0 \Bx t BX 0 By, BX Q ’ Bz t BXj Sx Q 


- = 0 . 


We thus v not only verify Lagrange’s result by finding one, which, so far as it goes, agrees 
with it, & shews that the disturbed planet will have the plane which Lagrange’s theory assigns 
at the end of any time t; but also we rededuce Lagrange’s whole result (respecting the variations 
of the 6 elements x Q , X 0 , &c.) by finding, by our own method, that the velocity and direction 
of velocity of the disturbed planet at the same time t are such as Lagrange assigns. That is, the 
development of my method conducts to the same conception of 6 varying elements and of an 
ellipse which represents not only the momentary plane but the momentary motion of a planet 
or comet or other disturbed body. 
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[39 


[Independence of perturbations on disturbed mass when squares 
and products of masses are neglected..} 

. m t j-Hneed in a general manner from the develop- 

[39.] We have as yet only ass » nerturbations on the disturbed mass, when 

ment of our own method, the independence ot£ not « to estabhsh 
the squares and products of the masses are neglected. It is noweve 
this essential theorem. We reduced it, before, to the following 


(776)... 




-U v 

in which L M N P are coefficients such that, when x a ,y 0 , z 0 are given but X 0 ,Y 0 ,Z 0 ,t vary, 
we have LSX a +MSY 0 + NSZ a +PSt for the variation of an elliptic coordinate. Now using 
Z implicit?the rectangular coordinates *, , we have the four equations 


(904)... 


(905)... 




Sx Sx; a 


-sr n =s„ 


+ _ 

e By 0 ^8a8y 0 


§y§x 0 
8W t 


8a; 


§2 ^ x o 

(906)... — SZ 0 = &c.: 


(907) ... 

which may be put under the form 

(908) ... 

8T 

(909) ... — 2o 2 S E 0 = 8a + 2a 2 S, 

They give, therefore, eliminating S a, 

(912)... 




8y 


-2a?8X Q ~y^8a + 2a*8 

0 8x n 


8 z 

’ X > y > z 8x n 


8a 


a s yf 


(910)... &e. 




8 r P 

(911)... S< = ^ 


SB, 


8<x + 8 r 


,T, 


Sa 


■2a*~ciY 0 + ~- St=K„y, 
8 a 0 8y 0 8y 0 


(913)... 

& consequently for 8x } 8y, 8z expressions of the form* 


82' T — 2u 2 — 8 _ 

= 8^S v>s2 Sa 

_ 9 S BV t 

■ T 2a ha K,v,z§ y ^ 


(914)... &c.; 


(915)... 


8x = L ( S-Xq 4- 


8x 0 

o .82" 


\+M{ 


) + N( 


so that if we represent this variation by 

(916)... 8x== L 8 x q ~\- M8y Q + N8 z q + JP8t, 

we have evidently the required condition 


(776)... 


8x n 8y 0 8z n 8a 


*o u £fo 

* [It is ass umed that we can solve this equation for Bx, By, Bz. This is true except for Kinetic Foci.] 
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{Proof that the two partial differential equations have a common solution 
The expansion of V for various laws of force,'] 

[40.] We have not, in the present series of investigations, attempted to integrate directly 
the system of the 2 partial differential equations for elliptic motion which may for abbrevia¬ 
tion be written thus (omitting the lower index in V f ): 


(917) ... 

(918) ... 


tsvv 

8x 


+ 


/SF 


+ 


/SF\ 2 2 1 

U) —,—a -"M 




F being snch that its derived function F' ( r ) represents the law of repulsive force. 
Since V is evidently a function of r, r 0 , ;v : a, and 


(919)... 

(921)... 

(923) . 

(924) . 




Sz ) 


1 ; 


(920)... 


©' 


■fiW-* <"»■■• (S)' + (© 


(&J *© + (fef- ii 
©•-*= 


\Sa; Sx 8y Sy 8z 8z ) 
2 / Sx Sro + 


2x (x — x 0 ) -f- ... _ r 2 4- x 3 - 

rx r X 

&X Sr 0 \ _ 2x 0 (x 0 -x)-h... __ rl- 


8 jo\ S 
8*0 / 


\8x 0 8x 0 8y 0 8y 0 8z 0 8z 0 J r oX r oX 

while r is independent of x 0 , y 0 , z 0 and r 0 of x, y } z: we have the following transformed equations 
/SF\ 2 . /SF\ 2 . r 2 4 -x 2 — 7 0 ^F8F_ 


(925)... 


(926)... 


Sr ) 
/SF\ 2 

UJ + 


(8 F \ 2 


+ - 


rx 


/SF 

\ s x/ 


Y , r o + X 2 


Sr Sx 
-r 2 SFSF 


= 2F(r): j 
= 2F (r 0 ). I 


r oX Sr o 

How in general if t be a function of 3 independent variables x, y, s and if we represent its 
total variation by the formula]* 

(927) ... 8t=pSx + q8y-\-r8z, 

&> suppose we are required to integrate a system of 2 partial differential equations of the 1 st 
order, not containing t itself, which may v be put under the form 

(928) ... p = <f>{r, x,y, z) 3 (929)... q=$ (r,x,y,z), 

<j> &, if being known functions. We have the 3 conditions 

r)' 


(930)... 

f S H 
\S:r8y 


/ S 2 £ 

(931)... 

\Sa;S2 


/ 8H 

(932)... 

\8y8z 


S^Sr *+. 
Sr Sy + Sy 
8f> 
8z = 
8ft 
8z = 


J ZJL __ 4 - 
7 Sr Sz 

7 SrSz 


BiftBr 8ifi^ 
Sr 8x 8x * 
Sr 
8x’ 

Sr 

V 


8t 


— = r being considered as an unknown function of a?, y, z. 
oz 0 

* [See Appendix, note 2, p. 614.] „ 

t [#» y , ^ t are now any variables and are not used, m the ifoseigonig sens©.] 
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Eliminating 

(933)... 


k— between these 3 conditions we get 
Sx Sy ® 

ScftSift Scft Sift Scft Sift' 

Sr Ss Sy Sr Sz Sx ’ 


■unless v this condition is satisfied the proposed system of partial differential equations cannot 
be satisfied by any function t of 3 independent variables x, y, z : though it may perhaps be satisfied 
in other ways, like the total equations called unintegrable between x, y, z. When the condition 
(933) is satisfied, the integration of the proposed system is reduced to the integration of the 
system (931), (932), which is in some respects simpler than the proposed, as being only of the 1 st 
degree: it has however the disadvantage of containing the sought variable r itself as well as its 
partial differential coefficients. And if we can thus determine r as a function of x, y. z we shall 
have p t q by the proposed system, & thus shall only have to integrate the total differential 
equation now’ necessarily integrable, (927). 

To apply these general remarks to the present question, let the proposed system be rewritten 
as follows: 


(934)... p* + r i + — pr=2F (x). 

These give, if we put 


(935)... 


q 2 + r 2 + 


y 2 — x 2 + z 
yz 


-qr = 2F (y). 


(936)... 2p + ^{x 2 -y 2 + z 2 ) = \ 


S<ft _ Sp __ 2r x 2 — y 2 -f 2 2 


< 938 >- g-S —T 

Scft 2ypr 


xz\ 


(940)... 


Sy .rsA ’ 


m Scft x 2 — y 2 — z 2 

(942) - £=-^x-^ 


and (937)... 2 q-\ - (y 2 — x 2 + z 2 ) — y, 

yz 

Pi (939)... ^ = — _ ^ 2 ~ a;2 + z8 g ; 

Sr y yzy 2 

(941)... | t.^Sli 

Sx yzy 

Sift y 2 — x 2 — z 2 

(943)... = - -K- qr\ 

Sz yz 2 y 


V the condition (933), when multiplied by —, becomes 

(944)... (x 2 + z 2 — y 2 ) q {(x 2 -f- z 2 — y 2 ) p + 2xzr} + 2yzp {2qyz + r {y 2 + z 2 — x 2 )} 

— ( y 2 4- Z 2 — x 2 ) p {(; y 2 -hz 2 — x 2 ) q 4- 2 yzr} + 2xzq {2pxz + r(x 2 -\~z 2 — y 2 )}; 

which is, in fact, identical. 


It is v possible in the present case to satisfy the system of the 2 proposed partial differential 
equations by a function of 3 independent variables, though it may be hard to discover its form. 
To assist in this discovery, we have by (931), (932) the expression 

we are led * to try whether we can satisfy simultaneously the 2 differential equations 
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Or we may employ the equation (927), observing that 

(948) ... \ 2 — 8F (x) -f ^2 ( x F V v z ) ( x — y~ z )\ x ~-y — z) ( ~ x - y -4- r) = 0 t 

(949) ... ^-8F(.y) + ^ 1( ) = 0; 

& v that 

(950) ... ^ =2F(a;)-r 2 (sinS) 2 ; (951)... (£ j = 2F-y)~r 2 Fi 

For thus we find 

(952)... p— —rcosxz ±\'"2F (x) — r 2 "sinH; 2 : 


(953) ... q= —r cos ys ± V 2F (y) — s- sin yz r -: 

& V 

( 954) ... Bt = r(Bz — cos xzBx — cos yz By) ± v / 2F (jc) — z* 3 f sin xz 2 Bx - V 
Can we integrate the equation 

( 955)... Bz = cos ire 8 # 4 - cos ys By — -— —- 5a* — ~—- < 

We can, putting 

(956) ... £y = const., 

that is, 

x 2 -hy 2 — z‘ 2 . ^ 

( 957 ) ... ---— const. = 2 cos 2 *y; 


x*-by- — z~ , _ ^ 

( 957 ) ... ---= const. = 2 cos xy ; 

xy 

& thus we find that we have ^ ^ 

— cv rrysin^y^ xy sin xy Bxy 

(958) ... Bz — cos xz Bx — cos yz by =- oxy = - r- ==- ■ - 

v ' z VF 2 —y 2 — 2ry cos xy 

& thus we might transform ( 954 ) into an equation between t 9 x, y : xy. But it does not seem tlia 
this would have any utility. 


(958)... 


^ ^ ^ _ _ xy sm xy 

Bz — cos xz Bx — cos yz By — - oxy = - 


When will t be a function of 2 , x 4 - y ? In this case r — ^ will also be such a function: and we 


shall have 
(959)... 

that is, multiplying by — xyz 3 Xy, 


8<f> t 8$ 8r _8tfj , ByPBr 
Bz "**Sr Bz Ss Sr Bz* 


(960) ... ( (yz + z 2 - <s 2 ) pr + (a: 2 + z 2 - V 2 ) 3 >z§^ + 2 ass a r ■=- - {(y 2 + z--x-)r + 2yzq} 

= {(x*+z*-y*)qr + } {(a 2 + z 2 - */ 2 ) r + 2.ezp}; 

in which the part independent of gives 

(961) ... {(y 2 4 - £ 2 - a ; 2 ) 2 - (x 2 -hz z - y 2 ) 2 y} r 2pqz {a; (x 2 4- F 2 ~y~)-y (y 2 d* ~ 2 ~^ 2 )}* 


Make 

(962)... Bt=p f Bx' 4 - q r By r 4 - r'Bz'; 
(964)... y f ^=x+y—z; 


(963)... as f =x~by+zi 
(965).,. z' = ar-y. 
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(966)... 

P=P' 

(968)... 

T—p ' - 

(970)... 

x r 

*/ = — 

(973)... 

p' s -H 


(967)... q=p' + q'-r'- 
x'+y' + 2 z' 

(969)... x= --= 


x’—y 

(971)-.. ^ = — 


(972)... x 2 -y 2 = 


.2_„2_5l &+jn. 


o ,, , t\ r ' 2 , (v'— y')* + 2 z ' ( x ' + y ) w 2 _ q'ZA-r' (p r — g')} 

(973) ... p'a + g'2 + r (p +q ) + ^ + (;c '_ 2/ ')2 + 2 *' (*' 2 

-Jl - + ^ +2g ); 

(974) ... p'- + q'*-r (p +q ) + ^- + - (a .,_^ )S _ 2 z' (a^F) iP 2 

■*( *.*)•> 

(975) ... ( J ,'. + ^ + ^{(^-^)»±^(^-^)>±^(l»' + ^)(^-^* +S!K *' ( ^ + 9 ' )( *'-* f ' ) 

+ {(»' - y'f ± 2s' (a' + y')} {p' 2 ~ 2' 2 ± ?*' (p' - ff')} = {(*' - y'^ ±2z '( x '~y^ F { 4 ) ; 

+ 2r’p' (x' - 2/') 2 + 2z ' (*' + 3/') (P' a - a' 2 ) = 0- 

■ Let -.2 . « 2_ Z 2 _ 

/ Q77 s ——- = u=2oosxy; 


(977) ... 
then 

Sit 2s 

(978) ... 


(979)... 


Sit a: 2 + s 3 —i/ 2 
Sa; “ # 2 t/ ? 


Sit i/ 2 + s 2 — a? 2 
( 980 >- Ty = y*x — ; 


y the system (934), (935) becomes 


(981)... p 2 + r 2 - 
Hence 


* = 2*»; 


Sit Sit 


, qs ,l H ~frp P 8x r _S z . 
(ysd)... gr ~ gr g M gw’ 




* Si/ 

(982)... g 2 + r 2 -g —2 = 2 .F(y). 


Sit Sit 


, x S?/f Sg 5 Si/ Sz _ 
(984)... g^ — g^— g M g M > 


*te- r Ty 


8& the equation (946) becomes 

/ Sit Sit\ / Sit Sit\ ^ / 

(985)... (j> S -'s)(s S -*■?*) to + ( S 


Sw ’ 8*0/ S u SiA 

*r r &)v p 5*- r 8£) 


+ y Sz r sx) lySs <w 
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Let t be supposed developable in a converging series according to positive Integra 
of z , 

(986) ... f = f 2 £ 2 -f t 2 z z -r &c.j 

that is, 

(987) ... F = *i 

Then 


S3 

,1 powers 


8 ^ 

(988)... r = —- = jj -I- '2t 2 z-r 3f 3 s 2 4- &c.: 

025 


(9S9)... + + 


(990)... 


2 = 


Si_Si x ? ^ Sf £ 


Sj/ ~ By By 




and neglecting z 3 , (934) becomes 

(991)... if + 4< x i 2 z + (4i| 4 - 6 f x t 5 ) z 2 

x 2 — ^ Sf 2 i Sr. 


+ - 


or, neglecting z, 

(992) ... 

& similarly 

(993) ... 


re \ Sjp " Bx ' ~ Sx I ^‘ 3 ~ ' ' S.r ) v ' h 

q 4 - (x 2 - y-) = 2F (x ); 




4! 


V (994)... s . (a ; 2 — ?/ 2 )i| = 4:F{x)x6x — 4F (y)yBy, Y (995;... rf = 
that is, nearly, 


(996)... F 2 

For example, in the solar system, 


■^X | F(r)rdr 

J JV> 


(997) 


... JF(r) = --^-, (998)... f F(r)rdr=(r- 

T Act J r 0 


r 0 )- 


4 a 5 


V (999)... 
&, nearly, 
( 1000 )... 


f r H(r)rdr x 1 

J T 0 _ —■ __ 

r 3 — r% r + r 0 4 a 9 


V 2 — 


4 x 2 __x! # 

■r + r 0 a # 


If the force be directly as the distance. 


( 1001 )... F(r) = & 2 


r * ; v ( 1002 )... f r jf(r)rrfr=-‘ 
J r, 

F® = 2Ax® -%(r* + tt), nearly. 


A(r*_^) r 4 —rj 
8 ’ 


V (1003)... 
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Proceeding to the coefficient of z in (991), we have 
(1004)... 0 = 4i? + (x* - y*) + 2t s (x* - y*) |||; 

V (1005)... 0 = 4 F(x)xdx + t 2 {2t\-\-4:F (x)}; 

in like manner, interchanging x & y. 


(1006)... 


0= -4£f4 + (a; 2 - 


, Of fsv,2 ..... 7 '2\ 


V multiplying (1004) (1006) by x§x, ySy & adding, 

(1007).,. o = (x 2 -y 2 ) t\St 2 + 2 (a ; 2 — y 2 ) t 2 1 ± S 4 + 4t| t 2 (x&x — y By) , 


that is, integrating, 

(1008)... (x 2 — 2/ 2 ) 2 if 4 = const. = 0 , 

since we suppose that t 19 t 2 do not become infinite when the chord z or x 'vanishes, &- *.* when 
x 2 = y 2 . Hence 

(1009)... 4 = 0 , 

& indeed it might have been assumed as evident that the development of t or V contains only 
odd powers of the chord. 

Making this last assumption, we are to try whether we can satisfy the 2 partial differential 
equations (934), (935) by a development 

( 1010 )... t—t 1 z + t 3 z s +t s z 5 + &e.; 

that is 

( 1011 )... V = t lX + hX z + t 5X 5 + &G - 

Putting for abbreviation 

(1012)... z 2 = z,; (1013)... x 2 = x / ; (1014)... y 2 = y f \ (1015)... — =J=/; 

X z 

we have 

(1016)... t=zf; (1017)... r = |^=/+2z,i£; 

dOlS)... *-£ = &»*; (1019)... 

and the partial differential equations become 
| ( 1020 )... 

(1021)... ( )" t ' 2 ( ) ^ '.0, -*, + *,) + -O/.l, =2j< : (Vy,). 
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We have also the assumed development with which we are to try to satisfy these equations, 
namely 


( 1022 )... 
or more simply 
(1023)... 

Making z t = 0, we find 


S — 4“ £3 2, 4* £5^7 “T &C., 


f—fo +fi z , -r-/ 2 z; 4- &c. 


(1024)... /i + 2/ 0 g(^-y / ) = 2P(VS:); (1025)... /S + 2/ 0 S&(* 

(1026).. . (*, - y,Wl +JI . S (x,-y,) = 2 F (VF,) hx, - 2 F (V^) 8y, , 

V since/ 0 is finite when x / ==y t , rx 

l I 'F(V£)dx, 

(1027)... /?= -U—i:- 

— y f 

agreeing with (995). 

Proceeding to 2, hut continuing to neglect 27, we may put 


■rJ = 2P(VyJ; 


(1028)... f+2z f ~~~ —f Q + 3J12 / ; 


(1029)... ^=S^-2,S^: 

' da*, da*, ‘ ' b:c .' 


v (io30)... o=%A+%^(*,-tf,)+/«§(*.-y.)+/o$ / + 2 *.(^r; 

& similarly 

(1031)... 0 = %/ 1 + %^to.-*.)+/.^(»»-*.)+/o^ + 2y f (gfi)'; 

V (1032)... 0=f 0 (x l -y,)Sf 1 + 3f 1 (x,-y,)Bf 0 + 3f 0 f 1 S(x r -y,) 


that is. 


(1033)... (u Jf Sy.) 

= £ J*' J 1 (V®7) <2*, {/| (Ss, + 8y,) - 2.F (V57) 8a:, - %F {Vy,)3y,} 

-an - & (vs;)}*s .*?+{*/? - .»?]. 


To simplify this expression we have by (1024) 


(1034)... -2 (x, -y,) 2 (/o|f)%S*, = (*, S’ 
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v (1035)... - 2 (x, -2/,) 2 (/o ~ 2/,) 2 /o ' 6x , 

= y, (*, -y,)fl If ? 8 *' -2 °§ J < v ^ *' Sa5 ' 

={# (V*j - i/l} {y,fl s*, - i 1 (v^) s. x*} 

= - 2 {!-/! - JF (VS, )} a », Sx, + 2 (i/1 - F (V^)} (JJ' F (V^ ) <&,) 8x, 
\[ X 'l?(Vx,)dx, \* f r'F(V^)dx, 1 

-K=r-*<^| -'(^)j 


*,-v, 


~2(x,-y,) 

observing that 
(1036)... 


(V^7)j 8.3ft + 21 ^ v * g — --F(V^)j -J^ F(Vx,)dx,.8x, 

(J* J 1 (VaijcZa:,) 8a;,; 


r- 2 2 /,{-g 1 (V^)--i ?, (VV,)} 

x ,-y, 


x.hx, ^r - 2 y,{F (Vx,)-F (Vy, j}J 

f *' J 1 (Va^ ) <£c, = a:, F {Vx, )-y,F (V^) - \1'-. 
J y. 


if we put for abbreviation 

(1037)... r=j*‘l"(Vx,)Vx,dx r ; 

■; changing x ,, y, to y„x,& subtracting the result from the expression (1035), we find 
(1038)... 
in which 


3 .ft (*, -y,) 3 fi=A x „ y -A yitXi , 

(103IS)... + -linvT^h,; 

(10.0)... A-.,— 

r= P'j’tv'ojda;,. 

J 2// 


(1041)... 

Hence 

(1042)... (as, — 2 /,) 3 /i~ 


I a (£C,S^,-2/,Sav) 

( x ,—y,Y 


+ 1 — ) {jP(Va^)Sx,-F (V'yj)8y,}+{J5'(V^)} 2 2/,3 j/,(V*J)}**,&b,; 


*,-y. 


that is, 


(1043)... s(j/SK-2/,) s A+JJ’{r(V^)) ,! ^,!i3,| 
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In order that this should be an exact variation of a function of two independent variables x . y s 
we must have '' ' s 


(1044)... w 


a 


r _ y/ 


x, —y. 


observing that 


(x.-v.) % f 8x 


l_ 8 \ I W. {X '^ y ' ) 


I-x f 

\ x ,-y, 


(1045) *‘* = (1046)... 2±=-F(Vy;). 


Now 

(1047)... 

V (1049)... 


(a, -2/,) 2 (#, ~y,) 2 ~ r ^ / —y/ 

5 / y, \ ^ ._L_„ 

y, v ( x ,-y,) 2 ) ( x t —y,r(B t —y,)* 


(1048)... 


2 /, 


1 


(l - y,)- {&, — y ,) 2 1 l - y, ! 

Ly, 


t x ,-y f Y 

*y. 


also 


(1050)... 


(1051)... _ 

%y, x ,-y f ( x ,-y ,) 2 s x,x t -y t {x,-y f y* 


{%, —y r y tar, — y, w &r, (x, - y f \ 

Zy, 


V (1044) is evidently true. And since 


(1052)... 


l 2 ( x ,%y r -y,% x ,) , i’SZfc,+y,)_ 5 I 2 (^4-2/,) 
\2 "h _ —o* o \ > 


0*7-sO 


x , —y, 


H x ,-y r ) 


we have, as the integral (1043), not requiring any constant to be added, the following 


(1053)... 
that is, because 
(1054)... 

(1055)... 
on putting 
(1056)... 
we have 
(1057)... 


/o o*, -y,) a fi = 7 if -' -J - ’- - 2 \ x ‘i F (y*>')¥ x , dx ,> 

y, j v, 


/g= 


21 

x ,-y/ 


I (v,-y,) 3 - 2 i/o/i = J 2 (i, + y ,) - 2 (x, - y,) ' (J^) x, dx ,; 


I=i 


’x, v y, > 




8 . j («, i»i+ 1Hx {l y L v y ^ ~ «?** **’+ i v % y.^y, - 


V (1058)... 
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Hence also 

px C X > 


(x,+y,)\ 'i'tdt 2 i?tdt 

» J v, _ AJU- - , 

(1059)... 

/oA- \x-y t )3 r\' t dt 

J V , 

because 

px. 

(1060)... 

1 = 

J 2 /, 

Also 

i' t = F(Vi). 

(1061)... 

Hence in the law of the inverse square, by (997), 


1 1 . 

(1062)... 

2 a’ 

V (1063)... 

f ^ = 2 V^- 2 \^ 2a ( r r o )( 2 2 a ) 5 


Vt t 

(1064)... 

4 < 4-1 a + 4a 2 ’ 

V (1065)... 

f iJ**d&-(*,-y,)-^(^-»t) + 8a 2 

= (r-r.) {(r + r 0 ) (l +' ^ 2 °) -- ^ 1 ^ + rr 0 + rl)\. 

V (1066)... 

2 (r + r 0 ) 3 (r - r 0 ) 2 /oA (2 2a ) 


= (r 2 + r §)(2 - 1 ^- 0 ) — 2 (r + r , 0 ) 2 (l+ ga2 ) + ^J 


[40 


■ 0 )(r 2 + rr 0 + rl) 


1 - 


V (1067)... 

while 

(1068)... 

*.* (1069)... 


3 a 


2/o/i =-^V 3 ’ 


u-J£S 


A= 


i _i_ 

1 p 3a 
V/I 1 \i 




= coefficient of x 3 i n F. 


As a verification, when i = 0, we have thus for parabolic motion 

V — + y 7 = nearly; 


Vp 4p 2 V/> 


(1070)... 
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and in fact this would result also from the development of my old expression for parabolic 
action, 

(1071).,. V = 2 — 2 V/TB~x- 

In general the present result agrees with one obtained in some former investigations respecting 
elliptic action. 

When the force is directly as the distance 
(1072)... i' t — F (Vt) =h- 


| H w h i 

V (1073) ... . = W (&, + y,) - 3 (*? + x, y, + y*) -f (xf 4 - a*y, 4 x, y; 4- y»); 


(1074)... 




V (1075)... ^2 (x f -y,) 2 f 0 f 1 = (x, +y,)(ji- Xf 4 V ' ) -{x f +-y,)'hr 

2h 1 

+ (a.-; +*, y, +y?) — g (*?-i-+ a - ,y? -f y?) 

-g(*,-y,)*—^( 2 (®?+*?y, +*,y?+y?)-(»,+y,)*}- 

h x t -f y, 

V (1076)... 2fofi=~ - 

2 h -^Ms 


(1077)... 
we have 

(1078)... 


h x,+y, 
f 6 16 


In these 2 laws /, is a function of/ 0 ; is it in other laws of force ? If so, making both constant, 
we ought to have simultaneously 

(1079)... /g S (x,-y,) = 21 ? (V*;). 8a;, - 21? (Vy,) . By, , 

& (1080)... 6/g/ x (x , -y ,) 2 (Sx, - by ,) =/g (a:, Sa;, -y, By ,) - 4{^(Vk))} 2 ^ Sa;, + 4{I? (Vy,)} y,8y,; 

which give 

(1081)... 8a;, = A{/g — 2F(Vyl )}, (1082)... Sy, =A{/g-2.F(V4)}, 

(1083)... Sa;, — 8y, = 2A{J’(V5J) — 

/10841 l 2 /g/i fr, -y, ) 2 ^(V^,)~ (W,)} .j.SPfiATl}r -f f»4-2_FfVVvW.: 

(108 )... {/ 2_ 2J r (v ^; )}{/ g_ 2J r(Vy7)} 


BMP II 
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V (1085)... {%I*(x,+y,)-3r(x,-y,)}{F(V^,)-F(Vy,)} 


[40 


in which 
(1086)... 


= {I+x,F (V*7) —y,F (V^)} {I~x,-y,F{Vx,)}{I-x-y,F (Vy ,)}; 

= f '{ 1 ? ( VO ^)} 2 X , •• 

7= f ' F (Vcc,)dx r 

J Vs 


while by (1041) 

Introducing r, r Q , 

(1087)... {| 7 2 (r 2 4 -r§)- 37 // (r 3 -r§)}{ 7 T (r)- 7 T (r 0 )} _ _ 

= (I + r 2 F (r) - r% F (r 0 )} {I - r 2 - r% F (r)} {I - r 2 - r% F (r 0 )}; 

in which ' 

(1088)... I — 2 J** F (r)rdr; (1089)... F' = 2 j ^{F (r)}*r*dr; 
and F (r) is such that its derived function F' (r) represents the law of repulsive force, 

(1090)... 

& V 

(1091)... 

Hence 


F’ (r)= —r~ n , 

..1—72, 

F(r) = h + 
I=K{r*-rl) + 


71 — 1 * 

2 (r 3_m — Jo -51 ) 


(1092)- i=nyr— (n _ 1)(8 _»j* 

/g /^.3—71 ^.3—7J.N 

(1093)... 7 + (r) - rg E(r 0 ) = 2h (r 2 - rg) + 5 

( 1094 )... 

™ **,..* ^ . 4*^-^“*) . r^-rg- 2 - . 
i — 5 - ^ (n-l){5~n) * (n- l ) 2 (3-w)’ 


(1096)... 

So V the condition is 


(1097)... 3 ^2 (yi ~ —1 ~ ) ~~ {** ^ " r o) 2 ( r2 + r o) ~^ ~ O ^ ~ r o) 

4 h (r 4 — rj) (r 3_n — rg -71 ) __ 8 A (r 2 — rg) (r 5 "^ — rg~ w ) 
+ (t?,— 1)(3 — %) (w— 1) (5 — n) 

4 (r 2 + rg) ( r z ~ n — rg ~ w ) 2 2 (r 2 — rg) (r Q ~ 2n — rg~ 2 ^) 
+ (9l-l) 2 (3-7l) 2 (w-l) 2 (3-w) 


2h(r 2 -r%) [ (5-ra) (r 3 -"-rg^) 


(ra— l) a (n — l ) 3 (3 


-rg-”) ) 
~ n ) J. 


9 ( r Z~n _ T Z—n\\ 

, ,yl—7t (j"2 „ j.2 J j_\_ Q L 


3 —w J 


2 f 4 * 3 — 7 t_ 4 * 3 — n \' 

: { -7§) + * 3 _ w ° — |: 
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winch since it is to be satisfied independently of h resolves itself into the 2 following con¬ 
ditions: 

(1098)... 3 (r 1 -™ - rJ-») {(r 2 4- r 2 ) (r a ~ n -rg-») (5 - re) - 2 (i■*-* - rip") (3 ” 

D — Ti 

— { 2 (r 3 ~ n — r%~ n ) — (3 — tz) r x ~ n ( r 2 — rg)} {2 (r 3 " 31 — rg~ rt ) — (3 — «) rJ~ K (r 2 — /|)}; 
(1099)... = 3 {2 (r*+r*) (r®-» -r 2 -*) - (3-») (r 2 -r 2 ) <r*-» + r§-")}. 

These two conditions merge into one, which may be put under the form 


( 1100 )... 


3(3~n) 
5 — n 


(r x ~ n — rl~ n ) {[n — 1 ) (r 5 ~ n — r$~ n ) -t- (5 ~ n) r-r% (r 1 -- - r }~ 11 )} 


== — {{n — 1) r 3_n 4- rg . 3 — n . r 1_n — 2rg~ n } {{n — 1) rg” K 4- r ' 1 .3 — n. rj“ ;i — 2r 3 ~ ?i } 

= 2 (n - 1) (r 6_2n -f- rg~ 2n ) -r 3 ~*rg-* {(n - l ) 2 -4 (3 - n ) 2 44} T 2(3-n) r 2 rg <r 2 “ 2 » -f r§- 2 *) 

— (■??. — 1) (3— n)r 1 - 71 rj~ r * (r *-4 rj). 

When n — 2, this becomes 

(1101)... (r - 1 - r q l ) {r 3 - rg -f- 3r >* 0 (r 0 - r)} = 2 (r 2 + rg) - 6 rr 0 4 - 2 (r 2 4 - r~) - (r 4 - rg) r * 1 1 , 
that is, 

(1102)... (r- r 0 ) 4 = r 4 4 - r 4 - 4rr 0 (r 2 4- 4) 4 - 6 r*rg, 

which is in fact identically true. And when n — — 1 the condition becomes 

(1103)... 2 (r 2 - rl) { - 2 (r» -rg) 4 - 6 r 2 r% (r 2 - rg)> - 4 (r® 4 - rg) - 24A r 4 4-16/ 2 rg (r 4 4- r 4 ) 

= -4(r 2 -rg)S 

which also is identical. 

In general 

(1104)... (r 1 -™ ~r*- n ) ( r 5 ~ n - 4~ n ) = r 6 ~ 2n 4- rg~ 2 » - (r 4 4- r$) ri-» 

& (1105)... r 2 r 2 (r 1 -*- - rj ~ w ) 2 = r 2 r 2 (r 2 ~ 2 " 4- r 2 ~ 2,i ) - 2r 3 - n 4~ n : 

V the condition is 

(1106)... 0 = A n (r e ~ Zn + r'p 2 ' 1 ) + -B^r 3 -"rg-* + C n r 2 tf (r-~ 3a + +D n (r 4 +rg) 

in which 

(1107)... A n = (n-l){2(5-n)-3(3-7i)} = n 2 -l; 

(1108)... B n = 2(5-n){3(3-n)~-7i 2 + 4:n-7} = 2(n-i-l)(7i-2) (n-5); 

(1109)... C n = — (re — 3) (re — 5); (1110)... Z>„ = - (»-1) (re-2) (re-3); 

the condition, may V be thus written 

(1111)... 0 = (r 6_2n + rg- 21 *) (re 2 - 1) 4 - 2 (n + 1) (re - 2) (rei - 5) (rr 0 ) 3 -’ 1 

- (re - 3) (re - 5) (rr 0 ) 2 (r 2 ~ 2n + rg- 2 "-) - (re - 1 ) (re - 2) (n - 3) (o-,,) 1 -* (r*+4): 

or more concisely 

( 1112 )... 0=jL n A^ + B n B' n + C n C^ + D n D^. 

When, we make n = 2, we find 

(1113)... A s = 3; (1114}... B a = Q; (1115)... C x = -3; (1116)... J5*=0; 
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(11X7)... A’ 3 = r 2 + r% = C' 0 ; 

the condition is satisfied. Again make n— — 1, we have 

(1118)... A_ x =0 ; (1119)... B_ x = 0; (1120)... CLi=-24; (1121)... D_ 1 = 24; 


(1122)... C'_± = r 2 rl(r i + r$) = DL 1 -, 

in this ease also the condition is satisfied. Is it in any other easel If n — 5, then 
(1123)... A„ = A 5 = 24; (1124)... D 6 =-24; 

B 5 & C 5 vanish & we have 

(1125)... A' 5 =r-* + rQ* = D' 5 ; 

V the condition appeared to me satisfied in this case also, namely when the force varies inversely as 
the o ih power of the distance. (/ x however is not a function of / 0 .) However, we must remember 
that we have multiplied by n — 5. In this case 


(1126)... 


(1127)... 


21 ' , 1 
O—w = 2h+ —=- 


& since in general, by (1053), 
(1128)... 
we have here 


■( s ' + i6S*) +Moe ; 


(r*-rlYSlU= J A (r*-rJ)-2J', 


( n “>- s 5rf^-(‘+sy-(“+isy- 


V (1130)... 


&(r 2 + rg) 1 
2 (r 2 -—rg) 2 rh% 


4 (log r — log r 0 ) ~) _ 


which does not seem to be a function of rr 0 nor V of / 0 . In fact if we perform upon it the 
S 8 

operation r ^ — r Q we do not get 0. 

(If we put 

(1131)... r - = l + *, 

€ being very small, we have 

(1132)... logr—logr 0 = e —^ + (1133)... = (<= + fe a + € 3 ); 


(1134)... 


4 (log r — log r 0 ) -r^ 
rt-rt 


(1133)... — 

e e 2 

2 + 3 , „ 7e 2 

= -1 —2e +—; 

1 + 2 +eS 


-|=(l + £)-2=l-2e + 3e 2 ; 


(1135)... 
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fsf (?*“ ~r Tq ) e 1 - _ h , 

Uh 3 {r2-rl f 4 6 ? -g neari "" 


which, Iby being finite, is so far a verification.) 

The only other divisors, besides n— 5, were n— 1 & w — 3 in the f:reg' 


2 proofs: tne cases 


every other case the coefficients A n , 2 ?^, D n are ail different from 0; & the condition 
(1106) is valid and cannot be identically satisfied because the exponent 6 — 2n cannot be equal 
to 3 — n, nor 4— 2n, nor 2 , nor 5 — n s nor 1 — n: *.* f 2 is not a function of f 0 in any other ease. 
When n — 3 then 


(1137)... 

(1138)... 
V by (1128) 

(1139)... 


fl 

h 2 


21 


= 27i ■ 


- log ” 
_* 0 . 


r = (>’ 4 ~ 4) + h (r 2 - 4 ) -t- -5 log ~ ; 


i los- 


1 lo 


p-riY pftn? 2/" ._i_ . _p£o ,nn_!_;■ 

JoJi \ o ) r 4 — >•§ I/ 2 — rg ! c--r§ 

,/los- 


r* + rx 


when / 0 is constant we have 


_Zoq. 27 

V 2 - ? o / • r- - r t - ?- - /- / \2 


(1140)... 


Sr Sr 0 
r r 0 ~ t 


21 og — 


■— (r Sr ~ r 0 8 r 0 ) = (/g - 2 A) (r Sr - r G 8r 0 ), 


which ought to agree, by (1026), with the following 

(1141)... fl (r Sr - r 0 Sr 0 ) = 2F (r) r Sr - 2 F (r 0 ) r 0 Sr 0 - 2 h (r Sr - r 0 8 r 0 ) - 
& it does so. 

If now we have simultaneously/! constant, we shall have 


Sr 8r 0 


(1142)... 
that is. 


fifi 3 (r 2 - ^) 2 = { (f) 2 - h -) 8 ^ + r ®’ 


(1X43)... -r ogTe) _ (y2 - r g) (rSr + r 0 S J - 0 ) = 2(rSr-r 0 Sr 0 )p + r g -m M 


/< 

V (1144)... 

& by (1140) 

(1145)... 

we ought *.* to have (if the property belonged to this law of force) 
(1146)... 


rSr ( r2+3r °-ffT2h) = r ° Sr °{ r « +Sr2 -f*=2h} ; 
rSr | fl — 2h—~ | = r 0 $r 0 |/g — 2h —— j-; 
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tiiat is, 

(1147)... (ff, - 2h) 2 rr 0 (r + r 0 ) + i(r~ r 0 ) 2 (/§ - 2A) = 1; 

but this by (1137) cannot be identically true. We conclude V that in this law of force (the in- 
verse cube) f t is not a function of/ 0 . 

For the law of the inverse 1 st power, or = 1, it seems plain that the calculation would, be 
st ill more complicated & that it is still less likely we should find f x as a function of f 0 alone, 
involving h but not r nor r Q . 

But for the Solar System, or inverse square, n=2, not only A but f m would be a function of 
p and v of f 0 ; for we have found V = a function of p , x > a • And for the law ^ = - L or force 
directly as the distance, f m would be a function of r 2 -f still of/ 0 . In fact for this law V is 

a function of x , r 2 + r|, h. For in the central ellipse, we may employ the equations 

(1148)... r 2 — a 2 cos u 2 + 6 2 sin u z } (1149)... r 2 = a 2 cos u% + b 2 sin u§, 

(1150)... xx 0 + yy 0 = - — = a 2 cos u cos u Q + b 2 sin u sin u 0 , 

(1151)... = u 2 sini4 2 + ^ 2 eos^ 2 , (1152)... 2h = v 2 + r 2 — a 2 + b 2 , 

(1153)... a 2 = h + € i (1154)... b 2 — h — e t (1155)... ^ == A — e cos 2-w, 

(1156)... V — h&u — sin 2u = hAu — e cos cos Au, (1157)... r 2 = h-\-ecos2u, 

(1158)... r% — h + €GOs2u 0 , (1159)... r 2 +r§ = 2A 4-2e cos cos Au, 

(1160)... J (r 2 + r§ — x 2 )—hcos Au + e cosEw; 

*.* eliminating eSti we obtain for the case of the central ellipse a relation between V, r 2 + rg, x 2 > 
involving no other variables. The partial differential equations also confirm this result; for they 
permit us to suppose 

(1161)... SV = ASg + BStj 9 

if we put for abbreviation 

(1162)... g = r 2 + r 2 -i x 2 ; (1163)... rj = i X 2 . 

In fact these suppositions give 

(1X64)... ^ = 2^r; (1165)... |L=2 Ar 0 ; (1166)... 

& change the partial differential equations (925), (926) to the following: 

(1167)... 4A 2 r 2 +(B-A) 2 x 2i + (B -A) (r 2 -r 2 + x 2 ) = 2h-r 2 , 

(1168)... 4A 2 r 2 -t-(B-A) 2 x 2 +2A(B-A)(r 2 -r 2 + x 2 ) = 2h-r 2 ; 

which give by subtraction 

(1169)... 4AB=~ 1, 

& by addition 

(1170)... 4A 2 £+4:B 2 r i = 4Ji-g- r , 
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so that it only remains to prove that. A, B being thus determined, the expression 
SP — A S^-r BSrj is integrable. For this purpose we draw from (1169) expressions of the form 
(1171)... $A=AA, (1172)... 8D- — BA ; 

& substituting in the differential of (1170) we get for A the equation 
(11T3)... -SAU 2 f~B 2 7 ? )=(D4^ l)Sf+(4 B 2 ~r 1 )Siy; 

v (1174)... M. iM t±ll ni~ 5 ‘ — B (4A*+ 1) 

Srj S {B-rj — A-Ef ' Bg 8(Bh] — A 2 i)’ 

which are equal by (1169). 

We may remark also that the equations (1169). (1170; give 
(1176),.. (4A 2 g - 4 B-Tjf = 16k-- 8k fg -4 r} I ff - r*; 

& *.* 

(1177)... 8 A 2 g=4h — (i -r-yj) ±v'l&h 2 — 6k (c -f -r \£~r i ,r ;' 

(1178)... 8 B 2 V = 4k~(g + v ) p V . ‘ 

For the law of the inverse square, if we put 
(1179)... 8F = JLS (o x) "r Bd (p — xk 

we have 

(ii8°)... s r_sr =A+B! ( nsi)... *±-a-b, 

and the partial differential equations become 


(1182)... 


(A*-B*) (r*- rl + x 8 ) + 2 (A *-r B*) r x - 2 X - 


{^-^)W-r^f)42(4=-rB 2 )roX= 2 X- r|lX - 


(1184)... 


(1185)... 
wMch give 

(1186)... 4L 2 = 


A 2 {(r + x ) 2 - rl} - B* «r - *) 2 - 4} = x (2 - \) . 
_4 2 {(r 0 + x ) 2 - r 2 } - i ? 2 {(r 0 - x ) 2 - r 2 } = x {% - S>), j 


(1186)... A*- ---4 (1187)... # 2 =- 5 -, 

P + A P~X ^ 

results which agree with (555) & (556). If then we have in any manner proved that for the law 
of the inverse square V is a function of p t we can easily discover the form of this function by 

the partial differential equations. 

[ Various tra?isfo j rmatio7is of the partial differential equations.1 
[41.] To integrate generally those equations by approximation, it seems convenient to 
introduce the angle & between r and r 0 , instead of the chord x* & thus to put 


(1188)*.. 


/SF\* 1 jSV 

[ Sr) r 2 lS8-, 


(KY-‘ 


= 2^ (»-„). 


(1189)... 
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For moderate arcs, V may in general be developed according to odd powers of 9- in a series 
of the form 

(1190)... V = &(u 0 + &,u 1 + &*U 2 + &c.) = 8u, 

O, denoting 0 2 . Hence 


, SF Bu 

(1191)... ^ = 


/SF \ 3 „ / 8 uy 

(H92)... (sf) =M>) ’ 


&C., 


& the equations become 


(1193)... 

( u+2 *'Wj 



(1194)... 

( u+2 ^wj 


However it seems better to integrate on a different plan, by means of other transformations and 
by the principle of stationary action which I employed last autumn in the problem of atmo¬ 
spheric refraction.* 

[42.] Let us v employ, as 3 new auxiliary variables, the perpendicular m let fall from the 
origin or centre of force on the chord y of the trajectory and the two projections g, g 0 of the 
two radii r, r 0 on this chord; so that g, w are the 2 rectangular coordinates of the final & g 0 , w 
of the initial point. We shall then have 

(1195)... g~ * + X ~ ; (1196)... £ 0 «--(1197)... = r a _ f 2 „ r g _ fa, 

2 x *x 

that is, 

(1198)... =(r+g) (y -g)= {(y+ ^> 3 -X) _ a 3 = {Oo J-X) 2 -- (^-0-X) 2 > . 

or, putting for abbreviation 

_ 2 __ nonm „ (r + r 0 + x)(>- + ro -x)( ? '- y o + x)(-’' + ?'o + x) 


(1199)... ra 2 = ro,. 


4x 2 


The simplest algebraical way of getting the expressions for g, g 0 , m is to combine the three 
following equations: 

( 1201 )... r 2 = | 2 + tD 2 ; ( 1202 )... r% = g* + m 2 ; (1203)... x = f-f 0 . 


™ SF SF SF- „SF SF SF 

To express now > 5 —, by means of we have 


& (1208)... 

( 1210 )... 


3r 9 Sr 0 ’ Sy 
SF^f SF , SF. 

S<" r 8r~^ Sy 9 
SF w SF m SF 

7 0 v/Q 

SF SF SF 


SI’ 8i 0 ’ Szd 


(1204)... 


< 1206 >- s^^w* 


(1205),.. 

(1207)... 


SF = foSF„SZ. 

r 0 8r 0 Sy 9 

SF SF__ SF SF 
S£ + S£ 0 ”^rSr + ^r 0 Sr 0 ’ 


(1209)... * J£ + |r ££ 


SF -1 (SF SF_|SF 
r 0 8r 0 £ — £ 0 iJ>£~ 1 - S£ 0 m Sza 
[* No trace of this has been found.] 


rSr ^—folS^ 8g 0 w 8m 
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we might hence express g—; but the partial differential equations (925), (926) may be put 
under the form 

if we put 

(1213)... T*( r 2 ) = V2F ( r) = velocity: 


SF g 0 SF\ 2 t /m&V' 
d X r 0 BrJ 


(1213)... T*( r 2 ) = V2F (r) = velocity; 

they become therefore by what precedes, without any separate calculation of l 


v + 

/ V i 

/SF 

SV 

.foSFy 

) + 

\£-fJ 

U £ 

+ Sfo 

tu / 

:y + 

( m f i 

(S V 

SF 

J_ 

1SFV 2 

i 

U-fiJ ’ 

Us 

Sf 0 

CT §£7/ 




< U1 «- <-> + (^ 7 0 ) 

Another way of obtaining these transformed partial differential eqnat:o; 
law of variation 

(1216)... + 


combined with the condition that F is a function of r, r Q , x or of £, g 0 . 
dition gives the law of uniform description of areas, under the form. 


? to emplov the 


For this last con- 


(1217)... 
that is. 


-*ssr 0 * 


dy dx _ dy Q dx Q 


(1218) - x Tt- y irt= x ^- y o-dt' 

& if in this we suppose 

(1219)... x = g; (1220)... y = w; (1221)... x 0 = g 0 ; (1222)... y 0 = w 3 

& observe that we can evidently consider the z 3 s as — 0, the orbit being so evidently plane, we 
find 


(1223)... g 


dy t dy B _ [dx dx 0 \ 
*°dt~ [dt dt)’ 


also we may suppose 

(1225)... Sx = 8g, (1226)... 8x 0 = 8g 0) 

& then the law of varying action becomes 

<-»>■■• »r-f *-§«,+(*-&)» 


& (1224)... — 

*o = SFo, (1227)... Sy = Sy 0 =Stu, 


(1228)... 
& gives 
(1229)... 


(12291 

(1229)... sg-fo’ 
so that by (1223) we shall have 


(1230)... 


SF _dx 0m 
8g(> dt 


f 12311 = 

(1231)... Sxa m fa » 


(1232)... | = ? 


(&v sf_45Z\. 

-(oUg S& m)’ 


(1233)... 


dya __£5Z\ 

dt £—5£a mSm) 

13 
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thus — 7 and — - (—+— —\ are the two components of final velocities in the 2 rect- 

£-£o\8£ °£o ^otdJ 

angular directions of £, tn: and — —- & ^ ™-g + “ to Stn) are com P onen ^ s 

velocity in the same 2 rectangular directions: the partial differential equations (1214) (1215) 
are v in this manner explained and confirmed anew. 

To shew, more algebraically, that we may suppose 8x~8£, Sx Q — 8£ 0 , By = 8y 0 = Sct, or that 
we may put the law of varying action under the form (1228), we may observe that the general 
equations 

(1234)... £ 2 + 37 2 = a; 2 -by 2 -h2 2 5 (1235)... £% + m 2 = x% +y* +z§, 

(1236)... (£-£ 0 ) 2 ==( x - x o) 2 +(y--yo) 2 +( z - z o) 2 > 

give here 

(1237)... f (Sf-$*) + w(SOT-8y) = 0; (1238)... £ 0 (8£ 0 -Sx 0 ) + m (8m-Sy 0 ) = 0; 

(1239)... 8£-S£ 0 = Sx-8x 0 ; 


V eliminating Sy, Sy 0 from (1216) and suppressing the z’s, the law of varying action becomes 

dxQ 

dt 


(1240)... w 8F- W (j8*-§& eb + |8»-^8 W ) + fg(8f-8*)-f 0 % ( af 0 -te 0 ) 




dt 


dt 


dt 


8ro ) + (4- CJ S) (Sf - 8a;) -(^w- ni w)^- s ^ 


’ dt dt) 

which reduces itself to (1228) by (1239) and (1223). 

If then we put s ot s — s Q to denote the arc of the trajectory of which y or £ — £ 0 is the chord, 
we have (rigorously and generally) 


(1241)... + 


(1243 >- -s? 0 - V(f i+ro2) S ; 


d= XF(i « +w2)f i- 




SV $V_£SV\ 

<$£ + <$£ 0 w % w ) 


(1244)... ( _^ 

These last expressions are general and rigorous for central forces: they apply to astronomical 
refraction. 


When the arc is small we may, as a 1 st approximation, neglect the final and initial com¬ 
ponents of velocity perpendicular to the chord and so reduce the partial differential equations 
to the following: 

(1245)... || = ¥(|* + ® s ); (1246)... |I = _ Y (£§ + ro a) ; 

which gives by integration 

(1247)... V=r i =j*'V(x* + w*)dx: 

no constant bemg added because F vanishes with g—g 0 . This last expression is the value which 
V would have if the planet moved from the initial to the final point along the chord instead of 
the are with the same law of velocity; & v, by the law of stationary action, the error of the 
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expression must bear always an evanescent ratio to tbe square of the chord g — g 0 ; so that if 
§77 SV 

we call this error V 2 , must be small of an order higher than the first. We may therefore 

substitute V 2 for V in the expressions (1242) & (1243) for the components of final and initial 
velocities perpendicular to the chord; and the results will be true to the I st order at least. 
Making this substitution we find 

dy _ W I AW* .->£ 8 " XS-> ! -.-2 I ' . 


(1248)... 
in which 
(1249)... 
and similarly 
(1250)... 


=__ w _ :• AT* — 

els (f-£„)*'( “ So J 


(x~ -f tTj 2 ) d:c -; 


AT' = T (£ 2 4- w-) — T* (£5 -r tv 2 ); 




v ds (|-£ 0 )T* 0 { J fn v ‘ ' ' 1 * 

To simplify these expressions we may observe that the function AT' — 2g 0 j T" (x 2 — td 2 ) dx, 
considered as depending on g, vanishes when i = io and has its differential coeflieient 

= 2 (g-g Q )^' (£ 2 T- 2 ); 

V (1251)... AT — 2g 0 \ T*' (r 2 -f- tv 2 ) dx — 2 j (r — £ 0 ) T" (r 2 — m-)dx. 

J £o J £ 0 

Or, because the differential coefficient of the same function taken with respect to g Q is 

— 2 (* T (a* 2 + V5~) dx, 

J to 

we may put the function under the form 

(1252)... AT-2^ 0 f i Y'(x 2 -hzD*)dz=‘2( j * dx Q \ I 1 T'(m 2 4 ct 2 ) dx. 

J io ^ £ 0 l ^ £0 

(Verification 

([ s dx\ r e **dx- r^ +i -^ +i ^ n =itA_f-'- 2 _ 

Uo °)J* 0 Jo rn+1 n m+1 (m+l)(m + 2) m + 2 J ' 

Also integrating by parts we find 

( 1253)... 2 (x - i 0 ) T' (X s + ra 2 ) = A {(* - £ 0 ) 2 Y' (*a + ro 2)} _ 2 (a: -| 0 ) 2 aj'F" (a; 2 + to 2 ). 

V (1254)... 2 ( S (x-£ 0 )'¥'(x*+v}*)dx = (£-£ 0 ) 2 '¥'{g* + m 2 )-2 [ S (x-£ a )^x^Y"{x^ + w^dx. 

*' £0 ^ ^0 

Hence confining ourselves to the first order of accuracy, relatively to £ — £ 0 , (1248) gives 


(1255)... 


&)l F(£* + ®V 


the correction, from (1248), being 


5 f f (x - &) 2 a;r (a; 2 + to 2 ) dx 

Ik __ 

(is,,)'? 


13-2 
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but being of the order of (| —1 0 ) 2 & V probably comparable with that which arises from V 2 . 

du xl _/ chord of arc \ 

And since is the final inclination of arc to chord & V — ultimately ^ ame £ er of curvature/ 5 

we must have for all central forces the formula 


(1256)... convex curvature = 


2mW'(£ 2 -hm*)_ S 
x ¥(£ 2 + id 2 ) ~Bw 


lo g r(f 2 + ^ 2 ) 


w „ zd S . v 2 zd F r (r) 

= 7^ 1Og^;== ^*STr 2 " _ 7 2I ^ (0 , 


zu being perpendicular from centre on tangent & v being velocity considered as a function of 
the radius vector r. That is, 

2 F (r) velocity 2 

(1257)... i (chord of concave curvature) = - = attract i ve f^e : 

and in fact this result is evidently true by the 1 st principles of central forces, (see Principia): 

X fore© 

because by those dynamical principles the deflection = \ force x time 2 — - velocity 2 Xar ° 2; & 
also by geometrical principles deflection — arc 2 /chord of curvature. 

In like manner 


(1258)... A’F — 2^ (x 2 + tn 2 ) dx= —2 f * (| - x)'V' (x* + m 2 ) dx 

* " £o „ t 


= -(S-g 0 )*'V'(e 0 + r° 2 )-2 




x) 2 x x Y" ( x 2 + zd 2 ) dx; 


*.* (1250) gives, as a rigorous transformation of itself, though subject to its own inaccuracy, 
, ,> „ „ 2 w f ( (£-x) s xW"dx 

fl Ko\ d y«_ &{£-ioW (£l + m ) h 

& to the accuracy of the 1 st order 


’Jo _ 

Mo)' 


(1260)... 


d Vo_ ™(£-£o)^'(£ 2 o + ™ 2 ) 
ds '¥(£ 2 + td 2 ) 

In this order of approximation V we find 

dy 0 __ _ dy 
ds ds ’ 


(1261)... 
as we ought. 

We have therefore, to the accuracy of the third order at least, by (1241) &c., 

(1262)... g=Y(^ + ^ ) - fT| ^^{AT-2f 0 J^'(^ + ^ ) ^} 2 ; 

(1263)... — , F(|| + cj2) + _g_^___ jAT —2|J^ 1 F'(a: 2 + uj 2 )da:| : 

that is, because 
(1264)... 


F=f '¥'(x 2 + m 2 )dx+V 2t 

J in 
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ro s lAT-2£, 


(1265)... 


T' (x? + v^)dx '- 


■2 a-is-* a 2 +■*-) 

to* I AT - 2| j 1 T' (a® + ra 1 ) dx\' 
( j 


FT' (a; 2 + c? 2 ) <£*;== 7, 
J In, 


(1268)... 


Ti~ (AT-2£/) 2 
2Af 2 . T„ 


& (1266)... ^ ^ _ L 

AT having the meaning (1249). 

If there be any function F 2 of the three independent variables £, £ Q , in which accurately 
satisfy these approximate equations and if we put for abbreviation 

(1267)... J 't*'(x 2 -i-& 2 )dx —I, 

so that the equations become 

nofio) SF 2 ^ 2 (AT-2| 0 /) 2 SJ\ uj- (AT — 2£2) 2 

(1268)... -g^--2Af*'.T ’ (1269 -‘ 5f 0 2Af».T D 

and if we observe that when, xa is constant-, 

(1270)... 8Z = T'Sf-TiS| 0 , 

& V 

(1271)... 8 (AT - 2£ 0 1) = 2 (f -f 0 )T'8f - 2Z8f 0 , 

(1272)... S (AT - 2|I) = - 218£ + 2Af T' S( 0 , 

S 2 ! 7 

we find, by comparing the expressions for , the following condition which must be satisfied: 

og OgQ 

(1273)... (AT - 2 £ 0 I) (21 AS - AT + 2 £ 0 I) T 0 = - S *!« 

= (AT - 2£I) (- 21 A£ - AT + 2f I) T; 

& in fact these expressions are equal to — (AT — 2 £1) (AT — 2£ 0 I), multiplied by T 0 and by T; 
they are therefore nearly but not exactly equal. Perhaps, however, on assigning to ~the 

CVS wS 

c£z dec — 

values (1248) (1250), which we shall call for abbreviation y r , y ' Q , & changing to V1 —y' 2 , 

Vl~ y'o 2, in (1241) (1243), we may get two rigorously constructed though only approximate 

expressions for-gg-, gg-. If so we must have 

no- 7 ^ ° T.y' 8y' T 0 .y' Syj. 

(127 YT^SSo YTYtfSS’ 

but even this seems unlikely. Still we can easily approximate by the present method to F 2 ; but 
it seems better to resume, as follows, the partial differential equations of [41.].* 

* TSince ^ AT—2^I ___ AT—2^7^ an( i sine© AT —2£I =0 when £=£ 0t it easily follows that the first and last 

L &£ i~so {€—£or 

terms of (1273) are of the order (A£)*. This shows that the method adopted is true up to and including (£—£ 0 )* for F* 
(1274) as of course rigorous. J 


(1273)... (AT - 2£ 0 1) (21 A£ - AT + 2 £ 0 I) T 0 = - 


* j^Since : 
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[43.] Let (1X88) be put under the form 

SF / 1 /SF\ 2 

(1376)- i = 8fr) 


or (1276)... 2= 

Then, considering as a function of x, y, r 0 , q will be a function of the same & 

P &P 

Bq y 2 Sx 8p 

(1277) "‘ Sa51 [PPJt~^ y ' 


iW 

(1278)... 8 T = |^Sy + ^8a: + ^Sj- 0! V (1279)... S T = 8j- o + gf • ( S:K ~ ~2 S ^) ! 


*.• we are to integrate the 2 simultaneous equations 
(1280)... dx=?~, 


(1281)... dp — 0, 


and after getting integrals of the form 

(1282)... ^\(x, y,p)^ const., (1283)... T 8 (aj, y } p) = const., 

to establish any arbitrary relation between T l3 T 2 & r 0 . In other words the integral of (127 5) is 
(1284)... <D(T 1? T 2) r 0 ) = 0. 

How (1281) gives at once 

(1285)... p — constant = : 

and then (1282) gives 

(1286)... a:-J^=oonst. = 1 F 2 . 

Hence (1284) becomes 

(1287)... & = x=j¥^ + ftm<st.(p,r 0 )-, 

that is, 

(1288)... F = a known function of jV,+ an arbitrary function of |r 0 , ; 

similarly 

(1289)... F = a known function of jr 0 , + an arbitrary function of (r, , 

& it seems evident that the known function of each equation must determine the arbitrary 
function of the other , subject at least to the possibility of each containing an arbitrary function 
,SF 
° f ail¬ 


s' = s =+ ftmct. (p,r 0 ); 


[End of manuscript.] 
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II. GENERAL METHOD IN DYNAMICS 


Introductory Remarks . 

The theoretical development* of the laws of motion of bodies is a problem of such interest 
and importance, that it has engaged the attention of all the most eminent mathematicians, 
since the invention of dynamics as a mathematical science by Galileo, and especially since the 
wonderful extension which was given to that science by Newton. Among the successors of 
those illustrious men, Lagrange has perhaps done more than any other analyst to give extent 
and harmony to such deductive researches, by showing that the most varied consequences 
respecting the motions of systems of bodies may be derived from one radical formula, the beauty 
of the method so suiting the dignity of the results, as to make of his great work a kind of scientific 
poem. But the science of force, or of powder acting by law in space and time, has undergone 
already another revolution,f and has become already more dynamic, by having almost dis¬ 
missed the conceptions of solidity and cohesion, and those other material ties, or geometrically 
imaginable conditions, which Lagrange so happily reasoned on, and by tending more and more 
to resolve all co nn e xi ons and actions of bodies into attractions and repulsions of points: and 
while the science is advancing thus in one direction by the improvement of physical views, it 
may advance in another direction also by the invention of mathematical methods. And the 
method proposed in the present essay, for the deductive study of the motions of attracting or 
repelling systems, will perhaps be received with indulgence, as an attempt to assist in carrying 
forward so high an inquiry. 

In the methods commonly employed, the determination of the motion of a free point in 
space, under the influence of accelerating forces, depends on the integration of three equations 
in ordinary differentials of the second order; and the determination of the motions of a system 
of free points, attracting or repelling one another, depends on the integration of a system of 
such equations, in number threefold the number of the attracting or repelling points, unless we 
previously diminish by unity this latter number, by considering only relative motions. Thus, in 
the solar system, when we consider only the mutual attractions of the sun and of the ten known 
planets,{ the determination of the motions of the latter about the former is reduced, by the 
usual methods, to the integration of a system of thirty ordinary differential equations of the 
second order, between the coordinates and the time; or, by a transformation of Lagrange, § to 
the integration of a system of sixty ordinary differential equations of the first order, between 
the time and the elliptic elements: by which integrations, the thirty varying coordinates, or the 
sixty varying elements, are to be found as functions of the time. In the method of the present 
essay, this problem is reduced to the search and differentiation of a single function, which 
satisfies two partial differential equations of the first order and of the second degree: and every 
other dynamical problem, respecting the motions of any system, however numerous, of attract- 

* (On the development of Theoretical Dynamics from Lagrange to Hamilton, see Cayley’s Report to the British 
Association , Dublin (1858), p. 1.] 

t [Hamilton is here referring to Boscovich’s hypothesis on the constitution of matter (1743). Of. Graves, Life 
of Hamilton, Vol. i, p. 593, Vol. n, pp. 85-86, 88.] 

% [The planets known at the date of this paper were Mercury, Venus, Earth, Mars, Jupiter, Saturn, TJranus and 
four asteroids Ceres, Pallas, Vesta and Juno, the last being discovered in 1807. Neptune was not discovered until 
1846.] 

§ [Mec. Anal, 3rd ed. Tome n, pp. 112-143.] 
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ing or repelling points, (even if ve suppose those points restricted by any conditions of connexion 
consistent with the law of living force,) is reduced, in like manner, to the study of one central 
function, of which the form marks out and characterizes the properties of the moving system, 
and is to be determined by a pair of partial differential equations of the first order, combined 
with some simple considerations. The difficulty is therefore at least transferred from the 
integration of many equations of one class to the integration of two of another: and even if it 
should be thought that no practical facility is gained, yet an intellectual pleasure may result 
from the reduction of the most complex and., probably, of all researches resnectins the forces 
and motions of body, to the study of one characteristic function.* the unfold:ns of one central 
relation. 

Tbe present essay does not pretend to treat fully of this extensive subject. — a task which 
may require the labours of many years and many minds; but only to suggest the thought and 
propose the path to others. Although, therefore, the method may be used in the most varied 
dynamical researches, it is at present only applied to the orbits and perturbations of a system 
with any laws of attraction or repulsion, and with one prod cm:mint mass or centre of pre¬ 
dominant energy; and only so far, even in this one research, as appears sufficient to make the 
principle itself understood. It may be mentioned here, that this dynamical principle is only 
another form of that idea which has already been applied to optics in the Theory of systems of 
rays , and that an intention of applying it to the motions of systems of bodies was announcedt 
at the publication of that theory. And besides the idea itself, the manner of calculation also, 
which has been thus exemplified in the sciences of optics and dynamics, seems not confined to 
those two sciences, but capable of other applications: and the peculiar combination which it 
involves, of the principles of variations with those of partial differentials, for the determination 
and use of an important class of integrals, may constitute, when it shall be matured by the 
future labours of mathematicians, a separate branch of analysis.! 

Willlum R. Hamilton . 

Observatory, Dublin , 

March 1834. 

Integration of the Equations of Motion of a System, Characteristic Function of such 
Motion , and Law of varying Action . 

1. The knovrn differential equations of motion of a system of free points, repelling or 
attracting one another according to any functions of their distances, and not dist urbed by any 
foreign force, may be comprised in the followdng formula: 

S . m -*ry*hy~$-z"hz) = SU. (1.) 

In this formula the sign of summation S extends to all the points of the system; m is, for any 

* Lagrange and, after him, Laplace and others, have employed a single function to express the different forces 
of a system, and so to form in an elegant manner the differential equations of its motion. By this conception, great 
simplicity has been given to the statement of the problem of dynamics; but the solution of that problem, or the 
expression of the motions themselves, and of their integrals, depends on a very different and hitherto unimagined 
function, as it is the purpose of this essay to show. 

f Transactions of the Royal Irish Academy, VoL xv, p. 80. {Mathematical Papers, VoL i, p. 9.} A notice of 
this dynamical principle was also lately given in an article “On* general Method of expressing the Baths of 
Light and of the Planets, 5 * published in the Dublin University Review for October 1833. {Mathematical Papers, VoL 
i,p. 311.] 

| [Hamilton afterwards developed this suggestion in his Calculus of Principal Befertions. See pp. 29*7-410*3 
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one such point, the constant called its mass; x", y", z" are its component accelerations, or the 
second differential coefficients of its rectangular coordinates x, y, z, taken with respect to the 
time; bx. by. bz are any arbitrary infinitesimal displacements which the point can he imagined 
to receive in the same three rectangular directions; and bZJ is the infinitesimal variation corre¬ 
sponding, of a function U of the masses and mutual distances of the several points of the system, 
of which the form depends on the laws of their mutual actions, by the equation 

?7 = S. mm r f(r), (2.) 

r being the distance between any two points m, m f , and the function f ( r ) being such that its 
derivative or differential coefficient/' (r) expresses the law of their repulsion, being negative in 
the case of attraction. The function which has been here called U may be named the force- 
function of a system: it is of great utility in theoretical mechanics, into which it was introduced 
by Lagrange,* and it furnishes the following elegant forms for the differential equations of 
motion, included in the formula (1.): 


s u 

bU 

SU 


rn, 2 x 2 = ^—; . 

OX 2 


„ S u 

„ su 

„ SC/ 

ml2/1= ¥i 


•• 

„ s u 

„ su 

„ SC/ 


m a z 2 = g^; . 



the second members of these equations being the partial differential coefficients of the first 
order of the function U. But notwithstanding the elegance and simplicity of this known manner 
of stating the principal problem of dynamics, the difficulty of solving that problem, or even of 
expressing its solution, has hitherto appeared insuperable; so that only seven intermediate 
integrals, or integrals of the first order, with as many arbitrary constants, have hitherto been 
found for these general equations of motion of a system of n points, instead of 3 n intermediate 
and 3n final integrals, involving ultimately 6n constants: nor has any integral [of relative 
motion] been found which does not need to be integrated again. No general solution has been 
obtained assigning (as a complete solution ought to do) 3 n relations between the n masses 
m l5 m 2 , ... m n , the 3 n varying coordinates oc 1 ,y 1 ,z li ... x ni y n> z ni the varying time t, and the 
6n initial data of the problem, namely, the initial coordinates a l 3 b l 9 c l3 ... a n , b n , c n , and their 
initial rates of increase, , b ' l3 c l x , ... a' t , b’ n , c^; the quantities called here initial being those 
which correspond to the arbitrary origin of time. It is, however, possible (as we shall see) to 
express these long-sought relations by the partial differential coefficients of a new central or 
radical function, to the search and employment of which the difficulty of mathematical 
dynamics becomes henceforth reduced. 


2. If we put for abridgement 

(x' 2 +y'*+z ,2 ) 3 (4.) 

so that 2T denotes, as in the Mecanique Analytique , the whole living forcef of the system; 

* ^grange used the negative of the function U, under the name of V. (Of. M4c. Anal. 3rd ed. Tome r, p. 290,)] 
pi J [J T e t f! rm /*** 1236(1 h y Leibniz. The term energy was introduced by Thomas Young (Natural 

Philosophy, Lecture VHI) and the term work by Coriolis. Hamilton writing to P. G. Tait in 1862 said: “Energy 
and Work, m the old English meaning, are things not unfamiliar to me. But I have only the dimmest views of the 
modem meanings attached to those terms.” Of. Graves, Life of Hamilton, Vol. in p 160 ] 
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(x' } y\ z', being here, according to the analogy of our foregoing notation, the rectangular com¬ 
ponents of velocity of the point ?n, or the first differential coefficients of its coordinates taken 
with respect to the time;) an easy and well-known combination of the differential equations of 
motion, obtained by changing in the formula (1.) the variations to the differentials of the 
coordinates, may he expressed in the following manner, 

dT = dU , (5.) 

and gives, by integration, the celebrated law of living force, under the form 

T —U + H. (6.) 

In this expression, which is one of the seven known integrals already mentioned, the quan¬ 
tity H is independent of the time, and does not alter in the passage of the points of the system 
from one set of positions to another. We have, for example, an initial equation of the same 
form, corresponding to the origin of time, which may be written thus, 

T 0 =U 0 + H. (7.) 


The quantity H may, however, receive any arbitrary increment whatever, when we pass in 
thought from a system moving in one way, to the same system moving in another, with the 
same dynamical relations between the accelerations and positions of its points, but with different 
initial data; but the increment of H. thus obtained, is evidently connected with the analogous 
increments of the functions T and U, by the relation 

AT — AU -7-AH, (S.) 

which, for the case of infinitesimal variations, may conveniently be written thus, 

ST = SU + 8H; (9.) 

and this last relation, when multiplied by dt, and integrated, conducts to an important result. 
For it thus becomes, by (4.) and (1.), 

Jill .m (dx . Sx' 4- dy . Sy' -J- dz. Sz') = J~S . m (dx '. Sx 4- dy' . By 4- dz r . Sz) -f J SII. dt, (10.) 

that is, by the principles of the calculus of variations, 

SV — S. m ( x'Sx + y'Sy 4- z'Sz) — S. m ( a'Sa 4- b'Sb 4- c'Sc ) 4- 1SH, (A.) 

if we denote by V the integral 

V=J^.m(x'dx-hy'dy-hz'dz')=J 2Tdt, (R.) 

namely, the accumulated living force, called often the action of the system, from its initial to 
its final position. 

If, then, we co nsi der (as it is easy to see that we may) the action F as a function of the initial 
and final coordinates, and of the quantity H, we shall have, by (A.), the following groups of 


equations; first, the group, 

SF 

Sx 1 ~~ m ' :LXl ’ 

SV 

wr™ 


*4-a 
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Secondly, the group, 


SF_ 


SV __ 


SF __ 

ha x ~~ 

— m L a x \ 

Sa% 

> 

Sa n 

SF 


SV 


SF 

Sb x ~~ 

-ra-i&i; 


” M n ~ 

SF __ 


SF_ 


SF 

Sci ~ 

I finally, the equation, 

— m x c x \ 

§ C 2 

— m 2 c 2 ; 

m~ L 





(D.) 


(E.) 


So that if this function V were known, it would only remain to eliminate H between the 3?i + 1 
equations (C.) and (E.), in order to obtain all the 3 n intermediate integrals, or between (D.) 
and (E.) to obtain all the 3 n final integrals of the differential equations of motion; that is, ulti¬ 
mately, to obtain the 3 n sought relations between the 3 n varying coordinates and the time, 
involving also the masses and the 6n initial data above mentioned; the discovery of which 
relations would be (as we have said) the general solution of the general problem of dynamics. 
We have, therefore, at least reduced that general problem to the search and differentiation of a 
single function F, which we shall call on this account the characteristic function of motion 
of a system; and the equation (A.), expressing the fundamental law of its variation, we shall 
call the equation of the characteristic function, or the law of varying action. 


3. To show more clearly that the action or accumulated living force of a system, or in other 
words, the integral of the product of the living force by the element of the time, may be regarded 
as a function of the 6n+ 1 quantities already mentioned, namely, of the initial and final co¬ 
ordinates, and of the quantity S, we may observe, that whatever depends on the manner and 
time of motion of the system may be considered as such a function; because the initial form of 
the law of living force, when combined with the 3 n known or unknown relations between the 
time, the initial data, and the varying coordinates, will always furnish Zn + 1 relations, known 
or unknown, to connect the time and the initial components of velocities with the initial and 
final coordinates, and with H. Yet from not having formed the conception of the action as a 
function of this kind, the consequences that have been here deduced from the formula (A.) for 
the variation of that definite integral appear to have escaped the notice of Lagrange, and of the 
other illustrious analysts who have written on theoretical mechanics; although they were in 
possession of a formula for the variation of this integral not greatly differing from ours. Eor 
although Lagrange and others, in treating of the motion of a system, have shown that the 
variation of this definite integral vanishes when the extreme coordinates and the constant H 
are given, they appear to have deduced from this result only the well-known law of least action ; 
namely, that if the points or bodies of a system be imagined to move from a given set of initial 
to a given set of final positions, not as they do nor even as they could move consistently with the 
general dynamical laws or differential equations of motion, but so as not to violate any supposed 
geometrical connexions, nor that one dynamical relation between velocities and configurations 
which constitutes the law of living force; and if, besides, this geometrically imaginable, but 
dynamically impossible motion, be made to differ infinitely little from the actual manner of 



3, 4] 


II. GENERAL METHOD IN DYNAMICS 


109 


motion of the system, between the given extreme positions; then the varied value of the 
definite integral called action, or the accumulated living force of the system in the motion thus 
imagined, will differ infinitely less from the actual value of that integral. But when this well- 
known law of least, or as it might be better called, of stationary action, is applied to the deter¬ 
mination of the actual motion of a system, it serves only to form, by the rules of the calculus of 
variations, the differential equations of motion of the second order, which can always be 
otherwise found. It seems, therefore, to he with reason that Lagrange*, Laplace, and Poisson 
have spoken lightly of the utility of this principle in the present state of dynamics. A different 
estimate, perhaps, will he formed of that other principle wdiich has been introduced in the present 
paper, under the name of the law of varying action , in which we pass from an actual motion to 
another motion dynamically possible, by varying the extreme positions of the system, and (in 
general) the quantity H, and which serves to express, by means of a single function, not the 
mere differential equations of motion, hut their intermediate and their final integrals. 


Verifications of the foregoing Integrals. 

4. A verification, which ought not to be neglected, and at the same time an illustration of 
this new principle, may be obtained by deducing the known differential equations of motion 
from our system of intermediate integrals, and by showing the consistence of these again with 
our final integral system. As preliminary to such verification, it is useful to observe that the 
final equation (6.) of hving force, when combined with the system (C.), takes this new forin,f 




and that the initial equation (7.) of living force becomes bv (D.) 

These two partial differential equations, initial and final, of the first order and the second 
degree, must both he identically satisfied by the characteristic function V: they furnish (as we 
shall find) the principal means of discovering the form of that function, and are of essential 
importance in its theory. J If the form of this function were known, we might eliminate Bn — I 
of the 3 n initial coordinates between the Bn equations (C.); and although we cannot yet perform 
the actual process of t his elimin ation, we are entitled to assert that it would remove along with 
the others the remaining initial coordinate, and would conduct to the equation (6.) of final 
living force, which might then be transformed into the equation (E.). In like manner we may 
conclude that all the Bn final coordinates could be eliminated together from the Bn equations 
(D.), and that the result would he the initial equation (7.) of living force, or the transformed 
equation (G.). We may therefore consider the law of living force, which assisted us in discovering 
the properties of our characteristic function V, as included reciprocally in those properties, and 
as resulting by elimination, in every particular case, from the systems (C.) and (D.); and in 
treating of either of these systems, ox in conducting any other dynamical investigation by the 


* [For Lagrange’s remarks on the principle of least action, see Mic. Anal. 3rd ed. Tome i, pp. 229, 230.] 
f [These equations are exactly analogous to the equations 0—0, QT =0 of the Third Supplement. Mcdhetnahcal 
Pcvpers, VoL i, pp. 170, 485.] 

f [For Jacobi’s criticism, see Appendix, p. 613.] 
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method of this characteristic function, we are at liberty to employ the partial differential 
equations (E.) and (G.), which that function must necessarily satisfy. 

It will now be easy to deduce, as we proposed, the known equations of motion (3.) of the 
second order, by differentiation and elimination of constants, from our intermediate integral 
system (C.), (E.) s or even from a part of that system, namely, from the group (C.), when com¬ 
bined with the equation (F.). For we thus obtain 

„ d SF , S 2 F , S 2 F t , , S 2 F 1 

Sx x ~ Xl Sxf +X2 hx x ‘" +Xn Sx 1 Sx n 


sr sw 

^ m n § X n 

JL_ SF S 2 F 
By n Bx x By n 
8 F S 2 F 
Bz„ Bx-i S z, n 


'- Xi s*i +X<s 

Saq Sx 2 * * * 

, +x % 

1 Sx x Bx n 

, sw 


S 2 F 



BW 

~ rVx Bx x By x 

+ 24 

Sx x By 2 

+ ... 

+ 2 In 

§x x hy n 

BW 


BW 



8 2 F 

~^ Zl SaqSzj 

+4 

Bx x Bz 2 

+ ... 


Bx x Sz n 


1 S V BW l_ SV S 2 V JL_SI 

m x Sxu-t Sscf m 2 Srr 2 SaqSaq * m n Bx 0 

1 SV BW 1 SF S 2 F JL_SI 

m x Sy x Bx x By x ^ ra 2 Sy 2 Bx x Sy 2 “ ’ m n By, 
1 SF S 2 F 1 SF S 2 F 1 SI 

m x S z x 824824 m 2 Ss 2 SaqSz 2 * m n Bz r 

__S_ JLf/SF \ 2 /SF \ 2 /SF\ 2 1 J^ (TJ 

82,4 * 2 m t\ 8 ccj Sy / Sz / j Saq 


that is, we obtain 


And in like manner we might deduce, by differentiation, from the integrals (C.) and from (F.) 
all the other known differential equations of motion, of the second order, contained in the set 
marked (3.); or, more concisely, we may deduce at once the formula (1.), which contains all 
those known equations, by observing that the intermediate integrals (C.), when combined with 
the relation (F,), give* 


S . m (x*Bx + y“By + z"Bz ) 

« WSF 8 81 

* m \Sa; Sa; St, 

- s ( & b +! »|; +8 ‘£ 

- :s ( 8 4 +s 4 +s *t 


/<* SF s d SF a d SF 
\d£ Bx‘ X dt By ' dt Bz ' 


SVS_ BVB_ SFJT 
Bx Sa;^~ By By + Bz Bz 


giws* 


SJ7 ,^8 
_ 8 a: +^3 2/ - 


5. Again, we were to show that our intermediate integral system, composed of the equations 
(C.) and (E.), with the 3 n arbitrary constants a lt b x , c lt ... a n , b n , c n , (and involving also the 

* _v 1 S r S 2 F „8 11 /SP\n . _S U. __n 


v , 1 8 F 

Sa^Sa:. 2 r m, 8a:, 
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a uxili ary constant H,) is consistent with our final integral system of equations (D.) and (E.), 
which contain 3 n other arbitrary constants, namely, a^, b[ , c{ , ... a/ n , b' n , c' . The immediate 
differentials of the equations (C.), (D.), (E.), taken with respect to the time, are, for the first 
group, 

d SF „ d SF d SF 

Stor”* 1 * 1 ' dtw,r mnXn ’ 

d SF „ d SF „ d SF „ , w . 

dthy~ m%V ^ dthy,r mnyn ’ ' 

d SF „ d SF „ d SF 

dtwr miZi; dtsrr m * Zi; dtzrr m « z *’ 

for the second group, 


dtW, =mnVr ‘ 


d SF_ 

0; 

d SF _ 

0; 

d SF_ 

dt §aq 

dt S a 0 

dt S a n 

d SF _ 

0; 

d SF __ 

0; 

d SF _ 

dt S 

dt S b 2 

dt8b n 

d SF 

0; 

d SF_ 

0; 

d SF _ 

dt Sc-l 

dt Sc 2 

dt S c„ 


and finally, for the last equation, 


By combining the equations (C.) with their differentials (H.), and with the relation (F.), we 
deduced, in the forego in g number, the known equations of motion (3.); and we are now to show 
the consistence of the same intermediate integrals (C.) with the group of differentials (I.), 
which have been deduced from the final integrals. 

The first equation of the group (I.) may be developed thus: 
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and the others may he similarly developed. In order, therefore, to show that they are satisfied 
by the group (C.), it is sufficient to prove that the following equations are true. 




the integer i receiving any 


value from 1 to n inclusive; which may be shown at once, and the 
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required verification thereby be obtained, if we merely take the variation of the relation (E.) 
with respect to the initial coordinates, as in the former verification we took its variation with 
respect to the final coordinates, and so obtained results which agreed with the known equations 
of motion, and which may be thus collected. 


Bx, 



8 s, 
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(M.) 


The same relation (F.), by being varied with respect to the quantity H, conducts to the 
expression 

8 „ 1 f/ 8 F\ 


SB 2m\\Bx 




(N.) 


and this, when developed, agrees with the equation (K.), which is a new verification of the 
consistence of our foregoing results. Nor would it have been much more difficult, by the help 
of the foregoing principles, to have integrated directly our integrals of the first order, and so to 
have deduced in a different way our final integral system. 


6 . It may be considered as still another verification of our own general integral equations, 
to show that they include not only the known law of living force, or the integral expressing that 
law, but also the six other kn own integrals of the first order, which contain the law of motion 
of the centre of gravity, and the law of description of areas. For this purpose, it is only necessary 
to observe that it evidently follows from the conception of our characteristic function V 9 that 
this function depends on the initial and final positions of the attracting or repelling points of a 
system, not as referred to any foreign standard, but only as compared with one another; and 
therefore that this function will not vary, if without making any real change in either initial or 
final configuration, or in the relation of these to each other, we alter at once all the initial and 
all the final positions of the points of the system, by any common motion, whether of translation 
or of rotation.* Now by considering three coordinate translations, we obtain tbe three following 
partial differential equations of the first order, which the function V must satisfy. 



+ S |^ = 0 ; 



S 


sv 

Bz 


+*s-« 


(O.) 


and by considering three coordinate rotations, we obtain these three other relations between 
the partial differential coefficients of the same order of the same characteristic function, 

* [The function V is obviously independent of the choice of coordinate axes and the motions considered are 
equivalent to changes in the coordinate axes. Hence the value of V does not alter under such motions.] 



6 , 7 ] 


II. GENERAL METHOD IN DYNAMICS 


113 


( 

SF 


SV 

+ S| 

, SV 

. SF\ „ 

r 

Sy 

-y 

Sx 




SF 


SV\ 


SF 


y 

Sz 

-z 

Sy ] 

4-2 

’ Sc - 

C S6^ 0; 

L 

SF_ 

- X 

SF\ 

, 1 V | 

L*r_ 

/L,| 

\ 

Srr 

SsJ 

T^J j 

{ 8a 

a !E)- 0 ’ 1 


CP.) 


and if we change the final [differential] coefficients of V to the final components of momentum, 
and the initial coefficients to the initial components taken negatively, according to the 
dynamical properties of this function expressed by the integrals (C.) and (D.), we shall change 
these partial differential equations (O.), (P.), to the following, 

2 . rax' — 2 . raa' ; 2 . my' — 2 . mb' ; 2 . mz ' = 2 . me' ; ( 15 .) 

and 2 . m (xy‘ — yx') = 2 . m (ah' — ba r ); 

2 . m (yz' — zy') = 2 . m ( be' — cb'); i (16.) 

2 . m (zx f — xz') = 2 . m ( ca ' — ac'). ) 

In this manner, therefore, we can deduce from the properties of our characteristic function 
the six other known integrals above mentioned, in addition to that seventh which contains the 
law of living force, and which assisted in the discovery of our method. 


Introduction of relative or polar Coordinates , or other marks of position of a System . 

7. The property of our characteristic function, by which it depends only on the internal or 
mutual relations between the positions initial and final of the points of an attracting or repelling 
system, suggests an advantage in employing internal or relative coordinates; and from the 
analogy of other applications of algebraical methods to researches of a geometrical kind, it may 
be expected that polar and other marks of position will also often be found useful. Supposing, 
therefore, that the 3 n final coordinates x 1 ,y 1 ,z l3 ... x n , y n , z n have been expressed as functions 
of Zn other variables, , 773 , ... y Sn , and that the Zn initial coordinates have in like manner been 
expressed as functions of Zn similar quantities, which we shall call e x , e 2 ,. - - e 3n , we shall proceed 
to assign a general method for introducing these new marks of position into the expressions of 
our fundamental relations. 

For this purpose we have only to transform the law of varying action, or the fundamental 
formula (A.), by transforming the two sums, 

2 . m (x'8x-hy'Sy-i-z'8z), and 2 . m (a'Sa 4 b'Sb 4- c'Sc), 
which it involves, and which are respectively equivalent to the following more developed 
expressions, 

2 . m (x*Sx + y'Sy 4 - z'Sz) — m ± (a^ Sx ± 4 - y[ S4- S 24 ) 1 
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Now x i being by supposition a function of the 3 n new marks of position tj 13 ... r) 3n , its variation 
8%, and its differential coefficient may be thus expressed: 

+ + (19.) 

07)! 07)2, °V3n 

^i = f: ^2 • • • + rT~ V3n* (20.) 

07)1 OVz °V3n 

and similarly for y i and z i . If, then, we consider x\ as a function, by (20.), of r)[ , ... r)' 3n , involving 
also in general r) lt ... rj 3n , and if we take its partial differential coefficients of the first order with 
respect to Tji, ... 7j 3n , we find the relations. 


Sr \ _ Bx i m Sx't _ Sx t m 


Sr'- Sr 0 - 

fyin §7 ?3 n 


and therefore we obtain these new expressions for the variations , 8y i , S z i , 

. Sr* . Sr' : _ Sr* ^ 

SXi =Wi r,1+ W* 7,2+ '" + $vL r,3n ’ 

Sj/^Ms^ + Ms^ + .-.+Ms^, (22.) 

07^1 Or) 07) 3n 

*-$ a * + ip 8 * + "- + £r s **- 

°Vi 07) 2 0r) 3n 

Substituting these expressions (22.) for the variations in the sum (17.), we easily transform 
it into the following, 

S . m (r'Sr +y'8y+z'Sz) = E. m {x' + y' + z' ^ . S r) ± 

f ,Sr' ,8y' , 8z'\ 

+ S.m +y 1^-7 + z wt) .St7 2 

V &7a 8t) 2 StjJ 

+ &c.^-E.m^r / ^--^■^/ , ■^- 4 - 2 : , .S^ 

V 07)3n 0r) 3n 8 V3 J 

3 T s ST _ ST _ 

- 8 ^ &!l + S^^ + - + S^^3- 

T being the same quantity as before, namely, the half of the final living force of the system, but 
being now considered as a function of r] X3 ... rj 3ni involving also the masses, and in general 
7)1 } **. and obtained by substituting for the quantities x',y\ z' their values of the form (20.) 

in the equation of definition 

T=\'Z.m (x' 2 + y' 2 + z' 2 ). (4.) 

In like manner we find this transformation for the sum (18.), 

S .m (a'Sa+6'S6 +C 'S C ) = ^8 ei +^!Se i!+ ... + |*J> Se^. 

°&-i op- oe*„ 


Sr f By Sz'') 
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(24.) 



7 ] 


II. GENERAL METHOD IN DYNAMICS 


115 


The law of varying action, or the formula (A.), becomes therefore, when expressed by the 
present more general coordinates or marks of position, * 


and instead of the groups (C.) and (D.), into which, along with the equation (E.), this law 
resolved itself before, it gives now these other groups, 

&7i §7 ?l’ S7 ?2 ^2’ "* ^ t &nin 

and 

sf = _s?V /o \ 

Se ± Se'i 5 Se 2 Se' 2 ’ Se 3;i Se 3n ‘ 

The quantities e x 5 e 2 . ... e 3n , and , e' 2 , ... e 3n , are now the initial dc.tr. resnectir. j the manner 
of motion of the system; and the 3 n final integrals, connecting these 6?i initial data, and the 
n masses, with the time t, and with the 3 n final or varying quantities rj ± , . ... r] 3n , which mark 

the varying positions of the n moving points of the system, are now to be obtained by eliminating 
the auxiliary constant H between the 3 n + 1 equations (S.) and (E.); while the 3 n intermediate 
integrals, or integrals of the first order, which connect the same varying marks of position and 
their first differential coefficients with the time, the masses, and the initial marks of position, 
are the result of elimination of the same auxiliary constant If between the equations (R.) and 
(E.). Our fundamental formula, and intermediate and final integrals, can therefore be very 
simply expressed with any new sets of coordinates; and the partial differential equations (E.)„ 
(G.), which our characteristic function F must satisfy, and which are, as we have said, essential 
in the theory of that function, can also easily be expressed with any such transformed co¬ 
ordinates, by merely combining the final and initial expressions of the law of living force, 

T=U + H, (6.) 

T 0 =D 0 + H, (7.) 

with the new groups (R.) and (S.). Tor this purpose we must now consider the function U, of 
the masses and mutual distances of the several points of the system, as depending on the new 

* [Equation (Q.) can be obtained most simply as follows without introducing the cartesian coordinates. 

Let T be a function of the if s and t/’s, being homogeneous of the second degree in the latter, and satisfying 
T =U + E, where U is a function of the tj’s, and H a constant along each of the curves considered. Writing 


*<**<*$*■ 

if ^- s !W> s (f) =* (if) ** 


= 2T=T+U+E, 


=S^Sq+S^&j+S B, 


and therefore XS S?? +£ ™ Srj -i-SE, 

so that we find SF=S^S,-S^° Se+tSH-J^ s (ji Jf~ff ~|f) 

This, by the principle of least action, leads to the equations (Z.) and equation (Q.) follows immediately.] 


> that we find 


15 -* 
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marks of position ^ tj 2 , ... rj 3n ; and the analogous function Z7 0 , as depending similarly on the 
initial quantities e 1 , e 2 , ... e 3?l ; we must also suppose that T is expressed (as it may) as a function 

g rjj gyr gyr 

of its own coefficients ^r-r, -s—? 5 ... » which will always be ; with respect to these, homogeneous 

of the second dimension, and may also involve exphcitly the quantities rj l9 rj 2 ,... 77 3n ; and that 


Tq is expressed as a similar function of its coefficients 


JL A iO OAiJlCOiSOU CDO Cfc OJ-AJUJ-iCilA 1LLUVU1UJJ. VJJL 1UO VUVUlUiDliUO -T~ , ^-, , • . • 7; ", \ SO tllUt 

oe ± oe 2 Se 3n 

r=W§L ,... ^ 1 ), 

07] 2 °Vzn* ^25 \ 

0 * Uei’ SeJ ’ "• 8ei, 

and that then these coefficients of I 7 and T 0 are changed to their values (R.) and (S.), so as to 
give, instead of (F.) and (G.), two other transformed equations, namely, 

\^Vi orjsJ 

and, on account of the homogeneity and dimension of T 0 , 


T — F ( 8 - T ° 


\ = U + H, 


:U 0 + H. 


8 . Nor is there any difficulty in deducing analogous transformations for the known differ¬ 
ential equations of motion of the second order, of any system of free points, by taking the 
variation of the new form (T.) of the law of living force, and by attending to the dynamical 
meanings of the coefficients of our characteristic function. For if we observe that the final 
living force 2 T, when considered as a function of ^, rj 2 , ... r} 3n , and of rf [, t) 2 , ... y] 3n , is neces¬ 
sarily homogeneous of the second dimension with respect to the latter set of variables, and must 
therefore satisfy the condition 

0/J7 _ ,S T .ST .8 T 

Vl U +V *Wz + --- +V3n 8^’ (26 -> 

we shall perceive that its total variation, 

_ S3T .ST 7 ST „ ^ 


may be put under the form 


7 ST ^ ST _ ST ^ 

-s^ Svi+ s^ V2+ - + s^ Sr,sn 

ST , ST . , ST * 

+ ^i Svi+ ^ Sv2+ - + s v fJ^\ 
’=^8|| + ^ 8 || + ... + ^ n sg- 

ST. S T , 
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and therefore that the total variation of the new partial differential equation (T.) may be thus 
written, 

>8F ST c 

5 ?j 




^S. — S^ + SH: 


(V.) 


in which, if we observe that rj' ~ 


drj 


^ -, and that the quantities of the form rj are the only ones 
which vary with the time, we shall see that 

,8V 


S ' 7?S S^ S \^S77 ' Sv + dt Se ’ S 7 


,±SV_ SU 


because the identical equation 8dV — dSV gives, when developed, 


*(■ 
= S^( 


s 8 V s SV 

s s^-^ + 8 s^ 


. de) ■ 


,SV 


,87 


■•s-" 

sv 


(29.) 


(30.) 


d W • S V + a ■ Se I + ■ SH - 


8r) 


SH‘ 


Decomposing, therefore, the expression (V.), for the variation of half the living force, into as 
many separate equations as it contains independent variations, we obtain, not only the equation 


d^SV 

dtSH 5 

which had already presented itself, and the group 


d*V_ Q d BV =0 


(K.) 


(W.) 


dtSe x dt8e 0 dtSe Zi 

which might have been at once obtained by differentiation from the final integrals (S.), but also 
a group of 3 n other equations of the form 

^SF_ST == SC/ 
dt Sr] 8rj Sr} 9 

which give, by the intermediate integrals (R.), 

dST 5jT_ SU 
dt Sr}' Sr] St] * 

that is, more fully, 

d8T__8T^ 

dt 8r} x &q 1 8r} x 

d_ 8T_ __ ST SU m 

dt Sr}' % Srj 2 Sr }2 


(X.) 


(Y.) 


(Z.) 


d ST ST SU 
dtSrj' 3n 8rj Zn S Vsn ’J 

These last transformations of the differential equations of motion of the second order, of an 
attracting or repelling system, coincide in all respects (a slight difference of notation excepted,) 
with the elegant canonical forms in the Mecanique A.nalyiique of Dagrange*; but it seemed 

* \M4c. Anal . 3rd ed. Tome i, pp. 290-292,} 
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worth while to deduce them here anew, from the properties of our characteristic function. And 
if we were to suppose (as it has often been thought convenient and even necessary to do,) that 
the n points of a system are not entirely free, nor subject only to their own mutual attractions 
or repulsions, but connected by any geometrical conditions, and influenced by any foreign 
agencies, consistent with the law of conservation of living force; so that the number of indepen¬ 
dent marks of position should be now less numerous, and the force-function U less simple than 
before; it might still be proved, by a reasoning very similar to the foregoing, that on these sup¬ 
positions also (which, however, the dynamical spirit is tending more and more to exclude,*) 
the accumulated living force or action V of the system is a characteristic motion-function of the 
kind already explained; having the same law and formula of variation, which are susceptible of 
the same transformations; obliged to satisfy in the same way a final and an initial relation be¬ 
tween its partial differential coefficients of the first order; conducting, by the variation of one of 
these two relations, to the same canonical forms assigned by Lagrange for the differential 
equations of motion; and furnishing, on the same principles as before, their intermediate and 
their final integrals. To those imaginable cases, indeed, in which the law of living force no longer 
holds, our method also would not apply; but it appears to be the growing conviction of the 
persons who have meditated the most profoundly on the mathematical dynamics of the 
universe, that these are cases suggested by insufficient views of the mutual actions of body. 

9 . It results from the foregoing remarks, that in order to apply our method of the cha¬ 
racteristic function to any problem of dynamics respecting any moving system, the known law 
of living force is to be combined with our law of varying action; and that the general expression 
of this latter law is to be obtained in the following manner. We are first to express the quantity T, 
namely, the half of the living force of the system, as a function (which will always be homo¬ 
geneous of the second dimension,) of the differential coefficients or rates of increase rj i, , &c., 
of any rectangular coordinates, or other marks of position of the system: we are next to take the 
variation of this homogeneous function -with respect to those rates of increase, and to change 
the variations of those rates , S tj 2 , &c., to the variations , Sr) 2i &c., of the marks of position 
themselves; and then to subtract the initial from the final value of the result, and to equate the 
remainder to SF — zSU.j* A slight consideration will show that this general rule or process for 
obtai ning the variation of the characteristic function V is applicable even when the marks of 
position r) 1} 7 j 2 , &c. are not all independent of each other; which will happen when they have 
been made, from any motive of convenience, more numerous than the rectangular coordinates 
of the several points of the system. For if we suppose that the 3 n rectangular coordinates 
x 1 , yi , z 2 , ... x n , y n , z n have been expressed by any transformation as functions of Zn + k other 
marks of position, y 2 , ... 7] 3n+k3 which must therefore he connected by k equations of 
condition, 

° = -*?3 n+Jo)> 

0 = ^2 (^ 1 , 772 , . 

Q — 1>V2>‘ 'V3n+k)> 

* [See Reference to Boscovich, p. 104.] 
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giving 1c of tlie new marks of position as functions of the remaining Zn, 

*73*1+1 = ^1 (r?i = ^2 > • • * Is JA 

V3n-i-2 ~ 4*2 (Vt >V2> • ■ • T? 8 «)> l (32.) 

Vsn+k = (Vl > *?2 > •• • %J> j 

the expression T=TE .m (x' 2 + y' 2 + z' 2 ) (4.) 

will become, by the introduction of these new variables, a homogeneous function of the second 
dimension of the 3 n + h rates of increase , rj ' 2 ,... 77 ' 3fl+k , involving also in general %, r } 2 ,... tj 3n+k , 
and having a variation which may be thus expressed: 

~«**«***- 4 £K- 
+ © 8 , 1 + © 8 , 5 + - + (kE;) s, -“ ; J 

or in this other way, 

„„ sy. , sr, , ST. , 

ST = ^pS Vl + ^—,S V2 + ... + =-t- S V3 „ 

ST* ST* ST * V 

+ S^ S ^ + S^ S,?2+ - + 8 

on account of the relations (32.), which give, when differentiated with respect to the time, 

, 8 A, , SA, , 8 ^ 

W = ^ + ^ + - + ^ S, 3 „ * 

, , Sllso , Bibo , Bib* 

'^“ Vl W 1 + V% W, + "' +7, ***bn’ ^ 

, Sih k , SiAr. , 8^r fc 

’ ? 3 ra+&=,il s^ +,? 2 s^ + '- + ’ 73 n s, 3 „ : 

and therefore, attending only to the variations of quantities of the form rj\ 

S*W = fcjx + + • ■ • + 3 ^ ’ 

S% n+ 2 = |^^i + |^ S ^+ - + $„ &73 ’ 1 ’ (36 ‘ ) 

S^n +fc = |^ £ S^ + |Js% + ... 

Comparing the two expressions ( 33 .) and (34.), we find by (36.) the relations 


8 T \ 

'VBn+Jc/ ^2 


BT 


ST ^ 

1 s ^i + 1 

f 327 ) 

s^ 2 

§Vi 

~ V S *7l/ J \$T?3n-hlJ 

S’?! 

W°?3n+2/ 

S’?! 

BT 

_ / s n , / 

ST ^ 

1 S ^+, 

/ sr 'i 

1 S;i a 

Wb 


S’ia 

\&7s»+J 

1 s% 

BT _ 

/sy\, / 

3T > 

|i&L+ 

/ ST ) 

l S ^2 

$V3n 



W7&*+jj 
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-which give, by (32.), 

If 8 , 1 + If E + ■■ • + l£ *** = (If) Svi+ fa) Sv * + ■ ■■ ■■ + fa»+J Sri3n+jc; (38,) 

we may therefore put the expression (Q.) under the following more general form, 

87 = 2.(1^87)-2. ^^ 8 e + < 8 H, (A 1 .) 

the coefficients (gf j being formed by treating all the 3 n 4- h quantities r q 1 , 7) 2 , ... r/., lt lfr , as 

independent; which was the extension above announced, of the rule for forming the variation 
of the characteristic function F. 

We cannot, however, immediately decompose this new expression (A 1 .) for SF, as we did 
the expression (Q.), by treating all the variations Sr), Se as independent; but we may decompose 
it so, if we previously combine it with the final equations of condition (31.), and with the 
analogous initial equations of condition, namely, 

0 = 0± (e^ ,^ 2 ’ e 3 n+jfc)’ 1 

0 —<2>2( e l3 e 2> ** • e 3 n+k)> /on \ 


O^0 k (e 1 ,e 2 ,... e s „ +fc )J 

which we may do by adding the variations of the connecting functions </q, ... <f> k , 0 X , ... & k , 
multiplied respectively by factors to be determined, A-l , ... A fc , A x , ... A /c . In this manner the 
law of varying action takes this new form, 

SF = 2.(|^S7)-S. (^^8e + lSH + S.AS<£ + S.AS®; (B 1 .) 

and decomposes itself into 6n + 2Jc -t- 1 separate expressions, for the partial differential coeffi¬ 
cients of the first order of the characteristic function F, namely, into the following, 

s Vi \ S W $vi hi Syi 

^2 l&jj/ 1 $V2 A " §V2 "" Xk %V2 ’ (0 l .) 


sv ST \ 
$V*n+k ,Wsn+d 




&V3n+k 


A ' S0 

Se~ Ue: ,/ +Al v 


\°®i/ 1 1 Se, 2 Se, 

I SeJ +A ^ +A ^SZ + - 


A, 8 e l + ”* +A » 8 ^'' 
A S0 2 S0. 

Aa si; + - +A *=sir> 


\ 80, 
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besides the old equation (E.). The analogous introduction of multipliers in the canonical forms 
of Lagrange, for the differential equations of motion of the second order, by which a sum such as 

g 1 g jy 

^ * s a dded to g— in the second member of the formula (Y.), is also easily justified on the 
principles of the present essay. 


Separation of the relative motion of a system from the motion of its centre of gravity ; 
characteristic function for such relative motion , and law of its variation. 

10. As an example of the foregoing transformations, and at the same time as an important 
application, we shall now introduce relative coordinates, x f ,y f ,z t , referred to an internal origin 
oc„ , y „, ; that is, we shall put 


x i = Z,!+X„, 


Zi = Z /7 ; + Z //S 

(40.) 

and in like manner 

a i = a /i + a„, b^b^ + b,,, 

together with the differentiated expressions 

c i — c ,i + c „> 

(41.) 

x'i = x' ti + x ', 

yi=y',i + y'„> 

z’ t = z' : + z ', 

(42.) 

and 


b'^bU + K, 

Ci = cU+ c '„' 

(43.) 


Introducing the expressions (42.) for the rectangular components of velocity, we find that the 
value given by (4.) for the living force 2 T decomposes itself into the three following parts, 


22 rT —2 . m z' 2 ) = 2 . m {x'f + y'f + z'f) 

4- 2 (x' f/ 2 . mx' f +y'„ 2 . my\ 4- z' 2 . mz') + (x' / 2 +y' / 2 + z' 2 ) Sw; (44.) 


if then we establish, as we may, the three equations of condition, 

2 . mx r = 0, 2 . my, — 0 , 2 . mz f = 0 , 

which give by (40.), 

X . mx 2 . my 2 . mz 

Sm ’ V " = 2m ’ Z "~'Em ’ 


(45.) 

(46.) 


so that x /r , y„, z„ are now the coordinates of the point which is called the centre of gravity of 
the system, we may reduce the function T to the form 


in which 
and 


T = T, + T„, 

(47.) 

T r = %Z.m (x ' 2 + y' 2 +z f f 2 ). 

(48.) 

T„ = i ( x + y ' 2 4- z'„ 2 ) 2m. 

(49.) 


By this known decomposition, the whole living force 2T of the system is resolved into the 
two parts 2T , and 2T„ , of which the former, 2T t , may he called the relative living force, being 
that which results solely from the relative velocities of the points of the system, in their motions 
about their common centre of gravity x„ , y„, ; while the latter part, 2T„, result® only from the 

absolute motion of that centre of gravity in space, and is the same as if all the masses of the 
system were united in that common centre. At the same time, the law of living force. 



following separate equations 
and 
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T=U+H, (6.), resolves itself by the law of motion of the centre of gravity into the two 

T, = U + H,, ( 50 *) 

T„ sss H „; < 61 -) 

JET, and H n being two new constants independent of the time t, and such that their sum 

H t+ H,=H. ( 52 .) 

And we may in lik e manner decompose the action, or accumulated living force F, which is 
equal to the definite integral J* 2Tdt, into the two following analogous parts. 


determined by the two equations, 


and 


The last equation gives by (51.), 


V = V,+V„, 


-■=/: 


2T,dt, 


2 T„dt. 


V„ = 2 H„t; 

a result which, by the law of motion of the centre of gravity, may be thus expressed, 5 ■ 
V„ = V(x„ - a, ) 2 4- (i y„ - b „) 2 4- (z„ - c J 2 . V2H„Tm: 
a „, b „, c„ being the initial coordinates of the centre of gravity, so that 


S. ma 


b„ 


T.mb 
Em ’ 


S. me 


(E\) 

<**.) 

(G 1 .) 

(53.) 

(Hh) 

(54.) 


And for the variation 8F of the whole function F, the rule of the last number gives 
SF = S . m (x' 8x, — a\ 8a, + y' f Sy, — b\ 8b, 4- z' Sz, — c' 8c r ) 

4- (x f „ 8x„ — a'„ 8a „ 4- y'„ 8y„ — b' 8b tf 4- z' t Sz„ — c'„ 8c,, ) Sm | 

4- tSH A X S .m8x, 4-A 2 S .m8y, + A s S . m8z, 

4-A X E . mha, + A 2 E . m8b , + A 3 S. m8c,; 

while the variation of the part V„ , determined by the equation (H 1 .), is easily shown to be 
equivalent to the part 

SV„ = (K 8#,, — a'„8a„ 4- y r „ 8 y„ — b'„ 8b,, 4- z'„ 8 z„ — c'„ 8 c„) Em 4- t8H„; 
the variation of the other part V f may therefore be thus expressed, 

8F, = S. m (x' 8x, — a' 8a, 4- y' f 8 y t — b' 8b f + z' r Sz, — c', 8c, )1 
4-i58J9 r / 4-A 1 E .m8x, 4-A 2 E .mSy, H-A 3 S .m$z, 

4- A X E *m8a, 4-A 2 E .m8b, 4- A 3 E .m8c,: 

and it resolves itself into the following separate expressions, in which the part V, is considered 

* [If v is the velocity of the centre of gravity, 

(*«- ~ a„ ) 2 4 {y„ - b„y 4 (z„~ c„)* = vH* = 2H„ # 2 /Sm.] 


(I 1 .) 


(Kb) 


(IA) 



123 


10f ii] II. GENERAL METHOD IN DYNAMICS 

as a function of the 6» + 1 quantities *,*, y, t ,z, t , o, 4 of which, however, only On - 5 

are really independent: 


first group. 


second group, 


SF l 
Sa?,i 
87 , 

Sy, l 

SF , . 

° Z /1 




87 , 

&*,r 

87 , 

%y, r 


= W,^; JZ + A 1 w. n ; 
= ^n^/« + A a w n ; 


(Mi.) 


87 , , , , 

^ L =®^, ?l + A 3 ?n n) 


and finally. 


87 , 

Ba,i 

87 , 

8&,i 

87 , 

Sc,i 


= —j_ 4~ 

— —+ AgWi'is 
== —Wj c'x + A-3 Mi j 


87 , 

SF 

—i- = — m n b' n + A 2 m.,i; 

87 . 

Sc 


= — m n a t rn -f A 1 m n ; 


- = -m/'ft + As^; 


S H 


(Nh) 


(Oh) 


With respect to the six multipliers A,, A 2 , A s , A 1; A,, A., which were inteoduced by the 
3 final equations of condition (45.), and by the 3 analogous initial equations of condition 

S.mfl* 0, 2.m&,= 0, 2.mc,= 0; f55 


(55.) 


and 

and therefore 

and 


2 . m#' — 0, 

2 . my', = 0, 

2 .mz' = 0, 

2 . mot' = 0, 

£.m&; = 0, 

2. wcj — 0; 

21 s*, 

Al ~ Em ’ 

_,SF, 

As_ Em ’ 

Aa ~ Sto j 

^ So, 

A *~ Sm ’ 

. r sr 

A ' S& ' 

A2_ Sto ’ 

S ?E 

A SSC ' 

A3_ Sm ‘ 


(56.) 

(57.) 

( 58 .) 

(59.) 


11 As an example of the determination o£ tnese munupim™, — ~ , 

of these other 6n- 6 independent quantities 

a? ,1 — x, n =£±> X, 9 —Xsn — izi 


and 


— Ct, n = CC l3 

5=1:1 Fi * 


y,% 2//rh °? 2 j 


*/a- 


.=&> 


Ct, 2 ^/ttr * °^2 > 

== P%, 

C, n =V2* 


*>, . 
c, 2 —o„ 


£i7 /W _l £n—1> j 

vn-l - 2 rt» j 

l 3. 

5 r n-l ^ 

C /W ,_x ' r ‘ C /» s=s Fit—3. 


(60.) 

( 61 .) 

l6-2 
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that is, of the differences only of the centrobaric coordinates*; or, in other words, as a function of 
the coordinates (initial and final) of n — 1 points of the system, referred to the n tlCL point, as an 
internal or moveable origin: because the centrobaric coordinates x ri , y ti , z ri , a ri , b fi , c fi may 
themselves, by the equations of condition, be expressed as functions of these, namely, 




and in like manner, 


X . 

Sm 


S. 

Sm 

S.m? 

(62.) 

S. ma 
Sm 1 

O* 

ii 

S. mp 
Sm 

S. my 

(03.) 


in which we are to observe, that the six quantities g n , rj n , a n , j3 n , y n must be considered as 
separately vanishing. When V, has been thus expressed as a function of the centrobaric co¬ 
ordinates, involving their diff erences only, it will evidently satisfy the six partial differential 
equations, f 

.SF, „ ^ 


Sx, 3 

s^ = o, 

8a, 






Be, 


(Ph) 


after this preparation, therefore, of the function V r , the six multipliers determined by (58.) and 
(59.) will vanish, so that we shall have 

A^O, A 2 = 0, A 3 = 0, A 1 = 0, A 2 = 0, A s = 0, (64.) 

and the groups (M 1 .) and (N 1 .) will reduce themselves to the two following: 


and 


(QM 


SF, 

srr* 1 *' 15 

SV, 

SF, 

SF 

s 

SV, 

s^, 2 “ ' 2 ’ 


SF, 

gj—=m 1 s, 1 ; 

SF, 

JT- 

OZ /2 

SF, 

o:s m 

SF, 

__ - mi a rl ; 

SF 

Sa, 2 “ W2 ®' 2; 

SF 

8a. ~ m n a ,n\ 

SF, j\ r 

SF, 

S6,j ~ ma6 ' 2 ’ 

sv, 

Sb 

SF, 

srr-* 1 ™ 

SF 

Sc ' m a c '2 ; 

SF 

oc ,n 


(Rh) 


analogous in all respects to the groups (C.) and (D.).We find, therefore, for the relative motion 
of a system about its own centre of gravity, equations of the same form as those which we had 
obtained before for the absolute motion of the same system of points in space. And we see that 
in investigating such relative motion only, it is useful to confine ourselves to the part V t of our 
* [The term centrobaric was first Introduced by Mobius.] 
f j”lf V t is expressed as a function of the £, £, a, /?, y, 

S Z-' = ?Zi( i=1 2 n-1) SF '_ ySF, "I 

s*, 4 a*, 1 * 1)> S7„-- S sr'j 
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whole characteristic function, that is, to the relative action of the system, or accumulated living 
force of the motion about the centre of gravity; and to consider this part as the characteristic 
function of such relative motion, in a sense analogous to that which has been already explained. 

This relative action, or part V t , may, however, be otherwise expressed, and even in an 
infinite variety of ways, on account of the six equations of condition which connect the 6 n 
centrobaric coordinates; and every different preparation of its form will give a different set of 
values for the six multipliers A l5 A 2 , A s , A 1? A 2 , A 3 . For examjile, we might eliminate, by a 
previous preparation, the six centrobaric coordinates of the point m n from the expression of V f , 
so as to make this expression involve only the centrobaric coordinates of the other n— 1 points 
of the system, and then we should have 


£-»• 




and therefore, by the six last equations of the groups (M 1 .) and (N 1 .), the multipliers would 
take the values 

Ai = W/nt ^ 2 = Viii* ^ 3 “ Ai ~CL fn , A 2 = 6 /n , A 3 — c /n , (65.) 

and would reduce, by (CO.) and (61.), the preceding 6n — 6 equations of the same groups (M 1 .) 
and (N 1 .), to the forms 

SF SF, „ W, \ 

SF, , SF , SF, , I , 

(T0 

SF, SF, ,, SF, ,, 

Sz\~'" hCl ’ gj--m 2 £ 2 , — TO,l “ 1 ’ j 


- — m 2 g 2 ? 


- = ^n-lVn-l ’ h 


- — m n -1 ^7t—1 ? 


sf 

SV f w 






12. We might also express the relative action V t , not as a function of the centrobaric, but 
of some other internal coordinates, or marks of relative position. We might, for instance, express 
it and its variation as functions of the 6n— 6 independent internal coordinates g, rj , £, a, ft, y 
already mentioned, and of their variations, defining these without any reference to the centre 
of gravity, by the equations 

<— • x 'ni Vi^Vi Vn 5 — (66.) 

— a % s fix ~ h n , = C^ c n .j 

For all such transformations of SF, it is easy to establish a rule or law, which may be called the 
law of varying relative action (exactly analogous to the rule (B 1 .)), namely, Hie following. 

SF, = S. (|^) S 17 ,-£. be, + thH r + X.\8<f,, + -Z. A,S<£,; (VF) 
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which implies that we are to express the half T t of the relative living force of the system as a 
function of the rates of increase r \' of any marks of relative position; and after taking its variation 
with respect to these rates, to change their variations to the variations of the marks of position 
themselves; then to subtract the initial from the final value of the result, and to add the 
variations of the final and initial functions , which enter into the equations of condition, 

if any, of the form cb r = 0 , & t = 0 , (connecting the final and initial marks of relative position,) 
multiplied respectively by undetermined factors A,, A,; and lastly, to equate the whole result 
to SF, —tSH r , H , being the quantity independent of the time in the equation (50.) of relative 
living force, and V t being the relative action, of which we desired to express the variation. It is 
not necessary to dwell here on the demonstration of this new rule (V 1 .), which may easily be 
deduced from the principles already laid down; or by the calculus of variations from the law of 
relative living force, combined with the differential equations of the second order of relative 
motion. 


But to give an example of its application, let us resume the problem already mentioned, 
namely to express SF, by means of the 6 n — 5 independent variations S^ , , S'Q, Soc £ , Sft, Sy, f , 
8H / . For this purpose we shall employ a known transformation of the relati ve living force 2 T f , 
multiplied by the sum of the masses of the system, namely the following: 

2T, Sto = -x' k f+ (y[-y’ k ) 2 + « -4) 2 }: (67.) 

the sign of summation S extending, in the second member, to all the combinations of points 
two by two, which can be formed without repetition. This transformation gives, by ( 66 .), 

22 1 ,2to = to„S, .m(£' 2 + 7j' 2 +£' 2 ) 

+s {(£-&)*+ w, - ,;)■+«; - £/ e ) 2 }; j (68 ‘ ) 

the sign of summation 2 , extending only to the first n— 1 points of the system. Applying, 
therefore, our general rule or law of varying relative action, and observing that the 6n — 6 
internal coordinates 77 , £, a, /3, y are independent, we find the following new expression: 

8V r = tSB,+^.S,.m(i'S(- a'Sa + v '8r)- /3'S/3 + £'8f - y'S y) 

+ -"VMtfl-ft)(86-86.) +W-i»i)(8ih-&j*) + (K-Ci)(8fc-8W} (Wb) 

' S ' ■ - <4) (8«i — S«s) + (Pi — PI) (Sft — sp k ) + (y* — y/ ( ) (Sy £ - Sy*.)}: 


which gives, besides the equation (O 1 .), the following groups: 


5K 

% 





Sm )’\ 


SF, m,- / 


2 , 

2 m j 


SP^m^ 

2 m 


.S.m(£-£')=■«, 



2 ,m£'\ 

2 m /’, 


(X 1 .) 
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and 

S = SST • S • m (« - £') = - m £ (ft - 5^) , 

results which may be thus summed up: 

SV / =tBB / +S,.m (f'8f - oc'Scc + 7/877 - + £'§£ __ y ' 8y ) 

~ Sm + 2, w.77'. 2, wS t; +- 2, m£'. 2, mS£) 

+ Sm ma/ • 2 ' m Sa + 2 / m £' + my'. S, w Sy), 

and might have been otherwise deduced by our rule, from this other known transformation 


(Zh) 


T, = £S,.»»(f ,s + V*+£'*)• 


(2, m£') 2 - 


(S^my^-KS. ^r) 8 

22ra 


(69.) 


earntinm wHCfh 1 set1 of internal or relative marks of position, the two partial differential 

3weT,P fi n ^ characteristic function V t of relative motion must satisfy, and which offer 
those rJ i’ f he " hlafmeans of discovering its form, namely, the equations analogous to 

noshh-o f+h d F ' + an l G 'u 7® We 0nly t0 eliminate the rates of increase of the marks of 
f. +i n ° pys em,w ic etermine the final and initial components of the relative velocities 

W J ?+■’ v T Varying reIatiVe aCti ° n = from the and initial expressions of the 
law of relative living force; namely, from the following equations: 


and 


T, = U + H ,, 

T, 0 = V 0 + H, 


(50.) 

(70.) 


+ \ a T arSaS? °^_^ e Property respecting rotation which was expressed by the partial 
eren aa equations (!*.)» a ^ so always admit of being expressed in relative coordinates, 
and will assist m discovering the form of the characteristic function V; hy showing that this 
unc ion invo ves only such internal coordinates (in number — 9 ) as do not alter by any com- 
mon rotation of all points final and initial, round the centre of gravity, or round any other 
internal origin; that origin being treated as fixed, and the quantity H, as constant, in deter¬ 
mining t e effects of this rotation. The general problem of dynamics, respecting the motions of 
a ree system of n points attracting or repelling one another, is therefore reduced, in the last 
ana ysis, y the method of the present essay, to the research and differentiation of a function 
,, epending on 6n — 9 internal or relative coordinates,* and on the quantity H ,, and satis- 
ying a pair of partial differential equations of the first order and second degree; in integrating 
which equations, we are to observe, that at the assumed origin of the motion, namely at the 

* relative configuration of the 2(n— 1) initial and final positions of the planets is defined by -12 

mutual distances and in addition we have the three coordinates of any one of them relative to the Sun.] 
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moment when t—0, the final or variable coordinates are equal to their initial values, and the 

SV 

partial differential coefficient vanishes; and, that at a moment infinitely little distant, the 

oJtl t 

differential alterations of the coordinates have ratios connected with the other partial differential 
coefficients of the characteristic function V t , by the law of varying relative action. It may be 
here observed, that, although the consideration of the point, called usually the centre of gravity, 
is very simply suggested by the process of the tenth number, yet this internal centre is even 
more simply indicated by our early corollaries from the law of varying action; which show that 
the components of relative final velocities, in any system of attracting or repelling points, may 

ISE j gF ISE 

be expressed by the differences of quantities of the form — —, — -k— , — : and therefore that 

mox m by m oz 

in calculating these relative velocities, it is advantageous to introduce the final sums Smx, Smy, 
Sws, and, for an analogous reason, the initial sums Sma, Sm 6 , Smc, among the marks of the 
extreme positions of the system, in the expression of the characteristic function V; because, in 
differentiating that expression for the calculation of relative velocities, those sums may be 
treated as constant. 

0?i Systems of two Points, in general; Characteristic Function of the motion of any 

Binary System . 

13. To illustrate the foregoing principles, which extend to any free system of points, how¬ 
ever numerous, attracting or repelling one another, let us now consider, in particular, a system 
of two such points. Por such a system, the known force-function U becomes, by (2.), 

. . , U — m 1 m 2 f(r), ( 71 .) 

r being the mutual distance 

r = V (*1 - *3* + ( 2 / 1 - + (z 1 - z a )2 (72.) 

b^ween the two points and./ (r) being a function of this distance such that its derivati to 

or differential coefficient/' (r) expresses the law of their repulsion or attraction, according as it 
is positive or negative. The known differential equations of motion, of the second order are 
now, by ( 1 .), comprised in the following formula: 

m 1 « Sx v + ^ + z£ § Zl ) + m 2 (xl Sx s + yl Si / 2 + z” Sz a ) = m, m z 8 / (r); (73.) 

they are therefore, separately, 

' 

«s— 

hy 2 2 1 

V lr r *[ elr ^ values and ““^1 rates of increase a,, Cl a , A c a V V, J 

%m x (a£ 8 ++. *£*) + j ma (*'2 + s += mim j + H . 


Vz ~ m, - 


2"-m S/W 


(75.) 
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that is, with the following formula, 

« 2 + b i 2 + c i 2 ) + i^a « 2 L &a 2 + cS 2 ) = %m 2 /(r 0 ) +H, (76.) 

in which r 0 is the initial distance 

r o = V(a x - a 2 ) 2 ~b (6 X - b 2 ) 2 + (c^c^) 2 , (77.) 

and H is a constant quantity, introduced by integration; we could, by the combination of 
these seven relations, determine the time t , and the six initial components of velocity a[, b [, c [, 
a 2 , b 2 , c f 2 , as functions of the twelve final and initial coordinates sc 1 , y x , z ± , x 2 , y 2 , s 2 , a 1 , b x , c 1 , 
a 3 , & 2 , c 2 , and of the quantity H, (involving also the masses:) we could therefore determine 
whatever else depends on the manner and time of motion of this system of two points, as a 
function of the same extreme coordinates and of the same quantity H. In particular, we could 
determine the action, or accumulated living force of the system, namely, 

V = ?n 1 [ (x[ 2 -h y[ 2 + z'^) dt + m 2 f (x 2 2 + y 2 2 + z' 2 2 ) dt, (A 2 .) 

Jo Jo 

as a function of those thirteen quantities x x , , z ± , x 2 , y 2 > z 2 > a i > b i > c i j a 2 > b 2 > c z » an< ^ might 

then calculate the variation of this function, 

, T . SF. SF. SF. SF. SF. SF . ' 

sr =s^ SXi+82/1+ §Y Zl+ sv 2 3X3+ w* hy > +322 


SF. , R 

- k — Saq + 57— o&i •+ ^— S<q 
Saq x 8b ± x S<q 




But the essence of our method consists in forming previously the expression of this variation , by 
our law of varying action, namely, 

SF = m 1 (x[ Saq — a{ Soq + y{ Sy x “ S6 X + z[ 8 z x — ScjF 

+ m 2 (x 2 Sx 2 ~~a 2 8a 2 + y' 2 8y 2 — b' 2 8b 2 + z 2 8z 2 — c 2 8 c 2 ) i (G 2 .) 

+ t8H; J 

and in considering F as a characteristic function of the motion , from the form of which may be 
deduced all the intermediate and all the final integrals of the known differential equations, by 
resolving the expression (C 2 .) into the following separate groups, (included in (C.) and (D.),) 


8V _ 

, SF 

, SF 


Saq 



= W X ; 

SF_ 

, 8V 

, SF 


8x. 

^==^2 

2/2 ’ Sz„~ 

= m 2 ; 

8V __ 

SV 


SF 

8a x 

~m x a l3 

— mib' x , 

Sc x 

SF_ 

, SF 


SF 

Sa 2 

~m 2 a 2? — 


Sr® 


17 
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besides this other equation, which had occurred before, 


[13 


SF 

m 


=t. 


(E.) 


Ry this new method, the difficulty of integrating the six known equations of motion of the 
second order (74.) is reduced to the search and differentiation of a single function I ; and to 
find the form of this function, we are to employ the following pair of partial differential e<{ nations 
of the first order: 

^©^©■hM©'*©^ (l -> 

combined with some simple considerations. And it easily results from the principles already laid 
down, that the integral of this pair of equations, adapted to the present question, is 

V = V(z,- a„) 2 + Jy„ -*„) 2 + (*» - o„)KV2H„ (m x + m^ + ( A!> + j r C 2 -) 

in which x „, y !t , z „, a n , b n , c„ denote the coordinates, final and initial, of the centre of gra vity 
of the system, 


" m 1 + m 2 5 m 1 + m 2 5 

^ _m 1 a 1 + m 2 a 2 ^ _m 1 & 1 + m a & 2 


z„ = 


m i z i + m 2 2 

m, 4- m.> 




(7b.) 


m l + m 2 ’ m i + m 2 ’ m l + W 2 

and h is the angle between the final and initial distances r, r 0 : we have also put for abridgement 


p-±y*(« 1 +«4)(/w+^)- 


7*’ 


(79.) 


the upper or the lower sign to be used, according as the distance r is increasing or decreasing; 
and have introduced three auxiliary quantities h, H t , H „, to he determined by this condition,* 

Jr 0 < 


. Sh 


dr , 


a 2 -) 


/% + m 2 

2H7 . ; 


(K*0 


combined with the two following, 

mi + mJ r j7, dr = V (*»- a *)* + (y„ -W + (», - O 2 -, 

which auxiliary quantities, although in one view they are functions of the twelve extreme 
coordinates, are yet to be treated as constant in calculating the three definite integrals, or 
limits of sums of numerous small elements, 

j> />■ /;$*■ 

* [Cf. Appendix, Note 2 , pp, 613-621.] 
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The form (H 2 .), for the characteristic function of a binary system , may be regarded as a 
central or radical relation, which includes the whole theory of the motion of such a system; so 
that all the details of this motion may he deduced from it by the application of our general 
method. But because the theory of binary systems has been brought to great perfection 
already, by the labours of former writers, it may suffice to give briefly here a few instances of 
such deduction. 


14. The form (H 2 .), for the characteristic function of a binary system, involves explicitly, 
when p is changed to its value (79.), the twelve quantities x„ , y„ , z„ , a lt , b„ , c„ ,r,r 0 , -9-, h , H t , H /f , 
(besides the masses m l3 m 2 which are always considered as given;) its variation may therefore 
be thus expressed: 


SF = ®- Sx 
oar. 


SF. SF s , SF . SF .. SF . 

■s5; s ^ + k " + sf, " Sc " 


8F SF SF SF SF SF 

+% s *- + £ Sr °-+ Sr s * + S SA + K + mj**- 

In this expression, if we put for abridgement 


we shall have 


and if we put 


ZH„ (m 1 -hm 2 ) 

(x„ - d„ ) 2 + ( y„ - &„j 2 + (z„ - c „) 2 ’ 


= A {x„ -a,,). 


= A {y„-b,X gf=A (z„-c„), 


SF . , . SF . ,, , 

Sa ~ X ( a " x ^ 3 Sb, X ^ b " V 


- == A (c„—z„); 


Po = ± J2 (m, + m 2 ) (f(r 0 ) + ”, 


the sign of the radical being determined by the same rule as that of p, we shall have 

SF__ m 1 m 2 p SF — m 1 m 2 p 0 SF_ m x m 2 h < 

Sr m 1 + m 2 ’ Sr 0 m x + m 2 * Sfl- m ± -+ mf 

besides, by the equations of condition (I 2 .), (K 2 -)> we have 

!I =0 

S h ’ 


wrErrLi- 


The expression (IA) may therefore be thus transformed: 

8F= A {(®„ - a„) (8®, - SO + (y„ - b„) (8y„ - 8b,) + (z„-c„) (8z„-Sc„)} 

+ ^^-(p8r-p 0 Sr 0 +ZS&)+f r -.8S; 
m, -f- m z Jr B p 


TJ-St 
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and may be resolved by our general method into twelve separate expressions 
initial components of velocities, namely, 

Sr _ SD 
| p s -1 h 


14 

for the final and 


and 



m 1 Bb x 
-1SF 

% + Wj 

* , 

m 1 Sc-t 

m 1 + m 2 ' 

-1SF 

A 


m x + ra 2 

_~1SF_ 

A 

m 2 Sb 2 

+ m 2 

-1SF_ 

A 


mj + TOg 


m 1 + m 2 

besides the following expression for the time of motion of the system: 

8 V__C r ± 

S&~Jr o p’ 


which gives by (K 2 .), and by (79.), (80.), 


% + m 2 


(R\) 


(S“) 


(T 2 .) 


(U 2 .) 


The six equations (R 2 .) give the six intermediate integrals, and the six equations (S 2 .) give 
the six final integrals of the six known differential equations of motion (74.) for any binary 
system, if we eliminate or determine the three auxiliary quantities h, H , H , by the three 
conditions (P.) (T a .) (IP.). Thus, if we observe that the distances r, r„ , and the included angle fi, 
depend only on relative coordinates, which may be thus denoted, 

(X>2 — 0C, — 6g = — Cq = 'y 


( 82 .) 
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we obtain by easy combinations tlie three following intermediate integrals for the centre of 
gravity of the system: 

<*=**„-<*„> = <t = z„-c„, (SB.) 

and the three following final integrals, 


a' f l — x fr — a „, b’ n t — y rf — b t ,, c' r t~z ft — c tr , (84.) 

expressing the well-known law of the rectilinear and uniform motion of that centre. We obtain 
also the three following intermediate integrals for the relative motion of one point of the 
system about the other: 

Sr SO' 
i =/>p + A ( 


Sr 


8£’ 

S3 


and the three following final integrals. 


12 = p ^ +h w 

y , Sr _ S3 

, Sr 0 83- ) 


Sa 




Soc’ 
S3 


p0 8j3 S fi’ 

~ Po Sy *8 y’J 


(85.) 


( 86 .) 


in which the auxiliary quantities h, H t are to be determined by (I 2 .), (T 2 .), and in which the 
dependence of r, r 0 , 3, on g, t?, £, a, /3, y, is expressed by the following equations: 


r — V g 2 + rf + £ 2 , r 0 =V a 2 H- /3 2 + y 2 , 
rr 0 cos 3- =s + vjf$ + £y . 

If then we pnt, for abridgement, 

A __ g ■ ^ _ ID __ ^ Q — ~~ P0 1 ^ 

r r 2 tan 3 ’ rr 0 sin 3 ’ r 0 r$tan3’ 

we shall have these three intermediate integrals, 

= — Ha, 17' — Arj — Bp, £' = A£~ By, 

and these three final integrals, 

0 ! = Bg — Cgc, ? = By-Cp, y'~B£-Cy t 
of the equations of relative motion. These integrals give, 

tn* — yg' ” aft' — j3o! " B (<xr) ~ fig), 
nqtg — ty' =s py— yP'=*B(p£ — yrj) : 

£g' — ££' = yo ! — ocy' = B (yg — a£), 

l (*£'. - jSo')+1 W - y ^)+V (r*' “ «/) * 


(87.) 


( 88 .) 

(89.) 

(90.) 


(91.) 


and 


(92.) 
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they contain therefore the known law of equable description of areas, and the law of a plane 
relative orbit. If we take for simplicity this plane for the plane £ 77 , the quantities £, C ■> Y-> 7 
vanish; and we may put, 


£ = r cos 6, 

rj— rsin.9, £ = 0,1 

(93.) 

ot = r 0 cos 6 0 , 

/3 = r 0 sin 8 0 , y = 0,j 

■ Q'r sin 0, 

r)' = r' sin 04- 0'rcos 6, £' = 0,1 

(94.) 

-0'r o sin 6 0 , 

= r' o sin6 o + 0Qr o eos6 o , y = Oj 


and 


«, = 7 0 UUS Uq - 

the angles 0, 9 0 being counted from some fixed line in the plane, and being such that their 
difference 


(05.) 

( 96 .) 


These values give 

£r) — 77 !' = r % 9\ ccf3 r — pen' = d ' Q , 007 — P£ = rr Q sin ff, 

and therefore, by (B 8 .) and (91.), 

(67.) 

the quantity \h is therefore the constant areal velocity in the relative motion of the system; a 
result which is easily seen to be independent of the directions of the three rectangular coordinates. 
The same values, (93.), (94.), give 

£ cos d-hr) sin 0 = r, £' cos 9 -f-?/ sin 9 — r', a cos 9 + P sin 9 = r 0 cos h, j . 

a cos 6 0 + p sin 9 0 = r 0 , a' cos 6 0 4- p' sin 6 0 — r' 0 , £ cos 9 0 + 77 sin 9 0 — r cos ff, j 

and therefore, by the intermediate and final integrals, (89.), (90.), 

r' = p, ri = p 0 ; (99.) 

results which evidently agree with the condition (T 2 .), and which give by (79.) and (81.), for all 
directions of coordinates, 

7 ) 2 . 7,2 / i 1 \ 

r'* + -- 2 (m 1 + m 2 )/(r) = ^^ - 2 (*% + m 2 )/(r 0 ) = 2 H, (—+ j^); (100.) 

the other auxiliary quantity H , is therefore also a constant, independent of the time, and enters 

as such into the constant part in the expression for ^r ' 2 4 - the square of the relative velocity. 

The equation of condition (I 2 .), connecting these two constants h, H r , with the extreme lengths 
of the radius vector r, and with the angle -h described by this radius in revolving from its initial 
to its final direction, is the equation of the plane relative orbit; and the other equation of 
condition (T 2 .), connecting the same two constants with the same extreme distances and with 
the time, gives the law of the velocity of mutual approach or recess. 

We may remark that the part V f of the whole characteristic function F, which represents 
the relative action and determines the relative motion in the system, namely, 

F '=^ a M>4 (v *-> 

may be put, by (I 2 .), under the form 

<m_ f 5 * / &/-A 

(W 2 .) 




m 1 + m 2 ^ 
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2 = 2 

J r 0 


m 2 f{r) + H, 


the condition (I 2 .) may also itself be transformed, by (79.), as follows: 

Q , C r dr 

< Y2 -> 

results which all admit of easy verifications. The partial differential equations connected with 
the law of relative living force, which the characteristic function V t of relative motion must 
satisfy, may be put under the following forms: 


/SF\ 2 1 /SFA 2 

\ 5r / + r 2 \S»7 

IW ,\* ^ fiVY 
U'„l + f8V8») 


(V + H,), 

m-, -f- 


2m x m 3 


(U 0 + H r ); 


and if the first of the equations of this pair have its variation taken with respect to r and 0-, 
attention being paid to the dynamical meanings of the coefficients of the characteristic function, 
it will conduct (as in former instances) to the known differential equations of motion of the 
second order. 


On the undisturbed Motion of a Planet or Comet about the Sun: Dependence of the 
Characteristic Function of such Motion, on the chord and the sum of the Radii. 

15. To particularize still further, let 

/(»•)= ( 101 .) 

that is, let us consider a binary system, such as a planet or comet and the sun, with the New¬ 
tonian law of attraction; and let us put, for abridgement, 

h z — . 

m 1 + m 2 = n, — = 2 >, 2S =a " ( 102 -) 

The characteristic function V / of relative motion may now be expressed as follows: 

< A, -> 

in which p is to be considered as a function of the extreme radii vectores r, r 0 , and of their 
included angle 9-, involving also the quantity a, or the connected quantity H ,, and determined 
by the condition 

ft — 

that is, by the derivative of the formula (A 3 .), taken with respect to pi the upper sign being 
taken in each expression when the distance r is increasing, and the lower sign when that distance 
is diminishing, and the quantity p being treated as constant in calculating the two definite 
integrals. It results from the foregoing remarks, that this quantity p is constant also in the 
sense of being independent of the time, so as not to vary in the course of the motion; and that 
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lOU VI -- 

the condition (B 3 .), connecting this constant with r, r 0 , -9-, a, is the equation of the plane relative 
orbit; which is therefore (as it has long been known to be) an ellipse, hyperbola, or para o a 
according as the constant a is positive, negative, or zero, the origin of r being always a locus ol 
the curve, and p being the semiparameter. It results also, that the time of motion may be thus 
expressed: 


and therefore thus: 


SF, 2a 2 SV f 
Sa’ 

± dr 


A 


(C 3 .) 

(D 3 .) 


which latter is a known expression. Confining ourselves at present to the case a > 0, and intro¬ 
ducing the known auxiliary quantities called excentricity and excentrio anomaly, namely, 

(103.) 
(104.) 


•-.h-S* 


and 


v = cos -1 


(=?)■ 


which give __ 

+ V2ar — r 2 — _pa = aeBinu, (105.) 

v being considered as continually increasing with the time; and therefore, as is well known, 

r = a(l — ecosu), r 0 = a(l~ecosu 0 ), 

^Stan- 1 tan ~ — 2 tan" 1 lJre * 


O' = 


1 —e 


tan l}’ 


(106.) 


and 


t = J—.(v — v 0 — esirLv + e&inv 0 ); 


we find that this expression for the characteristic function of relative motion, 

- =(?-3* 


m x m a 


/*-i- 

■ V r a 


P 


deduced from (A 3 .) and (B 3 .), may he transformed as follows: 

V.=m 1 m 2 y 0 +esinu — esinu 0 ): 

in which the excentricity e, and the final and initial excentrio anomalies v, v 0 , are to he con¬ 
sidered as functions of the final and initial radii r, r 0 , and of the included angle determined 
by the equations (106.). The expression (F 3 .) may be thus written: 

V f = 2m x m 2 (v r 4- e, sin v,), (G 3 .) 


(107.) 

(E 3 .) 

(F 3 .) 

are to he con- 
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if we put, for abridgement. 


v + v 0 
, = eeos ^ - • 


for the complete determination of the characteristic function of the present relative motion, it 
remains therefore to determine the two variables v f and e,, as functions of r, r 0 , h, or of some other 
set of quantities which mark the shape and size of the plane triangle bounded by the final and 
initial elliptic radii vectores and by the elliptic chord. 

For this purpose it is convenient to introduce this elliptic chord itself, which we shall call 
+ r, so that 

“*■2 — r 2 + — 2rr 0 cos 9-; (109.) 

because this chord may be expressed as a function of the two variables v t , e,, (involving also 
the mean distance a,) as follows. The value (106.) for the angle fr, that is, by (95.), for 0—9 o , gives 


6 — 2 tan -1 


1+e. v) 
1—e tan 2 1 


<9 0 — 2 tan -1 


m being a new constant independent of the time, namely, one of the values of the polar angle 6, 
which correspond to the minimum of radius vector; and therefore, by (106.), 

rcos (6 — zd) = a(cosy-e), r sin (6 — w) — a V1 — e 2 sin v , (^l) 

r 0 cos (6 0 — w) = a (cos v 0 — e), r 0 sin (8 0 — zd) = a Vl — e 2 sin u 0 ; 
expressions which give the following value for the square of the elliptic chord: 

r 2 = {rcos (6— w) — r o cos(0 o — m)} 2 + {r sin (& — zn) — r o sin(0 o — w)} ) 

= a 2 {(cos v — cos i> 0 ) 2 + (1 — e 2 ) (sin v — sin u 0 ) 2 } 

= 4a 2 sin v 2 | ( sin \ + (1 — e 2 ) (cos ^ ^ 


/ u + v 0 \ 
( COS -2“) 


= 4a 2 (1 — e 2 ) sin v 2 : 

we may also consider t as having the same sign with sin a,, if we consider it as alternately 
positive and negative, in the successive elliptic periods or revolutions, beginning with the 
initial position. 

Besides, if we denote by a the sum of the two elliptic radii vectores, final and initial, so that 

cr = r + r 0t (H3.) 

we shall have, with our present abridgements, 

<r = 2a(l —e, cosu,); (114.) 

the variables v ,, e, are therefore functions of a, r, a, and consequently the characteristic function 
V t is itself a function of those three quantities. We may therefore put 

y __ (H 3 .) 

m-L + mz 

w being a function of <x, t, a, of which the form is to be determined by eli min ating v t , e t between 
the three equations, 

w — 2 Vya (v, + e, sin v f ),1 

a— 2a(I — e, cost?,), 1 (I 3 *) 

t — 2a (1 — e 2 )^ sin u,; J 
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and we may consider this new function w as itself a characteristic function of elliptic motion; 
the law of its variation being expressed as follows, in the notation of the present essay*: 

Sw = f 8 £- a'Sa + r,’S v - jS'SjS + - y'&y + ^ (1C 3 .) 

In this expression, 77 , £ are the relative coordinates of the point m x , at the time t, referred to the 
other attracting point m 2 as an origin, and to any three rectangular axes; f', £' are their rates 
of increase, or the three rectangular components of final relative velocity; a, ft, y, a', ft', y are th e 
initial values, or values at the time zero, of these relative coordinates and components of relati ve 
velocity; a is a quantity independent of the time, namely, the mean distance of the two points 
m 1 , m 2 ; and p is the sum of their masses. And all the properties of the undisturbed elliptic 
motion of a planet or comet about the sun may be deduced in a new way, from the simplified 
characteristic function w, by comparing its variation (K 3 .) with the following other form, 

Sw^ Sw ^ Sw 

Su, ~8^ 8<r + J? Sr + 8l 8a ’ : (IA) 

in which we are to observe that 

o- = V| a + ij a + £ 2 + Va 2 + )3 3 + y 2 , | 

r= ±V(f-a) a + (ij-£)*+(£-y) a .J ( 

By this comparison we are brought back to the general integral equations of the relative 
motion of a binary system, (89.) and (90.); but we have now the following particular values for 
the coefficients A , B , G: 

A 1 Sta 1 Sw „ 1 Sir 1 Sw 1 Sw 


, 1 Sta 


and with respect to the three partial differential coefficients, . y- > . we have the following 

relation between them: 

Sw Sw Sw w 

+ ^ + <° 3 -) 

the function w being homogeneous of the dimension J with respect to the three quantities 
a, a, r; we have also, by (I 3 .), 

Sw III sinu. Sw lu Vl-e 2 


8a 7 we liave til0 following 


and therefore 


Sw __ /p sin v, Sw 
Scr A/a'e—cosa/ Sr 


/p Vi —e 2 

V a * cos v f ~e r * 

(IA) 

Sw ( p 4pcr 
>$t) a“~a a ~T 27 

(Q 3 .) 


from which may he deduced the following remarkable expressions: 

(Sw Sw\ 2 4p p 

\S(j Sr/ ct + t a s 

(Sw 4p p (R 3 .) 

\Scr Sr/ a —t 

These expressions will be found to be important in the application of the present method to 
the theory of elliptic motion. 
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16. We shall not enter, on this occasion, into any details of such application; but we may 
remark, that the circumstance of the characteristic function involving only the elliptic chord 
and the snm of the extreme radii, (besides the mean distance and the sum of the masses,) 
affords, by our general method, a new proof of the well-known theorem that the elliptic time 
also depends on the same chord and sum of radii; and gives a new expression for the law of this 
dependence, namely, * 

2 a 2 S w 

< = (S3 -> 
We may remark also, that the same form of the characteristic function of elliptic motion con¬ 
ducts, by our general method, to the following curious, but not novel property, of the ellipse, 
that if any two tangents he drawn to such a curve, from any common point outside, these 
tangents subtend equal angles at one focus; they subtend also equal angles at the other. 
Reciprocally, if any plane curve possess this property, when referred to a fixed point in its own 
plane, which may be taken as the origin of polar coordinates r, 9, the curve must satisfy the 
following equation in mixed differences: 


which may he brought to the following form 


and therefore gives, by integration, 


form, 

(d_ d*\l 

\dd + dQ a )r 


1 + e cos (6 — w) 9 ’ 

the curve is, consequently, a conic section, and the fixed point is one of its foci. 

The properties of parabolic are included as limiting cases in those of elliptic motion, and 
may he deduced from them by making 

H, = 0, or a = co; (118.) 

and therefore the characteristic function w and the time t, in parabolic as well as in elliptic 
motion, are functions of the chord and of the sum of the radii. By thus making a infinite in the 
foregoing expressions, we find, for parabolic motion, the partial differential equations 

/Sw §-wA 2 _ 4cfj. /Sw §tp\ 8 _ 4ja /T 3 'l 

\<5a-~*~ST/ ctH-t 9 \S<7 St/ ct — t ’ 


and in fact the parabolic form of the simplified characteristic function w may easily he shown 

to be _ _ _ 

w = 2 (Vcr + r + Vo - — t), (If 3 .) 

r being, as before, the chord, and <j the sum of the radii; while the analogous limit of the ex¬ 
pression (S 3 .), for the time, is 

t — _{(a + T)^+ (a — r)£}: (V 3 .) 

6Vft 

which latter is a known expression.f 

* [Equation (S 3 .) is easily reducible to the well-known form of Lambert’s theorem. Of- Whittaker, Analytical 
Dynamics (1927), p. 92.] , . 

f [This special case of Lambert’s theorem was given by Euler in 1742. Euler, Misc&M . B&rolin. Tome vn,] 

18-2 
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The formulae (K 3 .) and (L 3 ,), to the comparison of which we have reduced the study of 
elliptic motion, extend to hyperbolic motion also; and in any binary system, with Newton’s 
law of attraction, the simplified characteristic function w may be expressed by the definite 
integral* 


rr l 

J —T 1 


dr, 

o’ t" 


this function w being still connected with the relative action V t by the equation (IP.); while 
the time t t which may always be deduced from this function, by the law of varying action, is 
represented by this other connected integral, 


I— ^ 
\or + T 4a 




provided that, within the extent of these integrations, the radical does not vanish nor become 
infinite. When this condition is not satisfied, we may still express the simplified characteristic 
function w } and the time t, by the following analogous integrals: 


»-r+ /Sf-fi*,,. 

J r , V a 


in which we have put for abridgement 


and in which it is easy to determine the signs of the radicals. But to treat fully of these various 
transformations would carry us too far at present, for it is time to consider the properties of 
systems with more points than two. 

On Systems of three Points , in general; and on their Characteristic Functions. 

17. Eor any system of three points, the known differential equations of motion of the 2nd 
order are included in the following formula: 

rn^xl&x-L + yl&yi+^hz^ + mzixlZxz + ylZyz + zlSzz) ) 

+m 3 KSa: 3 + t/" s S2/ 3 +4Sz 3 ) = 8V} ( °' ) 

the known force-function U having the form 

U = + m 2 m 3 /< 2 ' 3 >, (121.) 

in which/ 1 -® /*•*>, / ,A3> are functions respectively of the three following mutual distances of 
the points of the system: 

*=v (a?i - iS a ) a + (y x - 2/ 3 ) a + (z, - z a )\' 

ra.s> = Vfo -x 3 ) 2 + Tyl - jr 3 ) a + (z* -z 3 )\ r (122.) 

r<a.s)=V (x 2 -x 3 Y + (y s -«/s) 2 + (z a - z 3 )®: I 


[C£. p. 48.] 
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the known differential equations of motion are therefore, separately, for the point -3 


Sfd.2) gfc i,3) 

= A- 


Bx x 

;i,2) 


y 1 = m 2 




(123,) 


Saq ' * 

S/a. 3) 

S/a. 2 ) s/d,3) 

'Sz 1 ' +m » Sz, 

with six other analogous equations for the points m 2 and m 3 ; x’{, &o., denoting the component 
accelerations of the three points m l3 m 2 , m 3 , or the second differential coefficients of their co¬ 
ordinates, taken with respect to the time. To integrate these equations is to assign, by their 
means, nine relations between the time t, the three masses m l5 m 2 , m 3 , the nine varying co¬ 
ordinates x ± , y l9 z x ,x 2 ,y 2 , z 2 , x 3> y 3 , z 3 , and their nine initial values and nine initial rates of 


increase, which may be thus denoted, a lf b l9 


I Ch J 5 ^2’ ^25 ^2 > ®3’ 


(124.) 


(125.) 


63 , c 3 . The known intermediate integral containing the law of living force, namely, 

1% ( x i 2 + y'x + s i 2 ) + l-m 2 (aj 2 2 + y 2 2 + s' 2 ) -f \m 3 (x 3 2 + y 3 2 4- z 3 2 )) 

= m x m 2 f^ 2) 4- m x m 3 /a. 3 ) + m 2 m 3 /< 2 ’ 3) 4- j 

gives the following initial relation: 

(aj 2 4- + c^ 2 ) 4- -|m 2 (a ' 2 4 - 6 3 2 4 - c 2 2 ) 4 - Jm 3 (a' 2 4 - & 3 2 4- c 3 2 )j 

= m 2 / 0 a ’ 2 > 4 - m 3 /^- 3) 4 - m 2 m 3 / 0 < 2 ’ 3) + H, j 

in which fo 1,2 \ fo 1,3 \ /o 2,3) are composed of the initial coordinates, in the same manner as 
/a. 2) 9 /a, 3 ) } /( 2 , 3 ) are composed of the final coordinates. If then we knew the nine final integrals of 
the equations of motion of this ternary system, and combined them with the initial form (125.) 
of the law of living force, we should have ten relations to determine the ten quantities t, a [, b x , c x , 
a 2 , 6 2 , c 2 , a 3 , 63 , c 3 , namely, the time and the nine initial components of the velocities of the three 
points, as functions of the nine final and nine initial coordinates, and of the quantity in¬ 
volving also the masses; we could therefore determine whatever else depends on the manner 
and time of motion of the system, from its initial to its final position, as a function of the same 
extreme coordinates, and of H. In particular, we could determine the action V, or the accumu¬ 
lated living force of the system, namely, 

V = m i J o (^i 2 + 2/i 2 + 4 2 ) d* + m 2 J o G4 2 + s4 2 + «a a ) dt + m z J o («3 2 + Vz 2 + 4 2 ) ( A4 *) 

I Vz ’ ^3 5 ^15 C 1 ’ ^2* 


as a function of these nineteen quantities, x x , y l9 z 19 x 2 , y 2 > z. 


c 3 , B; and might then calculate the variation of this function, 

SF = 

BV 


|I s%+ |Z Syi+ g s%+ g 8ai+ g 8fei+ |Z SCi 




i + SZ SZs 


SV _ 8F e . 

+ §sA 2+KT ~ Si ’ 


0^2 ox 2 ut *a 

+s»- 


36. 

SF 

% 


S6. 


+ S 5 ° 3 


(B 4 .) 
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But the law of varying action gives, previously, the following expression for this variation: 

8F = m 1 (x' x Sx x - a' x 8a x + y x 8 y x - b' x 8b x H- z x Sz x — c x ScJ > 

+ m 2 (a?2 5^a —®2^ a '2 + 2/2^2‘ — ^2^^2 + 2: 2^ 2: a~ C 2^ C 2) (C 4 .) 

+ m 3 (iCg S# 3 — «-3 Sa 3 + y's Sy 3 — b 3 S b 3 + %% — c 3 Sc 3 ) 

+ tSH; 

and shows, therefore, that the research of all the intermediate and all the final integral equations, 
of motion of the system, may be reduced, reciprocally, to the search and differentiation of this 
one characteristic function F; because if we knew this one function, we should have the nine 
intermediate integrals of the known differential equations, under the forms 


SF 

Sx 

SV 

hx. m 

SV 

Sx* 


— m x x l3 


— m 3 x 2 , 


SF 


-z=m x y x , 


SV 
^y 2 

sv 


-=m 2 y' 2> 


= m 3 y 3 , 


SF_ 
8% 
SV _ 
Sz 2 
SV 
8 z A ~ 


(D 4 .) 


■■m 3 z 3) 


and the nine final integrals under the forms 


SF 


8F 


SF 


Sa x 

~7n x a x . 

Sb x 

-m x b x , 

Sc x 

-m x c x> 

SF _ 


SF 


8V_ 


Sa L 

— , 

S6 2 - 

W2. 2 h 2 , 

Sc 2 

-m 2 c 2 , 

SF_ 


SF 


SF__ 


SUa 

— 77i 3 a 3 , 

S6 : - 

-m 3 b' z . 

SCa 

-m 3 c 3 , 


(Eh) 


the a uxili ary consta n t H being to be eliminated, and the time t introduced, by this other 
equation, which has often occurred in this essay, 

i_ s R- 


(E.) 


The same law of varying action suggests also a method of investigating the form of this 
characteristic function F, not requiring the previous integration of the known equations of 
motion; namely, the integration of a pair of partial differential equations connected with the 
law of living force; which are 


1 i f 8 F Y* 


2m 1 \ 


_ \m\o. 

2m 2 \\Sce 2 / V 


SF\ 2 (SV 

PyJ + \8»j 


and 


+ i { O' + (5J + O'} = + H, 

kmnmm 

+ J^\(SZY + m\(K 

+ 2w 3 l\Sa 3 / + \8bJ ^ \Sc 3 


f/SFV 


2m 2 \ \Sa 2 

/SF\ 2 


™i™2/o 1 ' 2) + 3) + m 2 m 3/o <2,3) + B. 


(F 4 .) 


(G 4 .) 
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And to diminish the difficulty of thus determining the function V, which depends on 18 co¬ 
ordinates, we may separate it, by principles already explained, into a part V„ depending only 
on the motion of the centre of gravity of the system, and determined by the formula (H 1 .), 
and another part V f , depending only on the relative motions of the points of the system about 
this internal centre, and equal to the accumulated living force, connected with this relative 
motion only. In this manner the difficulty is reduced to determining the relative action V / ; 
and if we introduce the relative coordinates 

£i = Vi-x 3 , ^ = 2/!-^, £^-*,,1 / 126>) 

^2~ ‘ Z 2 7 ?2 “ Vs 2/s > ^2 ~ ~2 

and cc 1 = a 1 , (3 1 ~ o 1 b 3 , yi == £ 3 , j ( 1 ^ 7 ) 

oc 2 =:r/ 2 -a 3 , = y 2 = c 2 -c 3 ,J 

we easily find, by the principles of the tenth and following numbers, that the function V f may 
be considered as depending only on these relative coordinates, and on a quantity H t analogous 
to H (besides the masses of the system); and that it must satisfy two partial differential equa¬ 
tions, analogous to (E 4 .) and (G 4 .), namely, 

J- Iffiy + ffif + «)*l + ■ 1 my + ay + EVli 

2% i \^ii/ \&£i/ ) 2m 2 (\8£ 2 / \^^2/ ) 

1 f/sr, spy /sv, spy /sp, spy l (H 4 .) 

+ 2m 3 \Wi + 8lJ + \S’7i + S%) + IS£ 1 + S{J j 

— 2) + 3) + ra 2 m 3 / C2 ' 3) + H, ; ) 


m i) WJ wJ 


V \opJ IW 


_ 1 _J/Sp; Spy /sp spy / SV, SPy 
+ 2m s IvS^^SaJ + \SP 1 + &pJ 

— m x m 2 / 0 d 2 ) + mi m 3 / 0 (1 ’ 3) + m 2 m 3 / 0 (2 ’ 3) + H t : 


the law of the variation of this function being, by (Z 1 .), 

SF, = tSH, 4- m 1 — oq Soq + yi &r)i ~ fix &£x + £1 S£i — 7i §yi)' 

+ m 2 (£ 2 S£ 2 — oc 2 8oc 2 + 7728172—£ 2 S£ 2 + ^U — y'^Yz) 

{(m 1 g' 1 + m z g' s )(m 1 St; 1 +mz§£ % )-(m 1 a[ + m2*2){m 1 Sct 1 -t-m z Sa: z ) j - (K 4 .) 

- --J + ^ + m 2 ^Va ) - (miPi + 'W'zPz) ( m iSfti + m 2 ^ 2 ) r 

1 3 3 [ +(w 1 ^ + m 2 ^)(m 1 S^ 1 -f-m 2 SC 2 )“( w iyx + w 2y2)( m i S yi + m 2 S ) / 2) J 

which resolves itself in the same manner as before into the six intermediate and six final 
integrals of relative motion, namely, into the following equations: 


m 1 g[-+m 2 £ 2 m 
m 1 + m 2 + m 3 ; 

mi + mg + mg’ 

m 1 -hm 2 *4-m 3 v 


Wi 2 8^2 2 d ^2 d ^3 

1 8F,_ , 

87 ^“ 072 %+w 2 +% : 

1 si 7 ^ a+ ^2 £2 . 

m 2 8£ 2 2 % + m 2 +% 
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- 187 , _ 
m 1 Soq 
-18V, 
m x 8ft. 

-187 


L — Yi ~~ 


m-Loq + maOta . 

-187, 

m 1 -\~m 2 + ni^ 

m 2 8a a 

nti J 8 ! + m 2 ^2 . 

-1 8V, 

TO 1 + m 2 + %’ 

w 2 Sft 

m x y[ + _ 

-187^ 


m 3 Sy 2 


mi 8y x 

which must be combined with, our old formula, 

87, 

m 


m 1 a[ + m 2 a 2 ' 
~m 1 + m 2 + m 3 ’ 

mi ft + m 3 ft . 
m x +w 2 + m 3 ’ 

m x y[ + m 3 y 2 . 

m x + m 2 + w 3 ’J 


[17, IB 


(Mb) 


= £. 


(Ob) 


18. The quantity H, in F,, and the analogous quantity H„ in V „, are indeed independent 
of the time, and do not vary in the course of the motion; but it is required by the spirit of our 
method, that in dedueing the absolute action or original characteristic function V from the 
two parts F and V„ , we should consider these two parts H, and H„ of the original quantity H, 
as function's involving each the nine initial and nine final coordinates of the points of the 
ternary system; the forms of these two functions, of the eighteen coordinates and of H, being 
determined by the two conditions, 

Sr S? H '+ H "= H - (NM 

However, it results from these conditions, that in taking the variation of the whole original 
function V, of the first order, with respect to the eighteen coordinates, we may treat the two 
auxiliary quantities H, and H„ as constant; and therefore that we have the following expressions 
for the partial differential coefficients of the first order of V , taken with respect to the coordinates 
parallel to x, 


87 __ 

87, 

m-, 

8V 


87 _ 


m-i 

87. 


Saq 


j.4-7%4- 

m 3 hx„ 3 


Seq" 

"8 Ojl 

m i + m 2 

+ m 3 8a„ ’ 


87 

87 

m 2 

8V„ 


87 _ 

_87, 

m 2 

s v„ 



S| 2 m l + m 2 + 

8#„ 5 


Sd 2 

8oc 2 + 

m x + m 2 

+ m 3 8 a„ 3 


87 _ 

8F, 

sr. 

m 3 

SF. 

87 _ 

87, 

_ 8 Ji + . 

m 3 

S7„ 

Scc 3 

= «x 

'S| 2 m 


SV 

8a 3 

8oq 

Soc^ 

m-i 4- m 2 + m 3 8a,, 


(Ob) 


together with analogous expressions for the partial differential coefficients of the same order, 
taken with respect to the other coordinates. Substituting these expressions in the equations of 
the form (0.), namely, in the following, 


(Pb) 


87 

87 

87 

87 

87 

87 __ 

= 0, 

Saq 




+ 8a 2 

+ 8a 3 ~ 

87 

87 

87 

87 

87 

87 


S«/i 

^ 2/2 


+ Sft 

+ S ft 

+ 86 3 ~ 

= 0 , 

SF 

87 

87 

87 

87 

87 

= 0 , 

8sq 

+ Sz 2 



+ Sc 2 

+ Sc 3 = 
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we find that these equations become identical, because 
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SV„ 

8x„ 



8V„ 87 

by,, + S b„ 


= 0, 


8F„ sp; 

Sz„ + Sc„ 


= 0 . 


(Q 4 -) 


But substituting, in like manner, the expressions (O 4 .) in the equations of the form (P.), of 
which the first is, for a ternary system. 


87 

87 87 

87 

87 

87 

s- 

S?/3 

2 /l Sx 1 + a; 2 8 y 2 

" 8x% 

+ ^3 s— 
82/3 

- y » 8 i. 

87 

. 87 87 

j 87 

87 

t 87 

+ai »y 

6 i s^ +a2 s*; _ 

^ 2 8 ^ 

+ a:; S 8 , 


and observing that we have 






SF SV, 

87 

T 37 


x n 

wr y - ^, +a 

" S 6 , 

" 3<z„ 

= 0 , 


(R 4 .) 


(S 4 ) 


along with two other analogous conditions, we find that the part V / , or the characteristic 
function of relative motion of the ternary system, must satisfy the three following conditions, 
involving its partial differential coefficients of the first order and in the first degree. 


^ *y, % y , 

0 = -’Jiw 


, 87, 87 87, 0 8V, 

17a 8f a + ai 8i8 1 A 3 ai ' 


87, 

a2 S{3 2 * 


A 87, r 87, 87, 
0 ~ Vl HT^Wi + 7l2 W2 
_ r 87, 87, SV, 


87 

8 ^ 2 ' 

87, 


, 87, 0 87, 8V, 0 87, 

. 8V, 8V, 87; 87, 87 

' iz 8U + yi 8a x ai 8 ri + r2 Sa 2 ^ Sy 2 J J 


(T 4 .) 


which show that this function can depend only on the shape and size of a pentagon, not generally 
plane, formed by the point m 3 considered as fixed, and by the initial and final positions of the 
other two points m 1 and m 2 ; for example, the pentagon, of which the corners are, in order, 
m 3 , ( m i)> (m 2 ), m 2 , m x ; (m x ) and (m 2 ) denoting the initial positions of the points m 1 and m 2 , referred 
to m z as a fixed origin. The shape and size of this pentagon may be determined by the ten 
mutual distances of its five points, that is, by the five sides and five diagonals, which may be 
thus denoted: 


m 3 (mj = Vs 1 , (m x ) (m 2 ) = V / s 2 , (m 2 )ra 2 = Vl%, m 2 m 1 = Vs^ ) = ] 

m z (m 2 ) —Vd-L, (m 1 )m 3 = V / ^ 2 , (m 2 ) m x = Vd ^, m a m 3 = V^, m 1 (m 1 ) = V / ^;J 


( 128 .) 


the values of s x , ... d 5 as functions of the twelve relative coordinates being 

s t = af + + y?, = («2 - 7l) 2 + (ft - A) 2 + (y 2 - yi) 2 / 

s 3 - (£> ~ a 2 ) 2 + ( Vz - /3 2 ) 2 + (U ~~ Vs) 2 * 

^=(^“^) 2 +(^ 1 -7 ?2 ) 2 + (4-r 2 ) 2 , 

d^al + ^i + yl, ^-(£ 2 -ai) 2 +(^2-A) 2 

+ (4-n) 2 , 

a, ^=<&- *j) 2 + fe-ft) 2 +(fi -rx) 2 -J 


HMFII 


19 
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These ten distances V*. &e„ are not, however, all independent, but are connected by one 


equation of condition, namely, 5 * 


0 = s|s| 

+ s\dl 

+ d\d\ 

— 2 5 f s 3 

— 2s\s^d^ 

— 2 S 4 s^d 3 

— 2Si^2^3 

— 2s x d%d± 

— 2 d 1 d%d i 


+ 4 5f 

+4 d i 

+ d% d\ 

— 2 S 2 S 455 

— 25|5 4 ^ 4 

— 2s|s 5 ^ 4 

— 2 5 2 d 2 d 4 

— 2s 2 d\d$ 

— 2 dn d\ dj± 




— 2535554 

— 25§5 5 C? 5 

—■ 2s 3 s^d 3 

— 2s 3 d^d\ 

— 2s 3 d^d 1 

— 2d‘>d%dzz 


— 4545354^3 — 45 2 5 4 5 5 ^ 4 — 45 3 5 5 54^ 


+ 44 

+ s\d\ 

+ d 4 d% 

— 25lS45 2 

— 2 5 4 S4<^4 

— 2s 4 52^4 

— 2s^.d 3 d\ 

— 2s^d\d 2 

— 2^4^!^! 

— 4zS^S-^S 2 di 


+ 5l5l 

+ 5|^i 
+ d\ d\ 

— 2s\ 5 3 5 3 

— 2s\s 2 d 2 

— 2s‘e ) s 3 d 2 

— 2s 3 d x d% 

— 2s s d%d 3 

— 2d 5 d\d 2 

— 1 ^2 


1 


(130.) 


-45 1 <2 2 d 3 (Z 4 -±s 2 d 3 d±d 3 -45 3 (? 4 ^ 5 ^i -45 4 4^44 - 4:s 5 d x d 2 d z 
-2s 1 s 2 s 3 d 4 - 2 s 2 5 3 5 4 ^5 - 2535455 di — 2545554(^3 — 2555453 (^ 3 . 

- 25453 ^ 4(^3 -25 2 5 4 4^3 - 25355 (^ 3^4 - 25454 ^ 4(^5 -2s 5 s 2 d s d L 
- 254 ( 24 ^ 3^5 — 2s 2 d 2 d^d x — 2s 3 d 3 d 3 d 2 — 2s lk d ik d x d 3 — 2s 3 d 3 d 2 d x 
+ 254535354 +25 2 5 3 5 4 S 6 +25 3 5 4 5 5 5i +2545 5 5iS 2 +25 5 54 5 2 53 
+ 25iS25 4 d : 3 +25 2 5 3 5 5 <2 4 +25 3 545i^5 +25 4 555 2 ^4 + 2555453(^3 
+ 25i5 3 54(?4 +2525 4 5 5 CZ 2 +23^^^ +25 4 SiS 2 (? 4 + 2s 5 S 2 S 3 d 5 
+ 2Si5 2 (M 4 +2s 2 5 3 (e 4 <i5 + 25354 (^ 5(^4 + 25455 ^ 4(^3 + 25554 (^ 3^3 
+ 2s x $ 3 d 2 d 3 +25 2 5 4 ^ 3 d! 4 + 25355 ^ 4^5 +25 4 54<i 5 ^i + 25 5 s 2 d 1 <& 2 
+ 25454 (^ 4(^2 + 2s 3 s 3 d 2 d 3 + 25354 ^ 3(^4 + 2s A s 2 d±d 3 + 25 5 5 3 (£ 5 (Zi 
+ 25 1 s 4 < 2 1 d 3 + 25 2 5 6 ^ 2 ( 2 4 +25354^3^5 + 2 s 4 c s 2 d 4 i d 1 + 2 s & s z d 5 d 2 
+ 25454 (^ 2^3 + 25 2 s 5 (z 3 d 4 + 25354 (^ 4(^5 + 25453 (^ 5(^4 + 25553 (^ 4(^3 
+ 25454 (^ 3(^4 +25 2 5 5 (^ 4 ^5 + 25354 (^ 5(^4 + 25453 ^ 4(^2 + 25553 ^ 3^3 
+ 254(^4(23(^3 + 25 2 ^ 2 (Z 3 (Z4 + 2 s 3 d 3 d ^ d 3 + 25 4 (^ 4 (2 5 (^4 + 25 5 (£ 5 (£4(Z 2 
+ 2 5 4 d 3 d%d 3 + 25 2 (£ 4 (Z 5 (Z 4 + 253 ( 25 ^ 4^3 + 2s 4i d 1 d 2 d 3 + 2s 5 d 2 d 3 d 4 

+ 2 (^4(?3 (?3 (2 4 + 2 cZ 2 (?3 (^ 4(^5 + 2 (?3 (?4 (?5 (^4 + 2 (^4 (?5 (^4 (^2 + 2 (?5 (?4 (^ 2 (?3; j 

they may therefore he expressed as functions of nine independent quantities; for example, of 
four lines and five angles, r®, r^\ r®, r<p», 0CO, 0«^, 6®\ Q^\ 1 , on which they depend as follows: 

* [This is the relation connecting the distances of five points in space. It can be written more symmetrically 
in determinant form (of. Salmon, Geometry of three Dimensions (1914), p. 47). 


0, 

1, 

1, 

1, 

1, 

1, 


1, 

0, 

5 2» 

<^5* 

do* 


1, 

S 2» 

0 , 

d 3> 

#3 * 

cL-i , 


1 , 

y 

d 3 , 

0 , 


1, 

do. 


0 , 

d±. 


1 

4 

S 5 


d 
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6*2 = r ( i 1} 2 4- r^ 2)a — 2rPrp (cos dp cos OP + sin $P sin dp cos t). 

,53 = r < 2 > 2 + rP 2 - 2 r^rP cos ( 0 < 2 > - 0 O < 2 >), 

6 4 = F 2) 2 + r (1) 2 — 2A 2 M 1) (cos 0 (1) cos # (2) + sin # (1 > sin (9 (2) cos i), 

s 5 = r (D2 f 

di — rP 2 , r* (131). 

d 2 = r (2) 2 4- ?’ ( S 1)2 — 2F 2) r ( j 1) (cos 0 (2) cos 0 O (1) + sin 0 (2) sin 0 o (r) cos t), 
d 2 = r t < 2 > 2 4- W> 2 - 2rPrW (cos 0<P cos 0W + sin 6P sin 6K« cos l), 
d A = r™\ 

dr 0 = ^ 2 4- 2 - 2rWrP cos ( 0 d> - 9P), 

the two line-symbols r (1) , r (2) denoting, for abridgement, the same two final radii vectores which 
were before denoted by r<*> 3 >, r (2 * 3) , and r^ 1 *, r<J 2) representing the initial values of these radii; 
while 6 (1 \ 0 (2 \ 0 o a) , 0 ( { 2) are angles made by these four radii, with the line of intersection of the two 
planes r 0 (1) r (1) , r 0 (2) r (2) ; and t is the inclination of those two planes to each other. We may therefore 
consider the characteristic function F, of relative motion, for any ternary system, as depending 
only on these latter lines and angles, along with the quantity II ,. 

The reasoning which it has been thought useful to develope here, for any system of three 
points, attracting or repelling one another according to any functions of their distances, was 
alluded to, under a more general form, in the twelfth number of this essay; and shows, for 
example, that the characteristic function of relative motion in a system of four such points, 
depends on the shape and size of a heptagon, and therefore only on the mutual distances of its 

seven corners, which are in number = ^ 21 , hut are connected by six equations of condition, 

leaving only fifteen independent. It is easy to extend these remarks to any multiple system. 


General method of improving an approximate expression for the Characteristic 
Function of motion of a System in any Problem of Dynamics . 

19. The partial differential equation (F.), which the characteristic function V must satisfy, 
in every dynamical question, may receive some useful general transformations, by the separa¬ 
tion of this function V into any two parts 

F 1 + F 2 =F. (IT 4 .) 


For if we establish, for abridgement, the two following equations of definition. 




analogous to the relation 


(SHiHS’k 

m'-Q’+wh 


(V‘.) 

(W 1 .) 


19-2 
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which served to transform the law of living force into the partial differential equation (F.); we 
shall have, by (U 4 .), 

/SF 18 F. SF^F, SF.SFX 


t=t 1 +t 2 +h 


Af 

m \ 


Sx Sx Sy Sy + Sz Sz) 


(X 4 .) 


and this expression may be further transformed by the help of the formula (0.), or by the law 
of varying action. For that law gives the following symbolic equation, 

cl 


iAf 

m \ 


SF SFJ^ sfjp 

Sx 8 y Sy~*~ Sz 8 z) 


dt ’ 


(Y 4 .) 


:.i(5 

m \ c 


the symbols in both members being prefixed to any one function of the varying coordinates of 
a system, not expressly involving the time; it gives therefore by (U 4 .), (V 4 .), 

/SF 1 SF 2 + 8T 1 SF 3 + SF 1 SF 2 \ = dF 2 _ 2 ^ 

[ 8a; Sx Sy Sy Sz Sz) dt 2 * 

In this manner we find the following general and rigorous transformation of the equation (F.), 

d Jl=T-T 1 + T 2] (A 5 .) 

T being here retained for the sake of symmetry and conciseness, instead of the equal expression 
U + H. And if we suppose, as we may, that the part V x , like the whole function F, is chosen so 
as to vanish with the time, then the other part V 2 will also have that property, and may be 
expressed by the definite integral, 

K=J‘(T-T 1 + T 2 )dt. (B*.) 

More generally, if we employ the principles of the seventh number, and introduce any 3 n 
marks rj l3 r / 2 ,... rj 3n , of the varying positions of the n points of any system, (whether they be the 
rectangular coordinates themselves, or any functions of them,) we shall have 

t-With, ...jsl), <0.., 

\°Vi §7 ?2 SysJ 

and may establish by analogy the two following equations of definition, 

T ' 

1 W’ Svt’ 

T = W*E» iEl 

2 IVV'W. 

the function F being always rational and integer, and homogeneous of the second dimension; 
and being therefore such that (besides other properties) 


(D 5 -) 


T=T 1 +T,+ 


SF 2 S2\ SF 2 


Sij, 


+ 


S 8F i 8 F 

&>7a 


+ ... + 


8F 2 

S ST I S Vsn’ 
S Vsn 


and 


ST 

8 T x 

S T, 

ST 


ST i 

st 2 

8oji 

8 p 

Sr[i 

+ s sf 2 '- 

8 

°Vzn 

8 

SV 1 
Sy 3 n 

sf, 

S Vsn 

3 T, 

SV 2] 

ST, SF 2 


S t 2 

sf 2 

= 2 T a . 

8*5 

Sr)i 

SF 2 St?., 4 

- d — 

5 

sf 2 

S V3n~ 

S Vl 


St? 2 


Sy 3 n 



(EF) 


(F 5 .) 


(G 5 .) 
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By the principles of the eighth number, we have also, 

ST , ST ST _ 

s sv~ 7]l> 7$v~ V2 ’ 

§ Vl " $V2 ” S V3n 

and since the meanings of rj ^, ... nq 3rl give evidently the symbolical equation, 





d 

dt 5 


(H 5 .) 

(I 5 


we see that the equation (A 5 .) still holds with the present more general marks of position of a 
moving system, and gives still the expression (B 3 .), supposing only, as before, that the two parts 
of the whole characteristic function are chosen so as to vanish with the time. 


It may not at first sight appear, that this rigorous transformation (B 5 .), of the partial 
differential equation (E.), or of the analogous equation (T.) with coordinates not rectangular, 
is likely to assist much in discovering the form of the part V 2 of the characteristic function F, 
(the other part V 1 being supposed to have been previously assumed;) because it involves under 
the sign of integration, in the term T 2 , the partial differential coefficients of the sought part V 2 . 
But if we observe that these unknown coefficients enter only by their squares and products, we 
shall perceive that it offers a general method of improving an approximation in any problem 
of dynamics. For if the first part V x be an approximate value of the whole sought function F, 
the second part F 2 will be small, and the term T 2 will not only be also small, but will be in 
general of a higher order of smallness; we shall therefore in general improve an approximate 
value V 1 of the characteristic function F, by adding to it the definite integral, 

V^jUT-TJdt; (KA) 

though this is not, like (B 5 .), a perfectly rigorous expression for the remaining part of the 
function. And in calculating this integral (K 6 .), for the improvement of an approximation V lt 
we may employ the following analogous approximations to the rigorous formulse (D.) and (E.), 


and 


SF 1== 


SFi_ 



8% 

— m x a x ; 

Sa 2 

— 7712 1 


1! 

-mi&i; 

ii 


sv t 

Sb 7 

SF 1 = 


sv 1 


SF, 

Sc x ~ 

-m x c x \ 

Sc, “ " 

~7Yl 2 C 2 \ 



<IA) 


(M 6 .) 


or with any other marks of final and initial position, (instead of rectangular coordinates,) the 
following approximate forms of the rigorous equations (S.), 

SV X= _ ST? (W , 

S% Se 2 Se' 2 ’ S&j n Se^ n * 

together with the formula (M 5 .); by which new formulse the manner of motion of the system 
is approximately though not rigorously expressed. 
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It is easy to extend these remarks to problems of relative motion, and to show that in such 
problems we have the rigorous transformation 


V, z ~j\T,-T, 1 + T, 3 )dt, 

and the approximate expression 

r, 2 = j‘(T,-T rl )dt, 


(O*.) 


( 1 «.) 


V fl being any approximate value of the function F, of relative motion, and F /2 being the 
correction of this value; and T fl) T /2 , being homogeneous functions of the second dimension, 
composed of the partial differential coefficients of these two parts F , l9 F /2 , in the same way as 
T t is composed of the coefficients of the whole function V t . These general remarks may usefully 
be illustrated by a particular but extensive application. 


Application of the foregoing method to the case of a Ternary or Multiple System 9 
with any laws of attraction or repulsion , and with one predominant mass . 


20. The value (68.), for the relative living force 2 T t of a system, reduces itself successively 
to the following parts, 2T‘f \ 2T®\ ... 2T^ n ~ 1) , when we suppose that all the n~ 1 first masses 
vanish, with the exception of each successively; namely, to the part 


(& 2 + ffi 2 + £ l 2 )> 


when only m 1 , m n , do not vanish; the part 


-(& 2 + ->?» 2 + £ 2 ), 

' • ot 2 + to „ 2 72 ” 

when all but m 2 , m n , vanish; and so on, as far as the part 


2 yri(M—i) __ ^n— 1 1)71 n 


(^ 2 -i + ^ii + C 2 -x), 


(132.) 


(133.) 


(134.) 


+ m, 

which remains, when only the two last masses are retained. The sum of these n— 1 parts is not, 
in general, equal to the whole relative living force 2T f of the system, with all the n masses 
retained; but it differs little from that whole when the first n — 1 masses are small in comparison 
with the last mass m n ; for the rigorous value of this difference is, by (68.), and by (132.) (133.) 
(134.),* 

2T t — 2T< 1 > — 2 Tf> —... — 2 (f(D ~T f ) + [Tf> ~ T t ) +... -f- 2m ' n - 1 (T C«.-D ~-T f ) 

+ — S,. {(ft- ft)* + {ft - ft)* + (ft - ft) 2 }: (135.) 


an expression which is small of the second order when the n— 1 first masses axe small of the first 
order. If, then, we denote by F®, F/ 2 \, ... the relative actions, or accumulated relative 


••• s,« v n ) +2s,r«=l-(s,m r ) r, + 2r,-i-s, mi% 
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living forces, such as they -would be in the n — I binary systems, (m 1 m n ), (m 3 m n ), ... (m 5l _ 1 m n ), 
without the perturbations of the other small masses of the entire multiple system of n points; 
so that 

v;v=j‘^2T< 2 'dt, ... V< n - 1 >=f l 2T<*-»dt, (Q».) 

the perturbations being neglected in calculating these n~~ l definite integrals; we shall have, as 
an approximate value for the whole relative action V t of the system, the sum V tl of its values 
for these separate binary systems, 

V fl = F® 4- F, (2) 4-... 4- (R 5 .) 

This sum, by our theory of binary systems, may be otherwise expressed as follows: 

y _ m 2 m. n tv (2) ^ /Q5 ^ 

fl m, + m.„ m 2 4- m, n 


if we put for abridgement 


w; (i) = ^ 1 >^ 1 >4- 


2)^(2) 


/V a > 

Jq>< s 


r >{i)d r V\ 


w (n-l) — fan-Dfiln-i) + 


r '(.n-l)d r (n-l)' 


In this expression, 


>= ±j2(m 1 




r '(n-i) — + ^/ 2 4- mjf- 1 ’ 4- 2^ w-1) — - 


r (1) , ... being abridged expressions for the distances ... r Cu ” 1>n) , and / a) , ... being 

abridgements for the functions ... n \ of these distances, of which the derivatives, 

according as they are negative or positive, express the laws of attraction or repulsion: we have 
also introduced 2n —2 auxiliary quantities JiP>, gf ®> 9 ... to be eliminated or determined 

by the following equations of condition:* 

Sr'd) 


0 = &<i>4- 


/V« s r '(i) 

ri_/Zrd) 

JroWSAW^ 5 


0 = ^ 2 ) 4- 


(V 2 > S r '(2) 


0 = 4- 


f f> (»*—w hihfa ^ 


* [The equations (V 5 .), (X s .) are obtained by equating to zero the partial derivatives of V with respect to the 
arbitrary constants W> 9 For this method of obtaining the characteristic function see Appendix, Note 2, p. 613.] 
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r r a> rf r a) _ jV 2> dr< 2 > 

Jr o a) r' (1) J r 0 (2> r ,<2) ~ 


^ r (n-i) ^ r (n-D 
I r in- 1) r' t n-1) ’ 


Sir® 

SgO) = S^> = 


* J 


along with, this last condition, 


m i + m n m 2 + m n m 3 + m n 


m n _ x g^-^ H, ' 
m n -i + m v m » 


and we have denoted by S™, ... ^ n ~ 1 \ the angles which the final distances r<«, ... r^-W, 
of the first n- 1 points from the last or nth point of the system, make respectively with 
the initial distances corresponding, namely, r 0 (1) , ... The variation of the sum V rl is, 

by (S 5 .), 


^ m i m n& wW ! m z m n 8w< 2) | 
fl + m 2 + m n 


m n _ i m n 8iv (n ~V * 


in which, by the equations of condition, we may treat all the auxiliary quantities H x \ g a) , ... 
W n - V) , gin- 1 ) as constant, if H f be considered as given: so that the part of this variation SE /X , 
which depends on the variations of the final relative coordinates, may be put under the 
form, 


/i m 2 + m n \ 3^! SCi / 


m 2 m n /8w® „ 

-iS£ + -_ 

m 2 + m w \^ 2 * o?7 2 


Sw>< 2 > 


+ ^ ” TTiy - S £n-1 + ft--&7»-l + "TF-8f »-l * 

\ ®Sn-l 1 ®4n—l / > 

By the equations (T 5 .), (U 5 .), or by the theory of binary systems, we have, rigorously, 

/S/Sw<"-«\ 2 /Ste^V 4 „ ,, , „ I 

and the rigorous law of relative living force for the whole multiple system is 

T, = U + H,, (5< 


in which 


TJ~ m n (mj/® 4- m 2 /< 2 > + ... + + S,. 
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.^{©‘♦©•♦(SK 


1/1 i \ u sf, y / sf, y ( sv , V 

2 W„-i + W_J + \§c„_J 

jl_ s /8f;8f, 8f,sf; siesta 
+ m n ' [b^ 84 + S Vi B Vk + 84 8f J * 


We have therefore, by changing in this last expression the coefficients of the characteristic 
function V t to those of its first part V /2 , and by attending to the foregoing equations,]* 


T fl — m n y E tl t +m ?i Y, 


m n + m n + m 


/S Bw (i) Bw^ Bw^ 8 w^\ 
k \ s £i S4 + &Vi + §4 84, / 5 


and consequently 

T f — T tl = 2 , . m,im k -J / (£ > fc) - 


(Bw^ Bw^ Bu^^ Bw^ Sw (/i:) \ , 


(m, ft + m i )(m w + m fc )\ 84 84 8^ 8^ 84 84 


sr m* v *■ 


The general transformation of the foregoing number gives therefore, rigorously, for the 
remaining part V /2 of the characteristic function V / of relative motion of the multiple system, 
•the equation 

Bw^ Bw^ Bw^ Sw^ 8 w^ Sw^ i 




2 dt + S, .m t m k fV ’ fe> - 


Hi 8 ^ H 8rjk ZlEi. Eli 1 

(m, + m { ) (m. n + m k ) 


dt; (G 6 .) 


[From (X 1 .), p. 126, we have S,mf' = |^ S, ~ and hence Jf+^T S ' Tf' Consequently the 


expression (69) for T, gives 


mi \ 8$i } 


f \T, ± is formed from (D 6 .) by replacing V, by V, x . For the bina-ry system composed of the points m £f m n -we 
have 


From equations (X 1 .), p. 126, 


2 T™ = — i —n. (g '2 + '2 + r'%\ 7»= w a\ 

dV} £) m £ m n „ 

~dir~m i + mj i * 8ii ; 




W here ^ +mw , 


^ m . +m r/gyooy /aF«V f /SFmn , 1 v (8VP8V™ , aFFW, (fc > dVpdV$*> } 

+ \w*) + vwr) J + ™« ' +_ ^r ^ + % ^ t 

m i m rt f/0wAA 2 , /0w (i V.L /W‘A 2 l . ™ v . 3“*° 

+ 0&/ + V / + \ / J + wS/ (m n +m f ) 1 &7* 0& #4 J 




y / =2%% / c< » +B r * etc.] 


HHFli 
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and, approximately, the expression 


C, 2 = S, . m i m h ^ j/ (i * fc) - + S ££) | dt: 


with which last expression we may combine the following approximate formulae belonging in 
rigour to binary systems only, 

_ §w {i) , _ y’ — ^ wi ° /T6 \ 


Sft’ 7i 


Hi ’ 
Bw^ 
&Yi ’ 


We have also, rigorously, for binary systems, the following differential equations of motion 
of the second order. 


!; = (%+%)- 


Vi = ( m n + y = ( m n + m i ) 


which enable us to transform in various ways the approximate expression (H°.)- Thus, in the 
case of a ternary system, with any laws of attraction or repulsion, but with one predominant 
mass m 3 , the disturbing part V f2 of the characteristic function V f of relative motion, may be put 
under the form F, 2 = m 1 m 2 W, (N*>.) 

in which the coefficient W may approximately be expressed as follows: 

w = J‘ (&&+VW2 + fitt)} dt, (0«.) 

1 ( t j. Bw^ S 0 §w (1) Sw a A ' 

“ D 2 + V2 -jj— + U -§^~ + a 2 + ft2 -gjgr + ra g y - J » 

or finally, W= f‘ (/<*■*>+£i^+Vij^ + £i fr) di 

J 0 \ H 2 br ) 2 o4 2 / 6 

1 A Sw;< 2 > Sw< 2 > . Sw/ 3 > Bw& Sw < 2 ) Stt/ 2 >\ ^ *' 

“m 3 A + 7,1 + Cl H^ + ai ~s^ + ^ Hk + 71 ■ 


or finally. 


In general, for a multiple system, we may put 
and approximately, ^ a — ^ m /c fc) j 


»»»\ 


<. _ SttA) 




8w&> Bwf® , Ste< fc > 0 S w (fc) S w (fc)\ 


-m (^ 


# * * Bt * 8 

* [Integrating by parts.] 


'^r J 
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Rigorous transition from the theory of Binary to that of Multiple Systems , by means 
of the disturbing part of the whole Characteristic Function; and approximate 
expressions for the perturbations. 

21. The three equations (Kb) when the auxiliary constant is eliminated by the formula 
(L 6 .) are rigorously (by our theory) the three final integrals of the three known equations of the 
second order (Mb), for the relative motion of the binary system (m i m n ); and give, for such a 
system, the three varying relative coordinates £. t , r}, ti Z >i , as functions of their initial values 
and initial rates of increase cq, fi. L , y i , oq, /3' : , y\ , and of the time t. In like manner the three 
equations (lb), when g M is eliminated by (Lb), are rigorously the three intermediate integrals of 
the same known differential equations of motion of the same binary system. These integrals, 
however, cease to be rigorous when, we introduce the perturbations of the relative motion of 
this partial or binary system (m t m n ), arising from the attractions or repulsions of the other 
points m k , of the whole proposed multiple system; but they may be corrected and rendered 
rigorous by employing the remaining part V /2 of the whole characteristic function of relative 
motion V t , along with the principal part of approximate value V t x . 


The equations (X 1 .), (Y 1 .) of the twelfth number give rigorously 


1 8V 1 8V f 

** mf8£i m th ' 8£f 

Vi 

1 8V, 1 ^ SF 

= — k—1-E k—, 

w-i orji m a 8r)i 

m t og i m , 

-S, 

SF, 

■sj*’ 

(U 6 .) 

and 







1 8V f 1 8 V, 

^ , m i 8oq m n ' 8aq 3 

-« 

1 8V, 1 8V, 

m i 8p i + m n ' 8 fif 

, 1 SF, 

Vi ~m i Sy i + 

1 

-s 

, ' 8y £ ’ 

(V 6 .) 


and therefore, by (A 6 .), 

8w a) _ m k 8w Uc) _1 SV /2 _1 ^ 8V, 2 'j 

Sw^ __ , ^ m k 8w^ _1 8V, 2 _1_2 ^F, 2 

8rji ~ r)i " ‘ m k -b 8rj k m, l Brj 4 m n ' 8^ 3 

8w (i) _ 2 m k _1 8V f2 _1_ ^ 8V, 2 

*‘m k + m n 8£ k 8£* m n ' 8% ’) 

and similarly 

2 8w ( - k) |_1 8V /2 i 1 ^ 8V f2 

~ 8oq ~ <X " i " ‘ m k + m n 8oc k 8oq m. n ' 8cq ’ 

8wW Q , t ^ m k 8# 1 8V, 2 I 8V, 2 

8fa ” ^ "'m k + m n 8p k 8 ft m n ' 8fa ’ 

8w& __ , _ 1 8F /2 t 1 ^ 81% 

8y7 ~ ^ + "*m A -|-m w 8y A ' 8 r-c ’ 

the sign of summation referring only to the disturbing masses m*, to the exclusion ofm* and 
m n ; and these equations (Wb), (Xb) are the rigorous formulae, corresponding to the approximate 
relations (I 6 .), (Kb). In like manner, the formula (Lb) for the time of motion in a binary system, 
which is only an approximation when the system is considered as multiple, may be rigorously 
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corrected for perturbation by adding to it an analogous term deduced from the disturbing part 
F /3 of the whole characteristic function; that is, by changing it to the following: 

t ~~8^ + 8H, 9 { ' } 

which gives, for this other coefficient of the corrected and rigorous expression 

s h: { ■’ 

V /2 being here supposed so chosen as to be rigorously the correction of V t ,. if therefore by the 
theory of binary systems, or by eliminating between the four equations (KA) (Lb), we have 
deduced expressions for the three varying relative coordinates £ it y f , £ f . as functions of the 
time t , and of the six initial quantities oq, j3 i} y i , oq, /3.J, y L , which may be thus denoted. 

Si = & (<H> Yi > < > ft > Yi ) > | 

Vi = <f>2. (*t * Pi », ft , Pi >Yl,t),Y (A 7 .) 

f* = ^3 K*»ft > y*> o-I, Pi 

we shall know that the following relations are rigorously and identically true,* 

til o 8u/® 8vf® 8v/ i) \ ) 

~g£* Sf/d’l 

j / o 8w i£) 8w (/) . 

Vi-<£»[<%, Pi,Y<> 3 a . > -3-^7= - §y 7 ’ 3,//: 

y 1 ( n 8v/® 8w (% ) 8w (i:) 8w (i) 

SaT ’ --^7 

and consequently that these relations will still be rigorously true when wo substitute for the 
four coefficients of lift) their rigorous values (X 6 .) and (Z°.) for the case of a multiple system. We 
may thus retain in rigour for any multiple system the final integrals (A 7 .) of the motion of a 
binary system, if only we add to the initial components oq, y\ of relative velocity, and to 
the time t, the following perturbational terms: 

Ao4 = £„. + + J_a 

m k + m n m i Soq m n ' Soq ’ 

A o/_v SwM ( 1 8 F 2 1 _ SV 9 

i "'m k +m„ 80 k + mi Tfc’ (C7-) 

" m k - 4 - m n 8y k m i By t m n ' 8y i ’] 


* [Otherwise we would get one or more equations connecting the initial and final points. Of course when 
the ngorous values are substituted, denote the.actual coordinates at the time t j 
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In the same way, if the theory of binary systems, or the elimination of g (i) between the four 
equations (I 6 .) (L 6 .), has given three intermediate integrals, of the form 

“ 01 $i>yi> t), 

Vi= i l f 2(€i,'ni> - (E 7 .) 

we can conclude that the following equations are rigorous and identical, 


Sw^ . 

■s?7 = * 

Hr 4 "- 

S , 


0i 

02 •> 'Hi » Cii 3 s Yi , n 

03 


and must therefore he still true, when, in passing to a multiple system, we change the coefficients 
of w (i) to their rigorous values (W 6 .) (Z 6 .). The three intermediate integrals (E 7 .) of the motion 
of a binary system may therefore be adapted rigorously to the ease of a multiple system, by 
first adding to the time t the perturbational term (D 7 .), and afterwards adding to the resulting 
values of the final components of relative velocity the terms 

S ^ ± SV^ J_ SF, 

" m k + m n Uu ™i Sfi ' *£< ’ 

. , „ m k S«!<» 1 SF, „ SF,„ , 

A'>7^ = S // ---5-h s 4- S —, (G 7 .) 

m k + m n Srj k m i S Vi m n S Vi 

m k 1 W* 1 ST^ 

1 " * m k ■+■ m n Hk m i Hi ’ Hi * 

22. To derive now, from these rigorous results, some useful approximate expressions, we 
shall neglect, in the perturbations, the terms which are of the second order, with respect to the 
small masses of the system, and with respect to the constant 2H f of relative living force, which 
is easily seen to be small of the same order as the masses: and then the perturbations of the 
coordinates, deduced by the method that has been explained, become 

Mi = Aft + H Aft + 1| Ay ’ t + % At, 


™i Hi + ™ n 


Aa'+ — 


Aft + gAft + f^ 


Hi A / & 

■ S' 


2.4 K + fe« + %i<, 


4£,-g4<- 


8C* a ~ , Hi 


in which we may employ, instead of the rigorous values (C 7 .) for AaJ, Afi' i3 A y' i3 the following 
approximate values: 

A '-V m fe t 1 S7 /3 
** ' m n 8ot k m € Scq 5 

»/__ y m k 1 8F /a /J7 \ 

' m n Sy h Sy f J 
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To calculate the four coefficients 

SV /2 SV /2 §V /2 SV /2 
Soq’ 8 ft’ Sy, ? 5 H, 9 

which enter into the values (I 7 .) (D 7 .), we may consider V f2> by (R 6 .) (T 6 .), and by the theory of 
binary systems, as a function of the initial and final relative coordinates, and initial components 
of relative velocities, involving also expressly the time t, and the n — 2 auxiliary quantities of 
the form g {k) \ and then we are to consider those initial components and auxiliary quantities and 
the time, as depending themselves on the initial and final coordinates, and omH But it is not 
difficult to prove, by the foregoing principles, that when t and g (7c) are thus considered, their 
variations are, in the present order of approximation,* 

r, BW . 


Bw 

S 'Sg +SH ' 

v /s ^- 1 


the sign of variation 5, referring only to the initial and final coordinates; and also that 

B 2 w^ 8^ 8 2 w^ 8hv (i) 8^ S 2 ww 8£, 

8g<™ Bt Sot,8 g ™K + W l) Wl + Wt ’ (M7 * } 

along with two other analogous relations between the coefficients of the two other coordinates 
rji , from which it follows that t and g {k) , and therefore <xj c , ft, y' k , may be treated as constant, in 
taking the variation of the disturbing part F /2 , for the purpose of calculating the perturbations 
(H 7 .): and that the terms involving At are destroyed by other terms. We may therefore put 

^ A ri. (N 7 -) 

\r Ja„- - 

Sa'A i + $/3l A/3i + Syl Ayi ’ 

S w (k) 

* [We have — t. But depends on the initial and final coordinates and also on g^K Thus 

. _ 

(Li 7 .) follows immediately and then (K- 7 .) by summation. Equation (M 7 .) is obtained by differentiating (B 7 .) partially 
with respect to g ik) .’) 

t P-° obtain (-N 7 .): VW^> where W &’is given by (T 6 .). Three groups of terms come from 

1 SV, 2 
m t Sa £ * 

<i> the integrated part o£ W*> we get . This cancels against the first term of Aa' in (I 7 .). 

(ii) Erom t which occurs “expressly” (explicitly) in the upper limit of the integral. Erom (K 7 .) 


_ d L ==m j (SHu\~ :L St /S 2 wA“i 

8F Sx, ‘WW 80,8s m / s ' \w) asv =1/S/m V^V ' 

Since At= — we see, by (M 7 .), that this gronp of terms is cancelled by the terms involving At. 
(hi) The remaining terms which appear in (0 7 .).] 
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employing for Aoq the following new expression, 


Aa,; = £„ . m 


4* 


f Sa ;. rtsu W) 

UJo" Soc, ^ + Sa;Jo ^ar 

Sa^ J o 8$ 8a* j o Sy £ 


(Ob) 


together with analogous expressions for Aj 8 £ , AyJ, in which the sign of summation £„ refers to 
the disturbing masses, and in which the quantity 


Hk orj k S^ k 


(P 7 -) 


is considered as depending on oq , p i ,y i ,a / i , Pi, y^, oc k , p k , y k , a. k , p k , y' k , t, by the theory of binary 
systems, while oq, p \, yj are considered as depending, by the same rules, on oq, y i , ft, 77 , £ , ft 
and t. 


It may also be easily shown, that* 


Hi $<xj Hi $<x'i Hi 8af , 

Sa i Sa^ 8p i Sy't S Yi 


_Hi. 

So c/ 


(Q 7 -) 


with other analogous equations: the perturbation of the coordinates f i may therefore be thus 
expressed, 


Aft 2/, • 


+ 


8ft rtSBP’W 


SorJ, 

sft 

«« 

Sft 

8y! 


iJ 0 


See,- 


dt- 


80c 


!/< 


8& f 

Jo 8/3* ** SftJ, 


Y 

£ J 0 


S/3. 

s y> 


oy 


0 8 a* 

t § 

0 m 

1 8 JS<tfc) 


dt 


(Rb) 


J 0 oy £ J ; 


and the perturbations of the two other coordinates may be expressed in an analogous manner. 


It results from the same principles, that in taking the first differentials of these perturbations 
(R 7 .), the integrals may be treated as constant; and therefore that we may either represent the 
change of place of the disturbed point m*, in its relative orbit about m n , by altering a little the 
initial components of velocity without altering the initial position, and then employing the 
rules of binary systems; or calculate at once the perturbations of place and of velocity, by 
employing the same rules, and altering at once the initial position and initial velocity. If we 
adopt the former of these two methods, we are to employ the expressions (Ob), which may be 
thus summed up, 

A»4 = S 

Aft= E, . m* g jJ‘ o W.Vdt, (S'.) 

f £P»®dt; 

b YiJ 0 

r'dotj ^ SNtP> _&pj occj_ Jdy'i 1 

L8fr dctidpi dcCi’ dy t dy^doCi dcCfJ 
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and if-we adopt the latter method, we are to make. 


Acq = * m k 


j; 


0 Sa « 
•‘SRV-v 


dt , 


'*8 


A^ = ^.m A J o - dt. 


Ay^ = 2„ .7n k 


*t 

'J o 


5 K^ K > 
%Yi 


dt. 



[22, 23 


(T 7 .) 


The latter was the method of Lagrange: the former is suggested more immediately by the 
principles of tlie present essay.'* 

0eW ral introduction of the Time into the expression of the Characteristic FuncUon 

in any dynamical problem. 

23 Before we conclude this sketch of our general method in dynamics, it will be proper to 
notice briefly a transformation of the characteristic function, which may be used m all api . . 
tions This transformation consists in putting, generally,! 

V = tH+S, (U •> 

and considering the part 8, namely, the definite integral 

S =j\T + U)dt, (VM 

as a function of the initial and final coordinates and of the time, of which the variation is, by our 
law of varying action,^ . m( *. &B _^8a+y'8 V -6'» + *'&-c'8c). (W 7 .) 

The partial differential coefficients of the first order of this auxiliary! function 8 are hence, 

S£_ - 

S t'' 


= -H; 


hS_ m 


S 8 

wr mm ’ 


8 8 


— m 4 z' 4 


(X 7 .) 

(Y 7 .) 


* [Ii we give variations Ao,. Aft, A y< , the new variations of oj, ft, yl will be , 

r 5ft “ tj ‘ r s y r 7 ‘-* 

Sa*" 


Aoc ^ + S A “< + lft Aft+ fe Ar, 


owj Sj9$ 8oc^ S^J* 

, A i .. mMT1 t L e values given in (O 7 .). By giving the values of Act*, A/2 is A y 4 in (T 7 .) we got the values o£ 
X^Z‘ &e stm“^of equations. See Appendixfllote 3, p. 622. Cf. Lagrange, M&anique ***#P£. Tome I, 
9 A Part Section v Lagrange, “Sur la th^orie g&i6rale de la variation des constantes arbitrages, Memoir es de, 
itlZt '(ISOst p 257. 1 l^ a comparison of the methods of Lagrange, Poisson and Hamilton in the Theory of 
Perturbations, see Lovett, Quarterly Journal of Mathematics , xxx (1899), pp. 47-149.] 

t rHamiltonperceived at this stage that it was inconvenient to have H appearmg m the characteristic function, 
so he transformed to another function which contained t as a variable instead of H. The transformation to adopt is 

obvious from the following equations: 

SP =Sro {x'Sx - a'Sa 4- y'By - b'Bb 4- z'Sz - c'Sc) +tSH, 
B(V~-Ht)=^Tm(x'dx-~a / da+...)-HBt.’\ 

$ [Hamilton changes the name “auxiliary” to “principal” in the Second Essay.] 
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and 


88 

88 


8a, ~ m i a i’ 

W = ~ m * Ui ’ 

Sc, 


(Z 7 .) 


These last expressions (Z 7 .) are forms for the final integrals of motion of any system, corre¬ 
sponding to the result of elimination of H between the equations (D.) and (E.); and the expres¬ 
sions (Y 7 .) are forms for the intermediate integrals, more convenient in many respects than the 
forms already employed. 


24. The limits of the present essay do not permit us here to develope the consequences of 
these new expressions. We can only observe, that the auxiliary function S must satisfy the 
two following equations, in partial differentials of the first order, analogous to, and deduced 
from, the equations (E.) and (G.): 



(A 8 -) 

and 



(B 8 .) 

and that to correct an approximate value S x of S, in the integration 
find the remaining part S 2 , if 

of these equations, or 

(C 8 -) 

S = S 1 + S t , 

we may employ the symbolic equation 


d 8 1 SSS 8 SS 8 SS 8\ 

(D 8 .) 

'm Sy + Sz &z)’ 

which gives, rigorously, 



(E 8 .) 

if we establish by analogy the definition 



(E 8 -) 

and therefore approximately 



(G 8 .) 


the parts S 1 , S 2 being chosen so as to vanish with the time. These remarks may all be extended 
easily, so as to embrace relative and polar coordinates, and other marks of position, and offer 
a new and better way of investigating the orbits and perturbations of a system, by a new and 
better form of the function and method of this Essay. 


March 29, 1834. 
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Introductory Remarks. 

The former Essay* contained a general method for reducing all the most important pro¬ 
blems of dynamics to the study of one characteristic function, one central or radical relation. 
It was remarked at the close of that Essay, that many eliminations required by this method in 
its first conception might be avoided by a general transformation, introducing the time ex¬ 
plicitly into a part S of the whole characteristic function V ; and it is now proposed to fix the 
attention chiefly on this part S, and to call it the Principal Function. The properties of this part 
or function S, which were noticed briefly in the former Essay,f are now more fully set forth; 
and especially its uses in questions of perturbation, in which it dispenses with many laborious 
and circuitous processes, and enables us to express accurately the disturbed configuration of 
a system by the rules of undisturbed motion, if only the initial components of velocities be 
changed in a suitable manner. Another manner of extending rigorously to disturbed motion the 
rules of undisturbed, by the gradual variation of elements, in number double the number of the 
coordinates or other marks of position of the system, which was first invented by Lagrange, J and 
was afterwards improved by Poisson, is considered in this Second Essay under a form perhaps 
a little more general; and the general method of calculation which has already been applied to 
other analogous questions in optics and in dynamics by the author of the present Essay, is now 
applied to the integration of the equations which determine these elements. This general method 
is founded chiefly on a combination of the principles of variations with those of partial differ¬ 
entials, and may furnish, when it shall be matured by the labours of other analysts, a separate 
branch of algebra, which may be called perhaps the Calculus of Principal Functions ;§ because, 
in all the chief applications of algebra to physics, and in a very extensive class of purely mathe¬ 
matical questions, it reduces the determination of many mutually connected functions to the 
search and study of one principal or central relation. When applied to the integration of the 
equations of varying elements, it suggests, as is now shown, the consideration of a certain 
Function of Elements, which may be variously chosen, and may either be rigorously determined, 
or at least approached to, with an indefinite accuracy, by a corollary of the general method. 
And to illustrate all these new general processes, but especially those which are connected with 
problems of perturbation, they are applied in this Essay to a very simple example, suggested 
by the motions of projectiles, the parabolic path being treated as the undisturbed. As a more 
important example, the problem of determining the motions of a ternary or multiple system, 
with any laws of attraction or repulsion, and with one predominant mass, which was touched 
upon in the former Essay, is here resumed in a new way, by forming and integrating the 
differential equations of a new set of varying elements, entirely distinct in theory (though little 
differing in practice) from the elements conceived by Lagrange, |j and having this advantage, that 
the differentials of all the new elements for both the disturbed and disturbing masses may be 
expressed by the coefficients of one disturbing function, 

♦[P.103.1 t [Pp- 160,161.] . 

f [Lagrange, “Sur la th6orie g6n6rale de la variation des oonstantes arbitraires,” M&noires de Vlnstitvi (1808), 
p. 257; M4c. Anal. 3rd ed. Tome i, pp. 299-320; Poisson, “Sur la variation des oonstantes arbitraires dans les 
questions de m^canique,” Journal de V$cole Polyt . Tome vm (1809), p. 266.] 

§ [For the development of the Calculus of Principal Functions see pp. 297-410 of this volume. A brief account 
of the theory is given on pp. 408-410.] 

1| [For Lagrange’s elements see Mec. Anal. 3rd ed. Tome n. Chap, u, § 2.] 
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Transformations of the Differential Equations of Motion of an Attracting or 

Repelling System . 

1. It is well known to mathematicians, that the differential equations of motion of any 
system of free points, attracting or repelling one another according to any functions of their 
distances, and not disturbed by any foreign force, may be comprised in the following formula: 

'Z.m{x”8x + y"8y + z"8z)~8Ui (L) 

the sign of summation S extending to all the points of the system; m being, for any one such 
point, the constant called its mass, and x , y, z being its rectangular coordinates; while x", y", z" 
are the accelerations, or second differential coefficients taken with respect to the time, and 
8x, By, 8z are any arbitrary infinitesimal variations of those coordinates, and U is a certain 
force-function, introduced into dynamics by Lagrange, and involving the masses and mutual 
distances of the several points of the system. If the number of those points be n, the form u la (1.) 
may he decomposed into 3 n ordinary differential equations of the second order, between the 
coordinates and the time, 

, BU „ 8U „ SZ7 

(2 -> 

and to integrate these differential equations of motion of an attracting or repelling system, or 
some transformations of these, is the chief and perhaps ultimately the only problem of mathe¬ 
matical dynamics. 


2. To facilitate and generalize the solution of this problem, it is useful to express previously 
the 3n rectangular coordinates x, y, z as functions of 3 n other and more general marks of position 
r)i,T) 2 , and then the differential equations of motion take this more general form, discovered 

by Lagrange,* 

dtSy'i Srji 8-rjA 

m which 

T — .m(x' 2 + y'z + z'*). (4.) 

For, from the equations ( 2 .) or ( 1 .), 


in which 


8*7 _ 


S. m 

d_ 
dt 




8x fr By „ 8z \ 
&Vi V &Vi Z BrjJ 


s -"*(*'3 zr + y'i^- +z ' 


-S - m 


(*' 

E. m 
v / /&«' 


1 * " 8rj. 

d Sx f d8y , d 8z\ 

dt 8rj i y dtBrjt Z dltyj 3 


8 a? , 8y ,82 
- i -y —\-z -5— 

i or] i 

, M M 
+y U +z H 


3 - 


ST 

hi’ 


(5.) 


* [Mic. Anal. 3rd ©d. Tome i, pp. 290-292.] 


(«•) 
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, / , d hx , d Sy , d Sz \ 

" 4 s - m (* d,w, +y SS^J 

\ b Vi b Vi °Vif b li 

T being here considered as a function of the 6n quantities of the forms rj' and 7 ?, obtained by 
introducing into its definition (4.) the values 

, , 8 x , hx , 8 x 0 . 

x = ^isT‘ 4 ' 7 7a^r + '*- +, ?3«c — » &c - ( 8 *) 

b Vl br )2 b V3n 

A different proof of this important transformation (3.) is given in the Mecanique Analytique. 

3. The function T , being homogeneous of the second dimension with respect to the quan¬ 
tities 77 must satisfy the condition 

S; rp 

2T = 2. 77 ' 7 ; (9.) 

8 r) 

and since the variation of the same function T may evidently be expressed as follows, 




s see that this variation may be expressed in this other way, 


z 7 =s(y 


s 3 T S2L \ 
S Srj' St, S,J ) 


If then we put, for abridgement, 


b Vl b V3n 

and consider T (as we may) as a function of the following form, 

T = F(w 1 ,zd 23 ... w Zn , 77 !, 772 , ...r} Zn ), 


we see that 




8F _ 8T ST 

b Vl* *** b7 )37i 

and therefore that the general equation (3.) may receive this new transformation, 

dm i = 8(U~F) 

dt Byji 

If then we introduce, for abridgement, the following expression H, 

H^F—TJ~ *7 (VitV*’ *** °7ara)» 


(17.) 
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we are conducted to this new manner of presenting the differential equations of motion of a 
system of n points, attracting or repelling one another:* 


(A.) 


In this view, the problem of mathematical dynamics, fora system of n points, is to integrate a 
system (A.) of 6n ordinary differential equations of the first order, between the Cm variables 
rj t , m i and the time i \ and the solution of the problem must consist in assigning these Cm variables 
as functions of the time, and of their own initial values, which we may call e. e , p ( . And all these 
6n functions, or 6n relations to determine them, may be expressed, with perfect generality and 
rigour, by the method of the former Essay, or by the following simplified process. 


c&ti 

_ SB m 

dm 1 

SB 

dt 

Sm x 9 

dt 

5 


_ m . 

dm 2 

SB 

dt 

Sm 2 ’ 

dt 

&V2 ’ 

dy 3n 

_ SB ^ 

d™3„, _ 

SB 

dt 

Sm^ iu ’ 

dt 

Sy 3n ') 


Integration of the Equations of Motion, by means of one 

4. If we take the variation of the definite integral 

Principal Function. 


(!«-) 

without varying t or dt 3 we find, by the Calculus of Variations, 


S/Sr= f&S'.tft, 

(19.) 

in which 

q, v SB 

(20.) 

and therefore^ 

(21.) 

that is, by the equations of motion (A.), 



(22.) 

the variation of the integral S is therefore 


3$ = 2 {mSr} —pSe), 

(23.) 


* [The canonical form (A.) had already been introduced by Lagrange in the particular case of the equations for 
the variations of the elements in his perturbation theory. Cf. Mec. Anal. 3rd ed. Tome i, u. 310; also Whittaker. 
Analytical Dynamics (1927), p. 264.] 
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(p and e being still initial values,) and it decomposes itself into the following $n expressions, 
when 8 is considered as a function of the 6 n quantities r) { , (involving also the time,) 


8S 


88 


-s— ; 

& ?i 


8e 1 ’ 


88 


88 


*”72 

p 2 = 

8c<> ’ 

(B.) 


__ SN 88 

n ’ 7?Zn 5 _ >l 

°Vzn ° e 3n ' 

which are evidently forms for the sought integrals of the 6n differential equations of motion 
(A.), containing only one unknown function 8. The difficulty of mathematical dynamics is 
therefore reduced to the search and study of this one function 8, which may for that reason 
he called the Principal Function of motion of a system. 

This function 8 was introduced in the first Essay under the form* 

s=j\r+u)dt, 

the symbols T and U having in this form their recent meanings; and it is worth observing, that 
when 8 is expressed by this definite integral, the conditions for its variation vanishing (if the 
final and initial coordinates and the time be given) are precisely the differential equations of 
motion (3.), under the forms assigned by Lagrange. The variation of this definite integral $ has 
therefore the double property, of giving the differential equations of motion for any trans¬ 
formed coordinates when the extreme positions are regarded as fixed, and of giving the integrals 
of those differential equations when the extreme positions are treated as varying.t 


5. Although the function S seems to deserve the name here given it of Principal Function , 
as serving to express, in what appears the simplest way, the integrals of the equations of motion, 
and the differential equations themselves; yet the same analysis conducts to other functions, 
which also may be used to express the integrals of the same equations. Thus, if we put 




(24.) 


and take the variation of this integral Q without varying t or dt, we find, by a similar process, 

8Q = Z(7}8w-e8p); (25.) 

so that if we consider Q as a function of the 6n quantities , p^ and of the time, we shall have 6n 

expressions 

S Q 8Q 




(26.) 


which are other forms for the integrals of the equations of motion (A.), involving the function Q 
instead of 8. We might also employ the integral 

8H 


* [P. 160.] 


J t 8H f n 

mdrj. 


(27.) 
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which was called the Characteristic Function in'E^ay, and of whxch, when consu. 

as a function of the 6ra+1 quantities (28.) 

8F = 2(toSi}-j>8e) + <SH. 

„ .» —•*» r“ ‘ “ y - — - to ” "* p, ° r ” 

my m » be deduced ftom tbo» of my ofh.r. 

Investigation of a Pair of Partial ^entialEquaMonsof the first Order, 
which the Principal Function must satisfy- . 

, . , 9 , % nr the uartial differential coefficients (B.), of the L'rmcipal 

<L ~S—,*» *—**• ““ 


^ corresponding: to this variation, since the evident equation 


Sf 


gives, by (20.), and by (A.), (B.), 


dt St* or) dt 
St ° m 


(29.) 


(30.) 


dH _ (SHdri SHdw\^ 0 (31.) 

dt * 8® dt) 

„ , . . . , t . +lip pouation (17 ), and observe that the function F is necessarily 

^£13K3E-i * - «-* «*»•*■” "—“ f 

discovering its formtt 


8 8 
St 
8 8 
St 


+ F 


+ F 


/&£ S3 §3 

\St73l ’ 8^2 5 ^V3r 

/SS S3 S3 

\S6j/ Se 2 


rh,V2>’- r i3 n) 


e 1? e 2 


5 U (r] 1 } y) 2 , ‘.-V 3 n ) 

~ & (% , ^2 s * • • «•)• 


(C.) 


« rc_ V-Ht 0 = -S+S (*»-«>>. The process is analogous to that on pp. 174, 175, MaUmradiad Paper*, 
Vol il which functions If and T are introduced. See also Eouth, Advanced Bifid Dynamo (1 JOo), Art. 487.1 

’ rt / ATT . \ _ . ,. u... /otv\ .i 


MT&tQ&e du dt, 


8 (aji dH a rr \ i YW ^-^0 _ 


=Jf«. 


[. 1} in which the functions W ana jl are muwuwu. — — *--- v 

t ’[It is now more usual to write S- j* dt > and we haV °’ aMjogOUB W * Wi (3<>)# 

V 

1 B«>^—0, 

\ 

&*<n* = 0;), 


The two partial differential equations are therefore 

dS ■ rrfdS 88 BS 

Tt +a \, 


dS 


-H 


ta}i* 0172 ’ ’* d'q Zn * r]x>r) *’ 

__8S_ as e 

dt Q ^ V Se l de 2* 8e 3«’ 2f ' w 

, rj . „ . Tt is easv to see that these are equivalent to (C.) when E is constant. Jacobi 

B {ChdZ xxvn, pp. 97-162) showed that equations (C.) still hold when U contains t explicitly, and the corre¬ 
sponding equations for the function V are also given there.] 
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Reciprocally, if the form of S be known, the forms of these equations (C.) can be deduced 
from it, by elimination of the quantities e or rj between the expressions of its partial differential 
coefficients; and thus we can return from the principal function S to the functions F and U, 
and consequently to the expression H, and the equations of motion (A.). 

Analogous remarks apply to the functions Q and V, which must satisfy the partial differential 
equations, 

„ so _s©\ , 7 /sg se S Q \ 

St \ 2 ’”‘ 3 '* 1 ’Sto,’Sra 2 ’Soj 3r J \S ro i’ Sw 3n )’ 

SO SQ SQ 8 Q\ TT ( 8 Q 8 Q SQ\ I (32) 

-^ + Fi Pl , P2 ,... P3n ,~^ = 


(pi,Pz>— Pan, 

__S Q _S Q 
SPi’ 3 p 2 ’" 

8Q' 

11 

1 

go\ c* 0 

_S Q 

3 P 2 ’"' 

3C\ | 
Span/ j 

W§F§F 

\or)i br)z 

SV 

°V3n 

••V3n^ = 

H+U (rj l9 tj 2 

. Van), 

1 . 

(SV sv 
ISe, 1 Se 2 ’ 

SF 

*“ Se ’ 6 i» e 2’ * 

oe 3n 

* * e 3n^j ~ 

H -f- TJ (Cj, &2 > 

— e Sn ). | 



General Method of improving an approximate Expression for the Principal 
Function in any Problem of Dynamics. 

7. If we separate the principal function S into any two parts, 

JS 1+ S 2 =S, (34.) 

and substitute their sum for S in the first equation (C.), the function F, from its rational and 
integer and homogeneous form and dimension, may be expressed in this new way, 


/8 S 

8 S 

\ rr/^l 

8 S t 

\ 

\ Sl 7i’ * 



** sY - 

°V3n 

••V3 nf 


because* 


/ 8Sj} 

\SJS 2 

rp f ( N 

1 ss 2 _ 

(FS 2 

ss 2 \ 

Up 



&r i+ - F| 

' °V3n 

Ui” 

••J—>Vl’~-V3n) 
°V3 n / 

'SS 1 

B8 X 

\ 

™/SN 2 



Mi 3 

’** 

>Vl> •••Vsnj- 

F W,’“ 

* tysn’ 

Vl > — V*n 

(B S\ 

ss 2 


ss 2 



\*nJ 



SvsF 






and since, by (A.) and (B.) 


and (B.), 

|^By F' (Jr-'j is meant the partial derivative of F with respect to 



[7, 8 


■ ■■Vs 




Idt 


(D.) 


(E.) 


l so as 
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we easily transform the first equation /SS Z & % 

.’“M 

supposing .* - ~ ^ ^ * “ 0l ” . 

to vanish with the time. general method of improving an appt oxi 

This general and rigorous transformation offe rf dynamics . F„r if the part A, bo 

mate expression for the principal fimctaon ^ wiU be sma ll; and the homo- 

such an approximate expression, then the dll “ t g of tiie coefficients of this small pat t. 

geneous faction F involving the email, and of a higher order ot small- 

in the second definite integral ^ ® seoond definite integral, in passing to a second 

* tet “ p “"“ s> '" s " 

<£•-£•'. ^ . ! F0 . 

in calculating which definite integral we may employ the following approximate 
integrals of the equations of motion, 


2>i= - 


8 Si 


SSp 


_SSi (89.) 

~ 8il’ ^ f . 

expressing first, by these, the variables „ 4 as f^ons t^e and 

> amlthen ehminating, after the integration, value S^ t . for the 

forms. And when an improved expression or sabs tituted in like manner for the first 

c—- 10 ” “ d th ’ pt “ 

for the function Q or V. 

Ei ,con. Theory of Perturbation*. fm*t ~ %*”***“ * ****** 

y Part of the whole Principal Function. 

8 If we separate the expression H (17.) into any two parts of the same kind, 

+ v 

in which uV*,-V*n)~Vi(Vi,V*,-Van), M 

H 2 = E z (ro!,ro 8 ,... — VaJ~ U * (Vi>Va, — Van)’ {i '~"' 


and 
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the functions F x , F 2 , U x , U 2 being such, that 

F 1 + F 2 = F, U 1 + U 2 =U- (43.) 

the differential equations of motion (A.) will take this form, 

<Hi _ i , dw A _ 8H 1 BH 2 

dt Bm i SzDi ’ dt Brji ^ 

and if the part H 2 and its coefficients be small, they will not differ much from these other 
differential equations, 

d Vi JiH 1 dm, 8H,. 

dt S m,' dt Sr,,’ 1 ; 

so that the rigorous integrals of the latter system will be approximate integrals of the former. 
Whenever then, by a proper choice of the predominant term H x> a system of 6?i equations such 
as (H.) has been formed and rigorously integrated, giving expressions for the 6n variables wi 
as functions of the time t, and of their own initial values e i , p if which may be thus denoted: 

Vi = 4>i (t> e l . e 2 > • ■ • e 3n ,Pl . Pi > • • • Pan), < 44 -) 

and 

™ i = <l'i(t,e 1 ,e 3 ,...e an ,p 1 ,p 2 ,...p 3n ); (45.) 

the simpler motion thus defined by the rigorous integrals of (H.) may be called the undisturbed 
motion of the proposed system of n points, and the more complex motion expressed by the 
rigorous integrals of (G.) may be called by contrast the disturbed motion of that system; and to 
pass from the one to the other, may be called a Problem of Perturbation. 

9. To accomplish this passage, let us observe that the differential equations of undisturbed 
motion (H.), being of the same form as the original equations (A.), may have their integrals 
similarly expressed, that is, as follows: 

8S X _ S S x . 

ro<= 'SV Pi ~ 8<v (L) 

S 1 being here the principal function of undisturbed motion , or the definite integral 


considered as a function of the time and of the quantities 77 *,^. In like manner if we represent 
by $!+ S 2 the whole principal function of disturbed motion, the rigorous integrals of (G.) may 
be expressed by (B.), as follows: 

__ bS x S/S 2 fKA 

i 8% Srji ’ 4 Bei Be t * 

Comparing the forms ( 44 .) with the second set of equations (I.) for the integrals of undisturbed 
motion, we find that the following relations between the functions , S ± must be rigorously and 
identically true: 

, / B8 X bs x ssa 

Vi~<ki ...e 3w , Se ^, Se 3 J’ ( *' 

and therefore, by (K.), that the integrals of disturbed motion may be put under the following 
forms, 

, / . 88 2 . . „ , BS 2 /T > 


( **• < 


S ,».-P»* + S 
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[9-1 i 


We may therefore calculate rigorously the disturbed variables r) i by the rules of undisturbed 
motion (44.), if without altering the time 2, or the initial values of those variables, which 
determine the initial configuration, we alter (in general) the initial velocities and directions, by 
adding to the elements p t the following perturbational terms. 


Ai>i = 


Se-^ 


A 3^2 

Ap2= j^’ 


A 

AP ^^ K 


(M.) 


a remarkable result, which includes the whole theory of perturbation. We might deduce from 
it the differential coefficients r }^, or the connected quantities w i , which determine the disturbed 
directions and velocities of motion at any time i\ but a similar reasoning gives at once the 
general expression, 

88 , , (. . 88 2 . 88 * . 88 * 


- ^ (t, , 


’^ 1+ SV^ + 8e 3 


• ■ Pzn + 


Seo 


(N.) 


% 8rj i ' - \ ” " ■” oe x oc 2 <jv 3n 

implying, that after altering the initial velocities and directions or the elements %>i as before, by 
the perturbational terms (M.), we may then employ the rules of undisturbed motion (45.) to 
calculate the velocities and directions at the time t , or the varying quantities w i , if we finally 
apply to these quantities thus calculated the following new corrections for perturbation: 

. 88 2 . 88 2 A 88 2 

Arai== sr> Act 2 = sV’ Aras » = sr~- (°-) 

br )l °V2 by lZn 


Approximate expressions deduced from the foregoing rigorous Theory. 

10. The foregoing theory gives indeed rigorous expressions for the perturbations, in passing 
from the simpler motion (H.) or (I.) to the more complex motion (G.) or (K.): but it may seem 
that these expressions are of little use, because they involve an unknown disturbing function 
$21 (namely, the perturbational part of the whole principal function 8,) and also unknown or 
disturbed coordinates or marks of position ^. However, it was lately shown that whenever 
a first approximate form for the principal function 8, such as here the principal function 8 t of 
undisturbed motion, has been found, the correction 8% can in general be assigned, with an 
indefinitely increasing accuracy; and since the perturbations (M.) and (O.) involve the disturbed 
coordinates ^ only as they enter into the coefficients of this small disturbing function S 2 , it is 
evidently permitted to substitute for these coordinates, at first, their undisturbed values, and 
then to correct the results by substituting more accurate expressions. 


11. The function 8 X of undisturbed motion must satisfy rigorously two partial differential 
equations of the form (C.), namely, 

88 1 


8t 

88 

8t 


+ Fl (&)x ’ *" Sr,8 Vl ~ Ul ‘ V3n) ’ 


(P-) 


and therefore, by (D.), the disturbing function S t must satisfy rigorously the following other 
condition: 


d8< 


2 _ TJ 


_ \ TP 


( 88 ± 88 , 


\ . 88 
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and may, on account of the homogeneity and dimension of F> he approximately expressed as 
follows: 


or thus, by (I.), 
that is, by (42.) 


In this expression, H 2 is given immediately as a function of the varying quantities r) i , w i , but 
it may be considered in the same order of approximation as a known function of their initial 
values , p £ and of the time t 3 obtained by substituting for , w £ their undisturbed values (44.), 
(45.) as functions of those quantities; its variation may therefore be expressed in either of the 
two following ways: 

s ^= s (¥^4§ s -)> 

or 

8H* 




| dt, 

(R.) 


••‘ten)] 

dt, 

' 

(S.) 

Ga 

il 

I 

& 



(T.) 


(48.) 


S H< 


=*(' 


Se+ -s^) 


Se 


+ 'W hL 


(49.) 


Adopting the latter view, and effecting the integration (T.) with respect to the time, by 
treating the elements e t , p £ as constant, we are afterwards to substitute for the quantities p £ their 
undisturbed expressions (39.) or (I.), and then we find for the variation of the di s turbing func¬ 
tion S 2 the expression* 




(-•r. 


t BH 1 

Be 


dt -f- S 


BS t 




(50.) 


which enables us to transform the perturbational terms (M.) ? (O.)into the following approximate 
forms: 


4?i = 


o ~ 


and 


-r. 


(U.) 

(V.) 


containing only functions and quantities which may be regarded as given, by the theory of 
undisturbed motion. 

12. In the same order of approximation, if the variation of the expression (44.) for an un¬ 
disturbed coordinate % be thus denoted, 

S ,*=^S* +S (^Se + gi«p). (51.) 

the perturbation of that coordinate may be expressed as follows: 

A % = S.| fAp; (W.) 

* [The object is to express in terms of y and e» or BS t in terms of ^ Stj, e, Se.] 
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A^ = 


SPlJ o 8e x 8p 2 J o 8e a 

S Vi B*S X 


+ (s^ Sef + S^? 2 8^ 8e 2 + ' * * + S^ 37i 8^ Se 3n 

+ . 


8^2 J 
8 % S 2 £ x 


dt - 


%L f 

JlJo 




8 % 


8 2 N 


8 e~ 


<#£ 


y)f 

’sn/ J 0 


£■* 

*>Pl 


[12, 13 


(52.) 


4 


Zr)i S 2 ^ , 3^ 8 2 £ x 


+ c 


„ 8 e 2 


\5^?1 §6 3?l 8e x ^2 L 
Besides, the identical equation (47.) gives* 

&Vi_Sr] i 8 2 S X Svjj S 2 ^ 


_S^ S 2 N x 
" 8 p’a» 3ef* 


*&ffa 
o 8p 3/< 


dt. 


8 e fc 


+ ...+ 


877 , 8 2 £ x ; 

8jP3«. 8 6/. Se 3/ , 


the expression (52.) may therefore be thus abridged, 
A Vi 


_s% 


_^Vi_ 

r**?* 

$Pi. 

)o Se 1 • 

SPin. 

JoSe 3n at 

♦a 

'o Sp, 

..+-® 2 i j 
Se s J 

" l 8 H 2 . 

0 —- dt, 
0 ? p Sn 


(53.) 


(X.) 


and shows that instead of the rigorous perturbational terms (M.) we may approximately 
employ the following, 


A Pi 


■j: 


*8H« 


dt 9 


(V.) 


in order to calculate the disturbed configuration at any time t by the rules of undisturbed 
motion, provided that besides thus altering the initial velocities and directions we alter also the 
initial configuration, by the formula 


Aev 




SB, 
Sj Pi 


dt. 


(Z.) 


It would not be difficult to calculate, in like manner, approximate expressions for the disturbed 
directions and velocities at any time t; but it is better to resume, in another way, the rigorous 
problem of perturbation. 


Other Rigorous Theory of Perturbation , founded on the properties of the disturbing 
part of the constant of living force, and giving formulae for the Variation of 
Elements more analogous to those already known. 

13. Suppose that the theory of undisturbed motion has given the 6n constants e t , p i or any 
combinations of these, k 13 k 2> ... k 6u , as functions of the 6n variables y) i3 and of the time t, 
which may be thus denoted: 

K i = Xt(t>Vi>V2 > *** Vsn > ^ 2 > -*• ^ 3 J, (54.) 

and which give reciprocally expressions for the variables m , in terms of these elements and of 
the time, analogous to (44.) and (45.), and capable of being denoted similarly, 

{t 3 K X3 K %3 .../C 6 J, W i ^tjj i {t 3 K X3 K 23 ... /C 6n ); 

* [Equation (47.) is differentiated, partially with, respect to e fc> the 17 ’s being kept constant.J 


(55.) 
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then, the total differential coefficient of every such element or function k, } taken with respect 
to the time, (both as it enters explicitly and implicitly into the expressions (54.),) must vanish 
in the undisturbed motion; so that, by the differential equations of such motion (H.), the 
following general relation must be rigorously and identically true: 


0 = ^ + 

8t \ 8rj 8m 8m 8rj J 


(56.) 


In passing to disturbed motion, if we retain the equation (54.) as a definition of the quantity 
K i , that quantity will no longer be constant, but it will continue to satisfy the inverse relations 
(55.), and may be called, by analogy, a varying element of the motion; and its total differential 
coefficient, taken with respect to the time, may, by the identical equation (56.), and by the 
differential equations of disturbed motion (G.), be rigorously expressed as follows: 


dKj _ 2 { 8k, 8H 2 _ 8k, 811 2 \ 
dt \S 77 8m Sgj 8rj /’ 


14. This result (A 1 .) contains the whole theory of the gradual variation of the elements of 
disturbed motion of a system; but it may receive an advantageous transformation, by the sub¬ 
stitution of the expressions (55.) for the variables rj i3 m, as functions of the time and of the 
elements; since it will thus conduct to a system of 6 n rigorous and ordinary differential equations 
of the first order between those varying elements and the time. Expressing, therefore, the 
quantity H 2 as a function of these latter variables, its variation 8H 2 takes this new form, 

s// *= s -x~ 8 * + vr 3f ’ < 57 -> 


and gives, by comparison with the form (48.), and by (54.), 

= s 8^8 ! c > 8jHg 8 * • 

8r) r 8k Syfi 8m r 8k 8m r * 


and thus the general equation (A 1 .) is transformed to the following, 

dK, 8H 2 8H 2 8B 2 

dt ~ a ' i - 1 Sk, +Cfi - 2 8 « 3 + -" +a ^S*: 6 „’ 

in which 

_/'S/q 8k,8kS\ 


(58.) 


(B 1 .) 

(Oi.) 


so that it only remains to eliminate the variables 77 , m from the expressions of these latter 
coefficients. Now it is remarkable that this elimination removes the symbol t also, and leaves 
the coefficients a i s expressed as functions of the elements k alone, not explicitly involving the 
time. This general theorem of dynamics, which is, perhaps, a little more extensive than the 
analogous results discovered by Lagrange and by Poisson,* since it does not limit the disturbing 
terms in the differential equations of motion to depend on the configuration only, may be 
investigated in the following way. 


* [Lagrange, “Snr la th 6 orie g4n6rale de la. variation des constantes arbitraires,’’ M&nwires de VInstitut (1868), 
p. 288; Poisson, “Stir la variation dies constantes arbitraires dans les questions de m 6 canique,” Journal de, Vltcole 
Polyt. Tome vm (1809), pp. 288, 289. See reference to Lovett, p. 160.] 
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15. The sign of summation S in (<?.), ^ the same ^ “ thoSe ° f ther Tlxfthe exposed 
in which it has already occurred without an index in this Essay, refers not to the expressed 

in<£s sulh as here J, in the quantity to he summed, hut to an mtowh.^ "^2 
and which may be here called r; so that if we introduce for greater clearness this variable do. 

and its limits, the expression (C 1 .) becomes 

« 3 n 

t*i,s - ^(r) 1 \Srj r 8W r 8w r S vr , 
and its total differential coefficient, taken with respect to the time, may be separated into the 
two following parts, , 8k , d 8 k, 


Vr) * 


( 50 .) 


d v 3 n [' 

■{ 


ai 


£r) r dt 8m r 8r) r dt 8w rj 
8 k s d ht<i __ &Kj d_ Sk«\ f 

8m r dt Srj T 8m r dt 8r)J ’ J 


(60.) 


which we shall proceed to calculate separately, and then to add them together. By the definition 

t • fv jj.i ~ ~ x-:—^ m n+.irm ((r \ 

(61.) 


d StCf 

dthw r 


8 2 K,£ ( 3n 

= &S^ + (li)1 


■ f SV, 

(SHi 

hH z 

8 2 k, 

l s Jh + 

811 2 

(S77, w SnJ r 

\8v3 u 


8 tu m S w r 

\H. 



in which, by the identical equation (56.), 


8 2 k, 


we have therefore 
d 8 k* 
dt 8w r 

d 8 k 


_y 3 n(J& 


8t8w r 

8 2 k, 8H 


3n (&Kj * 

n \ &iJ 


8 ^ 3w /8 kt^ 8H ± 

S5T<*> : 


H htXF tt 

S*Kt S& 2 


_ 8 * i 8 //i 

Stt> u 817 ., 
8k, 8 HI, 


> 


fim T 8 w u 8 xjj u 8 w t 817, u 8 ^ u Syj, t Brn r 

and £ m ay be found from this, by merely changing i to s : so that* 
dt 8w r 

( 


a#c 4 a>//, 
87 ; (i Srn lt 8 rn 




( 02 .) 


(OH.) 


Y 3w 

nni 


/ 8 k € d Sk* 


$7} r dt Sm 5 

_^ 3 n, 3n. ( 

- ^(r,«> 1,1 j ^ 


f /Sk s 8 2 k 7 - 

Sk.; 8 2 k, ' 

iSH 2 

/8k ?: 8 2 k w 

Sk w 8 a Ki \ 

}\S77 r 8m u Sm r 

8rj r 8zn u 8m r j 

' Si?. 

Wr hr) u 8w r 

8“57r S7 ?«^ CT r/ 


(64.) 


+ 


and similarly, 

T 3» / 8fC s ^ 8 k^ 


/ 8k^ 8k 5 
\87? r Sto. u 


Sk«j Sk, 
S 77 


StoJ 


/8 k, 8 k, 


8rj u 8m r W r & 7 u 


8k^ 8 k, 
% 8rj 


iu) 


-1 3n 
“*(r t 'u) 


-Hi 


8 k^ d 8 k s 
S w r dt 8r) r 

8 k s 8 2 k^ _ 

8 tii r 877 ^ §77 r 8 to r S 77 


8 k, 8 2 k 


» 2 k, \8gg /8 k, 

8to u \Sm r 


8 2 K fl 


' 

8w u 8m r 


\ 8// 2 


^ 8k^ Sk s 8k s 8/eA 8 2 H 

~ iJ ~ 


\Sti7 r 8 t 7 u Snj r S 77 , 

8 2 if. 


__ 8 k« 8Vi. .^ 

8w u 8v) r 8w r 8w u 8rj r ) 8 tj u 
/Sk s 8k^ 8k, Sk* 


(65.) 


8ta u 877 r \Stu r 8ta u Sw r Szu u J 8r) u 8r) r ) j 


* [In (64.) and (65.) the coefficients of and of are easily seen to he zero. Also if we interchange 

the suffices in the coefficient of J Z ~ l - in (64.) the term cancels against the corresponding term of (65.).] 

oij tt ot&p 
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Adding, therefore, the two last expressions, and making the reductions which present them¬ 
selves, we find, by (60.),* 


in which 




dt a 


3 n $K a B 2 K i 


-'(u) 






8H, 

8m, 


A 

'J 


Sk,- S 2 K: 


I(r) 1 \8rj r 8m u 8m r §7] r Sm u Sm r Szu r §zu u Srj r 


8 k,- S 2 ^ 8k a 8 2 k; 


3 n / 

n \ 


8 K q 8 2 K,- 


8 k,- 8 2 k v 


8k,- 8 2 «r <f 


Sm r 8zx}, u 8rj, 

S /C„ S 2 /Cy 


8w r 8rj u 8r} r 8m r 8r) u 8rj r 8rj r 8r) u 8m r 8rj r St). 


>*><i \ 

u & m rf 


(D 1 .) 


( 66 .) 


and since this general form (D 1 .) for — a is 


contains no term independent of the disturbing 


8Jff 8U 

quantities , it is easy to infer from it the important consequence already mentioned, 

namely, that the coefficients a i s , in the differentials (B 1 .) of the elements, may be expressed as 
functions of those elements alone, not explicitly involving the time.f 

It is evident also, that these coefficients a is have the property 

(67.) 


and 


8H. 


°; 


(Lk, 


( 68 .) 


the term proportional to — 2 disappears therefore from the expression (B 1 .) for and the term 

OK.; at 


destroys the term 


bh 2 


S H, 

d*i 

8k, c ‘ 

a 

<>s ‘ s«r s 

m s.; 

dt 

SU, 

8 H, 

S H, 

df<3 

8k s 

Sk { 

m ST. 

dt 


when these terms are added together; we have, therefore, 

v 8H 2 d,K ^ 

2j '~8^~dt~° 3 


dH* 

dt 


a h 2 

" st 3 


(Ei.) 

(Fi.) 


that is, in taking the first total differential coefficient of the disturbing expression H 2 with 
respect to the time, the elements may be treated as constant. 


Simplification of the differential equations which determine these gradually varying 
elements , in any problem of Perturbation ; and Integration of the simplified 
equations by means of certain Functions of Elements . 

16. The most natural choice of these elements is that which makes them correspond, in 

* [It follows that in th© undisturbed motion th© fit’s are constant, which, is Poisson’s theorem (Journal de l Mcole, 
Polyt. Tome vm (1809), pp. 281, 282).] 

t [This is most easily seen as follows. If ct f ,, when expressed in terms of the k s, contains t explicitly, it would 
not remain constant during the undisturbed motion, which would, contradict (I) 1 .).] 


TTMPTT 
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undisturbed motion, to the initial quantities These quantities, by the differential equations 

(H.), may be expressed in undisturbed motion as follows, 


f‘& H 1Jt fSHj 

— I - ~dt, Pi = T&i “h I "K- dt, 

h Jo Sro* * % Jo B Vi 


and if we suppose them found, by elimination, under the forms 

e i= Vi+ > V2 5 * • • 7?3 n ^ ^ 

Pi=&i + X ¥'i(t>Vl> r )2’ ro l> W 2> •** ro 3n)>J 

it is easy to see that the following equations must be rigorously and identically true/ 11 for all 
values of rj i9 w i3 

O — 'Ti (0,r jl ,rj 2y ... VQrl ,m l3 w 2 , ... BJ S JJ 

When, therefore, in passing to disturbed motion, we establish the equations of definition, 

+ 2 > ®3«)» 1 j 

+ ...rj Zn ,m ly w 2 ,... cj 3w .)J 

introducing 6n varying elements k, l , A^-, of which the set A 2 - would have been represented in our 
recent notation as follows: 

\ — ^3 «,+£ j (^ "h ) 


we see that all the partial differential coefficients of the forms •=— 


8 k,, : 8 K, { SX. { SA, 


t — 0, except the following: 


817,.’ So 7 r ’ Sr]/ Swf r 


, vanish when 


and, therefore, that when if is made =0, in the coefficients a i>(f3 (59.), all those coefficients vanish, 
except the following: 

a r, 3 n+r ~ f j ^3n+r,r == f ( 1 5 •) 

But it has been proved that these coefficients a iS3 when expressed as functions of the 
elements, do not contain the time explicitly; and the supposition t — 0 introduces no relation 
between those 6n elements #e 4 , A^, which still remain independent: the coefficients a t - H , therefore, 
could not acquire the values 1,0, — 1, by the supposition £ = 0, unless they had those values 
constantly, and independently of that supposition. The differential equations of the forms 
(B 1 .) may therefore be expressed, for the present system of varying elements, in the following 
simpler way: 

dtc i __ SH 2 m dX t $dd 2 . 

dt SX i y dt~ Sk/ 

and an easy verification of these expressions is offered by the formula (E 1 .), which takes now 
this form, 

„(SH 2 dK , SH 2 dX\ ^ 

s l&r^ + -sr^)= 0 - <h».) 


* CPutamg t~0m (70.) we have <£ t - (0, e x , ... e 3nJ p 1 ,... jp 3 „) = 0 for all values of the e’s and -p’s. Hence (71.) 
follows.] r \ / 
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17. The initial values of the varying elements K it A i are evidently e i ,p i , by the definitions 
(72.), and by the identical equations (71.); the problem of integrating rigorously the equations 
of disturbed motion (G.), between the variables 7q, w i and the time, or of determining these 
variables as functions of the time and of their own initial values e i , p { , is therefore rigorously 
transformed into the problem of integrating the equations (G 1 .), or of determining the Bn 
elements /q, A^ as functions of the time and of the same initial values. The chief advantage of 
this transformation is, that if the perturbations be small, the new variables (namely, the 
elements,) alter but little: and that, since the new differential equations are of the same form 
as the old, they may be integrated by a similar method. Considering, therefore, the definite 
integral 

£= /o( 2 - A! Sr-Y^’ < 76 -> 

as a function of the time and of the Bn quantities k x , k 2 , ... K Sn ) e 1) e 2 , ... e 3n , and observing that 
its variation, taken with respect to the latter quantities, may be shown by a process similar to 
that of the fourth number of this Essay to he 


BE = S (AS/c — p Se), 


(lb) 


we find that the rigorous integrals of the differential equations (G 1 .) may be expressed in the 
following manner: 




(Kb) 


in which there enters only one unknown function of elements E y to the search and study of which 
single function the problem of perturbation is reduced by this new method. 


We might also have put 





dt, 


(77.) 


and have considered this definite integral C as a function of the time and of the Bn quantities 
A i, Pi; and then we should have found the following other forms for the integrals of the differential 
equations of varying elements, 

SC BO , T1X 

+5T, — 57T- (Eb) 


sv 


S Pi 


And each of these functions of elements , C and E, must satisfy a certain partial differential 
equation, analogous to the first equation of each pair mentioned in the sixth number of this 
Essay, and deduced on similar principles.* 


18. Thus, it is evident, by the form of the function E, and by the equations (Kb), (Gb), and 
(76.), that the partial differential coefficient of this function, taken with respect to the time, is 

&E _ dE y BE dbc _rr . /M 1 \ 

Bt~ dt S * S/c dt “ H( 

and therefore that if we separate this function E into any two parts 

E x + E 2 ^E, (Nb) 

* \0 and E are the generating functions for the contact transformations from p, e to A, /c.] 


23-2 
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and if, for greater clearness, we put the expression H 2 under the form 

H 2 =H 2 {t, k 13 k 2 ,... K Zn , A 1? A a ,... A 3w ), 

we shall have rigorously the partial differential equation 

8 E t BE 2 BE x BE 




t (t, k 19 ... 




8/ct 


+ S«r 3 „) 


[18 

(O 1 .) 

(I rl -) 


S/q ’ Bk s 

Which gives, approximately, by (G 1 .) and (Kb), when the part E, is small, and when we neglect 
the squares and products of its partial differential coefficients, 
dE 2 , SE 1 


°=H +Z w +H 


t 8 #, SEA 

O’ Kl ’ Ksn ‘ Ski’"’Sk s J' 


(Q 1 -) 


Hence, in the same order of approximation, if the part 2?„ like the whole function E, he chosen 
so as to vanish with the time, we shall have 

(ri ° 

and thus a first approximate expression E 1 can be successively and indefinitely corrected. 
Again, by (L 1 .) and (G l .)> and by the definition (77.), 


SC _dC 8 OdA = „ . 

8 t~ dt Z " BXdt 2 ’ 

the function C must therefore satisfy rigorously the partial differential equation, 

SC 


St 


„ L sc S C_ , \ 


and if we put C= G 1+ O a , 

and suppose that the part C 2 is small, then the rigorous equation 

8 O, SO, SO 




80, , S0._ / SO, 

“8SA, 

1 (L 1 -) 

„ L SO, SO, , , \ 

+ J?2 ( ’ S^’'"SA^’ 1 "' 3 '7’ 


becomes approximately, by (G 1 .) and (L 1 .), 
dG t _ _S0, 
dt Si 


(Sh) 

(T 1 -) 

(U>.) 

(Vh) 

(W‘.) 

(Xh) 


and gives by integration, 

aa= Jo{ _ '& +fl 2 ( 4 ’S”''£ ,Ai ’‘" A3M )} d ‘’ 

the parts O x and 0 2 being supposed to vanish separately when t = 0, like the whole function of 
elements G. 

And to obtain such a first approximation, E t or C lt to either of these two functions of 
elements E, G, we may change, in the definitions (76,), (77.), the varying elements k } A, to their 

* [The deduction is the same as that of (D.), p, 170.] 
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initial values e, p, and then eliminate one set of these initial values by the corresponding set of 
the following approximate equations, deduced from the formulae (G 1 .): 

'tstpr 

*< = «*+ j~dt; (Yh) 

and 

t SiJJ 

A t=Pi- (Z 1 .) 


It is easy also to see that these two functions of elements C and E are connected with each 
other, * and with the disturbing function S 2 , so that the form of any one may be deduced from 
that of any other, when the function S 1 of undisturbed motion is known. 


Analogous formulce for the motion of a Single Point. 


19. Our general method in dynamics, though intended chiefly for the study of attracting 
and repelling systems, is not confined to such, but may be used in all questions to which the law 
of living forces applies. And all the analysis of this Essay, but especially the theory of per¬ 
turbations, may usefully be illustrated by the following analogous reasonings and results 
respecting the motion of a single point. 


Imagine then such a point, having for its three rectangular coordinates x , y , z, and moving in 
an orbit determined by three ordinary differential equations of the second order of forms 
analogous to the equations (2,), namely, 


x 


ft 


SET. 
Sx ’ 




(78.) 


U being any given function of the coordinates not expressly involving the time: and let us 
establish the following definition, analogous to (4.), 

T = j- (x' 2 + y' 2 + z' 2 ), (79.) 


x r , y', z f being the first, and x", y ", z n being the second differential coefficients of the coordinates, 
considered as functions of the time t. If we express, for greater generality or facility, the 
rectangular coordinates x, y> z as functions of three other marks of position tji, t? 2 , T will 
become a homogeneous function of the second dimension of their first differential coefficients 
rj' ls t)' 2> t]' 3 taken with respect to the time; and if we put, for abridgement, 


ST ST ST 

Srji St} 2 Sr) 3 

T may be considered also as a function of the form 

T = F {w x , , w 3 ,77 X , 77 2 , ^ 3 ), 


(80.) 

(81.) 


which will be homogeneous of the second dimension with respect to m 1} w 2 ,tn 2 . We may also put, 
for abridgement, 

Z0 2 , ^g^a) — IS fox, 772,^3) = ( 82 *) 

and then, instead of the three differential equations of the second order (78.), we may employ 


* [C=E («A-ep)-2 V.J 
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1M IU - t . , A , and obtained by a similar 

the six following of the first order, analogous to the equa ion 
reasoning, 


dy-i _ SU 

dt 8®! ’ 


m 


dr) 3 _ + %E- 
dt 


(83.) 


dr) 2 __ ,_ 

dt Sc7 2 

dw^_ 

~S~ dt 8W . .. Z ' be expressed under the 

30 . The rigorous integrals of these six differential equations 

following forms, analogous to (B.), g(S 

8 5 


W ' = S^’ CT3 S’) 


^1 = 


85 

Sei 


^2 = 


85 

8e« 


P3 = 


85 

Se* 5 


in which ej, e 2 , e s , 2b , p 2 > P 3 are the initial values, or values at the time 0, °f’A’ 71 

and 8 is the definite integral ^ g// g/J §H 


’):>> 




’ - dw 2 oujz j 

. c „ , e and J. The quantity H does not change in the course 

a. F« of partial 

of the first order, analogous to the pair (C.), 

„ ~ /to S,C 


+ W. 


^ + W3 Sw s 


-II\dt , 


(84.) 


(85.) 


85 
St ' 
85 
St 


/85 

w 


+J 


85 85 „ „ 

85 85 

Se»’ 8e ; 


C X > e 2 > 


s) = ^(’?i. V 2 > Va)< 
,) = V (e lt e 2 , e ;l ). 


(80.) 


St \8ei oe 2 oe 3 / 

cv I.■ Vi TUflir lip called the principal function of the motion, may 
b^ete riSro^rSetlunder the following form, obtained by reasonings analogous to 
those of the seventh number of this Essay: ... 

"" -^+U( Vl ,v* 

. f‘,/!£_*&■, *> * 

^ J 0 ” \8i)i S^i 8»j» Sl ) 


5 = 5 X + 


, „/8£i SSi S/S 2 

2> W * 8172 ’ ^?3 


Pi> r h> r/a 


-)) 


dt 


+ 


.) *; 


(87.) 


SS Sgi 

integral m (87.). caIL be obtained, whenever, by separating the 

«*LLe*£££ a predominant and a smaller part, N, and H.. and by neglecting the 
part H 2 we have ckanged the differential equations (83.) to others, namely, 
d Vl _SH 1 d 32 _SHi *)3_ SH i ■) 


* 

dw 1 

dt 


“8^’ 

8 H 1 

fyi’ 


dt ' 

dxtf 2 

dt 


Stn 2 * 
8H X 
S 72 : 


dt 

dw z 

dt 


~ 8ro 3 ’ 

Sily 

8tj 3 


( 88 .) 
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and have succeeded in integrating rigorously these simplified equations, belonging to a simpler 
motion, "which may be called the undisturbed motion of the point. For the principal function of 
such undisturbed motion, namely, the definite integral 


S, 


•j>> 


s h 1 ( 


SzDj 


“SZU 2 


-h w. 


It-.) 


dt , 


(89.) 


considered as a function of , r] 2 , 773 , e 2 , e 2 , e 3 , t, will then be an approximate value for the original 


function of disturbed motion /S, 
differential equations, 


which original function corresponds to the more complex 



sh 2 

dr )2 

= sh 2+ 

sh 2 

d Vz 

dZ 


dt 


Szd 2 9 

dt 

dw 1 

SHj SH 2 

13 

bH 1 

m 2 

dw 3 

~dt 

8qi Stjx 3 

dt 

S7] 2 

$V2 5 

dt 


^ j BH 2 

3 OJr> 3 C'J o 


(90.) 


8H 1 m 2 

$V3 * - 

The function S 1 of undisturbed motion must satisfy a pair of partial differential equations of 
the first order, analogous to the pair ( 86 .); and the integrals of undisturbed motion may be 
represented thus, 

8N, 8N S S ± 

81,2 8,73 (91.) 

S S t hS x 

- a p 3 =-• 


Pl = 


P 2 = " 


Sc., 


8S 1 

SiS, , ss 2 

S S 1 , i 

1 %Vi 

+ SV 

ro3 =^ + ; 

8 Si SS 2 

SjS t ss 2 



Se 2 Se 2 ’ 

* 3= ~1^ 


%Vi 

8 S x 
he x 9 

while the integrals of disturbed motion may be expressed with equal rigour under the following 
analogous forms, 

~ ~ “ ~ ' “ ~ ~ “ ~ ^ 

"^3 ’ 

" Se 3 ’ 

if S 2 denote the rigorous correction of S 1 , or the disturbing part of the whole principal function 
S. And by the foregoing general theory of approximation, this disturbing part or function S 2 
may be approximately represented by the definite integral (Ti), 

£ 2 = -J‘ 

in calculating which definite integral the equations (91.) may be employed. 

22. If the integrals of undisturbed motion (91.) have given 

rj 1 = ^ ( t, , e 2 , e 3 , jt?x , p 2 , ^3)?! 

Vi “ *5^2 (^3 e l 3 e 2 » e 3 3 Pi 3 Pi 9 P&)> j 

Vs ~ $3 (^3 % 3 e 2 j e 3 3 -2b. 3 2b 3 ^ 3)3 J 

e 2 , 63 , i>x, ^23^8)31 
C7 a = ^r 2 (tf, e 2 , 63 ,i>29 ^ 3)3 j 

m 3 =i/t s (t f e l9 e 2 ,e St p lf p 2f p 3 )J 


(93.) 


and 


(94.) 


( 95 .) 
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then the integrals of disturbed motion (92.) may be rigorously transformed as follows, 


2 = 02 i' e l 


SaSo 

S£o 

8 S 2 \ a 

e 2J e s , Pi + j^> 1»2+s« a » ^ 3 + 

8e s J’| 

8#. 


s£ 2 

e 2 , e 3J ft+^- 5 ft + ^- ft + 

<VJ’ 

sn 2 

, s^ 2 

S£ 2 \ 1 

e 2 j e 3 ) .Pi g^ 3 P2 

+ Se 3 ’ ^ + 

8C3) ’ j 

ss 2 

ss 2 

ss„ 

e l 5 e 2J e 3 > Pi "f : 

’ P * + S^’ 

Pa+ T e ; 

ss 2 

SS 2 

Sft’ 

&1) e 2 > e 3 J Pl~^ g e 2 

' ^ + s^’ 

?,3+ 8d 

ss 2 

sft 

, Sft’ 

*!,**,%, Pi+Y e *’ 

P * + Se~’ 

ft+ a*. 


8 ft , / Sft sft ss„\ 

^+ Sei > ^ + s e v 

>S *2 being here the rigorous disturbing function. And the perturbations of position, at any time l 9 
may be approximately expressed by the following formula. 


1 S«1 J 0 Sft + Se 2 J o Sft + Se 3 J 0 Sft 

2ftJo Se, SftJo Se 2 M 8ftJ„ &, M ’ 


together with two similar formulae for the perturbations of the two other coordinates, or in arks 
of position r) 2 ) r) 3 . In these formulae, the coordinates and H 2 are supposed to be e x presset l, by the 
theory of undisturbed motion, as functions of the time t, and of the constants e x , e 2 , e. x , p t , p 2 , p 3 . 

23. Again, if the integrals of undisturbed motion have given, by elimination, expressions 
for these constants, of the forms 

= + vf l9 rj 2 , r) 3 , w lt uj 2 , w 2 ) 3 ) 

e 2 = 7) 2 -h€> 2 (t, t) 13 t) 2 , tj 3 , w 1} m 2 , m 3 ), j- (99.) 

+ Vi> Vz> Vz> w i> ™2> ™s)J 

and 

^ 1 = -ra 1 + x F 1 C, Vl , 772 , 773, W lt m 2 , <n 3 U 

p 2 =w 2 + x P 2 (t 3 Vl , 773, 773, m 2i ro 3 ),F (100.) 

P 3 = w 3 + X ¥ 3 (t 3 t ] 13 t) 2> 773, w l3 w 2> to 3 );1 
and if, for disturbed motion, we establish the definitions 

*1=771+ <£1(2, 77 !, 772, 773, tn-L, ro a , C 7 3 )d 

/c 2 = 77 2 + <E ) 2(^ 77 X , 772, 773, m l3 m 2 , uj 3 ),h (101.) 

^3"+ ^3& ^ 7 i> ^2» °?35 ^ 2 > 

and 

= 77 !, 772, 773, u?!, w 2 , tn 3 ), 

A 2 = tu 2 +T' 2 C, 771, 772, 773, c?!, tcr a , ct 3 ), - (102.) 

A3” UJ3 + T* 3 (t, T7 1? 772, 773, u?!, m 2 , UJ 3 ); 
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we shall have, for such disturbed motion, the following rigorous equations, of the forms (94.) 
and (95.), 

(t> K l> K 2> K Z> A 3 ),) 

~ *5^2 K l 5 K 2> k Z > ^ 1 ) X 2 , ^3)5 

V3~ K 1 > k 2> k 3’ A 2> ^ 3 )? 

and ZD] /<q, k 2, A l5 A a , A s ), 

^2 ~ ^2 (^> ^1) ^2’ ^3 3 » ^2’ ^ 3)3 

W 3~ K 1 3 k 2 3 'Vl 3 ^2> ^3)5 

and may call the quantities *q, k 2 , «r 3 , A x , A 2 , A 3 the 6 varying elements of the motion. To determine 
these six varying elements, we may employ the six following rigorous equations in ordinary 
differentials of the first order, in which H 2 is supposed to have been expressed by (103.) and 
(104.) as a function of the elements and of the time: 


(103.) 


(104.) 


dtc x 

s& 2 

df<2 

S&2 

dftn 

8H 9 

~dt = 

SAa. ’ 

dt 

8X 0 

dt 

§A a 

dX 1 _ 

8H 2 

dX 2 _ 

_8H 2 

dX 3 _ 

8H 

dt 

8k 1 3 

dt 

8k 2 3 

dt 

8k, 


(105.) 

and the rigorous integrals of these 6 equations may be expressed in the following manner, 

(106.) 


. 8E . S E 
A i-s~ 5 A 2 “SkY 


. 8E 


P 1 = 


8 E 


8E 


Se 2 ’ ^ Se a ’ 


8k 1 3 

8 E 

the constants e 1 , e 2 , e 3 , yq, p 2 »Pz retaining their recent meanings, and being therefore the initial 
values of the elements k ± , k 2 , k b , X 1 , A 2 , A 3 ; while the function E, which may be called the function 
of elements, because its form determines the laws of their variations, is the definite integral 


E 


-j> if 


. A 3 h 2 

A 2 Tn r A 3 "ssy 

OAo OAo 


-H. 


,) dt, 


(107.) 


considered as depending on /c x , k 2 , k 3 , e lf e 2 
also be expressed in this other way. 


C being the definite integral 


e 3 and t. The integrals of the equations (105.) may 


8 C 

8C 

8C 

8X t 3 

k *~ + 8X 2 > 

K3=+ SA 3 ’ 

8G 

8 G 

SO 

*Pi 

$ 

II 

1 

.©?[ 
N> 1 

% w 3 


m 2 m 2 s s 2 

■*i£ +k >s 2 +k »t£ 


— j dt , 


(108.) 


(109.) 


regarded as a function of A x , A 2 , A 3 , , p 2 > Pz and t : and it is easy to prove that each of these two 
functions of elements , G and E } must satisfy a partial differential equation of the first order,* 


* [The partial differential equations are 


BE 

dt 


+h 2 it. 
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which can be previously assigned, and which may assist in discovering the foims of these two 
functions, and especially in improving an approximate expression for either. All these results 
for the motion of a single point are analogous to the results already deduced in this Essay, for 
an attracting or repelling system. 

Mathematical Example , suggested hy the motion of Projectiles. 

24. If the three marks of position yi,V 2 >V 3 0 f the moving point are the rectangular coo rdi n ates 
themselves, and if the function XJ has the form 

U— — gr\ z — -J {p 2 0?! + ^i) + Al}* (110.) 

g , g, v being constants; then the expression 

H = l(wl + wt + ml) + grj 3 + £ {p? (r)\ + 1 ?|) + ^1} < ln ) 

is that which must be substituted in the general forms (83.), in order to form the 0 differential 
equations of motion of the first order, namely. 


These differential equations have for their rigorous integrals the six following, 

7] x == e x cos id + ~ sin fit, 

? 7 2 —e 2 cosg?-{-“ sing?, (113.) 

f- L 

y 3 = e 3 cos vt + — sin vt — ~^ vers vt, 

and w ± cos fit — fie x sin fit, 

w 2 =p 2 cos fit — fie 2 sin fit, ( 114 ) 

zu 3 —p 3 cos vt — ^ve 3 + sin vt; 

e i> e 2 5 e 3 > Pi> P 23 Pz being still the initial values of ij x3 r) 2 ,rj 3 , w x , . 

Employing these rigorous integral equations to calculate the function S, that is, by (85.) 
and (110.), (Ill.), the definite integral 


i (id? + otI + tnf) = i |j>f -f-jpi +p% + ft 2 (el + el) + (ve 3 + 

+ i {p\ +Pl ~ M 2 («i + e l)} cos 2/jI - ip ( ei p x + e 2 p 2 ) sin 2/j.t 
+ i | pl — ( t -’ e 3 + jcos2i>i—| ^ve 3 + ^jp 3 sin2vt, 


(1X6.) 



24] 

and 

and therefore, 
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v== !&-i{pl+Pl+Pl+^ &+4) + (ve a +?) 2 ) 

+ i {Pi + P\ ~ M 2 fei + el)} eos 2yt — %y ( e 1 p 1 + e 2 p 2 ) sin 2yd 
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+ 


i | Pi — ^ e 3 + f) | cos 2vt ~~ i ( ve 3 + ~ j ^3 s * n 2*^; 


^ ~ f ^2 + (Pi +P% ~ V 2 ( e ! + el)} — i feiPi + e 2 p 2 ) vers 2 ^ | 


+ ^3“^3 + - 


p^ 2 ) sin 2vt 
~4^~ 


- iPs vers 2vt . 


(117.) 


(118.) 


In order, however, to express this function JS, as supposed by our general method, in terms 
of the final and initial coordinates and of the time, we must employ the analogous expressions 
for the constants , p%, p a , deduced from the integrals (113.), namely, the following: 


Pi = 


P 2 


PVi ~ P e i cos £d 
sin yt 

_l xr l2~ cos pt 


si nyt 


(119.) 


^3 + 7. 


p 3 =. 


H-+i) 

sin vt 


cos vt 


and then we find 


S = (^l ~~ e i) 2 + (V2 ~ e 2> 2 . V (V3~H) 2 

2v 2 2 tan yt 2 * tan vt 

- y (iji e x + t 7 2 e 2 ) tan ™ - v 4- ^ j ^e 3 + ^ tan ^. 


( 120 .) 


This principal function S satisfies the following pair of partial differential equations of the 
first order, of the kind ( 86 .), 




St + 2 
SS 

St + 2 


i( s -) a+ (v) 2+ (i-n=-^-^ 

{\ S W \ S W 1^3/ J 
life) + fe) + fe) 1= ~ 2 ^ 


■ (yl+vl)- 




+4)- 


r 2 


( 121 .) 


and if its form had been previously found , by the help of this pair, or in any other way, the 
integrals of the equations of motion might {by our general method) have been deduced from it , under 
the forms. 


w x — — y {r) ± — ef) cotan yt — ye, tan ~, 

br lx 2 

w 2 —i~ = P ('72 — «a) cotan yt — pe 2 tan ~, 

07^2 * 

tu 3 = |“ = v (773 — e 3 ) cotan v# — + ~ j tan ~ , 


( 122 .) 


24-3 
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p x => — — = f*-{ r h.~~ e i) cotan pl-\-p,r] x tan ^ , 


Se x 

SS 


= P- ('Is 


fjut 


P»“~gz- V <to- 


- e 2 ) cotan jui 4- Mz ' fcan “g > 

/ , vt 

- e 3 ) cotan vi + I vrj s + - I tan — : 


[24, 25 


( 123 .) 


the last o£ these two sets of equations coinciding with the set (119.), or (113.), and conducting, 
when combined with the first set, (122.), to the other former set of integrals, (Ilf). 

25. Suppose now, to illustrate the theory of perturbation, that the constants p., v are small, 
and that, after separating the expression (111.) for H into the two parts, 

H^^iwl + wl + wD + g-nz, ( 124 -) 

atld H i = i{^ <i (vl + vl) + v2r lti’ (!25.) 

we suppress at first the small part H 2 , and so form, by (88.), these other and simpler differential 
equations of a motion which we shall call undisturbed : 


5 ->. 


dr) i 
dt 

dwc 


— ZD 


= 0, 


dr}< 
dt 
dm % 
dt 


dt dt ' 9 

These new equations have for their rigorous integrals, of the forms (94.) and (95.), 


rj 1 = e 1 +p 1 t, r) 2 = e z +p 2l t, Vz= =e 3+P3 t ~~iy t2 


and 

w i~Pi> m 2 =p 2 , w^p z — gt; 

and the principal function S x of the same undisturbed motion is, by (h9.), 

l + ml + ml 


( 126 .) 

( 127 .) 

( 128 .) 


-(■ 


2- S^s) dt 

'*±£±*-ge,-3gp,t + 4v)# 


(129.) 


'pl+pl+p'j 


2 -ge^t-gp^+lgH*, 

or finally, by (127.), 

iSi, - iVl - Sl)2 + ( ^ ~ 62)8+(7)3 ~ ea)2 - Igt (n,+63) - (iso.) 

This function satisfies, as it ought, the following pair of partial differential equations, 

SS 1 - 


iS t 1 U88A 2 /8S t y /BSD 2 ) 

w+nwj + te) 


(131.) 
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And if by the help of this pair, or in any other way, the form (130.) of this principal function 
had. been found, the integral equations (127.) and (128.) might have been deduced from it, by 
our general method, as follows: 

1 &,i“ t ’ 

SS-i rj 9 — i 

(132.) 




rjz-e 

t 


and 


SS-, m-e. 


Pl = 


P 2 = 


P 3 = 


_ Vi~~ e i 
S e x t 

_ _ ' 3 ?2 e 2 

8e 2 o 

_t/3 e 3 , 


(133.) 


~igt; 


8e 3 t 

the latter of these two sets coinciding with (127.), and the former set conducting to (128.). 


26. Returning now from this simpler motion to the more complex motion first mentioned, 
and denoting by S 2 the disturbing part or function which must be added to S 1 in order to make 
up the whole principal function S of that more complex motion; we have, by applying our 
general method, the following rigorous expression for this disturbing function, 


S. 




dt. 


(134.) 


in which we may, approximately, neglect the second definite integral, and calculate the first 
by the help of the equations of undisturbed motion. In this manner we find, approximately, 
by (125.), (127.), 


-# 2 = - Y {(Zl+Plt ) 2 + (e a +Pzt ) 2 }'* 2 ) 2 > 
and therefore, by integration,* 

<S I 2 = — i{/ t2 ( e i + e i) + + e^Pz) + v z e 3 p^t z } 

- i {p 2 (Pi +Pl) + v * (Pi~9 e z)}t s + - ifav 2 (/ 2 t s ,) 


(135.) 


(130.) 


* [The approximate S 2 of (136.) is primarily a solution of the partial differential equation 
gff 2 8S X SS 2 8S X 8jS 2 8S x BS 2 
dt S-xji 817 a & 

It must be a complete integral, the arbitrary constants being e lf e 2 , e 3 and an additive constant. The method 
employed by Hamilton in such cases is as follows. The value of S 2 is found by integrating along the path 


2?i~ 


BS X 


BS 1 

*■—e* 


2>» = 


8$ 

jS 2 is then a function of t, e x , e 2t e 3 » p x> p 2> p 3 * Replacing p x by — etc *» ^2 now satisfies the partial differential 
equation because the part arising from the differentiation of the p’s vanishes on account of relations such as 


Hi 

"8e*' 


Sp . 8jS x 8 p 8 S x 8p , fP _q i 

8 t 8 tj x 8 v} X 8 v }a 8 t ) 2 8173 8173 
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or, by (133.), 


6 

vH 


(137.) 


{nl + e zVs+ e l + (t?3+^ 3 ) +4o.7 2 ^} : 


tbe error being of the fourth order, with respect to the small quantities /x, v. And neglecting this 
small error, we can deduce, by our general method, approximate forms for the integrals of the 
equations of disturbed motion, from the corrected function S 1 + S 29 as follows: 


8S, S&2 Vi~ e i , . 

SS ± SS 2 _ r} 2 —e 2 jxH 
Srj 2 Sr] 2 t 3 


(Vz + 2 ^ 2 ) > 


and 


88 2 V3~ e & ^ * vH . , 

W8SSS 8% + S%“~- + + 

88], S8 2 Wi — e-» u?t , , . 

^=-8iI-8if = 5 V t + ^^ + ^ 


88 t 88 2 r )2~' e 2 ja 2 £ - 

—-- “ (c* + k). 


Sco 8e< 


£>3 = 


S/S^ S$ 2 Tig-—Co - , V 2 £ . . f}v 

—-- -7—+iff*+-3 (<% + h 3 +i</0; 


Se 8 8e 

or, in the same order of approximation, 

Vi = e 1 +p 1 t- IpH 2 (e, + ^p r t), 

7 ] a = e 2 +p z t- \ S j?e- (e 2 4- i-p 2 t), 

Vs = e 3 +p 3 f- \rjt* - \vV~ (e 3 + kP-it -1 


and 


w^p x - pH (e x + t ), 

^2 =^2 ~ (e a + IP2 

=P 3 -fft- vH (e 3 + §p 2 t - J^ 2 ). 


(138.) 


(139.) 


(140.) 


(341.) 


Accordingly, if we develope the rigorous integrals of disturbed motion, (113.) and (114.), as far 
as the squares (inclusive) of the small quantities fx and v, w© are conducted to those approximate 
integrals; and if we develope the rigorous expression (120.) for the principal function of such 
(137^ n? t0 ^ Same deglee ° f accuracy > we obtain the sum of the two expressions (130.) and 


27 . ^ To illustrate still further, in the present example, our general method of successive 
approximation, let 8 B denote the small unknown correction of the approximate expression 
(137.), so that we shall now have, rigorously, for the present disturbed motion, 

8 =5 S] l Hh 8 2 4 - 8 3 , 


(142.) 
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and S 2 being here determined rigorously by (130.) and (137.). Then, substituting 8 1 + <S 2 for 
in the general transformation (87.), we find, rigorously, in the present question,* 


+i(s+(i+(©> 


and if we neglect only terms of the eighth and higher dimensions with respect to the small 
quantities /x, v, we may confine ourselves to the first of these two definite integrals, and may 
employ, in calculating it, the approximate expressions (140.) for the coordinates of disturbed 
motion. In this manner we obtain the very approximate expression. 


S »-= - Y l J* * 2 {(vi- + K) 2 + ft. + i e 2 ) 2 } dt 

~ 18 Jo <2 + + * gt ^ 2 dl 


(4^1+ 7t j-j+i + 4ef + + 7 t7 2 6 2 + 4e|) 


- geQ ( 4 *?i + 777363 + 4 e|) - 


■ (73 + ^3)- 


17v 4 g 2 £ 7 


— qTk ( 7 i + iiVi e i + e? + + fi 72 e 2 + e l) 


: (73+ f 6 *? 3 e 3 + 63)- 


. e v 31vV^ , 
40320 725760 s 


which is accordingly the sum of the terms of the fourth and sixth dimensions in the development 
of the rigorous expression (120.), and gives, by our general method, correspondingly approxi¬ 
mate expressions for the integrals of disturbed motion, under the forms 

S 8S0 BS s ' 

5, i = i J+ d + s J ' 

°Vi b Vi ° r h 

BS 1 83 z BS a 

2 ^ + (US ° 

8A 8£L & S* 

3 S V3 b Vs Sr i3 ’ 


[S 1 and 8 z are rigorously determined by 

, dS z _ dS, 88 2 „ 

and v+SCi:-"^’ 

Cl OtJi Cr)i 

In (143) -- means —+£ , where 8"8 x +8 2 +8 2 , and so becomes 

at dt di] l 8 tj x 

/asr* asr. as;\ asr s /ae,y 2 /®s;y „ 0 

~8t +s Ui+artJ ^r +p] Us; vs; -°- 

We see at once that the sum of three equations (i), (ii) and (iii) gives 


'S&V—i 
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and 


JP 2 = ' 


P3= ' 


SSi 


S-S 3 

Se x 

8e 1 


8 S ± 



Se 2 

8c 2 

^ e 2 

SS t 

_S# 2 _ 


8e 3 

Se 3 

8e 3 


(146.) 


28. To illustrate by the same example the theory of gradually varying elements, let us 
establish the following definitions, for the present disturbed motion, 

1, K 2 ==r i2 k 3~V3 ] 


K x = Vi~ 

X-, =z 




(147.) 


A a = C7 2 , A 3 = m 3 4- gt, 

and let us call these six quantities k 1} k 2 , k 3 , A x , A 2 , A 3 the varying elements of that motion, by 
analogy to the six constant quantities e l5 e 2 , e 3 , , p 2 , p 3 , which may, for the undisturbed 

motion, be represented in a similar way, namely, by (127.) and (128.), 

Wjt, e 2 — 2 63 = tj 3 en 3 t \ ( jt^. 

= P2 = ™2> + 

We shall then have rigorously, for the six disturbed variables rj L , r) 2 , rj 3 , , zd 2 , rrj.j, expressions 

of the same forms as in the integrals (127.) and (128.) of undisturbed motion, but with variable 
instead of constant elements, namely, the following: 


(148.) 


(149.) 


= r) 2 = K 2 + A 2 £, 7] Z = K 3 + X 3 t — 

= A x , zd 2 = X 2 , zd 3 — A 3 gt \ J 

and the rigorous determination of the six varying elements k 13 k 2 ,k z , X l3 X 2 , A 3 , as functions of 
the time and of their own initial values e 2 , e 3 , p 2 , p 3 , depends on the integration of the 

6 following equations, in ordinary differentials of the first order, of the forms (105.): 


and 


dK ± 

m 2 

dt 

SA X 

dfc 2 

S# 2 

dt 

“SA 2 

dx 3 

SJ7 2 

dt 

8A 3 

dX x __ 


dt ~~ 

8 K t 


dX 2 = 

dt 

dXs 
dt ~ 


= <j. +Aji), 

= ( K 2 + A 2 1) 3 

= v 2 t( Kz + X 3 t-%g 

= -p 2 (acx + AjO, 


s rr 

sTT “ ~~ P 2 (/c a + A a #), 


(150.) 


$K 0 

%h 2 


(151.) 


= -r 2 (/c 3 -pA 3 *-^ 2 ), 


H 2 being here the expression 


= ^T {(*1 + A x 0 2 + (^2 + A 2 ^) 2 }4-^- (/c 3 + A 3 £- 


yn 2 


(152.) 
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which is obtained from (125.) by substituting for the disturbed coordinates ?j 1 , tj 2 , rj s their values 
(149.), as functions of the varying elements and of the time. It is not difficult to integrate 
rigorously this system of equations (150.) and (151.); and we shall soon have occasion to state 
their complete and accurate integrals: but we shall continue for a while to treat these rigorous 
integrals as unknown, that we may take this opportunity to exemplify our general method of 
indefinite approximation, for all such dynamical questions, founded on the properties of the 
functions of elements G and E. Of these two functions either may be employed, and we shall 
use here the function C. 


29. This function, by (109.) and (152.), may rigorously be expressed as follows: 

C = (A? t2 ~ K * + A i t2 ~ K ^ dt 

2 rt i (153.) 

+ Y J ^{(A 3 i t- igt 2 ) 2 - *!} dt; I 

and has therefore the following for a first approximate value, obtained by treating the elements 
k 1 , k 2 , k z , A x , A 2 , A 3 as constant and equal to their initial values e 1 , e 2 , e 3 , p±, p 2 , p 3 , 

G = ~ | {^ 2 ( e i + e i) + v 2 e§} + ~ {p? (vl+Pl) + v*Pl} 


In like manner we have, as first approximations, of the kind expressed by the general formula 
(Z 1 .), the following results deduced from the equations (151.), 

K=Pi-P 2 Oh* + -J-pH 2 ), \ 

*2 == P2-p 2 ( & 2 t + hP2 t2 )> i (155.) 

A 3 =Pz~ v z (e 2 t + |p 3 # 2 - 

and therefore, as approximations of the same kind, 

(156.) 

e 3 = ~ iPz t + Iff 1 ? ~ ' 

Substituting these values for the initial constants e l9 e 2 , e 3 in the approximate value (154.) for 
the function of elements <7, we obtain the following approximate expression C 1 for that func¬ 
tion, of the form supposed by our theory: 

c _ 1 f (A 1 -p 1 ) a + (A a -p 2 ) 2 (A 3 -p 3 ) 2 ^ 


- I {(K-P-t)P\ + -Pi)Pi + Cs -Pi) (Pi - iff 1 )} 

+ ^g{p?(Pi+Pi) + v ‘‘pfi - v% ffPi + J5 


*5 
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The rigorous function C must satisfy, in the present question, by the principles of the eighteenth 
number, the partial differential equation, 




v*(8C , . . 

+ 2\sx; +A3 


-hr**)*-. 


(158.) 


s f/SC? . \* /SO . \ 2 ) v 2 /s 

St-2 l(s\+ 1 ) + W 2 + X * t ) J + "2 (i 

and if it be put under the form (U 1 .), 

G=C 1 +G Z , 

G 1 being a first approximation, supposed to vanish with the time, then the correction C 2 must 
satisfy rigorously the condition 


„ C*( S C ± u*(hG, , A 2 utlhCi x A 2 v 2 /« 

‘Ho {-V + ^(saT + A ^ + + + a(' 

i r t ( 9 [§g 2 y « /sc 2 \ 2 o - 

-sJ.K(sf) + Ms;) r 


SC, 

SA, 




(15«.) 


In passing to a second approximation we may neglect the second definite integral, and may 
calculate the first by the help of the approximate equations (155.); which give, in this manner, 

° a = "Jo !(Al ~ Pl)2 + ( A 2-^> 2 + C 3 -Ps) 2 }dt 
+ ^ J* o {\ (''■I— Pi) + ^2 (\— Pa)} dt 

+ \ J o (A» - 1 gt ) (A s -p 3 ) i a , dt 
= ~ |{(*i ~ Pl Y + (A* -p 2 ) 2 + (A 3 -^) 2 } 

£3 

+ 24 “Pi) + ^ 2 P2 (^2 ~P 2 ) + (A 3 - Pa)} 

t v*g &3-P3) + ^ib (^ 4 Pi +^1 + 


(100.) 


45 

"240 


v4 ^ 3 + 945^ 2 * 


We might improve this second approximation in like manner, by calculating a new definite 
integral C z , with the help of the following more approximate forms for the relations between the 
varviner elements X.. X~ a.-nrl +.>«<=. fnftf a.i a^a^^a x. ___i i. 


<h = 

SG 1 
s Pi ' 

_sc*_ 

SPi 

Ai—J>i 
fjiH 

(■♦¥♦«) 

*Pi 

2 

(i + e£. 
\ 12 

c 2 — ■ 

_SC 1 

S 3>2 

_8C ? _ 

*2 -J>2 

(•♦£+£) 

tPa 

2 

(l + ^ 

l 12 

e 3 ~ 

_so 1 

s Pa 

_sc 8= 

K~p3 

-.2^ 

/ v 2 < 2 v 4 «n 

WlT + lsj- 

tPs t 
2 \ 

• v 2 < 2 

1 4__—_q 
. 12 





7,V vW. 






+ 6 l 

+ 60 + 40 ) ’ 




\ 

60/’ 


60 


( 161 .) 
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in which we can only depend on the terms as far as the second order, hut which acquire a correct¬ 
ness of the fourth order when cleared of the small divisors, and give then* 

A i =Pi “ ( e i + iPi*) + IpH 3 (e ± + ip x t), 1 

A 2 ~ JP 2 - ( e 2 + Ip¥) + ( e a + iP¥)> \ (162.) 

A 3 =^ 3 - vH (e 3 + l-p z t - fat*) + itH 3 (e 3 4- ip z t - ^ 2 ). J 
Rut a little attention to the nature of this process shows that all the successive corrections to 
which it conducts can be only rational and integer and homogeneous functions, of the second 
dimension, of the quantities A a , A 2 , A 3 , p x , p 2 , p z , g, and that they may all be put under the 
following form, which is therefore the form of their sum, or of the whole sought function C: 


V (Ai - P±) 2 + bpp j. (A t -pj) + fj, 2 




(163.) 


C= p- 

+ (A 2 -P2) 2 + (A 2 -Pz) + t^c^pl 

+ V ~ 2a v (h~P3) 2 + b vP3 (A 3 ~Pz) + V*C v p\ 

+f v 9 (A 3 ~P 3 ) -f v2 h v gp z + 

the coefficients , oq, &c. being functions of the small quantities /x, v, and also of the time, of 
which it remains to discover the forms. Denoting therefore their differentials, taken with 
respect to the time, as follows, 

da^ — a'^dt, da v = a' v dt , &e., (164.) 

and substituting the expression (162.) in the rigorous partial differential equation (158.), we 
are conducted to the six following equations in ordinary differentials of the first order: 

2a' — (2a„4- vH) 2 \ b' v — (2a„-f- vH)(b v + t)\ c' v =\(b v -\-t) 2 \ ) 

f v =(2a„+ vH) (/„ - W ); K = iK + 1) (/v - ¥ 2 ); K=Uf v ~ ¥ 2 ) 2 ;) 
along with the 6 following conditions, to determine the 6 arbitrary constants introduced by 
integration,]* 

1 , t „ t* t 3 , £ 4 t 5 


(165.) 


a °=-2i ; 


*0 - 2 ’ ^ 0_ 6 ; C ° — 24’ 24’ 4 °~ 90" 


In this manner we find, without difficulty, observing that a ^, 
, b v , c v by changing v to p, 

a v = — cotan vt. 


(166.) 
may be formed from 


, , I , vt 

b v --*+- *“3. 

t 1 , 

C ”= -2^ + ^ tan 2’ 

/„ = i^ 2 ^2 + \ t cotan vt. 


— — iix 2 t — ifx cotan pt, 

, , 1 . jLl* 

6^= -£ + -tan^, 


£ 

~ 2p 2 


b ^ 

^ tan -2’ 


(16V.) 


& 

t 

vt 

-tun — . 

2v 2 

v 3 

2 

t 

t 3 

f 2 

2v* 

6v 2 

2v 3 


— -r-s cotan 


* [If we substitute on the right-hand side of (150.) and (151.) e x , tPzfPs t° r A 2 , A 3 a 

first approximation, integration gives 

(% + %p x t), (thL+iPi 1 )’ etc * 

The insertion of these values in the same equations followed by an integration as before gives (162.).] 
t [These coefficients come from (157.).] 
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The form of the function O is therefore entirely known, and we have for this f unction of 


elements the following rigorous expression, 

_(A 1 -p 1 ) a +(A 2 -p 2 ) 2 _(V^3l 2 
2,xtan^l 2v tan vt 


-l{(\~Pi ) a + (A a - 2> 2 ) 2 + ~P^} 

jl 

- t{Pl (Al - Pi) +P-1 ( A 2 ~Pl) +P3 (A 3 -l>3)} 

+ - {'Pi i^i-Pi) +Pz ( A 2 -^a)} tan^-H- -p 3 (A 3 - p 3 ) tan - 

- 1 ( Pi +Pl+Pl) + " (Pi+PD tan % + tan 2 

+ (4- — -4 + - cotan vi) £? (A 3 — j» 3 ) + (x — -tan ) QPa 


ft t*_P_ 

2v* 6 2v 


cotan vt j g 2 , 


which may be variously transformed, and gives by our general method the following systems 
of rigorous integrals of the differential equations of varying elements, (150.), (151.): 

e ^I-^tan^, 

1 yuamyLt fJL 2, 

e ,= _!£= _^Y£a_2?tan^, (1C9.) 

hp z yusmyd yi 2 

f£. ^-?-*-^tan^ + ?( . - 1 ), 

$p 2 v sm vt V 2 v\sm vt vj 

s a ,, .. 


and K i = ^ = — (Ai—.Pi) ^t + — cotan/xi^+^q ^ —1 + —tan^-^, 

k 2 = |^ = - (A 2 - ^ a ) (« + ^ cotan pt) +p 2 ( -f+ ^ tan ^ , 

S(7 /I \ / 1 yA /^2s 

'^ = g^= -(Aa-P.,) (* + -cotan vtj+p a | -« + -tan -J + g^ 

that is, A x = Pi cos yit — e 1 yu sin yd, 

A 2 ~i>2 cos y,t — e 2 j* sin /x£, 

A &~P$ co s vt — e 9 v sin mS + g ^ — - sin , 

and k x = e x (cos yd + yd sin yd) +p x sin yd — t cos ytj , 


t> + cotan vt 


/c a = e 2 (cos yd + yd sin yd) -\-p z sin yd — t cos yd ^ , 

k z — e 3 (cos vt + vt sin vt) + p 3 ^ sin vt — t cos vtj — g ^ 


Vers vt t . , t z \ 

-- smvt-h ~J 


(172.) 
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Accordingly, these rigorous expressions for the 6 varying elements, in the present dynamical 
question, agree with the results obtained by the ordinary methods of integration from the 6 
ordinary differential equations (150.) and (151.) and with those obtained by elimination from 
the equations (113.), (114.), (147.). 


Remarks on the foregoing Example. 

30. The example which has occupied us in the last six numbers is not altogether ideal, but 
is realised to some extent by the motion of a projectile in a void. Eor if we consider the earth as 
a sphere, of radius R, and suppose the accelerating force of gravity to vary inversely as the 
square of the distance r from its centre, and to be =g at the surface, this force will be repre- 

qR 2 

sented generally by -—g-; and to adapt the differential equations (78.) to the motion of a pro¬ 
jectile in a void, it will be sufficient to make 

If we place the origin of rectangular coordinates at the earth’s surface, and suppose the 
semiaxis of -hz to be directed vertically upwards, we shall have 


and 


r — V (R + z) 2 -f- a; 2 + y 2 . 


(174.) 

(175.) 


neglecting only those very small terms which have the square of the earth’s radius for a divisor: 
neglecting therefore such terms, the force-function U in this question is of that form (HO.) on 
which all the reasonings of the example have been founded; the small constants p,, v being the 


real and imaginary quantities 



, respectively. We may therefore apply the results 


of the recent numbers to the motions of projectiles in a void, by substituting these values for 
the constants, and altering, where necessary, trigonometrical to exponential functions. Rut 
besides the theoretical facility and the little practical importance of researches respecting such 
projectiles, the results would only be accurate as far as the first negative power (inclusive) of 
the earth’s radius, because the expression (110.) for the force-function U is only accurate so far; 
and therefore the rigorous and approximate investigations of the six preceding numbers, 
founded on that expression, are offered only as mathematical illustrations of a general method , 
extending to all problems of dynamics, at least to all those to which the law of living forces 
applies. 


Attracting Systems resumed: Differential Equations of internal or Relative 
Motion ; Integration by the Principal Function • 

31. Returning now horn t his digression on the motion of a single point, to the more im¬ 
portant study of an attracting or repelling system, let us resume the differential equations (A.), 
which may be thus summed up: 

dtSR = S (drj Szu — (A 2 .) 
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and in order to separate the absolute motion of the whole system in space from the motions of 
its points among themselves, let us choose the following marks of position: 

_2.ma; =,?• ? ?? (176.) 

" 2^7’ y "~ Sm ’ ” 2m 

and 

gi ~ s Vi" Vi Vn » 0"^ » (177.) 

that is, the 3 rectangular coordinates of the centre of gravity of the system, referred to an 
origin fixed in space, and the 3n — 3 rectangular coordinates of the n — 1 masses m 1 , m a , ... , 

referred to the nth mass m n , as an internal and moveable origin, but to axes parallel to the 
former.* We then find, as in the former Essay,f 


T — \ (x'„ 2 + y ', 2 + zj', 2 ) Sm j 

+ ££,. TO (f 2 + V 2 + r 2 ) - {(S, • T + • mr >’^ + j 

the sign of summation 2, referring to the first n — 1 masses only; and therefore, 

„ 1 (/STY /STY /STY) 1 f/S2Y /S2Y /S?Y 

T 22ira{(saJ + (s«/J + (s<) j + (s-)/) + (sf'j 


If then we put for abridgement. 




(178.) 


(179.) 


i.82* *, 

"mSf * ' 
, 1ST 7 , 
^^8? =15 


J. S5T_ 
" m S£' ~ 


r- 


£,. m£' 

Sm 

2, . m??' 

Sm 

S,.mr 

Sm ’ 


we shall have the expression 

H = \ (#' 2 -f-«/' 2 -f g' 2 )Sm-h £X, .m(zJ 2 + ^ 2 -f2; 2 


1 


(180.) 


(B*.) 


(C*.) 


, 2m ^ {(2,. «*;)•+ (2,. myy + ( 2 ,. mz)) 2 } - U, j 

of which the variation is to be compared with the following form of (A 2 .), 

dt §H = (dx„ 8x' f — dx' f 8x„ + dy„ 8y'„ — dy' f 8y„ -j- dz n Sz'„ — dz'„ 8z „) Sm) 

+ 2 ,.m {dg8x' - dx[ Sf -I- dri S y’ t - dy' f 8 V + dt8z\ ~ dz’ f 80,) 
in order to form, by our general process, 6n differential equations of motion of the first order, 
between the 6n quantities x /t , y !t , z „, x ' t , y' r ,, z '„, g, rj, 0 x' t ,y' f , z\ and the time t. In thus taking 
the variation of H , we are to remember that the force-function U depends only on the 3^ — 3 
internal coordinates g, 77 , 0 being of the form 

U~m n (m^ + m 2 / 2 + ... 4- m n -ifn-i) \ 

+ %%/ 1>2 +%%/ u + — J 

* etc.] 

t [P. 127, equation (69.).] 


<» 2 -) 
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in which.is a function of the distance of m i from m n , and is a function of the distance of m 2 * 
from m k , such that their derived functions or first differential coefficients, taken with respect 
to the distances, express the laws of mutual repulsion, being negative in the case of attraction; 
and then we obtain, as we desired, two separate groups of equations, for the motion of the 
whole system of points in space, and for the motions of those points among themselves; namely, 
first, the group 

dx ff = x' t dt , 

dy„ = y'„ dt, 

dz n — z' dt, dz' lt = 0,J 


dx' /r — 0,1 
dy'„ = 0, 


(181.) 


and secondly the group 


dg = - 

dr t = ( ?/ ; - 


- S,. mx ' I dt. 


- 2) my ') dt, 


dt, 


4 


1 


=)■ 

<) 


, , 1 817 _ 

dx. = — — dt, 
m Si 

dy', = ±^dt, 

m or] 

dz' = -~dt. 
' m 


(182.) 


The six differential equations of the first order, (181.), between x„, y n , z n , x', , y'„ , z' f/ and t, con¬ 
tain the law of rectilinear and uniform motion of the centre of gravity of the system ; and the 
6n — 6 equations of the same order, (182.), between the Qn— 6 variables i, 77 , f, x' , y' , s' and the 
time, are forms for the differential equations of internal or relative motion. We might eliminate 
the 3 n — 3 auxiliary variables x\, y\ , z\ between these last equations, and so obtain the following 
other group of Zn — 3 equations of the second order, involving only the relative coordinates and 
the time, 

s 8U ■ 

S 'S?’ 


SU 1 
m Si 


V = 


1_SV _1 
m Sr] m, 
_±SU _1 
net Sf m rj 


-E, 


SU 

Sr] ’ 


(183.) 


s 

; s ' sr 


but it is better for many purposes to retain them under the forms (182.), omitting, however, for 
simplicity, the lower accents of the auxiliary variables x \, y\ , z\, because it is easy to prove that 
these auxiliary variables (180.) are the components of centrobaric velocity,* and because, in 
investigating the properties of internal or relative motion, we are at liberty to suppose that the 
centre of gravity of the system is fixed in space, at the origin of x, y, z. We may also, for simplicity, 
omit the lower accent of 2,, understanding that the summations are to fall only on the first 
n— 1 masses, and denoting for greater distinctness the %th mass by a separate symbol M ; and 
then we may comprise the differential equations of relative motion in the following simplified 
formula, 

dtSH — Yi.m (d£ Sx f - dx’ Si 4- d v Sy r - dy' S v + dt, Sz' - dz' 8J), (E 2 .) 

in which = .m (*'»+y'* + z' 2 ) + .«ta:') 2 + (S .my’) 2 + (2.«?}- U. (F 2 .) 

* [By centrobaric velocity is meant the velocity relative to the mean centre: 

= (x' — x' n ) 4 «—£<,) = $i — 
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And the integrals of these equations of relative motion are contained (by our general 
method) in the formula 

8S — S . m (x'§£ — a'Soz -{- y'Sy — b'Sft-hz'8£ — c'8y), (G 2 .) 

in which a, /3, y, a\ b', c' denote the initial values of A y, £, x f , y\ s', and S is the principal function 
of relative motion of the system; that is, the former function S, simplified by the omission of the 
part which vanishes when the centre of gravity is fixed, and which gives in general the laws of 
motion of that centre, or the integrals of the equations (181.). 

Second Example: Case of a Ternary or Multiple System with one Predomtnanl 
Mass ; Equations of the undisturbed motions of the other masses about this, in 
their several Binary Systems; Differentials of all their Elements , expr essed by 
the coefficients of one Disturbing Function. 

32. Let us now suppose that the n — 1 masses m are small in comparison with the ??th mass M ; 
and let us separate the expression (E 2 .) for H into the two following parts, 

+ +... (I-| 2 .) 

+ « x 'k+y'iy'k+z'iz'k - M fi,k) + 

of which the latter is small in comparison with the former, and may be neglected in a first 
approximation. Suppressing it accordingly, we are conducted to the fol lowing (in — 0 d i (Tcrential 
equations of the 1st order, belonging to a simpler motion, which may be called the undisturbed: 


d£ 

1 8 H x 

A , rn\ 


dx' 

1 SHj 

n . Sf ) 


dt 

~ m So;' 

l m) 

\ x'; 

dt 

m 8£ 

" M sr 


drj 

dt 

_ 1 SH i- 
~ m 8y' ~ 

/, m\ 

V + m) 

\y'> 

11 ' 

1 8 H x _ 
m Sy 

■ M 5 i; 

by 

(i 2 .) 

dC s 

1 

h + A) 

1 z'; 

dz r 

1 8H 1 _ 



dt 

m Sz' 


dt 

m S£ ~~ 

8 C 



These equations arrange themselves in n — 1 groups, corresponding to the n — 1 binary 
systems (m, M); and it is easy to integrate the equations of each group separately. We may 
suppose, then, these integrals found, under the forms, 

K =x a) (*> £ x f , y', z'), v = ^ 4) (t, £, y, ?, x\ y f ,z'), \ 

A= y( 2 > (t, 1 , 97 , £, x', y\z') } r = x (5) (t, f, 77 , f, a?', y\z '), l (K 2 .) 

n ~ X (3) % £> r?; £> &'> y\ z ')> w — X (6) (t, f, y, £, a;', y' 9 z'), J 

the six quantities k, A, y, v, t, co being constant for the undisturbed motion of any one binary 
system; and therefore the six functions x a) , x (2) > X (3) > X (4) , X^ or #c, A, /a, v, r, a> 9 being such as 
to satisfy identically the following equation, 

St S£ 8a;' 8a;' S£ Srj 8 y' Sy r 877 8£ 8V Ss' S£ 51 id 

with five other equations analogous, for the five other elements A, p,, v 3 1 % o>, in any one binary 
system (m, M). 





33] 


III. GENERAL METHOD IN DYNAMICS 


201 


33. Returning now to the original multiple system, we may retain as definitions the equa¬ 
tions (K 2 .), but then we can no longer consider the elements K i , X, L , u> i of the binary 

system (m t -, M) as constant, because this system is now disturbed by the other masses m /c ; how¬ 
ever, the 6 n — 6 equations of disturbed relative motion, when put under the forms 


df = 

S H ± 

S&2 

dx' 

BH, 

sb 2 

dt 

8x' 

•4- - 

Sx' ’ 

m ~dt~~ 

" 

” SI 

dr] 

_sjsr 1 

sx 2 

dy ' 


SB* 

dt 

~ W 

+ W’ 

dt 

Sr] 

Sr] 

d£_ 

SH 1 

m 2 

dz' 

B H, 

sh 2 

dt 

~ §z' 

_j—- 

Bz' 3 

171 — ssa 

dt 

sf ■ 



(M 2 .) 


and combined with the identical equations of the kind (L 2 .), give the following simple expression 
for the differential of the element ac, in its disturbed and variable state, 


dx SkSH 9 s kSh» SkS#* Bk sb 9 a xSB„ SxSb 9 

dt S£ Bx' Bx' S| Srj Sy' S y r Sr] 8£ S z' S z r S£ 3 

together with analogous expressions for the differentials of the other elements. And if we 
express £, 77 , £, x', y', z', and therefore H 2 itself, as depending on the time and on these varying 
elements, we may transform the 6 n~6 differential equations of the 1 st order, (M 2 .), between 
77, £, x\ y' , z' , t , into the same number of equations of the same order between the varying 
elements and the time; which will be of the forms 


dx 

m dT 
dX 
m dV 

da 

m dt- 

dv 

m dt" 

dr 

m -j ■■ 

dt 

dco 

m ~dt" 


( ^SB 2 , ,8 B« t .BH« , .SB, f ,SHo 

- {*, A} TA - + { K; F j - g- + {«, v} ~ + {*, t} -g-■ + {«, *>} 




,SB o 


.SB 2 ,. , Sif 2 (\ ^ ■ ) SH 2 ( . n 

{A; K}-gJ+{A. /*}-=-•+{>. v}-gJ+{A. T}-gJ + {A.«} 


SH, 

Soj 


, . SjEL f . 

</*> ^TET + O*. + 


8H Sid 

= K K }-g7+{M. A >-gf-/"siT-u- ‘r-fr -J 8co 


, , Si/, . Vi S//, . . S/^ 2 , . S£T 2 , .SH. 

= {-■ + A} "5T + {v - + T }^r + ^ co >- 


SA 


St 


Sco 


, , S# 2 f ^ &ff 2 f , S# 2 , , SB 2 , r . SH, 

= + A} - 8 A +{t ’ ^'S 7 T +{t ’ ”> Sir +{TlCu} ^ 

, .Stf, . u sx 2 , X SH„ , X 8H. , ,SiZ 2 

= {">• K > -g^- + {“> A } "sX" + {“’ + {“* v > ~S7 + {"* 


SA 


St 


(O 2 .) 


if we put, for abridgement, 

, . Sac SA Sac SA Sac SA Sac SA Sac SA Sac SA ,p 2 . 

and form the other symbols {k, p}, {A, ac}, &c., from this, by interchanging the letters. It is 
evident that these symbols have the properties, 

{A, #c} = — {ac. A), {ac, ac) = 0 ; (184.) 

and it results from the principles of the 15th number, that these combinations {/c. A}, &e., when 
expressed as functions of the elements, do not contain the time explicitly. There are in general, 
by (184.), only 15 such distinct combinations for each of the n — 1 binary systems; but there 
would thus be, in all, 15n~ 15, if they admitted of no further reductions: however, it results 

„„„„„ 26 
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from the principles of the 16th number, that 12 

vanish by a suitable choice of the elements. e o °"™8 | it the un diatuvl>E<l distance 

ssss Tjtxzzrzttxzz- -™ --, 

*>»# » <«* « “• “f;-f ^'rz.'r.diw 

34 When the undisturbed distance r of m from -M 
.ponding to a timet, and „ti,fying » that Mmette condition. „„„ , 

then the hitcgml. o. the group (P* « il2-^ »« «* ——* 

Jif may be presented in the following manner. 

X = K-~tjy' +r)x'; 

^M+p( x '* + y’z + Z '>)-Mf(ry, 


-tan 


r = J- 


y 


iif 


dr 


o> = V + sin- 


M 4- m ’ Vdr 2 _ 

y| 2 p + 2M/(r)-(l + ^)J} 
fjf + ra 

k^t- 1 


(Q 2 -) 


dr 


i-i 


df Vdr 2 r2 


a., dr 


V 2Ak — A 2 


,^{2p + 2WM-(l + ^)^ 


the minimum distance q being a function of the two elements k, p, which must satisfy the 
conditions 


2p + 2ilf/( 3 )-(l+ |)^=0, Mf (<?) + ( 


„ m\ /c- - 

l + -5Dfri>°; 


"M)q 


( 186 .) 


and sin-is, tan~D, being used (according to Sir John Hersehel’s notation)!' to express, not the 
cosecant and cotangent, but the inverse functions corresponding to sine and cosine, or the arcs 
which are more commonly called arc («n-«), arc (tan = (). It must also be observed that the 

factor dr which we have introduced under the signs of integration, is not superfluous, but 

v dr* * * * 

is designed to be taken as equal to positive or negative unity, according as dr m positive or 
negative; that is, according as r is increasing or diminishing, so as to make the element under 
each integral sign constantly positive. In general, it appears to be a useful rule, though not 
always followed by analysts, to employ the real radical symbol V R only for positive quantities, 

unless the negative sign he expressly prefixed; and then ~= will denote positive or negative 
* [See Appendix, Note 4, p. 623, and also footnote on p. 206.] 


[See Appendix, Note 4, p. 623, and. also loornore on p. ^uo.j # . . 

[For the history of the notation for the inverse trigonometrical functions see Cajori, History of Malhimat%mt 

Notations, Yoh n, pp. 175—178.] 
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unity, according as r is positive or negative. The arc given by its sine, in the expression of the 
element to, is supposed to be so chosen as to increase continually with the time. 


35. After these remarks on the notation, let us apply the formula (P 2 .) to calculate the 
values of the 15 combinations such as {/c. A}, of the 6 constants or elements (Q 2 .). 

Since 

r=V(£ 2 + V 2 + £ 2 )> (187.) 

it is easy to perceive that the six combinations of the 4 first elements are as follows: 

{/c, A} = 0, {at, p,} = 0, (ac, y} = 0, (A, jLt}==0, {A, v}= 1, {fj,, v} — 0. (1S8.) 

To form the 4 combinations of these 4 first elements with r, we may observe, that this 5th 
element t, as expressed in (Q 2 .), involves explicitly (besides the time) the distance r, and the 
two elements k, /x; but the combinations already determined show that these two elements may 
be treated as constant in forming the four combinations now sought; we need only attend, 
therefore, to the variation of r, and if we interpret by the rule (P 2 .) the symbols {A, r}, 

{jjl, r}, {v, r}, and attend to the equations (I 2 .), we see that 

{k, r} = 0, {A,r} = 0, {/x, r} = — ^ , {y,r} = 0, (189.) 

being the total differential coefficient of r in the undisturbed motion, as determined by the 

equations (I 2 .); and, therefore, that 

{/c,t} = 0, {A,t} = 0, {v,t} = 0, 

and 

( . 8rdr dt dr 


(190.) 

(191.) 


observing that in differentiating the expressions of the elements (Q 2 .), we may treat those 
elements as constant, if we change the differentials of £, 7j, £, x', y', z' to their undisturbed values. 
It remains to calculate the 5 combinations of these 5 elements with the last element to; which is 
given by (Q 2 -) as a function of the distance r, the coordinate £, and the 4 elements kt, A, p,, v; so 
that we may employ this formula. 


{«•"}-If {«>»■}- 
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Sco , 


Sco 




S CO 


Sco , 




in which, if e be any of the first five elements, or the distance r, 


and 


( e > r }=-i(i 
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’Sz')’ { e ’®~ 
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/S/c\ 1 Sco 
Sr * 


di Sco 
'dr 8£ ’ 


_Se 

Sz' s 

Sco 


{e, k} = 0, 


S v 


= 1 ; 


the formula (192.) may therefore be thus written: 

Ar u Se 

{e, co}^] - 


hx' + r} 8 y' + ^ 


Se 1 /SkY 
Sz' | [Sz') 


-f rjy' + £z' 

+ {e , v}+ S £{e,X} + ^{e^}. 


(192.) 

(193.) 

(194.) 


(195.) 


26-2 
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We easily find, by this formula, that 

{k, o>}= — 1 ; {A, co} = 0 ; {/x,co} = 0 ; {r, a>} —^ ^ ; (190.) 

and 

, , Sv Sco Ba) ^ 

“S?3?“SA = °- (197 ) 

The formula (195.) extends to the combination (r, co} also; but in calculating this last 
combination we are to remember that r is given by (Q 2 .) as a function of k, /x, r, such that 

Sr dt 
8r = ~~dr’ 

and thus we see, with the help of the combinations (196.) already determined, that 


if we represent for abridgement by © r and Q r the coefficients of dr under the integral signs in 
(Q 2 .), namely. 


M dr_ 
M-hm VcZr 2 


2 /x + 2Mf (r) 


M + m k 2 } 


~ k (M + m d r f . . 

r ~riJ ~M~ + 2M -f M ~ 

These coefficients are evidently connected by the relation 


M + m k‘ 2 
. M *' 


which gives 


Sk S/x 


Q r dr = Q, 


r t being any quantity which does not vary with the elements k and /x; we might therefore at 
once conclude by (199.) that the combination {r, o>} vanishes, if a difficulty were not occasioned 
by the necessity of varying the lower limit q, which depends on those two elements, and by the 
circumstance that at this lower limit the coefficients @ r , L\ become infinite. However, the 
relation ( 202 .) shows that we may express this combination {r, o>} as follows: 

{t ’ " } = SkJ '®r dr + sd ' a rdr, (203.) 

r, being an auxiliary and arbitrary quantity, which cannot really affect the result, but inay bo 
made to facilitate the calculation; or in other words, we may assign to the distance r any 
arbitrary value, not varying for infinitesimal variations of*, p., which may assist in calculating 
the va ue of the expression (199.). We may therefore suppose that the increase of distance r- a 
is small and corresponds to a small positive interval of time t- r, during which the distance r 
and its differential coefficient r’ are constantly increasing; and then after the first moment t, 
the quantity 


( 204 .) 
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will be constantly finite, positive, and decreasing, during tlie same interval, so that its integral 
must be greater than if it had constantly its final value; that is. 


t- r= ® r dr > (r — g) ® r . (205.) 

J QL 

Hence, although ® r tends to infinity, yet (r — g) @ r tends to zero, when by diminishing the 
interval we make r tend to g; and therefore the following difference 


/: 


Q r dr — 


M + m k f r 
M g^ 


j; 


O r dr¬ 


ill H-m 
~M 




Q r dr 


( 206 .) 


will also tend to 0, and so wifi also its partial differential coefficient of the first order, taken with 
respect to p.* We find therefore the following formula for {r, w}, (remembering that this com¬ 
bination has been shown to be independent of r,) 


{r, lo}= A. 


l£J> 


Q r dr + 


M + m i 


Ye 


Q r dr 


(207.) 


M g 2 SpJ e 

the sign A implying that the limit is to be taken to which the expression tends when r tends 


to q. In this last formula, as in (199.), the integral j Q r dr may be considered as a known 

J a 

function of r, q , k, p , or simply of r, g, k } if p be eliminated by the first condition (186.); and since 
it vanishes independently of k when r = q, it may be thus denoted: 


J Q r dr = <f> (r, g, k) — <I> (g, g, /c), (208.) 

the form of the function <f> depending on the law of attraction or repulsion. This integral there¬ 
fore, when considered as depending on k and p, by depending on k and g, need not be varied with 

respect to k , in calculating {t, to} by (207.), because its partial differential coefficient (s'J.A*’)’ 

obtained by treating g as constant, vanishes at the limit r = g; nor need it be varied with respect 
to g, because, by (186.), 

Sg M + m k Sg (209.) 

8 #c M g a Sp ‘ 

it may therefore be treated as constant, and we find at last 

{r, oj} — 0, (210.) 

the two terms (199.) or (203.) both tending to infinity when r tends to g, but always destroying 
each other. 


* u of the form where * remains finite, (£-£) || is of the form where/is finite in 

the interval of integration. It follows that ^ j^ (p ©r*" ® as r-+ J-] 
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36. Collecting now our results, and presenting for greater clearness each combination 
under the two forms in which it occurs when the order of the elements is changed, we have, for 
each binary system, the following thirty expressions:* 


o' 

11 

1? 

£ 

o 

11 

v 

o' 

1! 

£ 

£ 

ii 

© 

{*> <n}= - 

{A, k} —0, {A, /x} = 0, {A, v} = 1, 

(A, t} — 0, 

{A, co} = 0. 

{/x, k} = 0, {fa, A} = 0, {/x, v} = 0, 

{/t,r}=l. 

{/X, 00} — 0, 

{v, /c} = 0, {v, A}=—1, {v, fa}~ 0, 

(v, r} = 0, 

{ V, to) — 0, 

{t, k} = 0, (t, A} = 0, {t, /x} = — I, 

{t, v} = 0, 

{t, co) — 0, 

{co, /c} — 1, {o>,A} = 0, {to, /a} — 0, 

{o>, v} = 0, 

O 

II 

'V' 

jI 

so that the three combinations 



{to,*}. 




are each equal to positive unity; the three inverse combinations 

{r,p,}, {k,oj } 3 O', A) 

are each equal to negative unity; and all the others vanish. The six differential equations of the 
first order, for the 6 varying elements of any one binary system (m, M), are therefore, by (O 2 .), 


d{ju 
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_8Hz 1 

m ~dt = 

Sr 

m dt = 

SjJL 

dto 

SB, 

dK 

sb 2 

m dt 

Sk 

m * = 

Sco 9 

dX 

sh 2 

dv 

S& 2 

m dt = 

Sv 

m Tt = 

sx 


(S 2 .) 


and, if we still omit the variation of t , they may all be summed up in this form for the variation 
ofjff a , 

SH 2 — S . m (/x'St —t'S/x4- to' 8k — k'Sco + A'Sv — v'SX), (T a .) 

which single formula enables us to derive all the 6n — 6 differential equations of the first order, 
for all the varying elements of all the binary systems, from the variation or from the partial 
differential coefficients of a single quantity H 2 , expressed as a function of those elements. 

If we choose to introduce into the expression (T 2 .), for S// 2 , the variation of the time t, we 
have only to change St to Sr - St, because, by (Q 2 .), St enters only so accompanied; that is, t 
enters only under the form t — t* , in the expressions of ^, x \, y ), z\ as functions of the time 
and of the elements; we have, therefore, 


m 2 

st 



— £ .m/x'; 


( 211 .) 


* [If we put g—r cos l cos y=r cos l sin <f>, £ = r sin l, the principal function 8 satisfies 
BS M+m f(d8\* .(d8\* ( 8S \*1 , fi> . . A 

a + "W \\&r) + [rfl) + net) 1 f (r) = 0 - 

The Jacobi Complete Integral can be pnt in the form 

S=- /J t+( K -X)^+Jf dr + ootwt., 

where k, A, fj. are arbitrary constants. We, then, easily obtain §^=«, ~ = -v, |- = ~r. Hence by Donkin’s 

Theorem (Routh s Advanced Rigid Dynamics , Art. 496), («, — ta) > (A, v), (y, 3 r) form a^canomeal set of constants and 
hence relations (R 2 .) hold.] 
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and since, by (H 2 .), (Q 2 .), 
we find finally, 
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(212.) 

(U 2 .) 


dH 1 _ SB 2 
dt 8 1 

This remarkable form for the differential of H x , considered as a varying element, is general 
for all problems of dynamics. It may be deduced by the general method from the formulae of 
the 13th and 14th numbers, which give* 
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sb 2 ^/sb 1 s k . 
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Sr) Szd Sxd 
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(213.) 


8H 2 

3*! St ' S* 2 St ”* * * ^ 8* 6n Si? St 
*i, * 2 , ... * 6n being any 6n elements of a system expressed as functions of the time and of the 
quantities nq, co; or more concisely by this special consideration, that H x + B 2 is constant in the 
disturbed motion, and that in taking the first total differential coefficient of H 2 with respect to 
the time, the elements may by (F 1 .) be treated as constant. It is also a remarkable corollary of 
the general principles just referred to, but one not difficult to verify, that the first partial 
8 * 

differential coefficient of any element * s , taken with respect to the time, may be expressed 

as a function of the elements alone, not involving the time explicitly. 

On the essential distinction between the Systems of Varying Elements considered in 
this Essay and those hitherto employed by mathematicians . 

37. When we shall have integrated the differential equations of varying elements (S 2 .), we 
can then calculate the varying relative coordinates r), £, for any binary system (m, M)> by the 
rules of undisturbed motion, as expressed by the equations (I 2 .), (Q 2 .), or by th© following 
connected formulae: 

A . 


£ = r |cos 0-h —sin (6 — v) sin , 
7) = r ^sin 6 — — sin (9 — v) cos , 
£ = -V2\« — A 2 sin (# — *'): 


(Y 2 .) 


* [To deduce (213.) from §§ 13, 14. We have (since remains constant for undisturbed motion) 
dH x ^ &H X 8r} a d,Kj ^ 8H 1 dzzf s dK i _^/' dH 1 d7] a 8H X gtrr f dH z 
dt ~ drj 8 di<i dt + 8m s 0/c f dt \&rj s 8*% 8w s Sk* li 9 k 4 

__ (9H 1 drjs , oH x /'dtci 8 kj _ dtcj 8 kA 8H Z 

~ X ‘ \ 8rfa 8i<i dw s dtci) \8T] t 8m t 8w t 8rj t ) d Ki 

_^, 8H 2 [~ 9H 1 ( drjs dKi ttys ^ K i\ , 2 ^-STi ® Ki Ml 

~ L \ Stc i &*}t 3k x - 8m t dr/J dm 9 \8Ki 8r) t dm t 8^ dw t 

But S §2* ~-=0, S — 0, S d ~. =8 st , where S st equals 1 or 0 according as 5 is or is 

dKi vr] t CKi OW t OKi CV)t VKi 8ts t 

not equal to t. # dH^ 8H Z {8U ± 8 k { 8H x BkA ^ 8H t d Ki . 

dt dKf 1 ofy* 8vr s 8rjf 8 ki 
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in which the distance r is determined as a function of the time t and of the elements t, k, /x, by 

the 5th equation (Q 2 .), and in which* _ 

'M 4 - m dr k ^ 

3 _ ^ V dr 2 r2 ny2 v 

q being still the minimum of r, when the orbit is treated as constant, and being still connected 
with the elements k, /x, by the first equation of condition (186.). In astronomical language, M 
is the sun, m a planet, 77 , £ are the heliocentric rectangular coordinates, r is the radius vector, 
6 the longitude in the orbit, co the longitude of the perihelion, v of the node, 6 — a> is the true 
anomaly, Q — v the argument of latitude, /x the constant part of the half square of undistu rbed 
heliocentric velocity, diminished in the ratio of the sun’s mass (M) to the sum (M 4 - m) of masses 

of sun and planet, k is the double of the areal velocity diminished in the same ratio, is the 

K 

versed sine of the inclination of the orbit, q the perihelion distance, and r the time of perihelion 
passage. The law of attraction or repulsion is here left undetermined ; for Newton’s law, /x is 
the sun’s mass divided by the axis major of the orbit taken negatively, and « is the sq uare root 
of the semiparameter, multiplied by the sun’s mass, and divided by the square root of the sum 
of the masses of sun and planet. But the varying ellipse or other orbit, which the foregoing 
formulse require, differs essentially (though little) from that hitherto employed by astronomers: 
because it gives correctly the heliocentric coordinates, but not the heliocentric components of 
velocity, without differentiating the elements in the calculation; and therefore does not, touch 
but cuts, (though under a very small angle,) the actual heliocentric orbit, described under the 
influence of all the disturbing forces. 

38. Bor it results from the foregoing theory, that if we differentiate the expressions (V s .) 
for the heliocentric coordinates, without differentiating the elements, and then assign to those 
new varying elements their values as functions of the time, obtained from the equations ($ 2 .), 
and deduce the centrobaric components of velocity by the formula* (I 2 .), or by the following: 

, M? , M v ' , M'C 
X M + m’ y ~M + m’ Z ~M+ m’ 

* [To deduce (V 2 .) from (Q 2 .) we have 

( v z f - ty'Y+(&' - &') = /c 2 - (* - A) 2 = (2 kA - A-). 

Therefore ’J*'-&'=V , 2 K A-A« sin v, eou ... 

Consequently V2«A-A 2 (£ sin v ~ v co3v) + («-A) (ij='-&0=0, 

that ia. c _ k—X r 


£ sin v — r> cos v~ t . 

1 V2kA~A 2 ^ 


a +7 ? 2 =r 2 -^. 


£ cos v + 7 } sin. 


in v = j^r 2 —£ 


From (W 2 .) and (Q 2 .) we see that sin (B-v), and therefore 


^sin v—rj cos — 1 +“) r sin ( Q~~v), 


from which (V 2 .) follows immediately.] 


£ cos v+rj sin v—r cos (6—v) l 
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then these centrobaric components will be the same functions of the time and of the new varying 
elements which might be otherwise deduced by elimination from the integrals (Q 2 .), and will 
represent rigorously (by the extension given in the theory to those last-mentioned integrals) the 
components of velocity of the disturbed planet m, relatively to the centre of gravity of the whole 
solar system. We chose, as more suitable to the general course of our method, that these centro- 
baric components of velocity should be the auxiliary variables to be combined with the helio¬ 
centric coordinates, and to have their disturbed values rigorously expressed by the formulae 
of -undisturbed motion; but in making this choice it became necessary to modify these latter 
formulse, and to determine a varying orbit essentially distinct in theory (though little differing 
in practice) from that conceived so beautifully by Lagrange.* The orbit which he imagined was 
more simply connected with the heliocentric motion of a single planet , since it gave, for such 
heliocentric motion, the velocity as well as the position; the orbit which we have chosen is 
perhaps more closely combined with the conception of a multiple system , moving about its 
common centre of gravity, and influenced in every part by the actions of all the rest. Whichever 
orbit shall be hereafter adopted by astronomers, they will remember that both are equally fit 
to represent the celestial appearances, if the numeric elements of either set be suitably deter¬ 
mined by observation, and the elements of the other set of orbits be deduced from these by 
calculation. Meantime mathematicians will judge, whether in sacrificing a part of the simplicity 
of that geometrical conception on which the theories of Lagrange and Poisson are founded, a 
simplicity of another kind has not been introduced, which was wanting in those admirable 
theories; by our having succeeded in expressing rigorously the differentials of all our own new 
varying elements through the coefficients of a single function: whereas it has seemed necessary 
hitherto to employ one function for the Earth disturbed by Venus, and another function for 
Venus disturbed by the Earth. 


Integration of the Simplified Equations , which determine the new varying Elements, 

39. The simplified differential equations of varying elements, (S 2 .), are of the same form as 
the equations (A.), and may be integrated in a similar manner. If we put, for abridgement, 


(j 


*’ V)= /o {4 


SB 2 
Sr 


m 2 sb, 

: w +i 'Y 




(X 2 .) 


and interpret similarly the symbols (ft, to, A), &c., we can easily assign the variations of the 
following 8 combinations, (r, k , v), (ft, co, A), (ft, k, v), (r, to, A), (r, to, v), (fju, k , A), (r, k, A), (ft, to, v); 
namely, 

8 (t, k, v) = S T 0 Sft 0 4 -acScu —k 0 8co 0 + vSA—-v 0 8A 0 ) — B 2 St ,i 

8 (g, co, A) = X . —ft 8r 4-co 0 S/c 0 —to B/c 4 -AqSvq —A 8v) — i ?2 8i, 

8 (ft, k, v) —X. m (ft 0 8v 0 — fj,Sr+ kSco — k 0 Sco 0 4-vSA — v^A^— B 2 St 3 
8 (r, to, A) = X .m (r8ft—r 0 8ft 0 -i-a> 0 8/c 0 —to Sfc + A 0 8v 0 —A Sv)-—H^ 2 Si, 

8 (r, to, v) — X . m (rSft —r 0 8ft 0 4- to 0 8 k 0 — toS/c 4-A —v 0 8 Aq) ~~B 2 St } 

8 (g, k , A) = X .m(ft 0 Sr 0 —ftSr4-«:8co —fc 0 8to 0 + A 0 8v 0 --A8v)—Lf 2 8i, 

8(r, k, A) = X.m(rSft—T 0 Sft 0 4- kSoj — /c 0 8co 0 4-AqS^o— XSv) — E z St, 

8 (/i, to, v) ~X . w(ft 0 8r 0 — ft8r4-a> 0 8/c 0 — to 8*: 4-vSA — v 0 8A 0 > — B 2 St 3j 
* [See Appendix, Note 7, p. 628.] 


(Y 2 .) 


HHfll 


27 
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«o^o>/ a oj v o> r o> 00 o being the initial values of the varying elements k, A, /x, v, r, co. .Ft, then, wo 
consider, for example, the first of these 8 combinations (r, k, v), as a junction ot all the ha — 3 
elements and of their initial values , co 0ti > A 0> ; = involving also in general the time 

explicitly, we shall have the following forms for the 6 w -6 rigorous integrals of the <>n ~i\ 
equations (S 2 .): ^ 

m ^ = vY "’ v) ’ ~ v 0- ; (t> “■ v); l 

h S [ 

sa^ (T ’' c ' ,,); r (7A) 

S . , 3 

^ = SY ^ ^ “ §X 0 / (T ’ /C} V) ' 

and in like manner we can deduce forms for the same rigorous integrals, from any one of the 
eight combinations (Y 2 .). The determination of all the varying elements would therefore he 
fully accomplished, if we could find the complete expression for any one of these* s com l muit-h >ns. 


40. A first approximate expression for any one of them can bo found from t he form under 
which we have supposed to be put, namely, as a function of the elements and of the lime, 
which may be thus denoted: 

&2> — (£, Kq , Ai , ft-L , Vj ,T l5 0 1 , ... K nr _ x , A,,^ , > T „- 1 > ( °n I ) > ( A h) 


by changing in this function the varying elements to their initial values, 
following approximate integrals of the equations (S 2 .), 

i rtstrr 




1 f<S//o 

3. r f S/L 

/x = y 0 H--s—-ctr, 

mjo St„ 

5 © 

6C* 

! 4 ^ 

1 

* 

11 

h 

, 1 

1 f'«//.. 

co = co 0 -\— -5 — at, 

mjo okq 

K ~ K ° m] „Sa,„ 

, ■ 1 f<8IA _ 

i r'S // 3 

l = A 0 H — ^ — dt, 

mj { 8v 0 

in J o SA„ 


ami employing the 




For if we denote, for example, the first of the 8 combinations (Y 2 .) by (*, so that 

G=(r, k, v), 

we shall have, as a first approximate value, 

SJ/* m<> 


<h' 




3 s/x 
v 0 +K ° v, +I '° v 




IIJ <lt 


(CA) 


(l*K) 


and after thus expressing G x as a function of the time, and of the initial elements, wo can 
eliminate the initial quantities of the forms r 0 , k 0i v 0 , and introduce in their stead the final 
quantities w, A, so as to obtain an expression for Q x of the kind supposed in (% 2 .), namely, a 
function of the time t , the varying elements jjl, co, A, and their initial values y 0 „ w 0 , A 0 , An af >proxi- 
mate expression thus found may be corrected by a process of that kind, which has often been 
employed in this Essay for other similar purposes. Eor the function G, or the combination 
(r, #c, v), must satisfy rigorously, by (Y 3 .), (A 3 .), the following partial differential equation: 


SG 
= St 


+ H. 


(«.- 

\ *h 


m 

Sco x 


,A; 


IH 


l^SG 

wij SA| 


1 SG 


i a a 


^-i) > 


(E*-) 
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40] 

and each, of the other analogous functions or combinations (Y 2 .) must satisfy an analogous 
equation: if then we change G to G x + G 2 , and neglect the squares and products of the coeffi¬ 
cients of the small correction G 2 , G x being a first approximation such as that already found, we 
are conducted, as a second approximation on principles already explained, to the following 
expression for this correction G z : 


1 SG X 
m x SA-t s m x S/xj/ 


which may be continually and indefinitely improved by a repetition of the same process of 
correction. We may therefore, theoretically, consider the problem as solved; but it must remain 
for future consideration, and perhaps for actual trial, to determine which of all these various 
processes of successive and indefinite approximation, deduced in the present Essay and in the 
former, as corollaries of one general Method, and as consequences of one central Idea, is best 
adapted for numeric application, and for the mathematical study of phenomena.* 


* [Two memoirs by M. Houel presented to the Faculty des Sciences de Paris (1S55) are of interest. In the first 
he employs the Principal Function to prove various known theorems about planetary perturbations and in the 
second applies this method to detailed calculations of the perturbations of Jupiter. A complete bibliography of 
works relating to Hamilton’s dynamical methods prior to that of Houel was given by Cayley, Brit. Ass. Report 
(1857), p. 40.] 


2 7-2 
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IV. 

ON THE APPLICATION TO DYNAMICS OF A GENERAL 
MATHEMATICAL METHOD PREVIOUSLY APPLIED 

TO OPTICS 

[British Association Report, 1834, pp. 513-518.] 

The method is founded on a combination of the principles of variations with those of partial 
differentials, and may suggest to analysts a separate branch of algebra, which may be called, 
perhaps, the Calculus of Principal Functions; because, in all the chief applications of algebra 
to physics and in a very extensive class of purely mathematical questions, it reduces the 
determination of many mutually connected functions to the search and study of one principal 
or central relation. In applying this method to Dynamics, (having previously applied it to 
Optics,) Professor Hamilton has discovered the existence of a principal function which, if its 
form were fully known, would give by its partial differential coefficients all the intermediate 
and all the final integrals of the known equations of motion. 

Professor Hamilton is of opinion that the mathematical explanation of all the phenomena 
of matter distinct from the phenomena of life wall ultimately be found to depend on the pro¬ 
perties of systems of attracting and repelling points. And he thinks that those who do not adopt 
this opinion in all its extent must yet admit the properties of such systems to be more highly 
important in the present state of science than any other part of the application of mathematics 
to physics. He therefore accounts it the capital problem of Dynamics “to determine the 3 n 
rectangular coordinates, or other marks of position, of a free system of n attracting or repelling 
points as functions of the time, 5 ’ involving also Qn initial constants which depend on the initial 
circumstances of the motion and involving besides n other constants called the masses, which 
measure, for a standard distance, the attractive or repulsive energies. 

Denoting these n masses by m l , m 2 , ... m n and their 3 n rectangular coordinates by x x , y t , 
z i> x n> Vn> z n arL d. also the 3 n component accelerations, or second differential coefficients of 
these coordinates taken with respect to the time, by x'[ , y\ , jgJ,... x* ,, z" , he adopts Lagrange’s 
statement of this problem; namely, a formula of the following kind, 

Xm (aj'&e 4 - y r 'Sy + z"8z) = S U 9 (1.) 

in which U is the sum of the products of the masses, taken two by two, and then multiplied by 
each other and by certain functions of their mutual distances such that their first derived 
functions express the laws of their mutual repulsion, being negative in the case of attraction. 
Thus, for the solar system, each product of two masses is to be multiplied by the reciprocal 
of their distance and the results are to he added in order to compose the function U. 

Mr. Hamilton next multiplies this formula of Lagrange by the element of the time dt, and 
integrates from the time 0 to the time t, considering the time and its element as not subject at 
present to the variation 5. He denotes the initial values, or values at the time 0, of the co- 
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ordinates x, y, z and of their first differential coefficients x\ y\ z’ by a , b, c and a\ b\ c' ; and thus 
he obtains from Lagrange’s formula (1.) this other important formula 


Em (afSa: + y'By 4* z'Sz — a'8a — b'8b — c'Sc) = BS, 
S being the definite integral 

s = J‘ | U + £ ~ (x'* + y'* + a'*) j *. 

If the known equations of motion, of the forms 

„ BU „ 8 U „ SL 
= ■=;—, m,- s'- = , 


( 2 .) 

(3.) 


(4.) 


had been completely integrated, they would give the 3 n coordinates x, y, z and therefore also S 
as a function of the time t, the masses m x , ...m n and the 6 n initial constants a, b, c, a', b', c r ; so 
that, by eliminating the 3n initial components of velocities a', b', c', we should in general obtain 
a relation between the 7n -f- 2 quantities S, t, m, x, y , z, a , b, c which would give & as a function 
of the time, the masses and the final and initial coordinates. We do not yet know the form of 
this last function, but we know its variation (2.) taken with respect to the 6n coordinates; and 
on account of the independence of their 6 n variations we can resolve this expression (2.) into 
two groups containing each 3 n equations: namely, 


and 



SN 


BS 


8N 


B8 

Bb/ 


-m f b'- 


BS 

Sc, 


(5.) 

( 6 .) 


the first members being partial differential coefficients of the function S, which Mr. Hamilton 
calls the Principal Function of motion of the attracting or repelling system. He thinks that, if 
analysts had perceived this principal function S and these groups of equations (5.) and (6.), 
they must have perceived their importance. Por the group (5.) expresses the 3 n intermediate 
integrals of the known equations of motion (4.) under the form of Bn relations between the time 
t , the masses m, the varying coordinates x, y, z , the varying components of velocities x r , y\ z* 
and the 3n initial constants a, b, c; while the group (6.) expresses the 3 n final integrals of the 
same known differential equations as 3 n relations, with €n initial and arbitrary constants 
a, 6, c, a', 6', c\ between the time, the masses and the 3 n varying coordinates. These 3 n inter¬ 
mediate and 3 n final integrals it was the problem of dynamics to discover. Mathematicians 
had found seven intermediate and none of the final integrals. 

Professor Ha mil ton’s solution of this long celebrated problem contains, indeed, one un¬ 
known function, namely, the principal function S, to the search and study of which he has 
reduced mathematical dynamics. This function must not be confounded with that so beautifully 
conceived by Lagrange for the more simple and elegant expression of the known differential 
equations. Lagrange’s function states , Mr. Hamilton’s function would solve the problem. The 
one serves to form the differential equations of motion, the other would give their integrals . 
To assist in pursuing this new track and in discovering the form of this new function, Mr. 
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Hamilton remarks that it must satisfy the following partial differential equation of the first 
order and second degree, (the time being now made to vary,) 


r/sN w, w 

St 1 ^2m(\Sx \&// \&z/ 




U; 


(L) 


which may rigorously be thus transformed, by the help of the equations (5. 


u- 


S8 t 
' St ' 


2m 


f/SiSA* 

(ss 1 y , 

/ssvn 

((a*) 

Uw +l 

(>) j) 


dt 


+ f 

J ( 


1 


5— 

0 2m (Sx 


fSS 

\Sz' 


A S A 2 

Sz 


dt, 


( 8 .) 


SS SS-X* 

+ Py &y ) 

JS X being any arbitrary function of the same quantities t, m, x, y, z, a, b, c, supposed only to 
vanish (like 8) at the origin of time. If this arbitrary function S x be so chosen as to be an 
approximate value of the sought function 8, (and it is always easy so to choose it,) then the 
two definite integrals in the formula (8.) are small, but the second is in general much smaller 
than the first; it may, therefore, be neglected in passing to a second approximation, and in 
calculating the first definite integral the following approximate forms of the equations (6.) 
may be used. 


SS 1 
S a 


SS 1 

Sb 


— —mb', 


88i 

Sc = 


(9.) 


In this ma nn er, a first approximation may be successively and indefinitely corrected. And 
for the practical perfection of the method nothing further seems to be required, except to make 
this process of correction more easy and rapid in its applications. 

Professor Hamilton has written two Essays on this new method in Dynamics, and one of 
them is already printed in the second part of the Philosophical Transactions (of London) for 
1834.* The method did not at first present itself to him under quite so simple a form. He used at 
first a Characteristic Function V, more closely analogous to that optical function which he had 
discovered, and had denoted by the same letter, in his Theory of Systems of Rays . In both optics 
and dynamics this function was the quantity called Action , considered as depending (chiefly) 
on the final and initial coordinates. But when this Action-Function was employed in dynamics 
it involved an auxiliary quantity H, namely, the known constant part in the expression of half 
the living force of a system; and many troublesome eliminations were required in consequence, 
which are avoided by the new form of the method. 


Mr. Hamilton thinks it worth while, however, to point out briefly a new property of this 
constant H, which suggests a new manner of expressing the differential and integral equations 
of motion of an attracting or repelling system. It is often useful to express the 3n rectangular 
coordinates x x , y l9 z 19 ... x n) y n3 z n as functions of 3 n other marks of position, which may be 
thns denoted, rj l3 r] 23 ... 7] Zn ; and if 3 n other new variables, tu 1? w 2 , ... w Zn , be introduced and 
defined as follows, 


w i =Em 


/ , Sx , Sy , 



[Pp. 103-161 of this volume.] 


( 10 .) 
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it is in general possible to express, reciprocally, the 6n variables x, y , z 3 x' s y r , z f as functions of 
these Qn new variables rj, m; it is, therefore, possible to express as such a function the quantity 


JT- S 2 - (x ' 2 -f y ' 2 -{- z'2) - U (II.) 

under the form 

H = F(m 1} ... m Zn ,y 1 , ... rj 3n ) U (??!, ... 773 J, (12.) 

in which the part F is rational, integer and homogeneous of the second dimension with respect 
to the variables m. Now Mr. Hamilton has found that when the quantity H is expressed in this 
last way as a function of these 6n new variables, 77 , m, its variation may be put under this form 

8H = 2 {rj'hm ~ zn'Srj), (13.) 


rj\ m' denoting the first differential coefficients of these new variables 77 , v j, considered as 
functions of the time. The 3 n differential equations of motion of the second order, (4.), between 
the rectangular coordinates and the time, for any attracting or repelling system, may therefore 
be generally transformed into twice that number of equations of the first order between these 
6n variables and the time of the forms 


■m 


m h 

&?V 


(1L) 


To integrate this system of equations is to assign from them 6 n relations between the time £, 
the 6 n variables rj i , and their 6 n initial values which may be called e it p £ . Mr. Hamilton 
resolves the problem, under this more general form, by the same principal function S as before, 
regarding it however as depending now on the new marks 77 , e of final and initial positions of the 
various points of the system. For, putting in this new notation 

ll5 > 


and considering the time as given, he finds now the formula of variation 


SS = 2 ( 555 S 77 — p8e), 

and therefore the Qn separate equations 


8 3 

Vi ’ Pi = 


SS 


(16.) 

(17.) 


which are forms for the sought relations. 

Professor Hamilton thinks that these two formulae of variation, (13.) and (16.), namely, 

(A.) 

and 

8B^(zo8 v ~p8e) ) (B.) 

are worthy of attention as expressing, under concise and simple forms, the one the differential 
and the other the integral equations of motion of an attracting or repelling system. They may 
be extended to other problems of dynamics besides this capital problem. The expression JS cam 
always easily be found and the function B can he determined with indefinite accuracy by a 
method of successive approximation of the kind already explained. 
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XV application op optical method to 

, IV. ArfiJi ^ofniiv in his “Second Essay on 

The properties of Ms several forms of a certain 

a General Method in Dynamics 1 “ w , Jljnction s „d with each other, and adapted 

Function of Elements, connected with the Pr p perturbations of a ternary nt ® 

to questions of perturbation; and has ah °™ ^ one predominant mass the differential 

system with any laws of attraction or reputaon and maffies may exprfss ed together, and as 

equations of the varying elements of aBttH disturbing function, (namely, the *s- 

general method. 
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[i. The principal function for an elliptic orbit.] 

Tor the undisturbed motion of a planet, with Newton’s law of attraction, let* 



£i> Vt, r t being the two rectangular heliocentric coordinates and the heliocentric distance of a 
planet, and p being the sum of the two masses; so that the differential equations of motion of 
the second order are 

it “ ~ v't * “ Mt r r*> 

and, by my general theorem of dynamics, t 

Bs t = St~ So + Vt§Vt~ Vo s 7o + (“ ^ St, 

in which the coefficient of Si is constant, 

r t r 0 

The function 5 will therefore satisfy the two partial differential equations following :f 



s being considered as dependent on the 5 independent variables £ 0 , Vo> it* Vt anc * ^ besides the 
constant p. 

* [See Appendix, Note 5, p. 624J 
t [Cf. pp. 160, 166.] 


H MPII 
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Let fpa + ft r 0 = a — /?, (^ — £ 0 ) 2 + (vt — ^ 0 ) 2 = (?* + ?b) 2s Li A 2 . 1 Lave found,* first, that s 
depends only on the three variables a, A, t , being independent of (3; and, secondly, that when A 
is given, s/Vyot depends only on t'Vy/ a 3 ; so that if we put 


s-kVhx, jy^ = v, 

k will be a certain function, of which the form is to be discovered, of the two variables A and v . 
And if the motion is nearly circular , these two variables A, v will be nearly equal to each other. 
(In some loose sheets of investigations begun in May, 1834,1 have used the symbol v to denote 


Taking the variation of the expression s — k Vyoc, we find 


in which 


= V^(gsA + ^ 8 ,)+|y^S a ; 

oh 

Ssc = i (Sr, + S r 0 ) = IlMdpht + + , 

S„_A jp + , ^o s ^o + Vo s Vo) 

2 VV 1 4V*»\ 2F e + - W 0 - )’ 

SA = S^o)+ (■>;, —->; 0 )(S-q,--ST? 0 ) — (y + r 0 ) sin A 2 ( Sr 4- S r„) 

( r + ro )2 s i nAcogA * 

Mi VS-“ 5 s-*-‘ Js) 


therefore 


/^~U±gog|g±^oH>\ 

4 a 2 V a SA/ \ 2r t 2r 0 / 

2 a/ 5 SA ^ ~ fo) (% ~ s £o) + (rjt - T7 0 ) ( 57 k — ^t?o)} + 


8f, ^~ + £(vi-Vo) 

— = *±=A?2-£( Vl - v , 


if we put, for abridgment. 


?-*(»-*)’ s-°- 


and since 


A — / ~_ tan A S/< 3^S/c\ jy 

\4 2 SA 4 Sv) V a 5 


cosec2A S/c jy r __{±§^. 
2a SaV a J 2a Si/ 


F + (?) 2=1 ’ (S ,+ (?)*- 1 - 

+ *?, fa-^ 0 )} = l r ^ +^sin A^ 

{f« (6-f.)+% 

* [See Appendix, Note 5, p. 624.] 
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the two partial differential equations become, when multiplied by r t , r 0 , and then added and 
subtracted, and divided by 2a, 2/3, 

~ = O + %A 2 + 2A 2 a 2 sin A 2 +- 2A Bck sin A 3 , 

0 - C + \A* + 2R 2 a 2 sin A 2 + 2ABa. 

Resolving these two equations for the two quantities C + \A 2 + 2B 2 a 2 sin A 2 and 2ABcr., we find 
- (2C + A 2 + 4£V sin A 2 ) = - ^44? « 2 = 2 sec A 2 : 

/* p 

therefore 

(A + 2R« sin A) 2 = 2 ^ sec A 2 - C - ^ sin A sec A 2 /, 

(A — 2Rasin A) 2 = 2 ^sec A 2 — O + ^sinAsec A 2 \; 
and, substituting for A, B, C their values, the equations become 

k — 2tanA^ — sec ^ 2 + = 32 sec A 2 , 


di< 

k — 2 tan A — 3 v 

OA 


8/c\ 8/c 

^SvjaX 


4- 8 tan A = 0. 


[Hence 




These two equations ought to be compatible; that is, they ought to give equal values of 
S 2 k Sk 

5 ^-, whether we calculate by elimination -„r and differentiate it with respect to v, or calculate 
oAov bA 

Sac 

by elimination and differentiate it with respect to A. Without this previous ehmination, we 
o v 

may differentiate the two partial differential equations separately and successively with respect 
to A and v, and then eliminate, between the four resulting equations, the three partial differential 

S 2 /c S 2 /c 8 2 /c 


coefficients of the second order 


8A 2 ’ 8ASv’ Sv 2 


; the resulting equation ought to be true either 


identically or at least in virtue of the two partial differential equations of the first order. 
After some reduction it is easy to see that this condition of compatibility is 

0= — 4^^|^ + 16 tanA 2 (4sec A 2 —1)+2— 8 j tan A 2 sec A 2 j^g^j 

- SBC A 2 (!£) 2 1 (2 sec A 2 - i) - 8 sec A 2 j, 

in which, by the first partial differential equation, 


8/c /8/cY 

- 4 Msa) 


= 16tanA 2 +^|^) sec A 2 — 8 sec A 2 , 


so that the condition is in fact satisfied, and the two partial differential equations are compatible. 

28-2 
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[2. Approximations to the principal function in the case of nearly circular orbits.'] 

Of these two partial differential equations, the second, namely 

/ v 8 k Sk\ Sk . 

( k — 2 tan A xt— 3v -- 1 ^ + 8 tan A = 0, 

\ oA ovj oA 

seems well adapted for determining the coefficients of a series such as the following: 

(v-A) 2 (v-A) 3 x 

k — k 0 + Ki(v — A) + k 2 -—-h k 3 "■ _ 2~g—I-etc., 


if it is possible, as it seems likely that it is, to represent k by such a series for the case of nearly 
circular orbits .' 54 Assuming this series, we have 

Sk ' , / / \ (v-A) 2 , , . (v-A) 3 , , 

gf = K o - + (v - A) (k x - k 2 ) + —(k 2 - k 3 ) + ~2~3~~ **) + etc ■ J 

8k f (v-A) 2 (v-A) 3 

(v-A) k 2 + — ~ —K 3 + h—- — /c 4 + ete.; 


K i being a function of A only, and k\ being its first derivative with respect to A. Thus, comparing 
the terms independent of v - A, we find the equation 

0 = {k 0 — 2 tan A ( k' q — k x ) — 3Ak x } (k 3 — k x ) + 8 tan A; 

in which, from the theory of circular motion, k 0 — 3A, and therefore kq = 3 , so that the equation 
becomes 


0 = (k x — 3) R (3A - 2 tan A) + 3 (2 tan A - A)} + 8 tan A, 

that is, 

0 = k| (3A- 2 tan A) + 12 ^ (tan A - A) + 9 A- lOtan A 
= R - U (*i (3A — 2 tan A) - (9A - 10 tan A)}; 
therefore either k x — 1 , or else 


_ 9A—10 tan A 
Kl 3A — 2 tan A * 

and in order to decide which of these two roots we are to take, it seems necessary, in the present 
method, to employ the other partial differential equation, namely, 

0 = ( K -2tanA^-3vg 2 +4(g%ecA^ + 16(g— 2 S ecA*). 

This equation gives, by making v~ A, 

0 — {k 0 — 3Ak x + 2 tan A R — k^)} 2 + 4 (k ± - Kq) 2 sec A 2 + 16 (k x —2 sec A 2 ); 
therefore, since k 0 = 3 A, k' = 3 , 

0 = {(3A — 2 tan A) k x + 3 (2 tan A — A )} 2 + 4 (k x — 3 ) a sec A 2 + 16 (^ — 2 sec A 2 ) 

= k| {(3A - 2 tan A ) 2 + 4 sec A 2 } + 2k x {3 (3A - 2 tan A) (2 tan A - A) ~ 12 sec A 2 + 8} 


+ 9(2tanA-A ) 2 + 4secA 2 

- (^1 ~ 1) R (9A 2 - 12 A tan A + 8 tan A 2 + 4) - ( 9 A a - 36A tan A + 40 tan A 2 + 4 )}; 

* is small when the orbit is nearly circular. See Appendix, Note 5, p. 626.] 
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therefore by this equation we have either ^=1, or 

__ 9 (2 tan A —A) 2 -j-4 sec A 2 
Kl ~ (3A — 2 tan A) 2 + 4 sec A 2 ’ 

and, since, by the former equation, we had either k,~ 1 or k, ~ -- 

3A — 2 tan A 

that k x — 1. If we then neglect (v~A) 2 , we have simply 


9A— 10 tan A 


we must conclude 


K — K 0 + (v — A) = 2A + V, 

because /c 0 = 3A, k x — 1. 

Since the two partial differential equations separately gave, as we just now said, ambiguous 
results, but such that the ambiguity was removed when the results of the one equation were 
compared with those of the other, it seems evident that some combination of the two equations 
must be capable of giving unambiguous results, at least for the coefficient K lt and probably for 

the other coefficients. Accordingly, if we put under the form I? + ~ ^, and then eliminate 

oA on ou ov 

Sat Sk 

the square of that which is not added to , we shall accomplish the purpose proposed; and 

the same object may he accomplished still more simply by introducing a new variable t, which 
shall be equal to v — A, and shall therefore he small for nearly circular orbits, and thus changing 
Sk Sk , S/c S/C SfC . 

Sv to ¥ t and SA to sX-3V m 
between them. 

In this manner we have 


the two partial differential equations, and then eliminating j 


K = K 0 + K X l + /C 2 ~ + K 3 2~3 + etC '» 

SfC L 2 L 3 

§X “ K '° + K ' lL + K ' 2 2 + K ® 273 + etc *’ 


8 K l~ 

-g- = + /c 2 t + /c 3 -~ + k 4 

SfCj 


2.3 


+ etc.. 


K i being some function of A, and = also the two partial differential equations become 


0= /c 


2 tanA IU ( 2 tanA ~ 3 A) Sr~ 3 ‘ir} + 4 (ft~lr) s6cA2 + 16 (^- 2seoA2 )> 

0 = { K _ 2 tan A sX + ( 2 tan A — 3A ) §7 — 3t 17} (sa ~ sr) + 8 tan A V 

The coefficient of /—'j in the first is (2 tan A — 3 A — 3 t) 2 + 4 sec A 2 , and in the second it is 
~ ( 2 tanA- 3A— 3t); and since the terms of the form const, x i cannot cause ambiguity, it 
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is sufficient for our present purpose to multiply the first equation by 2 tan A — 3A and tlie second 
by (2 tan A — 3A) 2 + 4 see A 2 , and to add the products together. In this manner we get 

0 = | k — 2 tan A ™ -f (2 tan A — 3A) ~ — 3i — j (2 tan A — 3A) j/c — 3A™ — 3t 


4-4 


/ Sk okA 

\8a“sT; 


seeA^-SA^-sY 1 

oA be 


that is, 


| 4- 16 — 2 sec A 2 ^ (2 tan A — 3A) 

) 


on Sk Sk\ 

’ 5A 3A“ at &, 


4- 8 tan A {(2 tan A — 3A) 2 4- 4 sec A 2 }; 

0 = (2tan.A — 3A) + 2(2 + 3Atan A) — + (9A 2 — 12AtanA — 4) — j (s 

+ 16 (2 tan A — 3A) (^ — 2 sec A 2 ^ + 8 tan A {(2 tan A — 3A) 2 + 4 sec A 2 }; 

-j 2 (2 tan A - 3A) + (9A 3 — 12A tan A — 4) (k - 


that is, 

0 — — 3A 


SA 3t StJ 


O SK 

- 3X sa~ 3l sI 


Sk 

4- 16 (2 tan A — 3A)-^~4- 8tanA(9A 2 — 4)4- 96A. 


:\ /Sk Sk\ 

) \Se~Sx) 


Sk Sk 

Making, in this, at = k 0 , ~ = , ~ = k x , e = 0, we get 

0 = (/c 0 — 3 Ak:o) 2 (2 tan A — 3A) 4- (9A 2 — 12Atan A — 4) (*r 0 — 3 Aatq) (atj — k' 0 ) 

4-16 (2 tan A - 3A) k x 4- 8 tan A (9A 2 - 4) 4- 96A; 
and if we further employ the values k q = 3A, k' q — 3, we find 
0 = 36A 2 (2 tan A - 3A) - 6A (9A 2 - 12A tan A - 4) ( Kl - 3) 

, „ 4-16(2 tan A - 3A) k x 4- 8 tan A (9A 2 - 4) + 96A 

= 2(k 1 — 1) (9A 2 4-4) {4 tan A— 3A}; 

therefore k x — 1, as before. 

In general, 


„ Sk- 




Sk)2 


4- j 6A4- 


9A a 4- 
2 tan A 


h4 \ /Sac__S«\ / 
-3A/\St SA/ V 


Sk 

k+3A 8A + 


*■£) 


a formula which., when t = 0, « = 3A, ~ = 3, ^=«,, becomes 

OA be 


+16 ~ + 4 (9A 2 - 4) + 12A 44±il. . 

Si 2 tan A— 3A 


0 = 36A 2 4- 6A j 6A 4- 


( e 


9A 2 4- 4 
2 tan A — 3A 


J ( -- s)+16 "- +4( “’- 4 > +m «S i 5S’ 


and gives ** - 1. When we make k = 3A 4- 6, ™ = 3, ~ = 1 + k 2 and neglect i 2 , the formula becomes 

0- (6A4- 2t) 2 4- ^6A4- Jf^an A - 3 a) (- 2 4 -k 2 i) (6A4-2 t )-h 16 (1 4 -/c 2 i) 4- 4 (9A 2 ~ 4) 4- 12A — ; 
that is, 2 tan A — 3A 


-| :mi" + (ia _t--n «} - » 


4- 16k 2 

9A 8 4- 4 
2 tan A — 3A’ 
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that is, finally, 
Thus 
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2 

4 tan A — 3A‘ 


K — 3A —|— £ —|— 

4tanA— 3A 

i___ 

neglecting c 3 . 

If we make the same substitutions, (k .= 3A+ h ~ = 3, ~ = I + * 2 , and still neglect ^ in 
the partial differential equation 

0 = jjc — 2 tan A g^- + (2 tan A — 3A — 3i) (|^-^) + 8tanA, 

we find 

0 = {3A + 6 tan A + (2 tan A — 3A — 3t) (1 + K a i)}(2 — k«0 + Stan A, 

that is, 

0 = 2 {1 — 3 +(2 tan A — 3A) k 2 } -f- 4/c 2 tan A, 
or 

2 _ 

l<2 4 tan A — 3A’ 

as before. But it is remarkable that this value has been deduced without o.ihbiguifi/ from the 
tolerably simple partial differential equation which we set aside before as likely to give only 
ambiguous results. 

If we return to the system of variables k, A, v , instead of k, A, i , and therefore resume the old 
partial differential equation 


n / oj. \^ K o Sk\ 8k . 

0= I/<r —2tan Ag^—3v g-1 ^ + Stan A, 


together with the old development 

, v X (v-A ) 2 (v —A ) 3 

/c = k 0 -j- / c 1 (v--A) + /c 2 + /c 3 -—-- + etc., 

we may propose to determine the several coefficients k 0 , k x> k 2 , ... as the values of the partial 
differential coefficients 

S°k She 8 2 k 
8v° 3 Sv 1 * Sr 2 ’ 


when v becomes equal to A. Thus, differentiating the equation with respect to v once, we find 


0 = 



g 

2 tan A =r- 

ov 



S/c 8k 8 

+ 3 sas^ + 3i % 



— 3jy 


'8k 8 2 k 8k 8 2 k \ 8k 8k 

l 8A8v 2 ~^ 8v8A8v)~^ SA 8v 


8 2 k 

SA8? + 


4 tan A 


8k 8 2 k " 
SASASv’ 


8 JC 

which, if we make v = A, k — k 0> ^ — k'q — Kj 

oA 


8k 8 2 k _ r 8 2 k _ 

8? =Kl ’ w~ K2 ’ 


becomes 


0—3A{(/cq k!^)/c 2 +/tf-L (/Cj — ^ 2 )}“b2/<q (#Cq — /<q) (^1 ^ 2 ) "f 4tan.A *u) (/<q ^ 2 )* 
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that is, 0 — {(3A — 4 tan A) ( k' 0 — k 2 ) ~ (SA/c* — /c 0 )} (k 2 — k x ) 4 (3A/<q 4- 2 k x ) (k 0 — k x ); 
and this, when we make k 0 ~ 3A, k x = 1, k' 0 = 3, k^ — O, becomes 

o 

* 2 = 4tanA-3A’ 

as before. 

Accurately, for elliptic orbits, the relation between k, A, t may be found by eliminating the 
auxiliary variables e and v between the three following equations:* 


3u4esinu 
(1 — ecosu)* 5 


tan 


l /if 

i VI- 


-tan-; 
e 2 


A -4 1 — 


v — e sin v 
(1 — e cos u) ^ * 


and if the orbit be nearly circular, then t and e will be small and of one common order. 

Moreover, if a be the semiaxis major of the elliptic orbit and a (as before) the semi-sum of 
the two given distances r and r 0 , then 

a Sk Sk 
a 8v Si 3 


A being treated as a constant. Hence, in series, 

a l 2 t 3 

- = ^ + ^2^4/03-4-^4 2^3-4etc.; 

and hence we might have easily foreseen that k 1 must be equal to 1, because it is the value of 
a/a for circular motion. The finding of this value k ± = 1 was almost the only difficulty in the use 
of the partial differential equation 


-2tanA 


Sk 


o-(* _ ~“““ , 'SA 

and if we assume, as we now see that we may. 


Sk\ Sk . 

3l, 8^SA + 8tanA: 


K = 2A + v + J^ + K3 (^ + etc., 


the labour of calculating k 2 , k 3 will be but trifling and the operation will become one of elemen¬ 
tary facility. In fact, to resume, we have, neglecting t 3 , 

S/c _ t 2 

— = 2 — k 2 i+ (fc 2 —/c 3 ) —, 

S#c t 2 

^=1+^14^, 


k= 3A4 i4k 2 -, v = A41; 

and, if we substitute these values in the partial differential equation, we find 
S/C S/C 

k —2tanAg^—3i'g^-= -4tanA + <.{/c 2 (2tanA-3A)-2} 

*+■ 2 tan A — 3A) — 5 k 2 — 2 k 2 tan A}. 

* [Cf. Appendix, Note 5, p. 625.] 
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§ /C ^2 

Therefore, multiplying this by = 2 - 1 - - (« 3 - K '), adding 8 tan A, and equating to zero the 

coefficients of c and c 2 , we have 

0 = '<2 (4 tan A — 3A) — 2, 0 = /c 3 (4 tan A — 3A) — «| (2 tan A — 3A) — 3k 2 — 4k 3 tan A; 

the first equation gives 


as before, and therefore 


2 4 tan A— 3A’ 

—2(1+4 tan A 3 ) 
(4 tan A — 3A) 2 9 


and then the second equation gives 

(4 tan A — 3A) 3 = 4(2 tan A — 3A) + 6 (4 tan A — 3A) — 8(1 + 4 tan A 2 ) tan A 


that is, 


Hence, neglecting i 4 , 


= — 30A + 24 tan A — 32 tan A 3 , 

32 tan A 3 — 24 tan A + 30A 
(4 tan A— 3A) 3 


_ . t 3 16tanA 3 —12tanA+15A 

+ — tanA _ 3A 3 (4tan A — 3A) 3 

It is extremely remarkable how little laborious this process is, as compared with any other 
lik ely to occur to a mathematician, for the elimination of e and v between the three equations 

3u + esina . A /l + e, v * , v — e sin v 

k — -- , tan — = / -- tan —, v = A + c =-?. 

(1 — ecosu) 2 2 VI — 6 2 (1 — e cos u)'^ 

[3. The general expansion of k in terms of t.] 

To calculate now the general expression for *c 4 from the partial differential equation 

0=(K-2tanA^-3vg)g + 8tanA. 

We have* 

K = S t ? >0 «*[ 

§ - Sgo k[ [0]-* *« - =2+ « - ***) [0]- 4 S - - 2$o a, [0]- 

v |^ = (A + 0 J = % (A + i) - Sg „ (A + 0 « i+1 [0]-* * 

= Sgo (^i+l + [^]~ Z ^ 

therefore, 

— k + 2 tan Ag^+ 3x'~ = £ ( 1) 0 [0]~ 4 d { - /q + 2 tan A « — *i+i) + 3A^ f+1 + 3^/cJ = Eg 0 [0]“ l t 1 

* [[()]-*= 1/i ! See Mathematical Papers', Vol. % Appendix, Note 4, p. 468.] 


29 
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The partial differential equation gives 

«, [or* c*} x {S ( ” )0 b { [0]- <>} = - 8 tan A 

that is, 

ct 0 6 0 = — 8 tan A; 

and when i > 0, sfr)# a ._.. bi . [O]-^[0]" 4 ' = 0, 

a formula which may also be thus writ ten* _ 

0 = {cl + b )^. 


Here _ (3 A — 2 tan A) ,<r f+1 + 2«; tan A + (3i - 1) x { ; 

__ _ K > 5 — — Ko 4 - 2 /c^tan A+ (3A— 2 tan A) «r l5 

and, since we know by the circular values of * and a that #c 0 = 3A, fc x = 1, « 0 - 3 > *1 

Oo=-2, 6 0 = 4 tan A, 

values which satisfy, accordingly, the condition a 6 0 = - Stan A. ^ in 

% = Ka _ = « 2 , 6 , = 2k, + 2k[ tan A + (3A - 2 tan A) ,c 2 = ( 3 A- 2 tan A) + ^, 

therefore the condition ( a + &) 1 = <x 0 6 1 + %& 0 = 0 

becomes o = 2 (2 tan A - 3A) k 2 - 4 + 4k 2 tan A, 

that is, 2 

K *~~ 4 tanA— 3A’ 

as before. Again, ^ (3A _ 2tanA)K , + 2 ^tanA+ 5 k 2 , 

& 3 «( 3 A - 2 tan A) /c 4 + 2*4 tan A + 8k 3 , cs 3 = k 4 ~ *3 > 
therefore the condition {a + bk = a ^ + -2a^ 1 + a 0 b^O 

becomes^ _ ^ ^ ^ ^ + ^ (3A _ 2 tan A) + 4 k 2 +2 (2 tan A - 3A) k 3 - 4<4 tan A — 10 k 2> 

that is, 0 =( 4 tanA- 3 A)K s —4/c 2 tanA + K|(3A—2tanA) —3 k 2 , 

in which 2 — 2(1 + 4 tan A 2 ) 

Ka ~ 4 tanA —3A’ K2= (4 tan A- 3A) a 

Therefore 


and so 

as before. 


0 = J« 3 (4tanA—3A)* + 4tanA(l + 4tanA 2 ) + 2(3A — 2tanA) —3(4tanA — 3A), 


— 2 (16 tan A 3 — 12 tan A+15A) 


(4 tan A — 3A) 3 


[(. + b)i = aib 0 + +" 


i(i- 1) 


•a«-2^a + 





= (3A — 2 tan A) k 3 
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It might have been convenient to have calculated a l3 b x as functions of A, and a 2l b 2 as 
functions of A and #c 3 , before we proceeded to calculate k 3 from the equation 0 = (a + 6) 2 . In 
this way we should have had 

Uq ==: 2, b Q ==; 4 tan Aj 

itaiiA — 3A’ = ( 3 A - 2 tan A) «r 2 + 2 = 4tanA _ 3A> 

, 2 (I+ 4 tan A 2 ) 

a , = ^3 ~ K 2 = k 3+ ( 4t aa A — 3 A) 2 ’ 

& 2 = (3A — 2 tan A) /c 3 4~ 2k 2 tan A -f- 5^2 

/0 > oi w 16 tan A 3 — 36 tan A 4- 30A 

= (3A-2tanA)K 3 (4 tanA-3A)* -■ 

so that the condition 0 = (a 4- b) 2 = a 2 b Q -b 2a x b x + a 0 b 2 would have become 

4 

0 = 2 k 3 {4tanA — 3A}4- - ^ an ^ (■*■ 4-dtanA 2 ) + 4tanA+ StanA 3 — 18tanA4- ISA}, 

that is, 

_ — 2 {16 tan A 3 — 12 tan A 4- 15A} 

Ka ~ (4tanA — 3A) S ’ 

as before. 

In like manner, substituting this value of k 3 in a 2 and b 2 , we find 

-|a 2 (4tanA—3A) 3 = — (16tanA 3 — 12tanA+ 15A) 4 - (4tanA 2 4- 1) (4tanA— 3A) 

= 161an A -12A tan A 2 - 18A, 

therefore 

__ 4 (8 tan A — 6A tan A 2 — 9A) # 

“ 2 ~ (4tanA— 3A) 3 ; 

lb„ (4 tan A - 3A) S = (2 tan A - 3A) (16 tan A 3 - 12 tan A + 15A) 

— (4 tan A~ 3A) (StanA 3 — 18 tan A 4- 15A) 

= 48 tan A 2 — 24A tan A 3 — 48A tan A, 

therefore 

48 tan A (2 tan A — A tan A 2 — 2A) 

2 ~ (4 tan A — 3A) 3 

Hence 

r r 48tanA (20tanA—12AtanA 2 —21A) 

3a 2 6 1 + 3a 1 6 2 = (4tanA-3A) 4 * 

Also 

%&o + «o &3 = 4 tanA (/c 4 — fc 3 )4-2(2tanA — 3A) *c 4 —4/c 3 tanA — 16/c 3 
= 2 (4tanA— 3A) *r 4 — 8 (k 3 tan A 4- 2/c 3 ); 

and 

£ (4 tan A - 3A) 4 k' z = (4 tan A 2 + 1) (16 tan A 3 - 12 tan A 4- 15A) 

— (4 tan A — 3A) (16 tan A 4 4-12 tan A 2 + 1) 

= -80 tan A 3 - 16 tan A 4 - 4 8A tan A 4 4- 96A tan A 2 4-18A, 

therefore . 

12 (— 40 tan A 3 — 8 tan A 4- 2 4A tan A 4 4- 48A tan A 2 4- 9A) 

(4tanA — 3A) 4 ~ 


3 &2 4~ 3u 4 = 


Hi 9-2 
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Substituting these values in the condition 


[3, 4 


(<z -f- 6)3 — cIq 63 -f- 3&i b% -f- -f~ — 0 ; 

we get 

— -J (4 tan A —■ 3A ) 5 #c 4 = 3 tan A (80 tan A 3 + 36 tan A — 48A tan A 4 — 108A tan A 2 — 39 A) 

+ 2 (64 tan A 4 — 48 tan A 2 — 48A tan A 3 4 - 96A tan A — 45A 2 ) 

— 368 tan A 4 + 12 tan A 2 — 144A tan A 5 — 420A tan A 3 ~h 75A tan A — 90A 2 , 

that is, finally, 

8 

*4 ” ( 4 tan A - 3A j 5 ^ 4 tan ( 92 tan A2 + s ) + 3A tan A (48 tan A 4 4- 140 tan A 2 - 25) 4 - 90A 3 }, 

Thus if we only neglect i 5 , or (v — A) 5 , we have 

«r = 3A + t-j_ — __ ^btanA 3 — 12 tan A 4 - 15A 1 

4 tan A — 3A 3 (4 tan A — 3 A ) 3 I 

_j. ^ — 4 tan A 2 (92 tan A 8 4- 3) 4- 3AtanA (48 tan A 4 -f-1 40 tan A a — 25) -f 90A 2 j 
I 3 (4tanA~3A ) 5 . ..** 


[4. The results expressed in polar coordinates .] 

Here, to recapitulate, A is the half of the angle 9 t -d 0 described in the time /, reduced to the 
case of equal final and initial radii vectores r t) r 0 ; so that 

(it ~ £o) 2 + {ri t — ^q) 2 4- (& — £ 0 ) 2 — (r t + r 0 ) 2 sin A 2 , 

(it, Vt, it being the three rectangular heliocentric coordinates of a planet at the time t and 
£0 > Vo, £0 being their values at the time 0), and 


. .. 

t is the following quantity, which is small for nea rly circular orbits (such as here considered), 

l= ~ X+t Jj^F a y> 

,j - bem S a constant such that the differential equations of relative motion are 

Vt=-Mirr 3 , l"t=~nt,rr 3 ; 

and K _ y/Zs _ 

V^(r t + r 0 )’ 

s being the principal function of the motion, or the definite integral 

.win ^S a r a “ d * P “ di ” S “ f " S - «• '■ <“ <* ~y 8-.»> 


fiSft - + 1,'tH- Vo *V 0 +Z,Ki - Co SSo + -]r St, 

2 a being the axis major of the ellipse. a 
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Accurately 


cos 2A = cos ( B t ~8 0 ) — 2 


therefore 


(ssr(“ 




sin {A -1 A - e 0 )} sin {A + £ (9, - 6 0 )} = i oos 2 

V *t + 7 0/ V * 


Q _ Q 

Therefore, nearly, A = more nearly 


more nearly still 


, 1 (r 

A 2 h 2 (r 


/n-M 2 

vn-t-w 


^ i °^(w) 2 ( COS V e ) 2cOSeO { 0 ‘- 0 o + l(^) 2c 


A = ^p + p- 

2 \r, ■ 




1 ¥-’ + 1 (w)* t 2 i )’ “**“ 8 " ); 


and since, in general. 


(cotan x) 2 cotan 2a? = J (cotan a’ 3 — cotan x) 

(sm a?j w sm 2x 


1 have > neglecting > 


9 J-°o^ 1 ej-e _o ^ 1 /n-r^VL„, a . ?C±o 


A=J Y- + 2 


Vt + rJ 


CO tan ~~ 2 ~^ + ^ 


(w) 1 i c ° tan V 5 - ( cot - • 


If we neglect the square of the eccentricity, then 


A— t °, K — d t — 6 0 -h t ——— rr 

(^4-ro) 3 


i = (d t ~8o)J‘ 


^(n + r o) , ^ 


And if, in this expression, we change r t into r 0 + r t — r 0 , and still neglect the square of the eccen¬ 
tricity, we find more simply (but less symmetrically) 

5 = (^-0 o )V^r o -h^ 

because the coefficient of r t — r 0 is equal to 


and 6 f — 6 ( 






rU*J 16r 0 ’ 


i small of the order of the eccentricity. 
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We can carry s to a further approximation as follows. We have 

2rJ = K ll+ 2r 0 ’ 

accurately; therefore, nearly, 


[4, 5 






4r 0 2\ 4r 0 


neglecting the cube of the eccentricity. Neglecting the same cube, 


#c=3A + t+ - i A = 

4 tan A— 3A 


%~6o t 1 


— 

2 2 


( r t~- r o Y 
l 2 r 0 ) 


, nt 
cotan —; 
Z 


where we have put n = Vfi/rl 


i — — A -f -1 


(^ + r 0 ) 3 


--* + -« 1 + 


2r n 


— — A-f 


nt ( _ 3 trj-r fi \ 15 M-r 0 \«|. 
2] 2 1 2r 0 j + 8 1 2r 0 ) j’ 


therefore 


3??i a ^ 3nt fr t — r 0 

*- T + 0>, 

and hence 


f 15nj5 


y=f = ^+(^- e 0-»<) + 


) + ( ! Sr)'( 


16 + eotan 2 


2 


^ — #o — ^ "h 


M-JTo\l a 

. 2"\ 2tq ~/ ) 


B tan Int — 3w£ 


/yi / Ji/yi 2/2 

8 +C ° tan 2 + 8taiU^-3 M i 


4 tan ¥ ~ 0 o- nt) + n » s 

8 tan \nt — 3nt 


[5. The principal function in the three-body problem .] 

Also, if we consider the system of the sun, M, and 2 planets, m, m,, the Principal Function 8 
ofthe relative motion of this system must satisfy the two partial differential equations following:* 


88 

i / 

8t 

+ 2t 


1 


+ JT 1 

88 

, w 

8t 

+ d; 


i/i i\f/ss\ 2 /hsy /S/SV) i/i i\f/ss\ 2 /s sy (88 y 

sU + -af/IWJ + W isy f + sU. + -ar/iW + uj + wj 


r SS BS 


SSS8_ SSSS 

S^ss, 


3- 


mil/ 


m.M 


mm, 


W? + a V»f 4 +£» ( V{(f,« 


i\(/8iS\* /ssy fisy\ i/i i\(/s sy 

r M] {\S$J + WJ + Uo) j + 2U, + WlWJ 


6 >*+ 0 j,i-’j*)* + (£, < -&)*}’ 

\8tJ 




1 (8S 88 

■jf Ufo8f, 0 r 


mM 




2 + 


Vr§ + £§ V?VKf 0 V{(^ 0 -^«) 2 + fo, 0 -W+(t,o-So) 2 }' 


[These equations follow easily from (D 6 .), p. 153.] 
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If we put 
and similarly 
we have 


£t — r i cos : Vi— T t s in 9 t > £o = ?o cos 0o> °7o = r o sin #o > 
i,t = r ,iOosd,,, t] ri = r rt sind :l , £,„=r, o sin0,„, v , 0 ^ r , 0 sin9„ 

SS 


and therefore 


SS a SS sin Os SS 

= COS <9 r5 - 1 — 

Ht $Tl 


. ^SS cos 9 t SS 

=sm %; + ' ' 


t r i S V Sl J( “ ‘Sr, ' r, 83,’ 

/ 8 S \ 2 ,_/S<S \ 2 /ssy l /SS \ 2 / 8 S \ 2 /SS \ 2 / 8 S \ 2 1 /SS \ 2 

\SfJ IsW l Sr,/ + r?\sej ’ \S £,J + UjJ ~ \Sr, J + r? ( \S3,J ’ 


SS SS + SS SS 


s /ssss i ss ss\ nssss i s<sss\ . a , 

S£iS(,i ' s Vi s V,t \Sr, Sr,, 80,80, J COi ’ '* ^ + f, 80, Sr,, r,,80,,5rj Sm ^ '* 

The first of the above two partial differential equations gives 


ss M+m\/ssy /ssy /ssyi M+mussy / ss y /ssy\ 

S* 2Mm\\Sr t ) ' lr,80 ( j + \S?J } + 23fm j\8r,J + lr„80,J + \S £,,/ } 


Mm 

vwm 


+ - 


M 


-0,) 

(SSSS ss ss \ 

, sin (0, t -6t) 

(SS SS SS ss \ 

■ 1 

lSr,Sr,, + r,'S0,r,,S0,J 

1+ M 1 

[Sr^rtSe, Sr t r, t Se,J 


Mm 

W? ( + C, 

1 SS SS mm. 

M Bi t H,t V rf + r^- 2^r,*cos (0,,- fy) + {i ti ~Q 2 ’ 


and the second may be similarly transformed. The first five terms may be made to vanish by 
employing elliptic values; the remaining terms give the perturbations. 


We shall assume that the inclinations are neglected, and shall put £ { = £ 0 — 0, i ft = £ /O = 0. 
It is easy to perceive that in a system attracting according to Newton’s law all the linear 
coordinates may be multiplied by any one common factor l (besides altering all the positions 
by any common motion of rotation), and all the masses may be multiplied by any other common 
factor l,, provided that the time t is multiplied by the factor And then, in the general 

expression for the principal function of relative motion, 

S = f T,<& + Cudt, 

Jo Jo 


the coefficient U will be multiplied by l 2 /l and T f will be multiplied by — and there¬ 

fore Udt and T,dt and finally S itself will each be multiplied by l) l l . Hence, in the present 
system, in which the orbits are both in one plane. 


jfif: 


x funct. 


( m m f 7j_ 

M’ M’ V 


Lo r,t 




i, ntj 


rigorously , or, if we choose to express it so, then 

8-Mm. L M K+Mm, J-, 


r. t + r ,, 


._* +^W, 

2 (M+m,) ' VM 


W = Vr 0 + r l0 funct 


2 (M + m) 

" ( A; A " *’ l " n+U* r, t +r,„ 


r,-r 0 r, t - 


-e 0 ). 
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k. A, l Laving the same significance as before for the first orbit and k f , A,, i f similar quantities 
for the second orbit. In rigour, W involves mjM 3 mJM, but these small ratios may be treated 
as equal to zero in W, if we wish only to deduce those perturbations which are of the first order 
with respect to the disturbing masses. For greater symmetry we might put 

W = / r -! i± r * ~ h r,0 -—'J funct. ( d '‘- 0 ‘± ?<■>"go , a. A,, t , i,, 

V 2 v 2 r t + r o r ft + r,J 

Thus, if we put for abridgment, as before, a = i(r t 4- r 0 ), + m, and similarly 

0 ) 5 p t —M + m f ; 


and if we put also 


6 ft + S /0 9 t + Op 


we may write 


S ~ Mm + Mm, J~ k, + mm , 4 s A, A, , c, i t , / 3 , / 3 ,); 


and may form two partial differential equations relatively to the function ip as follows. 

S is explicitly a function of a, a,, A, A,, /?, , t, i t and involving also the masses; its variation 

may therefore be thus expressed 

8/S= 8^ Sa+ k 8a - + sa SA+ sx; 8A ' + §^' + s^; s ^' + x: Sl+ si; Sl ' + s¥ ^ 


therefore 


and hence 


smA*=(sm^?f 




l + eos(0,-0 o ) cotanA (1 - £ 2 ) sin (£>, - 0 O ) /t -a y. 

sin2A--TqF* -i^2A-= + V1 — /3 2 cosec A 2 , 

8A = i Vl-^cosecA 2 (80, - S0 O ) + cotan A . 

^ = a=i(r < +r °>’ 


. 8 r t - 8 r 0 £ 

2a 2a 


(8 n + Sr.J-L/sr,- 1 ^,. 


’A +^ A /S’ 


Also 
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-SA + 


:st- 


3 £ / fjL 


3a= -SX + l Msi- 3 ^ +t) Sa. 

2 V a 3 2 a 






85 S5\S£ f --S0 o 
3A Sij 2 


that is, 


.a, 1 ! / fc 85 //z, 85. /SaS 7 3 A + tS5\ Sr,q-Sr 0 /85 3 A, + 1 , S5\ Sr,,-f-8r, 0 

2\a/ a 3 St V a 3 St, / \8oc 2 cx St/ 2 \Sa, 2 a, St,/ 2 

(85 /3 cotan A /85 88\M \- j3) Sr,- (1 + p) 8r 0 (88 j8, cotan A,/85 85’ 

+ ts^ + T->“ VSA St/J 2a" ' + (Sy3 / H " l-£® \SA, 8i„ 


. (1 - $,) 8--,, - (I •• • ,S,) S/-, 0 v , _ cose ~ A „ / SS _ S£\ Sdr-Sdo + ^/j _ /? 2 
2a, \oA ot / 2 


cosec A 3 


85 85\ 80,,-S0, o 85S0, £ -80,4-80,0-800 


/S5_S5\ 80,,- 
\8A, StJ 2 


From this equation we immediately deduce the partial derivatives of 5 with respect to the 
variables t, r t , r, f , 0 ( , 9, t , r () , r, 0 , 6 0 , and 0 /O , and we have then to substitute these values in the 
two partial differential equations (for the case of null inclinations) 

M + m, U 85\ 2 / 88 VU Mm Mm, 


85 M + m f/S5\ a 
8t + ‘ZMm 


(S,sy /s«\ 2 ) M +m , ussy ( S8 y\ Mm Mm 
tv,.) + Ust/ r 2Mm;\\irJ + \r,fie, l ) J r t r, t 


cos (6,t - 6 t ) ^88 3 8 88 88_} + si n (£,<- 9,) f Sff 8ff _ S£ 8 8 


M 


Sr t S»- /i + ^80 i r, i S0,(. 


)• 


itr 


V8r,,r,80< 


’ 88 88 \ 
k Sr,r,,80j 
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88 M + m '88Y Z ( 88 \ *) 

8t + 2Mm 8r 0 ) *\r 0 8dj J 


+ ■ 


Vr 2 ft + r\ — 2r ti r t cos (9, t — 6 t ) 
Mm Mm, 


2Mm, j \ Sr /( 
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Vr%+r 2 - 2r, 0 r 0 cos (0, o - 0 O ) 


G t —9 Q 


1 o 

9 t" e o o - 
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'l-p 
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bA’A' 0 - 
2 

sin A, 

Vl-Pi’ 

VT+s* 


2 


Vl-j3 2 cosec A 3 , 
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therefore 

cos {9 tl —6 t )^=K cos & — L sin sin (6, t — 6 f )~K cos & 4 - L sin T, 

where we have put for abridgment 

g- __ „ / &,t — 0,o * 0 \ _ cos A cos A, + sin A sin A, Vl ~ j3 2 cosec A 2 Vl — /3 2 cosec A 2 

_COS - — j VT^PVu^ 

Xj — sir, ( Q't'*®' o __ — ®o\ „ cos A sin A, Vl — /3 2 cosec A 2 — sin A cos A, Vl — /3 2 cosec A 2 
~ Sm \ 2 ~2/“ Vl-/3 2 V'fU/3 2 ‘ 

Thus, making the above substitutions, the first partial differential equation becomes rigorously 
(for the case of null inclinations) 
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tn A, 
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Sfr 


+ 
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S^ 
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1 + ft 
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and the second partial differential equation may be rigorously formed from this by merelx 
changing the signs of ft ft, &. 
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[6. Approximations in the case of nearly circular orbits.'] 

If we entirely neglect /3 and /?,, or rather suppose them rigorously to vanish; then the partial 
differential equations become 

„ __ 1 /p. S/S 1 I ft, S/S' Mm Mm, mm. 

8^2 ‘‘‘‘ 
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together with the other similar partial differential equation derived from this by changing the 

sign of & and those of ~ , , ~--. In these equations no power of any mass is neglected nor any 

off op op / 

of t, t,; but if we put 
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and neglect m 2 m, and mm 2 , the equations become, after being reduced by the partial differential 
equations of elliptic motion and divided by mm,/16, 
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V^^^fSaTcos ( ± «■ + A, A) 


=7^ w '=7«r 


If we now put 

n= -J« s ’ " 

and therefore . V?Z-».*’ H/ ^f' 

^ ’ , M=M /M = l, we shall change the double equate 

and make as a sufficient approximate W M, 

to the following: 


ie following- /8£ + *&)] + *#$ *»< + » + A,-X) 

0 = + *7Y (sx + s&) + ' W,- 8& /) 2 


■V^fT^W cos ( + !> + A, - A) 


that is, » _ 
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S 0 A Si/f _ A\ 80 

\ xjsr 


Therefore 

0 =Vl + a'(l- a' K ~~ ) ™ cos A' cos -8- - 1 —- - —.L.._ 

™ Va V 14 -a' 2 — 2 oc'cos($ -f A') Vl-fa' 2 - 2 a v cos(- 8 '+A') 

and 

0 = Vl + oc' ~ sin A'sin 8'-—™-_*_— + •-- - 1 

™ Va' Vl + a' 2 ~2a'cos(fr+A') Vl + a' 2 ~2odcos(~&-|-A v ) 

Treating a' as constant, this gives 


Vl + a' (1 - a'~-) 80 = ~~~z (sin A' sin - cos A' cos &SA') + 

Va' 


that is, 


; Sft+8A' 

Vl + a' 2 - 2a' cos (fr-fA') 
SA'-88 

Vl + a^-Sa'cosl-i+A 7 ) 5 


_ o ra+A' jo' 

Vl+a'(l-a'"*) 0 = funct. (a') —7= sin A' cos 8' + -7—■ .. ■ . 

Va' J*-a' Vl fa' 2 -2a v cos 0' 


But the arbitrary function of a', introduced by this integration, must be identically zero because 
otherwise it would not vanish with A', as it must do, since 0 does so, independently of a' and Jh 
Thus, finally 

_ __ _ O Nrj /•&+*,-* Jfr 

Vct + a. iji=Va. Vl + a' 1/1 = — 5 — ^ cos & sift (A, - A) + -j ^ •—===========, 

a* 2 - a; a* - a* J &-a,+a V a 2 + oc, - 2aa, cos 6 

which may also be written 
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THEORY OF THE MOON* 

[1837.] 

[Note Book 48.] 

Dunraven Castle, Sept r 25, 1837. 

Let x 3 y, z be the Moon’s geocentric rectangular coordinates; m Moon’s mass; x f , y f , z r those 
of the Sun; m. Sun’s mass; y — sum of masses of Moon and Earth. Then 

rO = x" 4 /jlx ( x 2 4 y 2 4- z 2 )~% 4 m f x t ( x 2 4 y 2 4 4 m, (x — x f ) 

m J x ((* “ x » ) 2 +(y - v, ) 2 +(» - s, ) 2 }~- ; 

jo = 2/ ,/ + 

' 0 = 3 " 4 

and 

f 0 = x '' 4 (n - wi 4 ra,) x, (x* 4 y 2 f 4 s?)-f _|_ ma3 ^2 + ^2 + _j_ m 

(2) x {(a: - ) 2 + (y - y,)- + (z - 2 , )-}-?; 

1 ' o=2/;+ 


(Hence 

0 = ma;" -f- m, a;" 4 (p, 4 m,) {ma; (a; 2 + y% 4 - z 2 )~% 4 m, a:, (# 2 + y 2 4 3 2 )}~ : 2 , 9 ^ 

If m (= Moon’s mass) be extremely small, we shall have, very nearly, for the Sun’s motion 
the equations of elliptic motion, 

( 3 ) 0 + + 0 = , 0 = ; 

& may conceive x t9 y, 9 z, expressed thereby as functions of the time t. (And as a mathematical 
problem we may propose to integrate the 3 equations (1), considering x f , y t , z t as explicit 
functions of t, which satisfy these 3 equations (3). Physically, this corresponds to seeking the 
limiting state of motion of the Moon, when the Moon’s mass is considered to tend to the 
limiting value 0.) 

By easy combination of (1) and (3) we get 


(4) 0 = 

■ x !> 


m.x, , n 

. 4 ux (x* 4 y- 

fjs+m, { s ** 

if Si= 0 

& 

if 


(5) 

r 

II 

/ , m t x' \ 2 
(x - , ~— L - 4 


Jo 

(2 

\ Ps + m,) 

( 6 ) 



Se-(x' m ' x '\ 




\ jx+mJ 


Sx+- + 




* £ See aIso Correspondence with J. W. Lubbock, pp. 249 et aeg.\ 
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This last formula of variation would have resulted equally if instead of (5) we had put 
(7) -+*(*■+*>+*>-* 


Besides, the part 




ffl 

(x'x] + y'y] + z'z])dt =--— {; 

o /JL + m, 

m, C l 

+ —-- (xx. +yy, + zz")dt 

p-t-m, J o v ' ' '' 


fx^-rn ( xx f yy > d zz , x Q x ,Q~-Poy,o~ z o z 'o) 


C i xx f +yy , + zz, 
io {x* + y 2j rz 2 )% 


If then we put* 

o» 

we shall have, by (7), 

/o^ C l (x'z + y'z + z'z 


„ (xx, +yy, +zz, , - - 2 - 2l _ 

*~ m '\7 #+tt+& ~ (x ~ x ' +y ~ y ' +z ~ z ' ] 


4- {X (x 2 + y 2 4- z 2 )” 


- (xx] + yy] -f- zz; ~ x 0 x] 0 - y 0 y] 0 - z 0 z] 0 ); 


and hence by (6) we have 


(A)... 8 


JF*? 


+ y (x 2 -h y 2 -h z 2 ) k — JR)dt = x'Sx + y'Sy + z'Sz — x’ Q S^ 0 — y' 0 Sy 0 — z' 0 Sz 0 . 


The only thing neglected in this very simple formula is the mass of the Moon; by neglecting 
which we are able to treat the Sun’s coordinates x , ,y f) z, in R as explicit functions of the time t. 
Accordingly when the Moon’s mass is thus neglected, & S£ is made = 0, the formula (A) results 
at once from the 3 known equations 

<B)... x"+ fjLx(x 2 + y 2 -t-z 2 )~%+-j~==Q } , 

In fact if we multiply the three equations (B) by Sx, By, Sz and add the products, we get 
x"Sx + y"Sy + z"Sz — y,8 (x 2 -hy 2 -f z 2 )~* — SR; 

V because 


x' (Sx)' + y' ( Sy) f + »' (Sz)' = S - 


we have 


t=t r* /V'2 4- «/a 4- *' 2 i \ 

A (x'Sx + y'Sy + z'Sz) = 3 j ^ y --- \-y> (# 2 + y 2 4- z 2 )-^ — Rj dt. 


Bet a; = !rcosA, y — r sin A, z = 0, 

x, = a, cos n t t, y, — a, sin n, t, z t ~ 0, af nj = /£-{-m,; 
so that the Sun’s orbit is now supposed to be circular and tbe inclination of the Moon s orbit is 
neglected. 

Then the fundamental formula (A) becomes 


[*/r'*+r*X* , f* 


— R^j dt = r* 


Sr ~h r 2 A'8A -r' 0 8r 0 -r^S^; 


* [See p. 51.] 


(C)... 
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/-rw t-, (rcos(A — n,t) , 

(!>)••* R=m, |-- 2 -{a?- 2a,r cos (A -n, t)-\~ r 2 } - ^ [. 

At the same time the differential equations (B) become 

< E >— r "- ? ' A ' a +^+lv=o; (r2A ')'+|f =0 - 

Besides we may put, with a great degree of approximation,* m, = a s ,n 2 , neglecting Earth’s mass 
in comparison with Sun’s; and then if in general we make (1 - 2oc p -f a a )~* = 1 + aP x + a 2 P 2 + &c., 
and put also p = cos A - n,t, we shall then have 


- Jt=aJn^ + n^(r z P z + ~p 3 + r lp i+ &e .j . 




+ P 4 + &c. I dt 


= r'Sr + PA'SA - r' 8r 0 - r^SA 0 . 

As a first approximation -sre may neglect n,; (which comes to treating the month as very 
small in comparison with the year;) & then we may take elliptic values for r and A, (that is, for 
the moon’s geocentric radius vector and geocentric longitude,) which values, if we retain only 
the 1 st power of the excentricity e, will be 

r = a-.aecos(n« + 6-TO)=>a-aeooBf, (if f = nt +e-w,) 

A = wS + €+2esm (^+e-m) = ^ + € + 2esin£; 

also ft = a 3 n 2 . 

Accordingly these expressions give, when we put 
h — ecos (e — m), 1 = esin (e — m), 

r = a(l-kcosnt + lsinnt), X = nt + e + 2k sin nt + 21 cos nt, 

A' = » (I + 2kcosnt-2lsmnt), |r 2 A' 2 = a^(^ + h cos nt-1 sin nt). 


S Jol 2 -f- 2a% (k sin ^ J C os nt - 1)} 

= a 2 w(iSm + 28ksmnt+2SZcosn4YTx) =a 2 nS (A —A 0 ) = a%SA —a 2 M.SA„ 

= r 2 A'SA- ri AJ- SX 0 = r'Sr + r 2 A'SA - r' 0 Sr 0 - r§ A^ SA 0 . 

h e ^ a f°, DS i t ^ aS ^ een su PP° s ®d that Jc and l vanish after the act of variation & 

has been performed, but if we even retain terms of ist , . 7 „ , 

find that the differential equations 1 damension wxth respect to ft & l, we 


r"-rA' 2 + ^=0 and (r 2 A')' = 


0 are satisfied. 


[ ( X ' m,) ‘ We have the following approximate values- - 1 - _L. e _L. “_L 

, , , . m / 330,000’ n 13’ 20’ a, 400 

the tangent of the inclination of the Moon’s orbit = A- and ^ A . .. , A , a , „ . 1 _ 

jj ancL the excentricity of the Sun’s orbit =~. Brovm, 

Lunar Theory, pp. 42, 80.1 
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As a second approximation we may take the differential equations 

+ ^ + 0 = (,*AT + |f, 

retaining in R only the term 

7 ? ^ 

— n 2 r 2 P 0 = — ' (1 + 3cos2X~2n,t). 

At the same time, 


h?- 

J o \ 


+ r 2 A /a n' 


+ dt + s J o r 2 ( 1 + 3 cos 2A - 2n, t) dt = /Sr -f- r 2 A'SA - /■' Sr Q - r 2 A£ SA 0 . 

We are now to employ the expressions 

r = a (X — k cos nt +1 sin nt), X — nt-\-€-k- 2k si unt-r 21 cos nt ; 
but are no longer to consider a, n, e, h, l as constant. We are however to suppose r 0 = a (1 — k), 
A 0 = e + 2 1\ but /, A', r' 0 , X' 0 will now have new values, at least in the 2 lid member of the formula 
5J &c . — /Sr-h &g., though in the 1 st member of that formula the values of / and A' remain 
unaltered. We may *.* make, in the 2 nd member of that formula, (if we neglect n-J; and n~l) 

/ — A/, X' =tM-AA', / 0 = A / Q , Ao = ?i-i-AAo, r — r Q — a. 

Sr = Sa — a Sk . cos nt -f aSl. sin nt, SX=t 8?i -f Se-f- 2 8k . sin nt -f 281 . cos nt, 

Sr 0 = Sa — aSk, SA 0 = Se-b2 81, 

& -we may suppress in it the part a 2 n (SA —SA 0 ), if we suppress in the 1 st member the part 

f* /V' 2 + r 2 A' 2 t ft\ 


■r.r- 


dt: 


by which means it becomes* 

A/ . (Sa — aSk . cos nt + aSl . sinttt) + « 2 AA'. 4- 28k . sin nt 4- 28/. cos ?it) 

- Ar ’ 0 . (8a -aSk)-a 2 AX' 0 . (Se + 28 1) = Jmf S J\ 2 (1 + 3 oos 2A- 2 n, t)dl = Ss; 
that is, after expressing s = J n 2 j r 2 (1 + 3 cos 2A — 2 n, t) dt 

as a function of a, n, e, k, l, t & taking its variation relatively to n, e, k, l, (observing that 


O yy 

a= (fxjn 2 )~^ & Y Sa= ~~-~Sn,) 


8s 

Sn 


2 -(Ar’-Ar^ +aHAX; | S = « 2 (AX —AX 0 ); 
n oe 


3 n 


8s_ 
8k = 


- a (A/ . cos nt — Ar^) ■+• 2a 2 AA'. sin nt; -^ — a A/ . sin nt 4- 2a 3 (AA'. cos nt — AXq). 

These four equations will give, by elimination, expressions for A/ 0 and AAq of the forms 
Ss 


JR ± 


Sn 


_ Ss „ Ss „ Ss , r Ss ,r®£ 
an<i -ttg n + "' +Li W 


s Se 


! S h 


1 Sn 


R lf ... being functions of n Set; while ~ , ... ^ are functions of ti 7 t and n t , 

* [See First Essay, p. 161, (G 8 -)-] 


31 
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Besides, if we neglect the products of *, *, l, we may retain the expressions thus found for 
Ar' and AA„ and substitute them in these new equations 

r' 0 = anl + Ar AJ=»(1 + 2fc) + AAJ; 

with -which we are then to combine the 2 equations 

r„ = o(l -k), Ao = € + 21, (and 

, v y y t and n : which functions are then 

in order to get n, e,k, l (and a) as functions of r Q , 0 , 0 > o> ' 

to be substituted in the expressions 

r = a(l — k cos nt + l sin nt), \ = nt+£ + 2 hsw.nt + 2leosnt. 

To efEect this substitution, it is convenient* to change a and n, e, Is, l to a + A a, n + An, e + Ae, 
h+Ak, l -1- Al, and to establish the equations 


Ao-e + 22, r' 0 = anl, X' 0 = n(l + 2k), = 


and 


O — Aa — aAJc, 0 = Ae + 2 Al, 0 = anAl + Ar' 0 , 

0 = An + 2nAk + AX ' 0 , Aa = - 2aAn/3n; 

after which we shall have 

Ar = Aa - a A&. cos n-24- a Al . sin AA = t An + Ae + 2Ak . sin nt + 2AI . cos nt. 


and finally 

r — a (i — h cos nt+l sin nt) ■+- Ar, X — nt + € + 2k sin nt + 21 cos nt-\- AX; 
in which expressions a and n, k, l are constants independent of the time t. 

In this manner we have 

Aa = aAk; An— — ^~AJc; Ak——-AX' 0 ; 

An = 3AA' 0 , Aa=-^AA^; and Al=-~Ar' a , Ae = ~A r' 0 ; 

therefore 

Ar = _ (i _ cos nt) AX' q — isin nt . Ar;; 

n n 

AX = (st — 4 ) AA; + — (I — cos nt) Ar;. 

Besides, by the equations near the foot of page 241, we have 

AA' = AAi + ig, Ar' = Ar' 0 + %ant (aA' +i-gfjj; 

* [Six variable parameters are introduced: A?*;, AA;, An (or Aa), Ae» Aifc, AL It is possible therefore to prescribe 
four relations between them. The four given above are not the usual relations employed. Of. Appendix, Note 7,p. 628.] 
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also, sin nt. ^ 4- cos nt. ^ = 2a 2 (AA' - cos nt AAJ) + a A r' 0 sin nt 

= 2a 2 (1 — cos nt) AAA + asin ntAr^ + 2 ~ = — an Ar + 2 — 

0€ 0€ 

and 

Ss o*- . . „ , 

cos nt . ^ — sm nt.—~ — a Ar + a A r 0 cos nt + 2a 2 AAo sin ^ 


therefore 


— a (1 — cos ni) Ar^ + a 2 (— §n£ + 2 sin?U) AAJ — fn£ =- + 


3n8s 
~2 Sn 


a 2 n 3 nt Ss 3 n Ss 

2 2 Se~*~ 2 Sn 5 


A 2 S«s 1 / . 3s 2 

Ar =— k -sinwl w + cos = *, 

an oe an \ ok ol / 

3 /Ss Ss\ 2 / Ss . 3s\ 

AA= ^ls^-'si) l cos ^si- smni irj • 


To calculate s, we have 

r 2 = a 2 {l~2k cos nt-\- 21 sin nt), 

2A — 2n,t = 2 {n — n t ) t + 2e + 4&sinn£ + 4£cosn£; 

1 + 3 cos (2A — 2n, t) = 1 + 3 cos (2n£ — 2n, t + 2e) — 12 {h sin nt +1 cos nt) sin (2nt — 2n r t + 2e); 

= {1 + 3 cos {2nt — 2 n, t + 2e)} {1 — 2 k cos nt — 21 sin nt} 

— 12 (Jc sin nt +1 cos nt) sin (2 nt — 2 n, t + 2c) 

— 1 + 3cos (2nt — 2n f t+2€) — 2kGO&nt+ 2lsm.nt 

+ 3 k (cos {3nt — 2n f t + 2c) — 3 cos {nt — 2n, t + 2e)} 

— 3 1 {sin (3n£ — 2n, t + 2e) + 3 sin {nt — 2 n t t + 2e)}; 

~ = a 2 t + ^ ^ a ~ — {sin {2nt — 2n t t + 2e) — sin 2e} 
n 2 2n — 2n f 

( 2 3 

-sin nt + ~--— {sin (3 nt -2 n,t + 2e) - sin 2c} 

n Sn — 2?i, 

^ (sin (nt — 2 n, t + 2e) — sin 2e} 
n~2n, x v 


+ la 2 


-cog nt + _ - {cos (3n£ — 2n t + 2e) — cos 2c} 

n n 3n — 2n 


_9 

n — 2n 


- {cos {nt — 2n, t + 2c) — cos 2c} j-; 


-^-Ar— ^ (cos 2nt — 2n t + 2e— cos 2c) + — (1 — cos nt} 

an 2 n — n t n 


-(cos 2nt — 2n. £+ 2c — cos n£— 2c) 

3n —2n, v 


--— (cos 2nt — 2n, t+2* — cos nt +2c); 

n-2n/ 


31-2 
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and 


4 n 
n 2 


/^X= —4 |h -——— (sin 2nt — 2n r t + 2e — sin 2e) j- + 

( 2 n — 2 7i, ' 

9n , - j. oZ, 7~i oZ ai-n -i— sin' 


9?iZcos 2e 


-^ (sin 2 rd- 2 n,t+ 2 <: - sin 2 <=) + - sin 

2(»-»,) 2V w 


3?i — 2?i 
18 


(sin 2 nt - 2 %, £ + 2 e + sin nt-2e) 
(sin 2 wZ - 2 ^, t + 2 e - sin ^ + 2 e). 


% — 2n, 

(As verifications, these expressions for Ar and AA should not only vanish themselves when 
t _ 0 , which they evidently do, but also their differential coefficients, taken with respect to t, 
should vanish at the same time; we ought *.* to have 

0 — — 12+3 + 9 & 0= - 4+4 + cos2e(--12-6 + 18); 

& so we have.) 

It results then from the foregoing calculations that if squares & products on,,', e 
neglected, the two differential equations of the 2 nd order 
/x n 2 r 


0 ss r" — rA ' 2 + (1 + 3 cos 2 A — 2n, t), 0 =(r 2 A')' + 


Bn 2 r s 


sin 2 A — 2 n, t, 


(in which ft and n, are constant,) admit of having their integrals expressed as follows: 

CL 

r — a — ah cos nt + al sin nt 4- 5 —i (1 — cos nt) 

2 n* 


frwff [_ 

4 n \n — n, 


A — ?it + (z + 2k sin nt + 


(cos 2 nt - 2n , t + 2c — cos 2e ) — 3 n l < 2,n ^ COS 2nt ~ t+2€ ~~ C0S nt ~~ 

-?— (cos 2nt — 2 n . t + 2e — cos nt + 2e) | 

n — 2n , 1 

n 2 t l , 9?&cos2e\ n 2 . 

2ZcoswZ-- (I-77--Jt-sinwi 

\ 4:{n — n r )J n 4 

—?—. (sin2%Z — 2^ t + 2e — sin2e) 

K n — n , 2(n — n t ) 2 J 


3 n 2 U 

' 4w V 


+ - - (sin 2nt - 2n, t + 2 e + sin %Z - 2 c)-^r— (sin 2nt - 2n, t + 2 e - sin wZ + 2 e) [■; 

3 n — 2^1, v n ~ An t 1 

in which a and n, e, Jc, l are 5 arbitrary constants determinable by the 5 conditions 

r 0 = " " 


~a — ale, Ao^€ + 2 1, r' 0 = anl, X 0 = n+2nJc, a 3 n 2 = fx. 

These expressions may be put under the forms 


n 2 /_ 

Bn cos 1 

' i 1 + 2 m »( 1 

n-n, ]) 


-aoosnt\k + ^-A\- 


Bn 


(- 


2 \Bn — 2n,n—2n 

+ « a m«*{l + g ( 3 ^;-;^) si* 2 *} 


-) COS 2e) } 


+ - 


Ban 2 


-J( _ 

4tn \n—n t Bn — 2n f n — 2n 


cos ( 2 nt — 2n t t + 2 e); 




VI. THEORY OF THE MOON 


245 


{ n 2 \ 4 (n — n,)} 

+ e + (^ + 2l^^p) sin2e 

+ 2 sin nt\k+ ( 1 — — ( --- 1 -?—^ cos 2e'| l 

1 2n- \ 2 \Zn-2n, n-2n,J )) 

+ 2 cos nt -! I + - (- — 1 -sin 2e\ 

4 n \3n — 2n, n—2n,J j 

3 n 2 / 2 “ 3% 2 6 \ 

“ 4¥ Vn^T, + 2(n^+ + Zn^¥n J ~^w) sin2m ' 1 + 2 ^‘ 

In the same order of approximation, if we put 


n = n --1 1 - 


4 (n — n,) 


2n 2 a / 9weos2e 
3 n 2 \ 4 (n — n,) 


l 7 , / 3n ( 1 , 3 \ o\ t 7 Sn U 1 3 \ . n 

k = k + — i 1 — —- J ---1-— cos 2e }; 1 = 1 + I ---—— sm 2er 

2n z \ 2 \3 n—2n f ?i — 2n,J J 4^n\Zn — 2n, n — 2nj 


3ni T 3n * . 

e = e + — v i 1 -f- -: I sm 2f; 

2 n(n — n f )\ 4 (7i — n f ) 


we shall have 


r — a \ 1 — -~~ — k cos nZ + ] sin nt 
1 6n 2 


+ 3aw?/_2-_1- 3\ oos ( 2 n<-2»,i+2e); 

4n \n — n, 3n — 2w, n —2 nj 

+ 21 cos n£ 

— ~~£ ( -h ——-- - -j- —--- - i sin ( 2nt — 2n t -f- 2e). 

4n \n — n, 2 (n — n,) 2 3n — 2n f n — 2n,J 

- . 1- —«.--1(1+|ot);- - =--(l + 2m); 

3n—2n, 3m 37 n—2 n. n 


A = nj5 + e + 2k sin n£ 4- 21 cos nt 


Developing, we have 
2 2 , 


n — n, n 


(1 +m); 


if we put for abbreviation m — ~ , & neglect m 2 ; V sum = — an< ^ s ^ m ^ ar ^y 

E^s;-s' 1+ «"> i -,dk--;i 1+2 ”> ! 

11 59w 

sum —--—; *.* putting for abbreviation r = nt — n t + e, we have 

6n 9n 


= a 11 — ™— kcosn^ +1 sinn£— m 2 cos2r|, 

„ v 0 /ll 59w\ . 0 
A = n£-he + 2 (ksinn£ + lcos n t)+m 2 ("g"h~j 2 "J sm2r J 


kcosnfH-lsin nt- 
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and. accordingly these agree, so far as they go, with the expressions of M. Plana, as cited hy 
Mr Lubbock,* in the Appendix to the 1 st Part of his Theory of the Moon. 

We might have com m enced our 2 nd approximation by retaining in R the two terms 

— n 2 r 2 P 2 and — — r 3 P 3 ; in which 

/ 2 a 3 > 

P s = i 3 * = * (P e - 3P 4 + _ l)"' = = | oos A -w,7* - f cos A-w.i 


so that we should thus have had 


5 cos 3A — 3 n r t-h 3 cos A~n,t. 

8 ’ 


-,2 _ aj ,2 rt - - 

s = —M r*(l + 3cos2A~'2n,t)dt + — L - r 3 (3cos A — n,t+ 5cos 3A— 3n, t) dt, 

4 Jo & a , J o 

while A r and AA would still have been given by the formulae of page 243, 

, 1 /_8a . Ss , &s\ . . 1 /o o o . 3<s\ 

Ar = — I 2^— sm nt^r — cos^1, AA = ~5- I 3t& 5-3 nt-s — 2 cos 4- 2 sm 7^ -57 1. 

an \ oc ok ol J a 2 n \ on be b/c SI / 

If then we put 

s' = J r 3 (3 cos A — n, t + 5 cos 3A — 3w, t) dt, 

and 

% 8s' . 3^' Ss' ^ Ss' 3s' Ss' 

r =2-5- suint-^j- — cosnt-^-, A' = 3-3«i --2 cos 4-2 sin -57-, 

be bte ol bn oe ok bl 

7b 2 T' n 2 A' 

we shall only have to add — and -to the values already found for r and A. 

$aa,n 8a 2 a,n J 

In developing s' we are to use for r and A their l Bt approximate values 


which give 


r — a — ak cos nt-bal si nnt, A = nt + e + 2&sin nt 4 - 2 1 cos nt, 
r 3 = a 3 (l — 3&cos nt+Blsinnt), 


3 cos A— 71 , t = 3 cosnt — n,t + e — 6 (Jc sinnt +1 cos nt) si nnl — n,t+ e y 

5 cos 3A— 3n,t~ 5 cos 3 nt — 3 n, £ 4 - 3e — 30 (& sin nt + l cos nt) sin 3ni — 3 n,t 4 - 3e, 

2s' 1 2r s _ _ __ 

_ = _ (3 cog A — n,t-h5 cos 3A— 3 n,t) = 6 cos nt~n,t 4-6 4-10cos 3 nt~^3n, £ 4 - 3 e 
— 6 (*cos nt — lsinnt) (3 cosnt — n,t + e 4 - 5cos3 nt — 3 n,1 4 - Be) 

“ 12 (k sinnt -hi cos nt) (sin nt — n f t-\-e 4- 5 sin 3 nt —~3n, 1 4- 3e) ; 


[Lubbock, Theory of the Moon <1834}, Appendix, pp. i, viii [1]. Brown, Lunar Theory , p. 110.] 
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3a 3 4 . —-—— . 5a? , . -- 

• 5 = n~^n~ ( Bm Ut ~ U,t + € ~~ sm € > + Y{n - n ) ^ sm Bnt ~ 3n ' 1 + 3g ~ sin 3g ) 

3 Jccv^ ( 5 _ 1 __ _ 

- ¥~ \n ^ Sin n,t ~ 6 + Sin e ) + 9n~n ( sin 2nt ~ 71 ' 1 + 6 “ sin e ) 

15 _. 5 _ _ 

4- ^ n — Zn ^ Sin 2nt ~ 3n r t+3(£ — sin 3c ) “ ~g ~_ 3 n ( sin 4nt ~ 3n ' ^ + 3e ~ sin 3e ) 


3 la?( 5 
'“2“ | n 
15 


— (cos n,t — e — cos e) -f- —-(cos 2 nt — n,t + e — cos e) 

7b 2'Yb — TV. 


(cos 2 nt — 3 n, t + 3e — cos 3e) — -———— (cos 4 nt — 3 n, t + 3e — cos 3e) 


& consequently, 


0^^ ____ J 0q^3 

r s = -(cos nt — n, 1 4- e — cos e) 4-(cos 3 nt — 3 n, t 4- 3e — cos 3e) 

n — n, n — n, 

3 q§ / g ....1 __ 

+ -=-1 — (cos nt — n,t-\-€ — cos nt + e) 4- ~- (cosnt — n,t + e — GosTit — e) 

2 in, 2 n — n, ’ 


* ■ (cos 3nt — 3n t 1 4- 3c — cos nt + 3e) — -——_—(cos 3nt — 3n. 1 4- 3e — cos nt — 3e) 

2n—3n, ' 4n — 3n, 

id 

/y3 f Q<yi _ O09, \ . .. .- 

A' —-7-9 (sin , rai —£4- e — sin e) 4- 5 (sin 3nt — Sn t+ 3e — sin 3e)} 

(n — n,) 2 K 

3a 3 nt ^ o x 

4- —-(3 cos €4-5 cos 3e) 

n — n. 


— 3a 3 -I — (sin nt — n, 1 4- € — sin n£ 4- e) — :r—-— (sin nt — n, 1 4- e 4- sin nt — e) 

2n — n, 

-L5-(sin 3nt~— 3 n, 1 4- 3e — sin nt 4- 3e) 4- -7— ~ — (sin 3 nt — Zn f t 4- 3e -f sin nt - 3e) j-. 

2n — 3n, 4Ln — 3n f 1 

We have only to add 

to k the terms 

San, n , \ kI , n ' \ . 

16a, 2n — n,J \2n-3n, 4n-3n,J j 

to 1 the terms 

iS; ^ (( 5 - 2^) sin e “ 5 (sSs; ~ sin 3s } ; 

to e the terms 


to n the terms 


1 a n* 3n — 2 n, 
8 a, n (n — n,) 2 


(9 sin e 4- 5 sin 3e); 


3 a n 2 

8 a, n — n, ^ 

and consequently (because a 3 n 2 =/x) 
to a the terms 

1 a 2 n, n, 

4 a, n n — n. 


(3 cos €4- 5 cos 3e); 


(3 cos e4-5 cos 3c): 
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& we shall have (making ~ = m, nt — n f t 4-e= t j 


A = n£ 4* e -f 2k sin nt 4- 21 eos 

- 4- 


3 2 

5+; 


6 


3ma [„ m 3m (3-2m)) . 
-J rt -4---tsinr + 


_,_ ,v- — i i e 

8 a, |° 2—m* 1 ” (1-m) 2 j 
3m 2 , - 


3m 2 1 2 __ 

4 (-m) 2i ~3-2m 1 —2m 

5m 2 a 


fiv 

1~ —-kcosn£-j-lsinn£4- 
a 6 


4 (1 —m 3-2m 1 ~ 2m 


sin 2r 

_ 3 ~2m 

8 a, {2-3m 4-3m (l—mf 

cos2t 


3m a 


54- 


m 4m 


5m 2 a ' 9 


16 a, \ 2-m 1 1-m 

Developing, 

A == n£ 4- e 4- 2k sinn^ + 21 cosntf + m 2 1 


, COST--— — 


- + - 


4- 

8 12 


16 a, {2 —3m^4 —3m 1—m 
3ma I 

8^7 \ 


sin 3r; 


eos 3 t. 


11 59m\ . _ 3ma Z' 17m 47m 2 \ . 

sm 2t— —— j 5 + —— + —- smr 


2 1 4 ! 

5m 


4- 


5m 2 a / 35m\ 

3 ^l 3+ irj 


sin3r: 


r , , , , . , m 2 0 / t 19m\ 

- = l-kcosn£ -f lsmntf- —-m 2 14- —1 cos2 t4- 
a 6 \ 6 


3ma / 9m 17m 2 \ 
^( 5+t+ \ 


16a, { - 


COST 


5w 2 a / 53m\ 


And accordingly these equations are integral, in the present order of appro xim ation, of the 
following system of differential equations of the 2 nd order: 


r” - r \' 2 +=’y (1 + 3 cos 2A - 2n, t) + (3 cos A - n, t + 5 cos 3A — 3n,t); 


3 n 2 .r 2 . 


3ti 2 t 2 *-______ _______ 

W' =-—■sin2A-2w / <-~—(sinA-ra,t+5sin3A- 3n,t). 


Yet the coefficients of sin r and cost do not agree except in their first terms with the expres- 
sions of Plana and Lubbock.* 


* [In the remainder of this manuscript Hamilton attempts to verify that these equations for A and r satisfy 
the differential equations of motion to the present order of approximation. Actually he recognised later (see 
page 275) that the approximations of Plana and Lubbock were correct. Lubbock, he. eit. pp. vi xviii 11011 
Brown, he. cit. p. 241. See also Appendix, Note 6, p. 627.] 1 ' 1 J ’ 
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VII. 

CORRESPONDENCE WITH J. W. LUBBOCK 

[1837.] 

[In this correspondence Hamilton numbered his own letters I, II, III and IV. Lubbock’s letters are 
not numbered. We mark them here A, B, C, IX 

CONTENTS 

A. Lubbock asks for information as to Hamilton’s Dynamical Methods and their utility for 


calculating Lunar Tables. . . . , . . . " 249 

I. This is a sketch of the Method of Principal Relations.250 

B. A request for the application of this method to Lunar Theory.256 

II. This gives the application of Hamilton’s method to Lunar approximations. . . . 257 

C. Lubbock finds a difficulty in seeing a difference between the varying parameters of 

Lagrange and Hamilton. ............ 263 

III. Hamilton gives more details of Letter II. . . . . . . . . 266 

D. A request for further details. ........... 276 

IV. (Incomplete.) Hamilton brings his part of the correspondence to an end by discussing 

at length an interesting example.] ........... 278 

A. J. W. Lubbock* to Sir W. M. Hamilton. 

London , 24 th July , 1837. 

My dear Sir, 


You are so familiar with all questions in Physical Optics that I take the liberty of 
troubling you with a few remarks upon a point of some importance and I shall be much 
obliged to you to tell me whether you find them correct and if not if you will look at them 
with indulgence.f 

Have you thought more about the Lunar Theory and have you pursued at all the applica¬ 
tion of your general views to this question ? I want to draw up some report for the Association 
about the construction of Tables. Airy appears to think that Sir W. Hamilton... [part of letter 
missing]. ..the labour of getting out terms in this manner would be even greater than that of 
pursuing theory to the requisite extent. In the latter channel my patience is exhausted and so 
also I fear is that of M. Pontecoulant who is not easily frightened. But we continue ever and 
anon to find terms diff ering from M. Plana’s figures and there can be no doubt that until they 
have all been carefully verified they are not to be implicitly relied on. No one has yet succeeded 
in obtaining by the method of the variation of constants the exact numerical coefficient of the term 
* [Sir J. W. Lubbock, banker & mathematician, afterwards the third baronet, had been vice-president and 
treasurer of the Royal Society. He was the father of the first Lord Lubbock.] 

t [There is no trace of the statement of this optical problem among the correspondence.] 
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in R multiplied by m 3 for the angle 2gt — 2ct Arg. 77. Can you find time to put this matter 
straight ? I think it might throw light upon the manner of employing the equations referred to 

in Comptes Mencius. 

Pray let me hear from you & in the mean time 

I remain, dear Sir, 

Yours very faithfully 

J. W. Lubbock. 


I. Sir W. R. Hamilton to J . W . Lubbock . 

Letter to Mr. Lubbock on the Calculus of Principal Relations. 


My dear Sib, 


Observatory , Aug 1 . 29, 1837. 


I am desirous to write to you upon a subject which has some connexion with the 
theory of the Moon, though not so close an one as to make my letter an answer to yours. Having 
lately resumed the consideration of my Method of Principal Relations, and brought it a little 
nearer to a state in which it may he practically applied, I wish to give you some sort of sketch 
of the way in which I hope, at a future but perhaps not distant time, to make such practical 
application. 

(1.) To take one of the very simplest instances that can be employed to illustrate my 
method, let us consider the ordinary differential equation of the second order 

x t= *x f ; (X) 

in which x t is a function of t and x" t is its differential coefficient of the second order, while a is 
a small real constant, positive or negative. You see at once that the integral of this equation is, 
in finite terms, 


+e~‘ Va ) x 0 + ~~ (e ,v, “ - , 


~iV a. 


0 *^0 » 


or, when developed according to ascending powers of a. 


/ t 2 t* 

x i = x o (1 +a 2 a2 24 + etc 


•J +*0 ( 


i+o 4 +aa iW +etc 




( 2 ) 


( 3 ) 


And if we had supposed the finite form (2) unknown and had begun by assuming the expression 

x 2 x t — X t + ocX t 4- Qc 2 X t 4 v?X t 4 etc., ( 4 ) 

in which X t , X„ X t , etc. are unknown functions oft, we should then have had the series of 
diiieTential equations 

= °> Xt=X t , etc., ( 5 ) 

which would have given, successively, 

X} = CL 4 bty 


111 

x t = a + bt 4 \at 2 4 - p>t* y 

2221 i 
X t = a 4 bt + \at 2 4 \bt 3 4 

etc.. 


( 6 ) 
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l i 

x t = a + bt + u.{a + bt + icit 2 + ±bt 3 ) 

+ a 2 (a 4- bt 4- hat 2 4- \bt 3 + at I 4 4- xio^^ 5 ) ^ 

+ etc.: 

an expression which gives 

1 2 11 

x t = b 4- a (6 4 at 4- \bt 2 ) -4 a 2 (b 4- ctt 4- 4-4- -^bt 4 ) 4 etc., 

1 2 12 (**) 

6 4- a 6 4- a 2 6 4- etc., x Q = a 4- aa 4- a 2 a 4 - etc., 

and therefore, as before, 

x t = x 0 ^1 + a — 4- a 2 — -4etc.^ -\-Xq ^4- 4- a 2 j^j4- etc.^ . (3) 

All these things are perceived without the slightest difficulty, but for that reason they are only 
the more proper to illustrate the following new mode of proceeding. 


( 2 .) Let s denote the definite integral 

s = 



(9) 


and let its variation be taken without varying t or dt: we find, by the usual rules of the Calculus 
of Variations, 

SS = XfSXj Xq SiTg , (10) 

if the function x t be such as to satisfy the differential equation ( 1 ); and, if this last condition be 
not satisfied, then 

8s— x' t 8x t —x' 0 8x 0 + (ocx t —Xt) 8x f dt.; (11) 

Jo''' 

t f being here marked with a lower accent merely to assist us in remembering that it flows, or 
varies differentially, from 0 to t, which latter quantity may be viewed for the present as an 
arbitrary constant. If we put, for abridgment. 



( 12 ) 


it is evident that x Q + bt, is an approximate expression for the function x tji because, by ( 1 ), it 
would be an exact expression for that function if the small quantity oc were to vanish; treating, 
therefore, a as infinitely small of the first order, we may calculate the definite integral s with 
only an error of the second order (in virtue of a principle contained in the equation ( 11 )), by 


simply making in (9) 
which gives 
and finally 



(13) 

(14) 


■M) 


--Jo bx 0 t 2 + iocx$£. 


32-2 
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In the same order of approximation we may employ the expression ( 10 ) for the variation of this 
integral s; and therefore, by observing that the equation ( 12 ) gives the rigorous relation 

x t ~x 0 + bt, (16) 

we find 

{x' t — Xq) Bx q 4 - tx'fSb = oc(x 0 t+ \bi 2 ) Bx 0 4 - j-|-oc# 0 i 2 + b ^ 4 -a ^ | 86 , (17) 

an equation which resolves itself into the two following, on account of the independence of 
8# 0 and 86, 

x' t — x’ 0 = oc ( x 0 1 + J bt 2 ), tx\ ==b (t 4- ^a£ 3 ) 4- iocx 0 1 (18) 

which gives, by elimination of x' t . 


and therefore 


that is. 


#0 = 6(1- ±crt 2 ) — -Ja # 0 1 , 


— b = x' 0 (1 4 icd 2 ) 4- Joc# 0 t> 


Xt = x 0 (l + i*t 2 ) + x' 0 (t + }oct 3 ). (21) 

And, on account of the arbitrariness of t, this must be, to the accuracy of the first order in¬ 
clusive, an expression for the sought function x u or an approximate expression for the sought 
integral of the proposed differential equation of the second order, namely, 

Xt=CLX t . (!) 

Accordingly, when a 2 is neglected, the expression ( 21 ) with the two arbitrary constants # 0 and 
x' Q satisfies that differential equation ( 1 ) and agrees with the expressions ( 2 ) and ( 3 ). 

(3.) The process thus gone through is certainly less simple, as well as less obvious, than that 
which consists in passing from the first approximate expression 

, ,, . , . x t ~ X t = a+ bt ( 22 ) 

to the improved expression 

i 11 

x t—X t + aX, = a -f bt 4- a (a 4- bt 4 - \at 2 4 - J 6 £ 3 ); (23) 

which may, because oc 2 is neglected, be written thus, 


or finally 


't — ( a 4- oca) ^1 + 2 ^ + (6 4- ocb) ^ 4- ~ £ 3 ^ , 


the sTTradeiT* (22) to (23) b6inS made ^ integrating the ver > 7 simple differential equation of 

I, (25) 

!f e rt 2nd ° 4 he u Series (5) - Yet is important to observe that the very different 

f l ft’ conduots t0 t5ie same improved approximate expression ( 21 ), 

attams that end without the integration of any equation of the second order, and indeed (to 

of .SS 7 ? 777 ° fany di ff erential nation whatever, through the medium 

Befo V ^ 6XPreS3i0n (10) for «"*•*« of that integral. 

Before I comment further on this new process (3.), I shah extend it so as to obtain, by a de&iite 
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integral alone and without the integration of any differential equation, an improved expression 
for x t , correct to the accuracy of terms proportional to the cube of a inclusive, namely. 


^ = +oc 


2 +a 2i + a *720j 




q-X(£-i-a- + c 


! t& 

" 120 " 


z3 504o)’ 


(26) 


which would, in the ordinary course of procedure, be obtained by integrating the two differ¬ 
ential equations 


2 13 2 

X" t = X t , ( 27 ) 

i 

after the form of X t had been deduced from that of the first approximate expression by 
integration of the equation (25). 


(4.) In this extension which we are about to make of the process of the article (2.), we are 
to start with the two equations 

x t = x 0 (1 + -|a£ 2 ) + b {t + Ja£ 3 ), (28) 

x t/ = x 0 (\ +l&.t 2 ,) + b(t r Ja* 3 ), (29) 

of which the first is to be considered as rigorous for some assumed value of t s while the second 
is not rigorous but has its error very small and of the same order as a 2 for every value t inter¬ 
mediate between 0 and t. We are next to calculate, by means of this approximate expression 
(29), the definite integral (9), which we know must thus be found with only an error of the order 
of a 4 ; and in this way we obtain 

x r ty — b(\-\- Ja£ 2 )+ aa; 0 £,, (30) 

s = J* {£ 6 2 (1 + 2 a £ 2 -b tqOlH* + -sqOlH^) -I- bx 0 ( 2 a£, + %xH 3 + 5 ,) 

+ (a+ 2 a 2 £ 2 -h Ja 3 £f)}d£, 

= | 8 2 (t + 1 a £ 3 + -£qGlH 5 + + bx 0 (xt 3 -h ^xH 4 + ^xH 6 ) 

+ M (at + fa 2 £ 3 -f ^a 3 £ 5 ), (31) 

8 a = (a ? 0 (a t -I- §oc 2 £ 3 + Y$cc 3 t 5 ) + b (a t 2 + 2 £ 4 -h y \a 3 £ 6 )} 

+ {^ 0 (a £ 2 + *a 2 £ 4 + *a 3 £ 6 ) + b (t + f xt 3 + 86 ; (32) 

and since this variation Ss must coincide by (10) with the following. 


x' t Sx t — Xq Bx 0 — {x't (1 -h -Ja£ 2 ) — x' 0 } Bx 0 Ja£ 3 ) 85, 

we have, by comparing the coefficients of S;c 0 and 85, the two equations following, 

x' t (1 + Jot t z ) — Xq ~ Xq (a t 4 - fa 2 £ 3 4 - yqxH 5 ) -f- b (at 2 4 ^a 2 * 4 4 ^-<x 3 £ 6 ), \ 
x\ (t 4 |a£ 3 ) = cr 0 (a £ 2 4 4 ^a 3 £ 6 ) 4 5 (t 4 foc £ 3 4 <ft>a 2 £ 5 4 sfea 3 £ 7 ); j 

between which and (28) we are to eliminate x' t and b, that we may obtain an expression of the 
sought kind for x t as a function of t and of the two initial data x 0 and x#, which shall err only by 
a quantity of the same order as a 4 . The elimination may conveniently be conducted thus:— 
multiplying the approximate expression (30) for x? if> by the coefficient of x' t in the second equa¬ 
tion (34), after changing £ to t f , we find 

x / t/ (£, 4 ja£j) ~ x 0 (odf ~hix 2 tf) 4- b (t, 4 f a/ 3 + 


(33) 

(34) 


( 35 ) 
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so that this 2 nd equation (34) may be transformed as follows, 


x’i = b ( 1 + -|od 2 ) + ax a t + * 3 {x 0 (fa 2 * 4 + rja 3 * 6 ) + b (--h^P + 252a 8 * 7 )}. 


(36) 


and therefore the 1 st equation (34) gives 

x’ a = b(l+*P+ i* 2 i 4 ) 4-* 0 («< + i* 2 * 3 ) + N (i« 2 * 3 + A« 3 * 5 ) + b (tokW + 2 -b aV )> 

- 6 ( cd 2 + + ^aV) - *o («* +1“ 2 * 3 + Ar a3i6 )= ( 37 ) 

that is, neglecting a 4 , 

= b (1 - Jt^-^V)~x 0 (|a 2 i 3 +*a 3 i 5 ) 

+ (1+ J«< 2 ) {6 (s^a 2 « 4 + (i« 2 ^ + A® 3 * 5 )} 

=6(1— + aTO a ^ ;6 ) + x o(~ a l!,s +rio a3iS ) > ( 3 8 ) 

an equation which gives 

b = Xq (1 + j¥o~ ¥¥o- a3 ^ 6 ) "f (A -0 ^ 3 ~ TFo a3 ^ 5 )» (^ 

and therefore, by (28), the expression (26) results, namely. 


x t = x 0 (1 + \ol t 2 4- (* + 6 a ^ s + xio^ 5 + -Fcfco a3if7 )• ( 26 ) 

And a repetition of the same process of correction would give an expression for x t which should 
err only by quantities of the same order as oc 8 and so on for ever, the accuracy being doubled by 
every successive repetition. 


(5.) On reviewing the foregoing process of successive and indefinite approximation, it will 
be perceived to he deduced, chiefly, from these two principles: First, that if the definite integral 
5 be rigorously calculated by the formula (9), the function x t on which it depends being such as 
to satisfy rigorously the differential equation (1), then the coefficients of the variation of that 
definite integral will be assigned rigorously by the formula (10); and second, that if, in calcu¬ 
lating «?, we employ a function which coincides rigorously with x c at the limits of the integration 
and which errs only by a quantity of the order of oc n between those limits, the resulting value 
of s will err only by a quantity of the order of cc 2n . The first of these principles, generalised, has 
long since conducted me to finite expressions for the integrals of the most important systems 
of differential equations in Optics and Dynamics; and a generalisation of the second of the same 
principles will lead, I hope, to processes of approximation practically useful. I have indeed 
already exemplified the theoretical possibility of employing a principle closely connected with 
it, so as to obtain approximate results of which the accuracy goes on increasing in geometrical 
progression, (namely, in the 26th and 27th articles* of my Second Essay on a General Method 
in Dynamics, Phil. Trans. Part I for 1835, pages 122, 123, 124); but because the extreme values 
of the variables were, in that former process of approximation, introduced explicitly into the 
expression of the Principal Function, an introduction which it would be almost impracticable 
to effect in the theory of the perturbations of the Moon or Planets, it was (in a manner) necessary 
to adopt a more convenient mode of proceeding: and the mode which has been sketched in the 
present letter is one of the most convenient among those which have since occurred to me. 


* [Pp. 189-192 of this volume.] 
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(6.) Whatever form may be chosen of my Method of the Principal Function, when it is 
employed to improve an approximation, it bears a close analogy to the Method of the Variation 
of Parameters. Thus from the expression 

x t =x 0 +bt, (16) 

which is subject to an error of the 1 st order when b is treated as equal to the initial datum x' Q , 
I passed, in the present letter, to the more exact expression 

x t = ^0 ( 1 + 2°d 2 ) + x'o (t + Jai 3 ), ( 21 ) 

by finding that the expression (16) might be retained with only an error of the 2 nd order, pro¬ 
vided that b was treated as variable and was expressed as follows: 

b = x' 0 (1 + $oti a ) + iux 0 t. (20) 

And again from the expression 

x t~ x o (1 + b (£-f- ^a£ 3 ), (—8) 

in which b was known to be nearly equal to the constant x' 0 , the more exact expression (26) was 
deduced by showing that b was more exactly equal to the function (39). But there is this 
essential difference between Lagrange’s Method and mine, that he determined his varying 
parameter so as to make his expressions true for two moments infinitely near , I for two moments 
separated by a finite interval. Thus, while I keep the parameter a: 0 unchanged and only alter b 
in (16) from the constant x' 0 to the function (20), Lagrange would have altered both x 0 and 6 or 
would have employed the system of the two expressions 

x t = a + bt, x' t = b, (40) 

which give 

a = x t — tx\\ (41) 

and thus he would have decomposed the differential equation of the 2 nd order 

ar; = a Xi ( 1 ) 

into the system of the two following equations of the first order, 

b' = a.x t , a? — —a tx t , (42) 

that is, 

— <z(a + bt), a' — — ot£ (a + bt) ; (43) 

from which system both a and b should be deduced as functions of t . His method is unquestion¬ 
ably elegant in the highest degree and has the very great advantage of having been developed 
and employed by himself and by other eminent analysts, yet I do not despair of mine also being 
hereafter thought worthy to be developed and applied to the chief problems of dynamics by 
persons able to do it justice and disposed to try what can be done by taking a new track. For 
instance, I have some little hope that you, who confess your patience almost exhausted in 
working at the Theory of the Moon as it presents itself to other methods, including probably 
improvements of your own, may feel some curiosity to see developed, and may give your 
valuable aid to develop©, the general and rigorous integrals which I have assigned: provided 
that I do not drag you through too wide a maze of abstract speculation, but reduce the problem 
nearly to its least terms and depart as little as the nature of my method will permit from those 
processes which have already been (to so great a degree) productive of success to yourself and 
others. At the very least there would be some utility in employing a new method as a verification 
of the results of an old one; but my hopes aspire somewhat higher. 
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I regret that I have so little to say on the subject of your important proposition respecting 
the construction of Empirical Lunar Tables. I should certainly like to see such Tables carefully 
constructed, and think they would be useful both practically for the calculation of Ephemerides 
and theoretically for comparison with formulae; but I am not prepared to join in pressing on 
the Association at this moment the going to the necessary expense; especially as Airy, whose 
opinion on such a subject must be admitted to possess great weight, appears to be against the 
doing so. But probably you would not be disinclined to wait another year, without pressing for 
a final decision; and before the meeting in 1838, if we all five, we are likely to have all formed 
more decided and concurrent opinions. 

X regret also to have to mention that I have as yet not thought at all on the subject of your 
communication on Optics. Perhaps even before the approaching meeting of the Association I 
may find time to do so, and to put in writing the result of my thoughts. 

Looking forward with great pleasure to our soon seeing each other again, I remain, my dear 
sir, with best remembrances to Mrs. Lubbock, 

Very truly yours 

William R. Hamilton. 

B. /. W. Lubbock to Sir W . R . Hamilton. 

London , Sept r ., 1837. 

My dear Sir, 

There is another* great objection to your method which I forgot to mention. I 
apprehend if you employ it to determine the constants, the resulting equations of condition 
between which it will he necessary to eliminate will not be linear. Moreover if you obtain the 
values the trouble of the substitution required to produce the longitude or latitude will be 
immense. Pray write soon and say whether I may communicate to M. de Pontecoulant the 
example given in your last letter to me & whatever you may send me in future about the Moon. 
I am very anxious the question should be settled as soon as possible for no one will think of 
carrying forward my methods while there is any probability of their being superseded by others 
more feasible and the announcement at Liverpool of your intention to try to apply your method 
to the Theory of the Moon will make those hesitate who know your great power of analysis. 
I shall he very agreeably surprized if you ever get out a single term in the longitude or latitude 
which I have not already obtained & more recently M. de Pontecoulant. 

The quantities ticked in the Appendix enclosed are right, there are others undecided where 
I have obtained a term differing from that of M. de Pontecoulant. 

I think the method of your last letter to me might be applied to find tbe equations which 
I have found for the perturbations according to powers of the time explicitly p. 39 of my Tract 
on Comets, and would furnish an excellent example of your method. Pray write to me soon and 
if you can give a glance at the optical paper I sent you. 

Meanwhile, I remain, dear Sir, 

Yours very truly 

J. W. Lubbock. 

* [Probably Lubbock bad in tbe meantime discussed tbe matter with Hamilton at tbe British Association 
Meeting m Liverpool.] 



257 


VII. CORRESPONDENCE WITH J. W. LUBBOCK 

II. Sir W. R. Hamilton to J. W. Lubbock. 

(II d Letter to Mr Lubbock on the Theory of the Moon.) 

Observatory, Oct. 4, 1837. 

My dear Sir, 

I am about to write to you, a little more in detail than I have yet done, though still 
only in a very undeveloped way, upon the Theory of the Moon. And because my present remarks 
will be found to have a close connexion with those contained in the letter which I mote to you 
before the Liverpool Meeting, I shall (though the expedient is not an elegant one) continue to 
number my equations as they come, without reference to their importance or affinities, con¬ 
sidering them as forming one unbroken series from the beginning of the former letter, & there¬ 
fore calling the first of the new equations number 44, because the last of the old ones was 
number 43. I shall also call this letter itself II, supposing the former to have been called I; 
& shall retain the same plan of numbering in others which may follow 7 these. 

Adopting your fundamental equations 


d 2 x 

dt 2 


flX 


■m-o- 


di 2 r 3 + 


dR 

dy 


which I shall write as follows 


fix SR 

X + ~ + -=r— = 0, 

r d ox 


uy 8R_ 


d 2 z iiz tdR\ 

= 0 ’ )-°- 


,, flZ SR . 

_l—- —— — o, 

r 3 Sz 


(44) 


(45) 


and in which, according to your notation, x, y, z , r are the Moon's geocentric rectangular 
coordinates and geocentric distance, while (j, is the sum of the masses of Moon and Earth, & R 
is the disturbing function, 

R=m \ x*,+yy,+™, i_ t46) 

r) V{r 2 , — 2(xx, +yy,-\-zz,) + r 2 }l 1 ’ 

if m, be the Sun’s mass, & x t , y ,, z f , r t its geocentric coordinates and distance; I shall suppose 
the 4 last mentioned quantities to be explicit functions of the time t, namely those corre¬ 
sponding to that elliptic relative motion which the Sun would have if the mass of the Moon 
were to vanish. This supposition is equivalent to treating the Moon as exerting no sensible 
attraction on Earth or Sun, although it is attracted by them, and they by each other. How far 
this supposition must fall short, when fully developed, of conducting to results as accurate as 
those obtained by the methods of yourself and others, you are a much better judge than I 
can at present be; but I think that the error must be small, & am sure that it will be smaller 
than other errors which I propose at the outset to neglect. Yet I should be glad to be 
honoured with your opinion on the degree of error which may in this way be occasioned. 

I add the 3 equations (45) multiplied respectively by Sx, By, Sz and thus obtain 

Sr 

x"Sx + y"Sy + z"Sz + [x-^ + SR — O; 


(47) 


St being here treated as — 0, So only x, y, z (& of course r) as subject to the variation 8 . To (47), 
I add the identical equation 

x' (gar)' + y’ (Spy + z’ (Sz)' = 8 X '* + (48) 


W MR IT 


33 
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& thus obtain 

(x'8x + y’8y + z'Sz)' — 5 ^ + %j~~~ + ~r~ ^ > ( 49 ) 

& consequently, by integration, 

x'8x 4 - y'8y 4 - z'8z — Sa; 0 — y' 0 8y 0 — z r 0 8z 0 = 8 

the quantities marked with 0 as a lower index being here initial values. This equation would 
be rigorously true if the Moon’s mass were rigorously null; at some future time I may discuss 
the correction which must be introduced when that small mass is allowed for. 

In the next place, I neglect the inclination of the Moon’s orbit; <fe thus obtain, (the ecliptic 
being taken for the plane of xy,) 

x'Sx + y'8y - XqS x 0 - y' 0 8y 0 = 8 J Q - + (51) 

in which 




2 + y'2 + Z '- 




dt: 


(50) 


R = m l 


, xx ,+yy, 


i -/ * j} a t _ 

1 Vr* — 2 (xx f + yy / ) + r 2 J’ 


r = Vx 2 + y 2 , 
r t ~Vx 2 + y 2 : 

so that if we introduce the longitudes A, A,, putting 

# = rcosA, y = rsinA, 

and 

we have 

and 


a^^cosA,, y,— r, sinA,, 

r'Sr + t*X SA- r' Sr 0 -r§A)3A 0 = S£(—+£-&) dt, 


(52) 

(53) 

(54) 

(55) 

(56) 

(57) 


R = m, {rrr 2 cos A - A, — (r 2 — 2rr t cos A - A, + r 2 )~%} . 
I neglect the excentricity of the Solar orbit, and thus obtain 

r f =a f9 X / = n, t, m t ~a 3 .n 2 ; 

and consequently 


if we denote by P 2 , 
in which 


Jt = - n*a* - n* (r 2 P a + ~ ^ -P 4 + &c.) , 

^3 > -P 4 > th.e coefficients of the development 

(X - 2ap + a 2 )** = 1 + otp + a 2 P 2 + a ®P 3 + a*P 4 + &c„ 


(58) 

(59) 

(60) 

(61) 


a =—, p = cos X — n,t. 


The general expression for these coefficients being 

*>- l (dy/ P *-iy 
1 1.2.3.<t...i\dp) \ 2 / ’ 


we have, in particular. 


_ 1 { 1 \ 

a “ 2 \¥/ \ 2 / 


p 2 —1\ 2 _ 3p 2 — 1 


: I (3p 2 — l) + i=i(l + 3 cos 2A — 2n,t); 


(62) 

(63) 

(64) 
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I shall therefore put, for the present, 

2 __ 

-R= — ~r 2 {l + 3 cos 2 A - 2 ?i, £), (65) 

suppressing the term — n 2 a 2 as being constant, (and as consequently contributing nothing to 
the variation sj^ Rdt,) and neglecting the terms multiplied by n 2 —, on account of the 
smallness of that factor. 

If we entirely neglected the disturbing function R, we should have elliptic expressions for 
the Moon’s polar coordinates r & A, namely 

r — a — ak eos nt + al sin nt, ( 66 ) 

\ = nt +e +2ksin nt-\-21 cos nt; (67) 

in which k and l are arbitrary but small constants, of which the squares and products are here 
neglected; (the first power only of the excentricity of the Moon’s orbit being retained;) c and n 
are other arbitrary but not small constants; and a depends on n by the relation 

a 3 n 2 = fjL. ( 68 ) 

With these expressions we could verify the relation (57); for, making, after the variation S,k & Z 
each = 0 , we have 

r'8r 4 - r 2 A'SA — rj Sr 0 — r\ Xq SA 0 = a 2 n S (A — A 0 ) 

= a 2 n (tSn-h 2 sin nt8k +2 cos nt — lSI); (69) 

and also sj ^ dt = § J a 2 n 2 (f + 2k cos nt — 21 sin nt) dt 

= S \a 2 n -p 2k sin nt + 2 Zcos nt — 1 


= abi (t8n +2sinntSk + 2 cos nt — 1 SZ). (70) 

But when we take account of R } we must consider the expressions (66) & (67) as being defective, 
& as requiring to be corrected by the addition of terms proportional to nJ, if n, e, k, l be still 


consequently a —, 


considered as constant. However, by considering n, e, h, l 
suitable functions of the time, we may still retain the equations (66) and (67), & the analogous 
initial equations 

r 0 — a — ak , (71) 

A 0 — e + 2Z; (72) 

though we cannot then retain also the differentiated expressions 

r'= an (k sin nt +1 cos nt), (73) 

= n (l-\-2k cos nt —21 sin nt), (74) 

aI1(i 

r' 0 — anl , (75) 

Aq = ^(1 + 2^), (76) 

And to find, to the accuracy of terms proportional to nf inclusive, (the error being proportional 
to nf~(n 2 ) 2 ,) the new expressions analogous to (73), (74), (75), (76), which are to be combined 
with (66), (67), (68), (71), (72), we are, by my general method, to develope the member 
of (57) as a linear function of Sn, Sc, 8k, 81 , employing for R the expression (65) & using also 
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the expressions (66), (67), (68), (73), (74) & making, after having taken the variation 8, the 
products n 2 k &, n 2 l vanish and indeed k &> l themselves. 

In this manner I obtain the formula ^ 

Ar'Sr 4* a 2 AA'SA — Ar^ S?’ 0 — a 2 AX' 0 SA 0 = — 8 j ^Bdt (77) 


in which Ar', AA', A r' 0 , AX' 0 are corrections proportional to n 2 (and perhaps partly to n 2 ), which 
are to be added to the 2* d members of the equations (73), (74), (75), (76), in order to make 
those equations consistent with (66), (67), (68), (71), (72). And because we are to make in the 
1 st member of (77) 


Sr = 8a — a cos nt8k + a sin. nt 81, (78) 

SA = £St 2 - + §€ + 2sin?2i§& + 2 cosntSl, (79) 

8r 0 — 8a — a8k, (80) 

3A 0 = Se + 2SZ, (81) 

So=_|®Sm, ( 82 ) 

3 7b 


we have, by the mutual independence of 8n, 8e, 8k, 81, the 4 following equations 


[ t Rdt= -|-(A.»''-Ari) + a 2 <AA'; (83) 

on J o on 

-X f* J B^ = a 2 (AA'-AA;); (84) 

o 

— ~ f Bdt= —a(Gos ntAr'— Ar' 0 ) +2a 2 sin nt AX'; (85) 

ofCJ o 

8 r* 

— ^ I B dt— a, sin nt Ar'+ 2a, 2 (cos nt AX'— AX' 0 ). (86) 


There would be little difficulty in resolving these 4 linear equations so as to deduce Ar', AX', 
A Tq, AA^ as functions of n and t & of the 4 partial differentia] coefficients of Rdt, which co- 

J o 

efficients themselves may be regarded as functions of n r , n and t. And after correcting the 
equations (75) and (76) by the values thus found for A?^ & AX' 0 , we might then eliminate the 
5 quantities a , n, e, k, l between the 7 equations (66), (67), (68), (71), (72), (75), (76), so as to 
get expressions for r and A as functions*of t, n f , r 0 , X 0 , r' Q , X' 0 . But because the last elimination 
would not be linear, it is convenient to proceed as follows. 

By altering the symbols r. A, a, n, e, k, l to the following, r + Ar, A + AA, a + Aa, n 4- An, e + Ac, 
k 4- A k, 1 4 AZ, we may suppose that the 7 new quantities r. A, a, n, e, k, l satisfy the 7 old con¬ 
ditions (66), (67), (68), (71), (72), (75), (76), provided that we determine the 7 corrections 


Ar, AA, A a. An, Ac, A k, A l so as to satisfy these other 7 conditions 

Ar = Aa — aco8ntAk + asuintAl, (87) 

AX = tAn-\- Ae4-2sin?2.ZAfc-p2cos(WfAZ, (88) 

a 2a 

Aa=- 3 n An ’ (89) 

0 — Aa — aAk, ( 90 ) 

0 = Ae 4- 2AZ, (91) 

0=anAl + Ar' Q , (92) 

0 = An 4- 2nAk 4- AA£; ( 93 ) 



VII. CORRESPONDENCE WITH J. W. LUBBOCK 


261 


and thus A r and A A will be the perturbational parts of the Moon’s distance and longitude, &> 
will be expressed as linear functions of the 4 partial differential coefficients of f Hdt. This new 

J o 

elimination is by no means difficult,* and it gives 


Ar = 


2 3 


r 


sin%£ 3 f* 


an o€jo an oh 


j: 


Rdt 4- 


cos nt 3 


s r t 

siL Edt; 


aa=^i v sat-i s a f w 2 -^ f a rw 2 ^! r Sdt -, 

a 2 5 ej o a 2 3 nj 0 a 2 n 8kj 0 a 2 n 81J 0 


(94) 


(95) 


expressions which may be considered as remarkable for their form & for their simplicity. 
Besides, we have, by (65), 


j: 


Bdt= aH 4- - 


3a 2 

2 n — 2n 


(sin 2 nt — 2n f t + 2e — sin 2c) 


n 2 a 2 Jc (2 


-■l-sinnt — - -r— 

[n 3 n — 2n i 


(sin 3 nt — 2 n t 1 4- 2c — sin 2e) 


4-~r— (sin nt — 2 n, t 4- 2c — sin 2e) j- 

n — 2n, j 

nj aH JS 
4 V 


/y 27 r Q Q - - - -- - — - 

' — (1 — cos? 2 .£) 4 ---~—(cos 3nt— 2n.t J r 2e — cos 2c) 

n 3n—2n, ' 


_j-— (cos nt — 2n,t 4- 2e — cos 2e) 1; 

n — 2 n f v J 

so that the expressions for Ar and AA become 

Ar = —J -(cos 2nt — 2n. t + 2e — cos 2c) 4- — (1 — cos nt) 

2n [n — n, n 


3 n 2 a 


4:n(3n — 2n r ) 
9n 2 a 


(cos 2nt — 2n t t-\-2c — cos nt — 2c) 


and 


4m {n — 2n f ) 
n 2 1 3 n 2 


(cos 2 nt — 2n t 1 4- 2c — cos nt 4- 2e); 


9 n 2 1 cos 2c 


AA = ——r (sin 2 nt — 2% t + 2c — sin 2c) 4- -. , N 
w, 2^ v 7 4 {n-n f ) 

9 n 2 


&(n-n,j 2 
3 n* 

2n (3n~~2n,) 


(sin 2n,t + 2c~ sin 2c) + ^sm.nt 


(sin 2?i£ — 2n t 14 - 2c 4- sin nt — 2e) 


4- 


■ (sin 2nt — 2n f t J t-2c~ sin nt 4- 2c); 


2n {n~2n f ) 

* [See pp. 241-243, *= - j‘jXdt.3 


(96) 


(97) 


(98) 
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or, in the same order of approximation, 




1 —3cos 2e — 3— cos 2e } 
n ] 


5 cos 2e - 


- cos 2e 1 cos nt 


/nV /T 13 n.\ . n . . 

—'I a ( 2-1 - - 1 sin 2 e sm nt 

\n) \ 3 n) 


cos 2nt — 2n f 1 4- 2e; 


s / 9 9 n, _ s 3/wA 2 /7 5w,\ . 0 

AA=- «*fl- s ooB2.- i ^ooB2«j+ 1 ^j (i + 2 ¥) Sm2e 

4 - (H±Y 1 1 —5cos2e ———c° s Seising 

\nj \ S n 

- 2 (%y( 2 + Tn) sin2eOOSnt 

+ + ^—\ sin2nt — 2n t+ (100) 

\n) \ 8 12 nf 

These, then, are, as results of the present method and in the present order of approxi¬ 
mation, expressions for those parts of the perturbations of the Moon’s distance and longitude 
which are independent of the excentricities & inclinations; and by the nature of the process 
they are so constructed that both themselves and their first differential coefficients vanish at 
the origin of the time: which is in some respects advantageous. We may however dispense 
with this last condition, and introduce, instead, an incorporation of certain terms of the ex¬ 
pressions (99) & ( 100 ) with the corresponding terms of the elliptic expressions ( 66 ) & (67). With 
this latter view we may put 


n* / 

i~n -- {1 

a \ 


9 9n \ 

- - cos 2 e — — — cos 2e 
4 4 n ) 


—S (&)’•(>- 


9 o 9 ™, o\ 

— cos 2 e — — — cos 2e I 
4 4 n J 




_ w n 28 n. _ \ 
1 — 5 cos 2 e —-—- cos 2 e I 
3 n J 


and if we put, besides, 


T = n.t — n,t + e, 
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we find, by (99), (100) and (66), (67), 


r + Ar 


= 1 


and 


m 2 

~~ 6 ~ 


A -}- AA = nZ + e 4- 2k sin n t + 21 cos i 


i 19 \ 

1 4-- -ml cos 2r; 

(108) 

T1 59 \ . n 

-g- + — m j sm 2 t : 

(109) 


results which perfectly agree with those of yourself and of Plana. 

Even this slight sketch of an actual application of my method to the Theoiy of the Moon may 
make my meaning clearer than it was before, and may prepare for future & more laborious & 
subtle applications. 

I am, my dear Sir, 
very truly yours 

Wdlliam R. Hamilton. 

J. W. Lubbock, Esq r . 


C. J. W. LubbocJc to Sir W. R. Hamilton . 


29 Eatox Place. 

Tues 10 fA Oct r ., 1837. 

My dear Sir, 

I have received your highly interesting letter of the 4 tb , the example you have 
given is very instructive and is worthy of your great mathematical talent. Even if your method 
should prove impracticable, as an example of analysis every mathematician will wish to see it 
carried to some other terms besides those contained in your last letter. 

I do not understand why you “make after the variation S the products ri^k and n*l vanish 
and indeed k and l themselves.’’ 


I suspect your method as modified by the introduction of the quantities Aa, An, Ae, A k 
and A l amounts only to another way of finding Lagrange’s values of these quantities. Thus for 
example I see that you get 


A7 _ l_± 

anSk Jo 


Rdt 


which is only another way of writing 


dl = 


J_SE 
an S k 


dt 


and this last I believe is Lagrange’s value. I suspect therefore that if you write Lagrange’s values 
for Aa= Ida, A k =$dk, &c. in your equations (87) and (88) you will get precisely the values you 
have written down for A r and A A in equations (94) and (95). 

If you take the trouble to calculate in my way your equations (108) and (109), you will judge 
which method gives less trouble. But a great difficulty begins in your method when you 
introduce the perturbational terms in R in order to get a further approximation because you 
must either develope 

s;/** !/** »/** ij™ 

separately or you must do what will be equally troublesome. 
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I look upon this method of the variation of the constants as quite impracticable except for 
the easy terms and this is also the opinion of M. de Pontecoulant. 

There are very few sensible terms depending upon the Moon’s mass. I have calculated* one 
of them as an example of my methods and found a term differing from M. Poisson, but M. Ponte¬ 
coulant tells me that he has found a numerical slip in M. Poisson’s work which accounts for it. 

The equation to the fluid surface of the ocean being 

(X — u ') dx + ( Y — v') dy + {Z — w') dz = 0, 

, „ . , „dx dy , dz 

' the complete differentials oi an d - 


u\v y tv 


dt 5 dt dt 

j{Xdx+Ydy + Zdz} dx * dy ’ 


cannot we integrate and say 


- < -^r 2t = constant % f 


dt* dt 2 

The Theory of the Tides in the Mecanique Celeste is the only portion which has not been com¬ 
mented on by Lagrange, by Poisson & by others. I wish you had time to examine it. I think 
much might be done in solving the problem at least in settling what are its real difficulties. 

Will you oblige me by writing out according to your method the steps which would belong 
to the equation 


beginning from 


„ dR 
x +x + - 3 — = 0 , 
dx 


tc'8x-x' 0 Sx 0 =S J o |^—^~ R \ 


dt% 


(50) 


The approximate integrals are 

a; = acos (2 + 6 ), 

Lagrange’s equations give 


dR 

da 

dR 


dt 


_ dx' 
~\db 


db dt ~\ 

M. Poisson’s equations give, directly, 

db=- 


dx' dx 
da 
dx' dx 
da db 


— &sin {t + b). 
\db = 


dxdx' 
db da\ 
dx dx' 
da db 


adb , 


da — ada. 


1 dR 


a da 


dt , da — 


1 dR 
a db 


dt . 


You must arrive by your methods at these equations and I should like to see how you pro¬ 
ceed. I think you hardly appreciate yet sufficiently the difficulties which will arise even in your 
method from the depression by integration, in the theory of the Moon and in similar problems. 

I shall be delighted to hear from you whenever you have time to write and it will give me 
the greatest pleasure to find that your methods will lead to more rapid approximations than 
those which have been hitherto employed, including my own. 


* [Lubbock, Tracts on Lunar Theory, p. 289.] 
f [This, -with the obvious numerical slip corrected, is true if the 
points of the liquid and moving with it, is independent of the time.] 


Ever most truly yours 

J. W. Lubbock. 



>, taken between any two 
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r me to venture a few remarks upon your 
ire yet if I quite understand it. 

For simplicity I will take the differential equation 


P .S. Allow me to venture a few remarks upon your method, which I do with great diffidence 
for I am not sure yet if I quite understand it. 


„ dJR ^ 
x 4 -a;= 0 . 
ax 


The approximate integrals of this equation are 

x = a cos (t 4- b), x'= — asin(£4-&). 


Your equation (50) is 
Your equation (77) is 


:'Sx-Xq 8x 0 = 8 ^ - — dt. 


■< 


Hdt , 


where 


#'=/' (a,b)+Ax', x=f(a,b) + Ax, 

/' (a, b) is in this example — a sin (t 4- b), 

f(a,b) a cos (if 4- b). 

If I write x' for/' (a, b) and x for f(a, b) for convenience merely, 

~ dx . dx ^ 

Sx= — 8a 4- -jt 8b, 
da db 


8x a =^8 a + - 


- S 6 . 


(51) 

(52) 


The condition that/(a, b) represents the value of x in the disturbed motion gives Ax — 0, 



dx . dx . , 1 d 2 x . 9 1 d 2 x a j o o r, 

fa Aa+ M Ab+ TT2^ Aa + T72d& Ab + &0 - = °’ 

(53) 

dx Q 

da 

(Aa ) 0+ g (A6 ) o+ ii_g (Aa ) g + r i_^ (A6 )g + &c . =0s 

(54) 


. , dx' A dx' . , 1 d 2 x' . „ - 

Ax= ~d^ Aa ~~db Ab ~T72dtf Aa & °-’ 

(55) 


= (A®),-5(A6)o - &C. 

(56) 

Equation (50) gives 

A ,dx ,dx 0 C l dRj 

A * &L- AX < > l£=~) a lfc dt ’ 

(57) 


> 

H. 

<5-1 SI 

1 

t 

II 

ill 

& 

(58) 


These equations correspond to the equations (83), (84), (85), and ( 86 ) of your II nd Letter. 

Substituting in (57) and (58) the values of Ax' and Ax' 0 from (55) and (56) I get, neglecting 
Aa 2 , A 6 2 , &c., 

dxdx' dx 0 dx' 0 dxdx' dx 0 dx' Q _ f 

~d^d^ Aa ^di^ Aa ^d^db Ab ^^b Abo ~' Joda dL 


H M P II 


34 



266 


VII. CORRESPONDENCE WITH J. W. LUBBOCK 


Multiply ( 53 ) by ~~ and add it to the last equation, 

( 54 ) by and subtract it from the last equation, 
and we get, the coefficients of A a and (Aa ) 0 vanishing, 


dx dx' dx dx' 
db da da db 


' 4 r f dx 0 dx' 0 dx 0 dxo \| __ __ 

r } A6 {db da da dbj A 0 Jo da 


But Lagra ng e has shown generally that the quantity which is the coefficient of A b is con¬ 
stant * hence we may write 

jdxodxZ_dzodxji ) r Ab _ Ab •> _ _ V~dt 
[db da da db) ^ * J o da 


and, differentiating, _ __ 

dR , _ f dx Q dx Q dx Q dx' 0 j , 

— ~da Ctt ~\ db da da db] ’ 

which is Lagrange’s equation. 

It would have been as easy to take a more complicated example, but the reasoning would 
have been exactly the same. 

It seems to me that you ought to distinguish between Act and Aa 0 ,* A b and A 6 0 . For the 
equation 

(dx 0 dx' 0 dccdoc*) . (dx^dx^ dx dx' j. , _ __ f dR , 

\j^l^~da^\^ a+ \lla^-dd~~ab\ J da**’ 

which your methods would lead to (1) if A a is not distinguished from Aa 0 , is incorrect. 

I have written out this since I closed my letter & if I am wrong I am sure you will not be 


III. Sir W . R . Hamilton to J. W. Lubbock . 

Observatory , Oct. 12 th , 1837. 

My d ear Sm, 

Your letter of the 10 t:b has just arrived & I hasten to make some remarks in reply to it, 
& in continuation of my own last letter. 

The sentence respecting the making k and l vanish was certainly obscure; I felt it to be so at 
the time of writing it, hut trusted that my meaning would be fully caught when I should have 
proceeded farther than I have yet done in the development & application of my method; mean¬ 
time I may remind you of what you yourself foresaw, namely that I am obliged to drop an 
excentricity in. passing from one approximation to another; so that starting only with expressions 
for the coordinates v & A which are accurate to the 1 st power of the Moon’s excentricity inclusive, 
I can only expect to get the circular parts of the perturbations, or the parts independent of 
excentricity. For this reason I omitted as useless (because liable to be changed by combination 
with unknown terms of the same order) the terms which were multiplied by n 2 f k and n*l ;—the 
words 4 ‘and indeed k and l themselves” were added in a hurry afterwards, & though I do not 

* [In the Hamilton ellipse, the initial velocity is different from the orbital velocity. See Appendix, Note 7, p. 628.] 
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exactly admit them to be erroneous, I feel that they require more commentary & justification 
than I think it worth while to give, considering that I intend to resume the subject soon, in 
a more full & explicit manner. 

You say that the equations (89), (90), (91), (92), (93) are not obvious, & this is so far true, 
that in my first attempt (which I showed to you at M r Turner’s house in Liverpool) I used wrong 
s ig ns f° r Atq and AAq through an error of reasoning rather than through a mere slip of the 
pen, and so obtained expressions for the perturbations which were themselves affected with 
wrong signs, though I soon found out the mistake. It may therefore be proper to develope the 
corrected reasoning now.—The equations (68), (71), (72) may be said to be true by definition; 
but if we combine with them the equations (66), (67), defining these also to be true & considering 
r & A as the Moon’s disturbed coordinates, we then establish meanings for a, n, e. k, l in virtue 
of which they are no longer constants but rather are parameters made variable so that they 
no longer satisfy the equations (75), (76) but rather satisfy these other equations 

Tq = anl + Ar' 0 , ( 110 ) 

A; = %(H-2^) + AA^; (111) 

Tq and Aq being still constants, namely the initial rates of increase of the coordinates r & A but 
Atq and AAq being those (small and perturbational) functions of the time which may be found by 
elimination from the formulae (83), (84), (85), (86). One mode, then, of expressing the Moon’s 
disturbed coordinates is to denote them by r and A and to retain, as definitions, the expressions 
(66) & (67), but to substitute in these expressions instead of a, n, e, 1e, l those values as functions 
of the time which maybe obtained by efimination from the equations (68), (71), (72), (110), 
(111) and (83), (84), (85), (86). To facilitate this elimination, we may denote the undisturbed 
or constant parts of a, n , €, k , l by a', n\ e\ k\ V and the remaining or perturbational parts 
by A a, A n 3 Ac, Ak, A l; so that 

a — «'+Aa, n — n' + An, e = e' + A€, k—k K + Ak, 1 — T-hAl; (112) 

and we may neglect the squares and products of A a, An, Ae, A Jc, Al. In this manner the 

5 equations (68), (71), (72), (110), (111) resolve themselves into ten others, namely, 

p. = a'V 2 , 

r 0 — a x ~a'k\ 

A 0 = £' + 2Z\ (113) 

r' 0 — a'n'F, 

AJ = ^'(1 + 2 £ v ), 

and 

0 = Sn'Aa + 2a' An, 

0 — Aa — a'Ah, 

0 = Ae + 2Al, (114) 

0 — a'n'Al + A r' 0 , 

0 — An + 2n ' Ah + AA£; J 

which latter are, as you see, equivalent to the five equations (89)... (93), only made a little fuller 

6 (perhaps) more clear by the introduction of the grave accents over a and n, which are here 
designed to distinguish elliptic from disturbed parameters. The same grave accents might have 

34*2 
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been, introduced (because squares and products of perturbations were neglected) mto the 
second members of the equations (83), (84), (85), (86); and then the two expressions (66) & 
(67) might have been resolved each into two parts, as follows, 

= At, A = A' + AA, (U^) 

in which , , 

r '-a'—a'k'cosrit + a l sinn t, } 

A' = n H + € ' 4- 2F sin n't + 2V cos n't, J 

and , 4 . \± a i \ 

Ar — Aa — a' cosn tAJc + a smw tAl, } 

AX — iAn + Ae-\-2sinn'tAJc-t-2cosn'tAl;) 

the two latter equations corresponding to (87) & (88). But I grudged the expense of so many 
new accents & new equations ; nor do I think that on consideration you will desire that I 
should complicate my method by continuing to use them explicitly. 

You seem to think that a few words more might have been expended on the elimination by 
which the expressions (94), (95) were deduced from the equations (83), (84), (85), (86), (87), 
(88), (89), (90), (91), (92), (93). I proceeded nearly as follows:—The equations (89) ... (93) give, 

very easily, 


(116) 

(117) 


Aa= — — AAd; An = 3AAo; A«- = ^-Ar'; A k = 
n ar) ‘ 


--AA„; Al^- — Ar' 0 ; (118) 

n an 


and therefore, by (87) and (88), 


2d 1 

At ==-(1 — cos nt) AX' 0 -sin nt A r£, 

n n 

AA = (st — ^sin%4 AAJ + — (1 —cos nt) Ar' 0 . 

\ n J an 

At the same time the 2 equations (83), (84) give 

l_8_ r* 

a 2 SeJ o 

3 nt 8 

and therefore the 2 equations (85), (86) give 
8 C i 8 C* 

cosn^r^ Rdt — shinty I Rdt = a(Ar'— oosntArQ) —2a 2 sin ntAX' 0 
ofCJ o ot J o 


AA' = AX' 0 - 


Rdt , 


At' — Ar' 0 + f ant AXq 


L r 

ejo 


l Edt+ 

2 a on 


j: 


Rdt\ 


(119) 


( 120 ) 


= a (1 — cos nt) Ar‘ Q + a 2 (f jii — 2 sin nt) AXq - 


3»S f- 


ahi .. 


and 


3 nt 8 

' 2 SeJ, 


f 


M + — ^ 

o 2 on 


J Rdt, 


2 8ej i 


2 8nJ o 


Rdt 


( 121 ) 


sin nt 


i-i f Rdt + cos nt ^ 

OfCJ o 


8 n 

^ j Rdt— — a sin nt Ar' Q — 2a 2 (AA' — cos nt AX ' 0 ) 


S f 

~ — asinnt Ar' Q — 2a 2 (1 — cosn£) AX' 0 + 2 

5eJ o 


S f* 

= anAr + 2-^- | Rdt; 
° e J o 


Rdt 


(122) 
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results agreeing evidently with, the expressions (94), (95). Perhaps you rather meant to 
enquire how I propose to extend this process of elimination to the more complicated systems 
of equations which must arise hereafter; and this I hope to make clear at some future stage 
of our correspondence. 


With respect generally to the comparative facility of my own & other methods, your can¬ 
dour of course will lead you to think that it would be unfair to judge of this by contrasting the 
perfected and published works of yourself and other mathematicians with the rude sketches 
which these letters contain; and which are written down very nearly as they first present them¬ 
selves to my mind, scarcely any development being suppressed and scarcely any alteration 
being made. I feel little or no doubt that the same principle and (in a large sense) the same 
method as that which is here employed will conduct me or some one else hereafter to processes 
of actual calculation, more convenient and more elegant than those which are here deduced. 
Even my two published Essays (on a general method in dynamics) contain results, I think, 
which would be useful in this way, though I prefer at present to suppose that you have not 
read them, & to take up the subject from the beginning. For instance, if you take the trouble 
to turn to the last page but two of my First Essay* {Phil. Trans. 1834, Part II, Page 306), you 
will find two systems of expressions for the variations of the parameters of a system of attracting 
or repelling particles, & a remark analogous to that which you have made in your last letter, 
respecting the possibility of deducing Lagrange’s formulae & mine reciprocally from each other; 
and some of the theorems of my Second Essay might doubtless have been used with advantage; 
as probably I shall make use of them, whenever I come to write for publication. Meanwhile it 
is essential to remember that although the equations (94), (95) of my last letter might have 
been deduced from (66), (67) by supposing a, n, e, k , l to receive the perturbational increments 


A a- 


__2 _S ft 
anSejo 


Rdt, A n = —z 


SBC 1 


SeJc 


Rdt, Ae= — 


A A f 

a % Bn J o 


Rdt, 


A k=- 


1 V 


Rdt, Al = 


1 S 


i: 


(123) 


Rdt, 


a*nSlJo ’ a*n BhJ 

which would correspond to Lagrange’s conception of a varying and tangent ellipse, yet they 
were in fact deduced by a very diff erent set of increments (118); & that the set last mentioned 
corresponded to the geometrical conception of a variable ellipsef which cuts, not touches, the 
geocentric orbit of the Moon, but which has over the tangent ellipse at least one advantage in 
simplicity, namely that it passes through on & fixed initial point determined by the Moon’s fixed 
initial coordinates r 0 and A 0 . You say that Lagrange’s method has been found in practice far 
from convenient, or rather practically useless; & that is doubtless a strong presumption against 
the practical success of my method: but I cannot give it np -without a further trial and especially 
without being convinced of its inutility as applied to terms depending on the higher powers of 
the Sun’s disturbing force. 


I confess however, that when I wrote (in haste) my JI a Letter of this series & made (in eqnal 
haste) the calculations contained in it, I did not remember that the expressions (94), (95) might 
be obtained by Lagrange’s method; and I was about to verify them by submitting them to the 
following transformation:— R being originally a function of r and A, let its two partial differential 
* [Pp. 159, 160 of this volume.] t [See Appendix, Note 7, p. 



270 


VII. CORRESPONDENCE WITH J. W. LUBBOCK 

coefficients and |f be conceived to take values denoted by B' and B" when r and A reduce 
themselves to the circular values a and nt + we shall then have, by making ft and i each = 0, 


Sti 3 % 
Si? 


SR 

Se 


= R\ 


= — ai?'cos%£ + 2iTsinw? s 


Si = 


: aR y sin + 2iT cos wi; 


and. therefore 


Sib ' 

A 

Bn^ 

A VRdt= -aVB'cosntdt+2\ B'sinntdt, 

Sh J o Jo J 0 

8 

SL 




'“'JO “ 

- VBdt = a\ ‘B'sm.ntdt + 2\ B" cosntdt; 
•l Jo Jo Jo 


(124) 


(125) 


so that the expressions (94) and (95) become 


and 


Ar — — ^cos ntJ l B y sinntdt —sin ntJ^R'cos ntdtj 

fsinnt [* R*sinntdt +cos nt f R* cob ntdt — f R"dt\ 
an \ J o J° Jo/ 

AA = - — ^sin ntj*R' sin 4- cos nt R s cos dt — R'dt^ 

- |cos nt /> " sin ntdt — sin nt J>" cos ntdtj 

- ^ J iT i?— J* i2"< dt j . 


’a*n 1 


3 


These give, by a first differentiation, 

(Ar)' = — ^sin ntj R y sin ntdt + cos nt j ^R' cos ntdtj 

4- - ^cos nt J i?" sin ntdt — sin wi J i?" cos nt dt ^ , 

(AA) 7 —— ~ ^cos?2i J i?'sin^di — sinwi J iTcosra^?^ 

—— ^sin nt J JT sin nt dt 4 - cos nt J R" cos nt dt ^ && * 

and, by a second, 

(Ar)" = — _R' — n ^cos nt J R s sin nt dt — sin nt J R K cos nt dtj 
— ^sin nt J* R' y sin nt dt 4- cos nt J* i?" cos nt dtj , 

(AA)" —” R x sin. ntdt-t-cos nt j R'cosntdtj 

4n { C i C 1 \ R x 

-k I cos nt R * sin nt dt — sin nt i?" cos ntdt I- 

a? V Jo Jo ) a 2 


(126) 


(127) 


(128) 


(129) 


(130) 


(131) 
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so that tlie functions Ar & AA, besides having the property that they and their first differential 
coefficients (Ar)' & (AA)' vanish when t = 0, have also the property that they satisfy the 
following pair of differential equations of the 2 nd order, 

(Ar)" - 3» a Ar - 2an (AA) / + JT = 0, (132) 

a 2 (AA)" + 2an (Ar)' + IT = 0. (133) 

Now these last two equations are precisely the conditions necessary, in order that the functions 

r = a — Ar, A = ?&£ + € + AA, (134) 

may satisfy (when the square of the disturbing force is neglected & when a and n are connected 
by the relation 

a 2 n 2 = g,) (68) 

the two differential equations, deduced from (48), 

r"-rA' 2 + ^ + ^=0, (r s A')' + |^ = 0. (135) 

And if, reciprocally, without thinking of my own method, we had set about to integrate the 
equations (132), (133), we should have had, first, from the equation (133), 


a 2 (AA)' + 2an Ar + I 22 w dt — 0, 


(136) 


(observing that Ar, AA and (Ar)', (AA)' are supposed to vanish when t — 0,) and, next, by (132), 


{* ^ 

(Ar )" + n 2 Ar 4- IP -4- JECdt — 0; 

a J o 


which would have given, by well-known methods, 


Ar¬ 


eas nt 
n 
sin 


j* f ~ J 22* sin ntdt 

J i (j3' + ^?J'ir'<ft) cos ntdt; 


and also 
that is 


AA= -~j l Ardt-~j t ( j^R"dt)dt, 

- j (i? v + ~~J -S" dt) sin ntdt 
-J (_R'+^J E?dt) cos ntdt 


(137) 


(138) 

(139) 


AA= - 


2 sin nt ( 
an 
2 cos nt [ 


+ — VU JR' + — \‘ B"dt) dt; 
anj o\ aj o / 

in which expressions the double integrals might have been reduced by observing that 

J * (sin nt JR"dt) dt= - 5^ J* JTdt + \ J* -B" eos ntdt, 

J* (cosTitJ* JCdt)dt— — J* dt — — sin ntdt, 

R°dt) dt — t j^Jt"dt -j^JTtdt; 

and then the expressions (126) and (127) would have resulted. 


(140) 


(141) 
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I intended also to remark that, whichever of these methods we employ, if we introduce into 
the expression of JR the additional term 

n 2 r 3 ^ n 2 r 3 { d\ 3 (• » 2 —1\ 3 n 2 r 3 ( d\ 3 , „ „ „ „ » 


we obi 
terms: 


yj 2 y-3 ryy 2 a*3 ___ _ 

= —r-—(op 3 — 3p) = — ~—{5 cos 3A— 3n,t + 3 cos A — n,t}, (142) 

Jidf m oC£ y * 

obtain, in the expressions of the Moon’s disturbed coordinates, the following additional 


2 q 

Ar= — — — 6Jn — a cos nt &. s Jc + asmntA'l 

3 n 


t n a t \ 

mi 


„ n, 4.7b, \ , 

a-f r-'-j-£_| cos ( n t — n,t + e) 

2n — n, n — n] K ' , 


5 !n\ 2 a 2 / 9n 3 n 4 n 

16\?z/ a, \2^ — 3n, 4n—3n, n — n 

AA = t&Jn -f- A'e 4- 2sin?i2 A'k + 2 cos ntA x l 

3 n, a . n 3n,(3n — 2n,)) . 

— x—— 1 5-— 4-—^1 sm 


Sna,\ 2n — n, {n — n,) 2 


ZJ^J cos ( 3nt — 3e); 

sin {nt — n,t + e) 


5/n,\ 2 a 9 n 3 n {3n — 2n,)n) . , 

+ s(W - foI-»,)» \^i^t-3n,t + ^y, (144) 


in which I have put, for abridgment 
. 3 a n 2 

A '/vi_ 


A ' w= 8 a,m^ r (30086 + 5 ° OS 3€); 

. v lan 2 3n — 2n, _ . 

A£= 8^^(^o2 ({,sme+5sm35 ); 


- / 3n f 
cos e — 5 1 ' 

1 n ' ' 


\2n — 3n. 

4 n — 3n fJ 

I cos 3e 

* / 3n 
sin e — 5 i ' 

n, s 


\2n — 3n, 

4n — 3n,j 

| sin 3e 


It is true that these results would add, to the second members of the equations (1081 
& (109) respectively, the terms J 

15a , 9m2 , 17m 3 \ 25a / .. 53m 3 \ 


15a / 9m 2 17ra 3 \ 

16a,( TO+ 'l0 +- 20") < 
15a / 17m a 47m 3 
-8^{ m+ -W + ~W 


25a / 53m 3 \ 

COST- 64S; ( W —20~* COs3t » 
J \ . , 15a / „ 35m 3 \ 

) smr+ 32^r z+ -12 ) sin3 -> 


and that the coefficients of 

” 2cost , am 2 sin am 3 cost am 3 sin t am 3 cos 3t am 3 sin3 T 

a> a ’ a , a, a, a > 

thueobtained, do not agree with those deduced by you & Plana :* I must therefore suppose that 
an improved approximation would correct the subordinate (though not the principal) numerical 

* [See p. 248 and Appendix, Note 6, p. 627.] 
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coefficients of the expressions last obtained by me. But, in the meantime, I incline to think 
that so far as the mere ordering according to powers of m (or of n f ) is concerned , (abstraction being 
made of the indefinite increase which the variable t may and must receive in the course of time,) 
my expressions for the Moon’s coordinates r & A are accurate, as far as the cube of m and the 1 st 
power of the reciprocal of a t inclusive. However, even the appearance of differing from you and 
Plana must naturally make me cautious: and I intend to consider this point also with a more 

rrv^ m^ 

close attention hereafter. The terms proportional to — cos rand — sinr seem to me at present 
to be the most doubtful of those in which the difference apparently exists. 


It may be useful to observe that in deducing the perturbationai terms (143) & (144) from 
the part (142) of JR, in the way most immediately suggested by my method I w r as led to calculate 


the following part of the integral Rdt: 

Jo 


■£J> 


cos 3A — 3 n, t + 3 cos A — n,t}dt — 
5a 3 n 2 


a 2 nj 


- (sin nt — n,t- 


+ 


8 a, (n — n ,) 

D - T _ U -- (sin 3 nt — 3 n, t+ — sin 3e) + , „ -- -] — (sin n , t — e 4- sin e) 

24a,(n — n,)' ' 16a, (n, 

1 , . ^ x 15 


2n — n 


(sin 2nt — n,t+€ — sin e) + 


2n— 3 n. 


'sin 2nt — 3 n, t 4- 3e — sin 3e) 


__ 31g?7V^ ( o 

„ (sin4ni — 3n,£4- 3<= — sin3e)j- 4- __ 1 \ —(cosn. t — € — cos e) 
4n— 3n v ' J 16a ‘nf 


+ 


2 n — n 


(cos 2 nt — n,t + e — cos e) — 


15 


2^ — 3^ 


(cos 2nt — 3?i, 1 4- 3e — cos 3e) 


a. 


_ -(cos4^— 3n,t-b 3e — cos 3e) (148) 

4 n — 3 n, 1 

in which, for the first time, a lowering of the order of a small term occurred, so far as the powers 
of the small quantity n, are concerned; namely by the introduction of that small quantity n, 
as divisor in passing from the nearly constant (or rather slowly varying) terms 


1 5a 3 nJ 


16 a 


- (kcosn,t — € — lsinn,t — e). 


which occur in the development of JR itself, to the corresponding terms 

"I ~ ■ — - 

- {& (sin n,t—e4- sin e) 4 -l (cos n,i— e — cos e)}. 


16a, 


(149) 


(150) 


in the integral J R dt. Reciprocally, so far as the mere ordering according to the powers of n, is 
concerned, these terms (150) are really, though not apparently, of the same order as ri 2 , or rather 
as anc [ i n lik e manner the corresponding terms in A r and AA, namely (by (94) & (95)) 


and 


VL l (cqs rut-nt-r-e — cos nt + e), (151) 

1 6 a.n 

— l^^(sinnt — n i t + e — siD.nt + €), (152) 

Sa.n x 


HMPIX 


35 
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are really of the same order as —. This remark appears to me not useless because, from the 

form of the differential equations (135) and from the circumstance that R contains n* as a 

factor, it might have been foreseen that the perturbations A r and AA ought also to contain 

that small square n 2 or m 2 as a factor; and therefore the occurrence of such terms as 

15a hn , 15am . /ir0 v 

, „ -cost and---smr, (153) 

16a, 8a, 

in the expressions of those perturbations, may seem at first paradoxical.—But though some de¬ 
pression of order, by introduction of small divisors, will certainly occur in my method, namely 
in the calculation of that single definite integral to which the problem is reduced, it is still not 
obvious how so great a depression can arise as in that double integration which is required by 
other methods; on this point also I therefore await the conviction of what may be called experi¬ 
ment, before I give up all hope of being useful in the new track which I am attempting to pursue. 
I can only write by snatches, but expect to make & to transmit some calculations soon, which will 
present my views in a still more definite shape. Meantime believe me to remain, my dear Sir, 

very truly yours, 


William R. Hamilton. 


J. W. Lubbock, Esq r . 


P.S. To prevent any misunderstanding with respect to the nature of the results to which 

I have arrived, so far, in investigating the coordinates of the Moon by my own method, it may 

be right to recapitulate them thus.—I have been led to the 2 equations 

f _ , . , . , m 2 „ /, 19m\ 

r — So\ 1 — kcosnZ-1-1 smn£—-—m 2 I 1-I——I cos2v 

15 a / 9m I7m 2 \ 25 a ( 53 m. 

+ I6a, m \ 1 + J0 + ~W) OOSr ~Ua, m { 1 + ~20 ]oos3t < 154 > 


A = n/ +e + 2k sin n£ 4- 21 cos n t - 


15 a / 17m 47m 2 \ . 15 a „/ 35m\ . 

-Ta, m ( 1+ -^ + -20-) 8mr + 32a, m ( 1+ -Tr) Sm3T ’ ^ 

(in which a, m, & r denote respectively + &k and 1 are small) as integrals 

with 4 arbitrary constants n, e, k, 1, of the two differential equations of the second order 


-rX'U^=^(l + 3cos2A^M) + Ml! 


(3 cos A — n,t+ 5 cos 3A — 3 n,t). 


3n 2 r 2 . _ 3n 2 r z _ __ 

(r 2 A')' = ~~~ sin 2A — 2n t t -- (sin A — n f t + 5 sin 3A — 3 n f t ); 

m which p, n, and a, are constants, and n, & ~ are small, and the upper accents correspond to 

differentiations with respect to t: also the 4‘* power of n, and the square of ~ are neglected; 
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and so are the squares and product of k and 1, and the products of these small quantities (k & 1) 
with others. These expressions (154) & (155) were obtained through the medium of the formulae 

(94), (95), and the development of J Rdt; but I have verified them by actual differentiation, & 

have reobtained them, on principles much more elementary, by integrating the equations (132), 
(133) after assigning for I?' and IT their values. Yet the subordinate coefficients of the sine and 
cosine of r & 3t do not agree with yours and Plana’s & will, therefore, I am sure, be altered by a 
subsequent approximation:—the ground of alteration being, I suppose, the indefinite increase of 
t and the consequent practical necessity of keeping that symbol under the signs of periodicity, 
except in the one term nt ; which latter necessity has not yet shown itself in the operation of my 
method and indeed is not recognised in the first conception of that method—certain quantities 
being treated as small but none thought of as large. I mean in my -present method of successive 
& indefinite approximation for my rigorous and finite integrals of the differential equations Oi 
motion of any system of attracting or repelling points extend to any intervals of time, 
however great. 

Since writing the above I have perceived that my results can be reconciled with yours & 

_ m 2 a . . , 

Plana’s in such a way as I conjectured: at least as far as the coefficients of inclusive beyond 

which you have marked Plana’s numbers as erroneous without stating (at least in your appendix) 
what your own numbers are. But I am unwilling to delay this letter or to add to its length. 
(Observatory, Oct. 17 ttL , 1837.) 


Sir W. R. Hamilton to J. W. Lubbock. 

Oct . 18 tt , 1837. 


My dear Sir, 

The enclosed letter having been delayed, I add a word or two. You suggested that 
I should compare my own process of obtaining my equations (108) and (109) with yours. I wish 
to do so: would it be quite unreasonable to ask you to take the trouble to write out just so much 
of your own method as is absolutely necessary for deducing those two equations 1 At least you 
might point out the pages & parts of pages most requisite for me to read with that particular 

v i ew _but I fear that I am likely to postpone the reading of your printed work until I have 

advanced much farther in the development of my own views unless you stimulate me and set 
me a-going by doing some such thing as I just now ventured to request—which, after all, would 
not perhaps give you much trouble, & might not be uninstructive to other students hereafter. 
An elementary treatise on the theory of the Moon, going about as far as Airy’s tract hut drawn 
up on your plan, would doubtless he useful & acceptable to a large class of readers; and I, tor 
one, should hail its appearance with great pleasure. 


All that I am now; doing is (you see) quite piecemeal & preparatory. My hope is that a 
nearly perfect theory of the Moon may he obtained by my method, through the medium of two 
successive developments; namely, first, the development of J Rdt with elliptic values of the 
coordinates, and secondly the development of the same integral with improved expressions for 
those coordinates. In fact, I think that after the second of these developments a new set of 
expressions for the coordinates must result by differentiation and elimination, which will err 
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only by quantities of the 8^ order relatively to n, and of the 4 th order relatively to —, abstrac¬ 
tion being made of the indefinite increase of t. But there are, I own, two practical dangers. One 
is this very increase which may ultimately vitiate the expressions, or at least prevent them from 
being accurate to so high an order as I have named. I hope however that this will not depress 
the final order so much as to prevent the results from being useful. The other danger is that the 
second development of f Rdt may be intolerably laborious. I have some hope of your co¬ 
operation in that task, & with it I do not despair. 

Once more, very truly yours 
W. R. H. 


D. J. W. Lubbock to Sir W. R . Hamilton. 

Eaton Place. 

OcP\ 21, 1837. 

My dear Sir, 

I was very glad to receive your letter of the 12 th , in which you have calculated the 
terms belonging to t to Sr or my arguments [101] and [116]. I hope you will not calculate r 
(radius vector) but its reciprocal which will I apprehend be quite the same to you and by so 
doing your radius vector results will be directly comparable with Plana’s and mine but not 
otherwise. 

I still think that your expressions are to be considered as identical with those of Lagrange 
as far as our purpose is concerned (although I admit that your method of arriving at them is 
very remarkable) so that I think your views conduct to precisely the same calculations as those 
developed byM. Poisson in his paper. In the Phil . Trans. (1832), p. 229, I showed how these 
equations lead to precisely the same results generally at least when the squares of the excen- 
tricities are neglected as those given by the other method which I may call mine as I believe no 
one ever made use of it before. But I think Poisson in his paper about the Moon first enunciated 
the manner in which the equations are to be employed in further approximations and in one 
instance of the simplest kind applied them. 

M. Poisson says, p. 50:* “La substitution des elements elliptiques et de £ ainsi augment© 
pourra se faire soit dans les formules (10) apres avoir effectue les differentiations relatives a ces 
memes elements soit dans la fonction R &c.” The calculations which are indicated in this para¬ 
graph are precisely those which seem to me to be practically beyond the reach of human patience. 
And I believe that you will not be able to evade this difficulty.t I consider your equations (94) 
and (95) as precisely those which would arise from making use of Lagrange’s expressions for the 
variation of the constants and therefore although your proof of Lagrange’s expressions be new 
yet your method as explained in your last letter is precisely, if I am not mistaken, the same as 
that proposed by Poisson in his “ Memoire sur le mouvement de la Lune ”, M emoires de VInstitute 
Tome xur, and of which he gave some examples choosing however those cases in which that 
method is seen to the best advantage. This method has never been carried further than by my¬ 
self in the Phit. Trans . (1832), p. 229, & by Poisson in the Memoir alluded to, so that Lagrange’s 
method can hardly yet be said to have been found in practice inconvenient. After writing the 

* Memoires de FInstitut, Tome nn. 

1" Wo shall be able to judge of this ■when you have got out some terms depending on the next approximation. 
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paper however to which I have alluded in the Phil. Trans. I was able better to estimate its 
relative advantage, <fe I reflected much upon them before I finally adopted the methods which 
I have employed. The analytical difficulties even are not trifling as may be seen by looking at 
the communications from Plana & Pontecoulant in the Com pies Rendus about the value of R- n . 
M. Cauchy has just published in Liouville’s journal a new method of deducing Lagrange’s ex¬ 
pressions, viz. from the integral of vis viva, but in other respects it has no similarity with 
yours. I sent you some time back a short paper by Pontecoulant, you will see what he thinks 
of Poisson’s method (p. 22) &; he has expressed himself quite as strongly in his letter to me. 
X shall be glad to know what you think about his controversy with Poisson. I think Poisson 
quite right. I think particularly that the introduction of the quantities a and cr' (p, 53) & the 
interpretation assigned to them by Poisson completely obviates Pontecoulant’s objections.* 
However Pontecoulant is very positive and he ought to know what he is about. (I enclose 
Pontecoulant’s pamphlet, if you find the other copy you can return it.) 

The weakest point analytically about the theory of the Moon seems to me to be that I 
mentioned to you about the form which has heen given to the acceleration of the mean motion 
& I hope you will consider this difficult question. 

The reason why your term in the longitude argument [101] or r does not agree with mine 
is I think because your de f and dm contain argument [102] or r — £ which will always be 
lowered by integration, & this by combination with $ gives the term sought in the longitude 
argument [101]. The same applies to argument [116]. 

T i 15m 81m 2 302i?w 3 ) a • 

I make . , a -cost [lul], p. 2/6? 


16 16 128 j a, 

25m 2 115m 3 ) a 

+ 14—-T28-U OOS3t ’ 

, 15m 93m 2 889m 3 ) a . 

; ~ 8 l6~ j a] SI 

(lorn 2 5m 3 ) a . 

+ h<r--8-k sin3T - 


[116], p. 274 
[101], p. 277 


Unless you write your results in this form we shall have much trouble hereafter in com¬ 
paring them with mine & Plana’s. I mean without putting your first coefficient outside the 
bracket. By employing other constants than mine such as l and h you will give yourself an 
immense deal of unnecessary labour because you will not be able to employ my development 
of R (p. 30) which would otherwise serve your purpose. You can hardly think how much trouble 
I have spent upon this development in order to get it free from error and with a few exceptions 
all the terms have been calculated by two distinct and independent methods.! If I tried to 
apply the method of variation of constants I think I should use the expressions which I have 
given at the foot of p. 75. I now close this long letter hoping to hear fleam you again soon, 

& remain, yours very faithfully 

J. W. Lubbock. 

* [For a general account of the different methods, see Brown, Lunar Theory , Cambridge University Press, 
Chap, xu.] t and dk come to precisely the same. 

% [These page references are to Lubbock's Theory of the Moon and the Perturbations of the Planets , Part n (1836).] 

§ And have been verified by Pontecoulant by another method. 
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IV. Sir W. B. Hamilton to J. W. Lubbock. 


[Pour pages of this letter are missing. At the top of page 5 is “written subsequently to the 
meeting of the British Association at Liverpool in 1837.’ 5 
It deals with the integration of the equation 



where It is a perturbing function having as multiplier a small quantity a. Neglecting It we have 

x — a + bi . (23) 

If the actual initial and final values of x' are denoted by x' 0 and x' e , we have then by Hamilton’s 


method 

x' t 8x t — Xq Sx 0 = 8 {\xf — E xt ) dt , 

(160) 

which gives 

(x J—6) 8x t — (x'q ~~b) S# 0 = —h^JRdt 

(161) 

or 

(x't — b) (8a + tSb) — (Xg — b) 8a = — 8^Rdt> 

(162) 

that is, 

*i-*—£f**> *i-b—±{R*q 


therefore, by ehmination of x \, 

(163) 


by which equation, combined with the following 


x 0 = a > (164) 

we are to eliminate the parameters a & b from the expression (23), & so obtain x t as a function 
of x Q , x' 0 and t, involving also the small constant a. 

In the present example the elimination is easy and gives 


x i = x Q -htXo + 


S ft $ rt 

° Rdt-tfidt, 

OX 0 J o OXqJo 


(165) 


It being treated as that function of x 0 , x' 0 and t, which is obtained by changing x t in it to x Q + tx' 0 . 
But to illustrate the less simple process which it is in general convenient to employ, we may 


make 


x' t ~b + A.x' (3 x' 0 = b-\-Ax f 0 , 


& then the equations (162) become 


(166) 


Ax’ t -Ax' 0 = tAx',= (167) 

we may also make a=a' + Aa, b = b' + Ab, x t =x) + Ax t , (168) 

ci = Xq , b =x 0 , x t = d -jrb'ty (169) 

0 = Aa, 0 = A6-bA:r£, Ax t =Aa + tAb; (170) 

and then we find, for what may be called the perturbation of x t , 

Ax^-tAx' 0 = ± fzdt, (171) 
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JR being treated here as a function of a' + b't ; a result which entirely agrees with the expression 
(165). 

Now it is certain that this very expression (165) can he found also by Lagrange’s method of 
varying the parameter. For if, with (23), we had combined not (164) but the following, 

x' t =b, (172) 

as the second equation of definition to determine the varying quantities a & b, we should 
have had, rigorously, 

SB SB 


b '= x ‘=-teT~ 

a'= -tb' t = t^ = 

6 Sx, 


and therefore approximately 


C*SB 

= ° 0+ joS6^ = :C ' + 


8a * 
SB 
8b 5 

'SI? 


b = b n - 


^-dt = x 0 — 
o oa 0 


so that, by (23), 
or finally 


Xf=X 0 + tx' 0 ->r 


x t = x 0 + tx' 0 + 


/, 


'8 B 
0 


o bx 0 
*SB 
o bx 0 
SB 
8x n 


dt. 


dt. 


U-tC 

'0 JO 


dt , 


Be 


(173) 


(174) 


(175) 


(165) 


So far, I certainly can pretend to no practical advantage of any sort for my method over that 
of Lagrange, or rather they both conduct to the very same system of integration & partial 
differentiation. And I am inclined to admit (what doubtless it would be easy to decide & what I 
should probably find decided already in my own published essays if I had leisure at this moment 
to consult them) that however far the approximation might be carried with respect to excentri- 
cities & inclinations, the equations analogous to (94) & (95) of II,* obtained by my own method, 
would agree entirely with those to which the method of Lagrange conducts. We see, indeed, that 
the results in these two methods are obtained from very different conceptions; in such a manner 
that if the differential equation (157) be considered as determining the varied motion of a point 
P along a line, while a and 6 represent respectively the epoch and velocity of the uniform motion 
of another point P r in the same line which coincides in position with P at the time t, my P r co¬ 
incides also with P at the time 0, but Lagrange’s at the time t + dt ; and algebraically my a is fixed 
( = a: 0 ), while my b is determined (approximately) by the equation (163), or by the following, 

S C £ i 8 rt 

b—x' 0 — + Bdt , (176) 

SxqJ 0 tSx 0 J o 

but Lagrange’s a and b both vary & are determined approximately by the equations (174) or 
rigorously by the equation (175). But the practical question is whether in passing to a higher 
order of approximation, & introducing the square & cube of the small constant a, it is easier to 
develope a & b from Lagrange’s equations 


b' — — 


SB 

8a’ 


SB 
= 8b’ 


* [Second letter to Lubbock, p. 261.] 


( 177 ) 
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or to afieet the analogous development with my different system of conceptions & of 
formulae. 

Confining ourselves to the square of a, I suppose that Poisson’s mode of applying Lagrange s 
method to the Theory of the Moon would correspond to the following treatment of the 
equations (173) or (177). Introducing the approximate values (174) for a & b into the partial 

difierential coefficients and , we get, as an improved system of approximations, 


djtC , SM 

-JE and S6 : 


—i:hh: (s/:g-) *-i: 


and consequently (23), being now true by definition, we have to the order of accuracy sought 

, USiS r l 8Il ^ 

Xl=a ° + tbo "JoSbo JoS^o 


r*/ s*r 

r 8 -*dt)dt- 

^/S 2 R 

rj**) 

J 0 \Sa 0 S6 0 . 

Jo»« / - 

j 

' o oa 0 J 


tn»* r s ^dt) dt - t rm r 

J o \Sa- 0 S6 0 J o Ba 0 / Jo\S&oJoS6 0 / 


R being treated as a function of ct Q , b Q and t, obtained by changing x t in it to a 0 4- tb Q . The lower 
indices 0 may be suppressed, & we may write, more simply, 

J t 

st dt — t dt 

o ob 

if we here agree to treat a and b as denoting not the variable parameters which were introduced 
into the expression (23), when that expression was extended by definition so as to be true for 
disturbed motion, but the fixed initial constants a Q & b 0 , or x 0 & x' 0 . 

Consider now my method of improving the approximate expression (165), so as to take 
account of a 2 , that is, of the square of the disturbing force. I put the expression (165) under 
the form 

^ =0 + 6i+ (|_^)JV (181) 

a and b being quantities which would be constant if a 2 or R % were neglected, & R being a 

function of them and of f, obtained by changing in it x t to a + bt. This expression if it were 

( SR SR\ 
because = I, 
do oa / 

S f< 

Rdt; 

BaJ o 


(182) 
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it would therefore give, for the function under the integral sign in (160), the value 

ix?-X Xt = ib 2 -6^| '^Rdt~ R a+bt - R (i K (183) 

R in the first member being a function of the disturbed variable x t , but being in the second 
member the same function of the undisturbed part a^-bt, so that R a + ht is only a first 
approximate value of R X[ ; while A (2) has been written for abridgment instead of the following 
part, which is of the order of the square of R. 

Thus — 8 Jo R i2) dt becomes the part of the second order in the second member of the rigorous 

formula (160), and is to be equated to the part of the same order in the first member of that 
formula. We have therefore* 


if we make 


(so that J and Ax' 0 are here of the second order) defining a & b to be such as to satisfy exactly 
the equation (181) and the following 

x n — a. (164) 

The formula (185) resolves itself into the 2 following 

At the same time, the new part or part of the second order in x t , which will result on substituting 
for b its value x' 0 ~Ax' 0 , must evidently be, by (181), . 

Ax t ~ —t Axq . (188) 

We have therefore, by an easy ehmination, 

(‘F-aW***: (189) 


— Ax'q . ha — ~ i Rdt. S j 
8a Jo ' 

,00 oaf 

Rdt , 

(185) 

Ed^-f-Arj, x^ — b-tfAz 

l ’o 5 


(186) 


the notation being such that we have the symbolic equation 

&B + Sr*- (190) 

This correction (189) is therefore that which must be added to the expression (181), if we 
desire to treat a & 6 as equal to the constants x 0 and x' 0 ; & consequently, with this last 
condition, we have 

(S-4)J>‘+ (AAJ>'- (A-i)!*^ < i9i > 

J^The last term arises from (181), which gives Sx t = &a-{-t$b + S a-a/>] 


36 



282 


VII. CORRESPONDENCE WITH J. W. LUBBOCK 

a and b being here, as was said, the constants x 0 and x r 0 , while R is the old function formed from 
them by changing a* to a 4- fit, and it» again is formed from R according to the rule (184). 

The perturbation of the 2" d order expressed by the second Hne of my formula (191) is so un¬ 
like in appearance to that expressed by the sum of the last two lines of the formula (180) deduced 
from Lagrange’s method that I thought it useful to confirm their agreement by submitting 
both of them to suitable reductions,* depending on the circumstance that R m each is a 
function of a + bt alone. And thus I found from each this common transformed expression for 
that part of the perturbation which is of the order of the square of the disturbing force. 


o oa J 




[Four pages are missing here. From a fragment it is evident that they contained a verifica¬ 
tion of these formulae for the case % = cx. (a + bt)^\ 

.... I believe however that I need take no pains to prove to you the existence of this in¬ 
convenienced! the application of Lagrange’s method, for I suspect that it was to it, & to what you 
thought its probable occurrence in the corresponding stage of the application of my own method 
also, that you attended in your answer to my II nd Letter, when you said: “ But a great difficulty 
begins in Vour method when you introduce the perturbational terms in R in order to get a 


further approximation, because you must either develope Rdt, J Rdt, Rdt 

separately or you must do whtat will be equally troublesome.” I did not on first reading under¬ 
stand this passage, because I had reflected much less on Lagrange’s method than on my own; 
I supposed, as I still do, that you would not reckon as a serious addition to the other difficulties 
of the problem the more explicit differentiation of the development of a simple function (such 
as my jJR 2) dt) even with respect to several different elements, if that one development were 
once effected. 

On the other hand, while I think that I escape from the important difficulty of having, at 
each new stage of the approximation, to develope separately as many different and independent 
functions as there are varying elements , (which is the difficulty you chiefly feared from the 
experience of Lagrange’s method,) I will not he too sanguine that some new & equally 
formidable difficulty of some other hind may not arise in applying my method, though I see no 
reason why it should. Audit is right to state, because in a kind of appendix to my III d Letter 
(dated Oct. 18 tlx ) I may seem to have slurred over the point, that in passing to a second 
correction & calculating that new function which answers to the _& (2) of the present letter, it 
will be necessary to develope the terms which depend upon the square of the disturbing force 

r 'a_j_ r 2^'2 „ 

not only in — R but also in —— -which accompanies it under the integral sign in the 

expression of my principal function, or in the formula (57). 

* [If R u denotes the value of M with u inserted for t we get 

fs,v>dt=\\\s u -B a )du, 

d-'s) II **+pt£ fa-*'***- 

The equation (192) follows easily.] 
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It is now the 7 ttL of November, this letter having been begun a week ago, but continued only 
at intervals since. Next week I begin to lecture (as I do every year) on Astronomy in the Uni¬ 
versity of Dublin; and though I propose to introduce more of dynamics this time than I have 
ever done before, my lectures will still, I foresee, be, as they have always been, a very serious 
distraction from all private studies & researches. It is likely therefore that I may not be able to 
write again upon the Theory of the Moon till Christmas. But at that time perhaps I may have 
leisure and courage to enter on the subject again. In the mean while, I shall esteem it a great 
favour if you will inform me of the result of your reflexions on what I have already written; and 
will tell me, among other things, whether I have rightly divined the sort of process by which 
Poisson proposes to allow" for the square of the disturbing force in applying Lagrange’s method. 
No doubt it will be my duty to read Poisson’s memoir myself, & I can procure it from the 
R.I. Academy—but still I wish to have your opinion too. As to foreign books in general, you can 
hardly conceive the difficulty I find in getting at them. For instance, our Academy, though 
subscribing to the Comptes Mencius, has not yet received a single number for 1837. Perhaps that 
difficulty might be a little diminished by employing for the aforesaid Academy a better London 
Bookseller—& you would confer a great favour on it & me, by suggesting one who would tak; 
some trouble about the matter. The present man is Boone (of the Strand, I think), very 
respectable I dare say and so forth, but of almost no use to us. And in the meantime, for the 
reason that I mentioned, I should be very glad to have a sight of what you said Jacobi has 
written in connexion with my speculations, if his paper could be fairly franked. I return one 
of the tw-o copies of Pontecoulant’s pamphlet, winch is still among my legenda. 1 send also a 
copy of my second Essay on Dynamics & beg you to accept it. I must send another to Poisson, 
who in the paper that we saw at Liverpool spoke only of my first Essay & seemed, as I said, to 
have read only the first few pages even of that; but of course I must consider it as a compliment 
that he even troubled himself to read so much. Perhaps you can name some other persons, 
who ought to receive separate copies of my Second Essay, for the copies only reached me as 
I was leaving Liverpool; Pontecoulant of course ought to have one: w-ould you take the trouble 
of transmitting any? And can you also send the enclosed order for a set of Italian Memoirs 
to the proper place in London, namely the bookseller Molini, with a request that he wdll send 
the books to me at the Royal Irish Academy, Dublin? 

You will easily conceive that if I venture to attack the Theory of the Moon with the bold 
hope of adding anything to what Plana & you have done I shall avail myself of whatever facility 
may be derived from starting with a movable ellipse; & shall endeavour so to manage my for¬ 
mulae as to keep the time under the signs of periodicity. No doubt it will be prudent to con¬ 
form in all things possible to your notation, & your choice of coordinates &> of elements such as 

— & e instead of r & k. But I dare not pledge myself to voyage out of sight of land upon so vast 
a sea of labour. 

With best regards to M rs Lubbock, I am, my dear Sir, 

very sincerely yours 

William R, Hamilton. 

[The correspondence closes with a letter from J. W. Lubbock dated 12 th - Nov., 1837, the 
extant parts of which are of no mathematical interest.] 


36-2 



[284] 


VIII. 

ON THE COMPOSITION OF FORCES 

Read November 8, 1841. 

\Proc. Roy. Irish Acad . Vol. n (1840-44), pp. 166-168.] 

Two rectangular forces, x and y, being supposed to be equivalent to a single resultant 
force p, inclined at an angle v to the force x , it is required to determine tlie law of the de¬ 
pendence of this angle on the ratio of the two component forces x and y. 

Denoting by p' any other single force, intermediate between x and y and inclined to x at 
an angle v'. which we shall suppose to be greater than v; and denoting by x ' and y' the rect¬ 
angular components of this new force p' in the directions of x and y, we may, by easy decom¬ 
positions and recompositions, obtain a new pair of rectangular forces, x" and y'\ which are 
together equivalent to p' and have for components 

% , V / 
x = — x ~h — y ; 

p p 9 

the direction of a;" coinciding with that of p, but the direction of y" being perpendicular thereto. 
Hence 


that is. 


x" 


_xy —yx 


~xx r + yy' 3 

tan -1 = tan- 1 — tan -1 
xxx 

or, finally, 

f(v'-v)=f(v’)-f(v), (A) 

at least for values of v, v' and v' - v 3 which are each greater than 0, and less than if / be a 
function so chosen that the equation 

| = tan f(v) 

expresses the sought law of connexion between the ratio | and the angle v. The functional 
equation (A) gives 

/ (mv) = mf{v) 

m and n being any whole numbers; and the case of equal components gives evidently 


hence 


m - 
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and ultimately, 

/(»)=»> (B) 

because it is evident, by the nature of the question, that while v increases from 0 to , the function 

Is 

/ (») increases therewith, and therefore could not be equal thereto for all values of v commensurable 

77 

with -, unless it had the same property also for all intermediate incommensurable values. We 
find, therefore, that for all values of the component forces x and y. the equation 

- =tan y (C) 

holds good; that is, the resultant force coincides in direction with the diagonal of the rectangle 
constructed with lines representing x and y as sides. 

The other part of the known law of the composition of forces, namely, that this resultant is 
represented also in magnitude by the same diagonal, may easily be proved by the process of the 
Mecanique Celeste , which, in the present notation, corresponds to making 

x'=x, y'=y, x"=p, 

and therefore gives 

X * + y* O 0, 2 

, p 2 =r+y 2 . 

But the demonstration above assigned for the law of the direction of the resultant appears 
to Sir William Hamilton to be new.* 

* [For an account of the history of statical proofs of the parallelogram of forces, with references to the litera¬ 
ture of the subject, see Voss, Euyklopadk der Mathemfachen Wmmchajten, rv. 1, pp. 43-46.] 
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IX. 

ON THEOREMS OF CENTRAL FORCES 

Read November 30, 1846. 

[Proc. Boy . Irish Acad . Vol. in (1845-47), pp. 308, 309.] 

Sir William R, Hamilton stated the following theorems of central forces, which he had 
proved by his calculus of quaternions, but which, as he remarked, might be also deduced from 
principles more elementary. 

If a body be attracted to a fixed point, with a force which varies directly as the distance from 
that point, and inversely as the cube of the distance from a fixed plane, the body will describe a 
conic section, of which the plane intersects the fixed plane in a straight fine, which is the polar 
of the fixed point with respect to the conic section.* 

And in like manner, if a material point be obliged to remain upon the surface of a given 
sphere, and be acted on by a force, of which the tangential component is constantly directed 
(along the surface) towards a fixed point or pole upon that surface, and varies directly as the 
sine of the arcual distance from that pole, and inversely as the cube of the sine of the arcual 
distance from a fixed great circle; then the material point will describe a spherical conic, with 
respect to which the fixed great circle will be the polar of the fixed point. 

Thus, a spherical conic would be described by a heavy point upon a sphere, if the vertical 
accelerating force were to vary inversely as the cube of the perpendicular and linear distance 
from a fixed plane passing through the centre. 

The first theorem had been suggested to Sir W. Hamilton by a recently resumed study of a 
part of Sir Isaac Newton’s Principia ; and he had been encouraged to seek for the second 
theorem, by a recollection of a result respecting motion in a spherical conic, which was stated 
some years ago to the Academy by the Rev. C. Graves. In that result of Mr. Graves, the fixed 
pole was a focus of the conic, and the polar was therefore the director arc; consequently, the sine 
of the distance from the polar was proportional to the sine of the distance from the pole, and, 
instead of the law now mentioned to the Academy, there was the simpler law of proportionality 
to the inverse square of the sine of the distance from the fixed pole or focus. 

* [Referred to as Hamilton’s Theorem. Of. Whittaker, Analytical Dynamics (1927), p. 79.] 
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X. 

THE HODOGEAPH, OR A NEW METHOD OF EXPRESSING 
IN SYMBOLICAL LANGUAGE THE NEWTONIAN 
LAW OF ATTRACTION* 

Read December 14, 1846. 

[ Proc. Roy . Irish Acad. Vol. m (1845-47), pp. 344-353.] 

Sir William R. Hamilton made a communication respecting a new mode of geometrically 
conceiving, and of expressing in symbolical language, the Newtonian law of attraction, and 
the mathematical problem of determining the orbits and perturbations of bodies which are 
governed in their motions by that law. 

Whatever may be the complication of the accelerating forces which act on any moving 
body, regarded as a moving point, and, therefore, however complex may be its orbit, we may 
always imagine a succession of straight lines, or vectors, to be drawn from some one point, as 
from a common origin, in such a manner as to represent, by their directions and lengths, the 
varying directions and degrees (or quantities) of the velocity of the moving point: and the curve 
which is the locus of the ends of the straight lines so drawn may be called the holograph f of the 
body, or of its motion, by a combination of the two Greek words, 6B6s, a way. and ypd(f>a> t to 
write or describe; because the vector of this hodograph, which may also be said to be the vector 
of velocity of the body, and which is always parallel to the tangent at the corresponding point of 
the orbit, marks out or indicates at once the direction of the momentary path or way in which 
the body is moving, and the rapidity with which the body, at that moment, is moving in that 
path or way. This hodographic curve is even more immediately connected than the orbit with 
th e forces which act upon the body, or with the varying resultant of those forces, for the tangent 
to the hodograph is always parallel to the direction of this resultant; and if the element of the 
hodograph be divided by the element of the time, the quotient of this division represents (in the 
usual units) the intensity of the same resultant force; so that the w r hole accelerating force which 
acts on the body at any one instant is represented, both in direction and in magnitude, by the 
element of the hodograph, divided by the element of the time. We have also the general pro¬ 
portion, that the force is to the velocity , in any varied motion of a point, as the element of the 
hodograph is to the corresponding element of the orbit. 

These general remarks respecting varied motion, under the influence of any accelerating 
forces whatever, having been premised, let it be now supposed that the force is constantly 
directed towards some one fixed point or centre , which it will then be natural to choose for the 
origin of the vectors of the hodograph. The straight lines drawn to the moving body from the 
centre of force being called, in like manner, the vectors of the orbit, or the vectors of position of 

* [Tor a treatment by quaternions, see Hamilton, Elements of Quaternions (2nd edition), Vol. n (1901), pp. 299 
et seq.] 

t [Hamilton afterwards discovered that MObius had already described this curve in his Meckanik des Himmels 
(1843). See Hamilton, Lectures an Quaternions (1853), p. 614.] 
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the body, we see that each such vector of position is now parallel to the tangent of the hodo- 
graph drawn at the extremity of the vector of velocity, as the latter vector was seen to be 
parallel to the tangent of the orbit, drawn at the extremity of the vector opposition, so that the 
two vectors, and the two tangents drawn at their extremities, enclose at each moment a 
parallelogram, of which it is easily seen that th e plane and area are constant , although its position 
and its shape are generally variable from one moment to another, in the motion thus performed 
under the influence of a central force. If, therefore, this constant area be given, and if either the 
hodograph or the orbit be known, the other of these two curves can be deduced by a simple 
and uniform process, on which account the two curves themselves may be called reciprocal 
hodographs. 

The opposite angles of a parallelogram being equal, it is evident, that if the central force be 
attractive, any one vector of position is inclined to the next following element of the orbit at 
the same angle as that at which the corresponding vector of velocity is inclined to the next 
preceding element of the hodograph. Also, if from either extremity of any small element of any 
curve a chord of the circle which osculates to that curve along that element be drawn and 
bisected, the element subtends, at the middle point of this chord, an angle equal to the angle 
between the two tangents drawn at the two extremities of the element; that is, here, if the curve 
be the hodograph, to the angle between the two near vectors of position, which are parallel to 
the two extreme tangents of its element. We have, therefore, two small and similar triangles, 
from w'hieh results the following proportion, that the half chord of curvature of the hodograph 
(passing through or tending towards the fixed centre of force) is to the radius vector of the orbit as 
the element of the hodograph is to the element of the orbit, that is, by what was lately seen, as 
the force is to the velocity * 

But also, the radius of curvature of the hodograph is to the half chord of curvature of the 
same curve, as the radius vector of the orbit is to the perpendicular let fall from the fixed centre 
on the tangent to the same orbit; therefore, by compounding equal ratios, we. obtain this other 
proportion: the radius of curvature of the hodograph is to the radius vector of the orbit , as the rectangle 
under the same radius vector and the force is to the rectangle under the velocity and the perpendicular, 
or to the constant parallelogram under the vectors of position and velocity. If, therefore, the 
law of the inverse square hold good, so that the second and third terms of this last proportion 
vary inversely as each other, while the fourth term remains unchanged, the first term must be 
also constant; that is, with Newton’s law of force (supposed here to act towards a fixed centre) 
the curvature of thehodograph is constant : and, consequently, this curve, having been already seen 
to be plane, is now perceived to be a circle , of which the radius is equal to the attracting mass 
divided by the constant double areal velocity in the orbit. Reciprocally, we see that no other 
law of force would conduct to the same result: so that the Newtonian law may be characterized 
as being the Law of the Circular Hodograph . 

Another mode of arriving at the same simple but important result is to observe, that because 
the radius of curvature of the hodograph is equal to the element of that curve, divided by the 
angle between the tangents at its extremities, or (in the case of a central force) by the angle 

* By an exactly similar reasoning, the following known, proportion may be proved anew, namely, that the 
force is to the velocity as that velocity is to the half chord of curvature of the orbit, whatever the law of central 
force may be. 
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between the two corresponding vectors of the orbit, which angle is equal to the double of the 
elementary area divided by the square of the distance (of the body from the centre of force), 
while the element of the hodograph has been seen to be equal to the force multiplied by the 
element of time, or multiplied by the same double element of orbital area, and divided by the 
constant of double areal velocity, therefore this radius of curvature of the hodograph must, for 
any central force, be equal to the force multiplied by the square of the distance and divided by 
the double areal velocity. 

The point on the hodograph which is the termination of any one vector of velocity may be 
called the hodographic representative of the moving body, and the foregoing principles show, that 
with a central force varying as the inverse square of the distance, this representative point 
describes, in any proposed interval of time, a circular arc, which contains the same number 
of degrees, minutes, and seconds, as the angle contemporaneously described round the centre 
of force by the body itself in its orbit, or by the revolving vector of position; because, whatever 
that angle may be, an equal angle is described in the same time by the revolving tangent to the 
hodograph. Thus, with the law of Newton, the angular motion of a body in, its orbit is exactly 
represented , with all its variations , by the circular motion on the hodograph; and this remarkable 
result may be accepted, perhaps, as an additional motive for the use of the new term which it is 
here proposed to introduce. 

Whatever the law of central force may be, if the square of the velocity in the orbit be sub¬ 
tracted from the double rectangle under the force and distance, which has been seen to be equal 
to the rectangle under the same velocity and the chord of curvature of the hodograph, the 
remainder is the rectangle under the segments into which that chord is cut by the centre of 
force, being positive when this section takes place internally, but negative when the section is 
external, that is, when the centre of force is outside the osculating circle of the hodograph. In 
the case of the law of the inverse square, this latter curve is its own osculating circle, and the 
rectangle under the segments of the chord is therefore constant, by an elementary theorem of 
geometry contained in the third book of Euclid; if, then, the square of the velocity be sub¬ 
tracted from the double of the attracting mass, divided by the distance of the body from the 
centre of force, at which that mass is conceived to be placed, the remainder is a constant 
quantity, which is positive if the orbit be a closed curve, that is, if the centre of force be 
situated in the interior of the circular hodograph. 

In this case of a closed orbit, the positive constant, which is thus equal to the product of the 
segments of a hodographic chord, or the constant product of any two opposite velocities of the body , 
is easily seen, by the foregoing principles, to be equal to the attracting mass divided by the semisum 
of the two corresponding distances of the body , which semisum is therefore seen to he constant and 
may be called (as in fact it is) the mean distance . The law of living force } involving this mean 
distance, may therefore be deduced as an elementary consequence of this mode of hodographic 
representation for the case of a closed orbit; together with the correspond i n g forms of the law, 
involving a null or a negative constant, instead of the reciprocal of the mean distance, for the 
two cases of an orbit which is not closed, namely, when the centre of force is on or is outside the 
circumference of the hodographic circle. 

Whichever of these situations the centre of force may have, we may call the straight line 
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drawn from if to the centre of the hodograph, the hodographic vector' of eccentricity ; and the 
number which expresses the ratio of the length of this vector to the radius of the hodograph 
will represent, if the orbit be closed, the ratio of the semidifference to the semisum of the two 
extreme distances of the body from the centre of force, and may be called generally the numerical 
eccentricity of the hodograph, or of the orbit (without violating the received meaning of the term). 

Whatever the value of this numerical eccentricity may be, the constant area of the parallelo¬ 
gram under the vectors of position and velocity may always be treated as the sum or difference 
of two other parallelograms, of which one is equal to the rectangle under the constant radius 
of the hodographic circle and the varying radius vector of the orbit, while the other is equal to 
the parallelogram under the vectors of position and eccentricity; and hence it is not difficult 
to infer that the length of the vector of position, or of the radius vector of the orbit, varies in a 
constant ratio, expressed by the numerical eccentricity, to the perpendicular let fall from its 
extremity, that is, from the position of the body, on a constant straight line or directrix , which 
is situated in the plane of the orbit and is parallel to the hodographic vector of eccentricity. 
The orbit , therefore, whether it be closed or not, is always (with the law of the inverse square) 
a conic section, having the centre of force for & focus —a theorem which has indeed been known 
since the time of Newton, but has not perhaps been proved before from principles so very 
elementary.* 

Conceive a diameter of the hodograph to be drawn in a direction perpendicular to the vector 
of eccentricity; the extremities of this diameter correspond to the extremities of that chord of 
the orbit which is perpendicular to the shortest radius vector, and which is called the parameter ; f 
from which it follows that the semiparameter of the orbit is equal to the constant area of the parallelo¬ 
gram under distance and velocity , divided by the radius of the hodograph, and, consequently, that 
it is equal to the square of the constant double areal velocity , divided by the attracting mass. 

It is evident that these results agree with and illustrate those by which Newton shewed that 
Kepler’s laws were mathematical consequences of his own great law of attraction. In applying 
them to the undisturbed motion of any binary system of bodies, attracting each other according 
to that law, we have only to substitute the sum of the two masses for the single attracting mass 
already considered, and to treat one of the two bodies as if it were the fixed origin of the vectors 
of a relative hodograph , which will still be circular as before. And even if we consider a ternary, 
or a multiple system , we may still regard each body as tending , by its attraction, to cause every 
other to describe an orbit of which the hodographic representative would he a perfect circle. 

When there is one predominant mass , as in the case of the solar system, we may in general 
regard each other body of the system as moving in an orbit about it, which is, on the same plan, 
represented by a varying circular hodograph . Tor if, at any one moment, we know the two helio¬ 
centric vectors of position and velocity of a planet, we know the plane and area of the parallelo- 

* The hodograph of the earth's annual motion may be considered to be exhibited to observation in astronomy as 
the curve of aberration of a star; and it is known that this aberratie curve is a circle, notwithstanding the eccentricity 
of the earth’s orbit; but the author is not aware that this circularity of the aberratie curve (for a star near the pole 
of the ecliptic) has ever been shown before to be a consequence of the law of the inverse square , except by the help of 
the properties of the elliptic orbit; whereas the spirit of the present communication is to derive that orbit from the 
circle, and to regard that circle itself as a sort of geometrical picture of Newton's law, instead of being only one of 
many corollaries from the laws of Kepler. 

f [Latus-reetum.] 
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gram under those two vectors, and can conceive a parallelepiped constructed, of which this 
momentary parallelogram shall be the base, while the volume of the solid shall represent the 
sum of the masses of the sun and planet; and then the height of the same solid will he equal to 
the radius of the momentary hodograph; so that, in order to construct this hodograph, we shall 
only have to describe, in the plane and with the radius determined as above, a circle which shall 
touch the side parallel to the heliocentric vector of position, at the extremity of the vector of 
velocity, and shall have its concavity, at the point of contact, turned towards the sun. The moon, 
or any other satellite, may also be regarded as describing, about its primary, an orbit of which 
the hodographic representative shall still be a varying circle. 

As formulae which may assist in symbolically tracing out the consequences of this geo¬ 
metrical conception, Sir William Hamilton offers the following transformations of certain 
general equations for the motion of a system of bodies attracting each other according to 
Newton’s law, which he communicated to the Royal Irish Academy in July, 1845.* 

The new forms of the equations are these: 

r. w -“ H s--y 

in which p and r are the vectors of position and velocity of the mass m at the time t; p and v' 
the two corresponding vectors of another mass m' at the same time; a is another vector per¬ 
pendicular to the plane and equal in length to the radius of the momentary relative hodograph , 
representing the momentary relative orbit , which the attraction of the mass mJ tends to cause the 
body m to describe; d , J, 2 are marks of differentiation, integration and summation, and V, U 
are the characteristics of the operations of taking respectively the vector and versor of a 
quaternion. Or, eliminating p and a, but retaining the hodographic vector t, and using A as the 
mark of differencing, the conditions of the question may be included in the following formula, 
which the author hopes on a future occasion to develope: 

_ f (m -j- Am) dU (f A rdt) 

- = S J- V(Ar.SArdt) 

Meanwhile it is conceived that any such attempt as the foregoing, to simplify or even to 
transform the important and difficult problem of investigating the mathematical consequences 
of the Newtonian law of attraction, is likely to be received at the present time with peculiar 
indulgence and interest, in consequence not only of the brilliant deductive discovery lately 
made of the new planetf exterior to Uranus, but also of the extraordinary and exciting in¬ 
telligence which has just arrived from Dorp at of the presumed discovery by Professor Madler 
of a central cluster (the Pleiades), and of a central sun (Alcinoe, called also Eta Tauri): around 
which cluster, and which sun or star, it is believed by Madler that our own sun and all the other 
stars of our sidereal system, including the milky way hut exclusive of the more distant nebulae, 
are moving in enormous orbits, under the combined influences of their own mutual attractions, 
all regulated by the same great law. 

* Proc , Roy. Irish Acad. Vol. an (1845-47), Appendices HI and V, pp, xxrvi-ilx. 
t [Neptune was first observed on the night of September 23, 1846.] 
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Sir William Hamilton exhibited Professor Madler’s work, Die CentraJsonne, Dorpat, 1846, 
in which, as a first provisional attempt to determine the orbit of our own sun, with the help of 
the proper motions of a great number of stars, combined with Bessel’s parallax of 61 Cygni, 
Madler assigns to what he regards as the Central Sun, Alcinoe, a distance amounting to thirty- 
four million times the distance of our sun from us; concluding, also, but still only as first 
approximations, that the period of our sun’s revolution is about eighteen millions of years, and 
that its orbit has now an inclination to the ecliptic of about 84 degrees, with an ascending node 
of which the present longitude is nearly 237°. 


A chart of observed places of Le Verrier’s Planet [Neptune] was also exhibited by Sir William 
Hamilton; and was illustrated by comparison with Bremiker’s Star-Map, which was also laid 
upon the table. 
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ON A THEOREM OF HODOGRAPHIC ISOCHRONISM* 

Read March 16, 1847. 

[ Proc . Roy. Irish Acad.V ol. m (1845—47), p. 417.] 

If two circular hodographs, having a common chord, which passes through or tends towards 
a common centre of force, be cut perpendicularly by a third circle, the times of hodographically 
describing the intercepted arcs will be equal. 

ON A THEOREM OF ANTHODOGRAPHIC ISOCHRONISM* 

Read May 10, 1847. 

[. Proc . Roy. Irish Acad. Vol. m (1845—47), p. 465.] 

Sir William Hamilton stated and illustrated a theorem of anthodographic (or anthodic) 
isochronism, namely, that if two circular anthodes, having a common chord, which passes 
through or tends towards a common centre of force, be both cut perpendicularly by any third 
circle, the times of anthodically describing the intercepted arcs will be equal:—the anthode of 
a planet being the circular locus of the extremities of its vectors of slowness, or of straight lines 
representing in length and direction the reciprocals of its velocities, and drawn from a common 
origin. 

This theorem is intimately connected with the analogous theorem respecting hodographic 
isochronism (or synchronism), which was communicated to the Academy by Sir William Hamil¬ 
ton, in a note read at the Meeting in last March. He had been led to perceive that former theorem 
by combining the principles of his first paper on a General Method in Dynamics, published in the 
second part of the Philosophical Transactions for 1834, wdth those of his communication of last 
December, since published in the Proceedings of the Academy, respecting the Law of the 
Circular Hodograph. This Holograph was, for a planet or comet, the circular locus of the 
extremities of its vectors of velocity , as the Anthode is the locus of the extremities of the vectors 
of slowness; so that the rectangular coordinates of the Hodograph are x\ y', z\ if 

, dx , dy , dz 

x ~dt’ V ~dt’ Z ~dt ; 

while those of the Anthode may be denoted as follows 

x, — — v~ 2 x\ y, — — v~ 2 y r , z, = — v~ 2 z\ 

where v 2 — x' 2 -h y' 2 + z' 2 . 

He had effected the passage from the theorem respecting hodographic to that respecting 
anthodic isochronism by the help of his calculus of quaternions; but had since been able to 
prove both theorems by means of certain elementary properties of the circle.f 

* [See Appendix, Note 8, p. 630.] 

f [See Hamilton, Elements of Quaternions (2nd edition), Vol. n, pp. 308-314, 318-320.] 
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Por a hyperbolic comet, the Anthode is a circular arc convex to the sun; for a parabol 
comet, the Anthode is a straight line. And for comets of this latter class the theorem of isc 
chronism takes this curiously simple form: “Any two diameters of any one circle (or sphere 
in space, are anthodically described in equal times, with reference to any one point, regarded a 
a common centre of force.” By this last theorem, the general problem of determining the tim 
of orbital description of a finite arc of a parabola is reduced to that of determining the time c 
mitkodical description of a finite straight line directed to the sun; and thus it is found that “ th 
interval of time between any two positions of a parabolic comet, divided by the mass of the sur 
is equal to the sixth part of the difference of the cubes of the sum and difference of the diagonal 
of the parallelogram, constructed with the initial and final vectors of slowness as two adjacen 
sides.” Another very simple expression for the time of description of a parabolic arc, to whin 
Sir William Hamilton is conducted by his own method, but which he sees to admit of easy proo 
from known principles (though he does not remember meeting the expression itself), is give] 
by the following formula: 

t = \T tan (9 - tan -1 1 tan f 0), 

where 9 is the true anomaly, and t is the time from perihelion, while T is the time of describin 
the first quadrant of true anomaly. 
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CALCULUS OF PRINCIPAL RELATIONS* 

[ 1836 .] 

Introduction. 

1. It is a well-known theorem of the Integral Calculus that if y x be a function of x, respecting 
which we are only told that it satisfies a given differential equation of the first order, 

0 =f(x,V x ,t/x)> (L 

(^y' x denoting the differential coefficient or derived function > we are at liberty to assume 
an additional condition of the form 

( 2 ) 

a and b denoting any two assumed corresponding values of the two connected variables x and 
y x \ but that after the assumption of this new condition, the functional relation between these two 
variables x and y x is in general theoretically determined, -whatever practical difficulties may 
remain in the actual discovery of its form. So that the differential equation (1) may in general 
be conceived as conducting, by an easy or difficult but always possible integration, to a relation 
between any one pair of corresponding values a, y a of the two connected variables of the question 
and any other pair of corresponding values x, y x of the same two connected variables; or to an 
equation in finite differences of the first order between a, y a , A a and A y a , which may be thus 
denoted, 

0 = F (a,y a ,x,y x ) = F (a,y a ,a + Aa,y a + AyJ, (3) 

A a and Ay a being here equivalent to x — a and y x — y a respectively. 


2. Again, if y x and z x denote two functions of x, respecting which we only know that their 
first derived functions y x and z x are connected with them and with x by a given relation of the 
form 

0 = X+Yy^Zz^, ( 4 ) 

in which X, Y, Z denote given functions of x , y x and then, if we denote by 

8X 8X 8X 8Y 8Y 8Y 8Z SZ 8Z 
8x ’ 8y x ’ Ss*’ Sr 5 8y x ’ 8z x 9 Sr 9 8y x ’ 8z x > 


the nine partial differential coefficients of the first order of these three functions, taken with 
respect to the three variables x, y x and z x , as if they were independent of each other, and if we 
suppose that these partial differential coefficients satisfy the condition 


/S Y 

s z\ 

W 

S 2/J 


_ fhZ SX\ _ /8X 8Y\ 

’J + [sx SzJ + (sjr* &x) : 


* [It was Hamilton’s intention to write a book on the Calculus of Principal Relations (see Graves, Life of 
Hamilton , n, p. 177). This is all that remains of the manuscript of the proposed treatise. Papers XIII and XIV, 
pp. 332—390, contain material which he obviously intended to incorporate in the book. A sketch of the calculus 
is to be found on page 408.] 
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CALCULUS OF PRINCIPAL RELATIONS* 

[1836.] 

Introduction. 

1. It is a well-known theorem of the Integral Calculus that if y x be a function of x , respecting 
which we are only told that it satisfies a given differential equation of the first order, 

0 =f(x,y x ,Pv), ( 1 ) 

{ij' x denoting the differential coefficient or derived function , we are at liberty to assume 
an additional condition of the form 

= ( 2 ) 

a and b denoting any two assumed corresponding values of the two connected variables x and 
y x ; but that after the assumption of this new condition, the functional relation between these two 
variables x and y x is in general theoretically determined, whatever practical difficulties may 
remain in the actual discovery of its form. So that the differential equation (1) may in general 
be conceived as conducting, by an easy or difficult but always possible integration, to a relation 
between any one pair of corresponding values a, y a of the two connected variables of the question 
and any other pair of corresponding values x, y x of the same two connected variables; or to an 
equation in finite differences of the first order between a, y a , A a and A y a , which may be thus 
denoted, 

0—F (a,y a , x , y x ) = F(a,y a ,a + Aa, y a + A y a ), (3) 

A a and A y a being here equivalent to x — a and y x — y a respectively. 

2. Again, if y x and z x denote two functions of x, respecting which we only know that their 
first derived functions y x and z x are connected with them and with x by a given relation of the 
form 

0 = X-f Yy r x + Zz' x , (4) 

in which X, Y, Z denote given functions of x 3 y x and z x ; then, if we denote by 

ax sx ax 87 sf sr sz bz bz 

§x 9 By x Bz x 9 Sx 9 By x Bz x Bx 9 By x Bz x 

the nine partial differential coefficients of the first order of these three functions, taken with 
respect to the three variables x 3 y x and z X3 as if they were independent of each other, and if we 
suppose that these partial differential coefficients satisfy the condition 


^ /BY BZ\ _/BZ BX\ „/8X BY\ 

\$ z x s vJ + (s* Sz*) + \sy x Sx) ’ 


( 5 ; 


* [It was Hamilton’s intention to write a book on the Calculus of Principal Relations (see Graves, Life of 
Hamilton , n, p. 177). This is all that remains of the manuscript of the proposed treatise. Papers XIII and XIV, 
pp. 332—390, contain material which he obviously intended to incorporate in the book. A sketch of the calculus 
is to be found on page 408.] 
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it is known that the differential equation (4) conducts by integration to a relation of the form 

f, (x, y X3 z x ) — const. = f, (a, y a , ( 6 ) 

which may also be thus written, as an equation in finite differences of the first order, 

0 = F(a, y a , z a , a + Aa, y a + Ay a , z a + Az a ). (7) 

3. But in general, if the derived functions y x and z r x be only connected with x 3 y x and z x by 
a given relation, which may be thus denoted, 

0 =f(x, y x , z xi y X3 z x ), (8) 

then (.setting aside some particular cases of exception such as that which has been last con¬ 
sidered) we may attribute any arbitrary values to the three initial and three final values, a, y a3 
z a , a + Aa, y a -f- Ay a and z a -j-Az a . without obliging these initial and final values to satisfy any 
determinate relation, such as (7),as a necessary consequence of the given differential equation (8). 
Or, to express the same thing otherwise, we may in general assume any arbitrary values y a and 
z a of the functions y x and z x , as corresponding to an assumed value a of the variable x 3 without 
thereby establishing any relation between the values of the same functions y a+Aa and z a+Aa , 
which correspond to any other assumed value a -f- A a of the same variable x. According to the 
unlimited variety of forms which we may assume for the function y X3 consistently with pre¬ 
viously assumed values y a and y a+Aa , we shall have by the differential equation (8) an unlimited 
variety of corresponding forms of the function z X3 even when the initial value z a is given or 
previously assumed; and in passing from one such form of z x to another the final value z a4 . Aa 
will itself in general vary; so that it will be only in particular cases that these various forms of 
the function z x will fail to give an unlimited variety of final values z a+Aa . 


4. To illustrate this theorem by an example and to prove that it is true in an extensive 
class of cases before considering the general proof of it, let us assume the particular relation (4), 
supposing now that the condition (5) is not satisfied; and let us write, for abridgement, 

-§-P' -z= q ’ < 9 > 


so that the condition (5) shall take this simplified form 


^- + < 7 ^ = 


M+ P *i 

8a: " 8z~. 


We have thus the differential equation 


( 10 ) 


+ ( 11 ) 

in which p and q are any two given functions of x , y x and s*, not satisfying the condition (10). 
Let any function y x of x be supposed to be assumed at pleasure, subject only to the initial and 
final conditions 


ya = t>, y a + Aa =b + Ab, 


( 12 ) 


in which the values of b and A b are given or previously assumed; and then let the connected 
function z x be conceived to be determined (as we may always at least theoretically conceive 
it to be, by principles already referred to, whatever practical difficulties the actual determina¬ 
tion may present) so as to satisfy the differential equation (11) and also the initial condition 


= 


( 13 ) 
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in which c is given or assumed; and finally, from the form of the function thus determined, 
let the final value 

^a+Ao — C -f- Ac (14) 

be conceived to be calculated. We propose to show that this final value c + Ac will in general 
vary with a variation of the assumed form of the function y x , even when a, 6, c. Act and A b 
remain unvaried. To show this, let e be any small and arbitrary constant and let y x •+- er\ x and 
z x -he £ x denote two new connected functions of x, which differ little from the two old functions 
y x , z x and which satisfy, like them, the differential equation (11), or rather the new equation into 
which that transforms itself when the new functions are substituted for the old ones; let it be 
supposed also that these new functions y x -f er] x , z x + satisfy these three new conditions 

+ ^+Aa+^a+Aa = ^ + ^ = C 15 ) 

which are analogous to the three old conditions (12) and (13) and give, when combined with 
them, 

Va= 0, 7? a+Aa = 0, £ a = 0. (16) 

The new differential equation, analogous to (11), may be thus written 

, y, <$P y &P ( Sq y \ , , 

^X "f € ^>X P g y f g“ f € Vx g^ f efax gy j VX “t € X > ( ) 


E x denoting, for abridgement, a factor the development of 'which is easily obtained but is not 
necessary for our present purpose; and if we subtract the old differential equation (11) from 
the new one (17) and divide by €, we find, more simply, 


“ (i + y * SzJ + (i + y * by) Vx + < n'x + eE * : 


( 18 ) 


from which equation we propose to deduce by integration an expression for the final value 
? which shall show that this final value does not in general vanish and therefore that the 
final value Via+ e ^+Ao °f the new function z x + et, x is in general different from the final value 
of the old function z x . 


With this view, we may multiply the differential equation (18) by a function X x , so chosen 
as to make the product 

equal to the first differential coefficient or derived function (X x £ x Y of the product X x £ x ; a con¬ 
dition which gives 


[*p +V 'M 

is zA y *8z. 


)■ 


and therefore, in the notation of definite integrals, 


(19) 


( 20 ) 

38-2 
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When A* is thus chosen, it is easy to see that the first differential coefficient or derived function 


of the product A x q is 


(Kq)' =^ (Ki)=+iK 


dx 

=aJJ* 


A<e 


, Bq , Sq 

\5 + >'*SS + **St + 3 A 




and that consequently 




..'Ik 
c s Vm 

... 8? 


f) 

Sq 


■+^517 + (p+$y'x) g z 




S + ’-i 




A 44 +y *S =(W+A *(£ 


Sp 8} ,„8p „ Sg 


'Sx +q Sz x 


P 


h\. 

S *J’ 


( 21 ) 


( 22 ) 


(23) 


changing therefore (^ x QYV x“ h* f equivalent expression {q^xVx) > find from the 
equation (18) the following 

/ Sn S<7 Sg \ N w 

(A*0' = feA^)'+A^ (gj-gs + + «*.*-• 

which gives, in the notation of definite integrals, by the conditions (16), 


/l a-f Aa »a4-Aa 

that is, finally, 


- a+ - a ~^a\a {^“(Sw sl + q Sz x * +**»**}*”• 


(24) 

(25) 


From this expression it is easy to prove what was asserted, that when the condition (10) 
is not satisfied the final value £ a+Ao does not in general vanish independently of the form of the 
function t ) x , even when the initial value t >a and the initial and final values rj a and r) a+ & a are each 
~ 0; for we now see that £ a+Ao may in general be developed according to ascending powers of 
the small multiplier € in a series of the form 


A« + *£2Ua + ete., (26) 

and that the first term of this series does not in general vanish independently of v) x since it may 
be expressed as follows 


f a+A a 


4°Ua = e 

if we put, for abridgement. 


L a dx ra+ Aa -f- / L x dx 


v CL 


f> 


M xVx dx, 




(27) 


(28) 


We see, then, that except in the case expressed by the condition (10) (in which this last 
coefficient Jkf x vanishes) the differential equation (11) is not sufficient to conduct, by necessary 
inference, to any one determinate relation between the three initial values a 3 b 9 c and the three 
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final values a + Aa } b + Ab, c +Ac of the three connected variables x, y x , z x ; and therefore that 
we cannot in general deduce, as a necessary consequence of the differential equation (11), any 
equation in finite differences of the form (7): since otherwise it would be necessary that l, a +± a 
should in general vanish along with rj a , £ a and ?? a+Aa independently of the form of rj x and of the 
value of e. 


5. To make this reasoning more perfectly clear by a still more particular example, let us 
assume the following particular forms for the coefficients p and q, 


a 

If 

Srf 

1 

II 



(29) 

so that the differential equation (11) becomes now 




1 

II 



(30) 

We have now 




S P _ 0 S P Sg 

’ Sy~ ' bz x ~ U ’ 8* ’ 

8g . 
%y x ' 

hq 

= 0, ^ = 0; 

OZr. 

(31) 


so that the condition (10) is not satisfied. If we suppose that y x and z x are two functions of x, 
which satisfy the differential equation (30) and also the conditions (12) and (13); and that 
y x + er] x and z x -he£ x are two other functions of x, which satisfy the analogous differential 
equation 

4 + (4 + «?i) “ iVx + «7») ( 32 ) 

and the analogous conditions (15) or (16); we obtain this new differential equation of the 
form (18) 

Q = x Vx ~ Vx > ( 33 ) 

and the general expression (20) for the multiplier X x becomes here 

Xg — A a = const., (34) 

so that we may suppress this multiplier or suppose it equal to 1; and we find this new equation 
of the form (23) 

^ = (x v J-2 Vx> (35) 

which gives, by integration and by the conditions (16), a result of the form (25), namely, 

J a+Aa 

(-2 Vx )dx. (36) 

a 

And it is clear that this final value of does not vanish independently of the form of the 
function tj x , even when the conditions (16) are satisfied; and therefore that, in this example, 
the final values of the three connected variables x 3 y x , z x are not connected with each other by 
any necessary relation when only the initial values and the differential equation (30) are given. 


6 . Resuming now the more general differential equation (8) and reasoning on it in a similar 
manner with a view to establish the general theorem of the third article, we find, instead of the 
equation (18), the following: 



3L 

Sz x 



K 

sy* 


^Jx ~^ € ^x > 


(37) 
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which is now to be multiplied, by a function , chosen so as to make the product 

equal to the first derived function or differential coefficient of the product X x ^7 t, x , that is, so 
as to satisfy the following condition 

{ SZ-F / X+'\ r \ 

(38) 


yV- A 

“Szi x 


analogous to the condition (19). In this manner we find, for the multiplier A^., the following 
expression, more general than the expression ( 20 ), 


A;*; — A a & 

in which we have made, for abridgement. 


and since we have thus the relation 
we may put the product 



under the form 


K=l x a x , 

WSM +Kvx w*~ (§£) ~ Lx Si‘ 


(39) 


(40) 


(41) 


and consequently may present the differential equation (37) under the form 


0 ~ ( x * i x s *) + (*■s/; ’•) +Kv * {£ {$*) ' 


JO. 

: Wx, 




(42) 


which is analogous to the equation (23) and may be similarly integrated. We are thus conducted, 
when we suppose that the conditions (16) are satisfied, so that rj a , 7] a+Aa and vanish, to a 
development of £ a+Aa of the form (26), in which the first and principal term will not vanish 

independently of the form of the function tj x unless the functions y xt z x satisfy the following 
(additional) condition: 


that is, by (40), 


Wx 


v._/vy. 

Jf/vy V_/Jf.y 
ml 


(43) 


(44) 


Jf. ¥ 

And since this condition (44) is not in general satisfied, either identically by all possible forms 
of the functions y x , z x or even by all forms of those functions which satisfy the given differential 
equation ( 8 ), the theorem of the third article is true. 
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7. We see, however, that when the forms of the functions y x , z x are such as to satisfy this 
new condition (44), along with the differential equation 

0=f(x,y x ,z x> y' x ,z' x ) (S) 

and the initial and final conditions ( 12 ) and (13), we have then the final condition 

C&A.-0, (45) 

as a consequence of the differential equation (37) and of the initial and final conditions (16), 
whatever the form of the function rj x may be for intermediate values of x; supposing always that 
no one of the functions here considered becomes infinite or indeterminate within the extent of 
the question. And because the condition (45), or the differential equation (44) wddch expresses it, 
conducts in general (in combination with the other conditions above mentioned) to a final 
value z a+Aa of the function z x , which has its variation e£, a + Aa of the form e 2 f ( ^ Aa 4- etc. and there¬ 
fore ultimately proportional to the square of the small multiplier «?, (to the first pov T er of which 
multiplier the variation €rj x of the function y x has been supposed proportional); whereas without 
the condition (45) the variation e£ a+Aa would be of the form + etc. and therefore ulti¬ 

mately proportional to the first power of the same small multiplier e; we see that this condition 
(45) conducts in general to forms of the functional relations between the variables x, y x , z x 
which are remarkably distinguished from all other forms of those relations by a peculiar law 
of variation of the final value of z x . On account of this important property and of others con¬ 
nected with it, we shall call the equation (44), which expresses the condition (45) and which is 
in general a differential equation of the second order, the 'principal supplementary differential 
equation for determining the forms of the functions y x , z x in combination with the given differ¬ 
ential equation of the first order 

0=f(x,y x) z x> y' x> z' x ), ( 8 ) 

and with the initial and final conditions ( 12 ) and (13); and when these equations and conditions 
conduct to a determinate final value (or class of final values) z a+Aa of the function , we shall 
call this value (or these values) z a+Aa the principal final value (or values) of the function z x , 
corresponding to the given initial and final values a, y a , z a , a + A a, y a+ \ a an< ^ differential 

equation ( 8 ). 

The values which we have thus called principal final valuers of a function z x , which is con¬ 
nected with another function y x by a differential equation such as ( 8 ), are called more com¬ 
monly the maxima or minima of the function z x , though they are not always greater or less 
than all neighbouring values of that function; and it was the desire of discovering these par¬ 
ticular or principal values which led to the invention of the Calculus of V ariations. But although 
the rules of that Calculus conduct to what we have called the principal supplementary differen¬ 
tial equations, such as ( 44 ), they offer no general method for investigating or even expressing 
the integrals of those differential equations. A general method for accomplishing this important 
object is supplied, however, by that new Calculus of Principal Relations, to the consideration 
of which we shall soon proceed. 


8 . For the particular case ( 4 ) of this general differential equation ( 8 ), that is, for the 
particular form 

( 46 ) 
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of the general function/, (X, 7 and Z denoting here any given functions of y x and z x ,)we have 
the particular expressions 

8 /_SX , 8 f, ,82 j/_ 

Sy; , 

3/ SX , SF , , hZ 8 / r 

sr = ss: + ^K, +z *si:’ s z ,z ’ 

/S/y_SF , SF ,SF 

“ 6z +tt -Sy. x Sz„’ 

' Sf V 8Z ,8Z ,8Z 

Szl) = 8^ + ^ +2 *8^’ 

and therefore 


so that when we attend to the original differential equation ( 8 ), which here reduces itself to the 
particular form ( 4 ), we find, after reductions, that in the present case the general supplementary 
equation (44) transforms itself to the particular condition 


S£_ 

Sy x 

(V) 

\sy'J 

' sx 

1 

SF , 

8x +Z * 

(BZ 

BY 

Bz, 

3L- 

(M.) 

' sx 

S Z , 1 

' ox +24 ( 

'BY 

BZ\ 

Sz* 


“8*/ 

& x ~ 



/SF 

BZ\ 


BX\ V 

/SX 

BY\ 

\K~ 

sj 

' + r \Sz~ 

■s;) +z 


" 


In like manner, if we assume the particular form 

f=p + qy' x -z' x , (50) 

so as to reduce the general differential equation ( 8 ) to the particular differential equation ( 11 ), 
we find 


8/ 

/ja 

F 

3% 

Is y'J 

_1/Sp 


Sf 

i\Sy x 


Wx 


3/ 

_/JA 


Sz* 

\s <) 

(Sp 


Sf 

~ \Sz x 


so that in this particular case the general supplementary equation (44) reduces itself to the 
particular condition 

Bp Bp Bq B q 

(10) 


Thus for the two particular forms (46) and (50) of the function/ (of which two forms, indeed, 
the one includes the other) the condition (44) either cannot be satisfied at all (as in the example 
of the fifth article where / was equal or proportional to — y x + xy x - z x ); is identically satisfied 
(as in the case considered in the second article); or else can only he satisfied by establishing a 
particular relation between the variable x and the functions y xi z x which does not involve the 
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differential coefficients of those functions, and therefore does not permit ns to assume as we have 
hitherto done the arbitrary initial conditions y a — h , z a = c. Peculiar considerations would also 
be required for the case when one or other of the differential coefficients y x3 z' x disappears from 
the expression of/. But, in general, the equation (44) may evidently be put under the form 

0-J?-hQy" + Rz", (52) 

in which JP 3 Q and R are known functions of x, y x , z x , y' x and , namely, 

■p S f /S f S 2 / , S 2 / , S 2 / \ ^ 

Bz^\8y x Sx 8y' x y *8y x 8y’ x Z *8z x 8yJ 

8//3/ S 2 / S 2 / S 2 / 

S^\S^ &»&*£ y *8&a,8z* (53) 

8f S 2 / 8f S 2 / > 

„ 8f S 2 / 8f S 2 / 

~ 8z' x 8y x + 8y^. 8z’ff ’ 

or functions proportional to these; and since the functions Q and R do not in general both 
vanish, this supplementary equation (44) or (52) is evidently in general a differential equation 
of the second order, as was remarked before. 


9. Another differential equation of the same order, which is in general distinct from this 
principal supplementary differential equation (44) or (52), may be obtained by differentiating the 
original differential equation of the first order (8) and may be thus denoted. 


0=/' = P, + Q,y" + di f z' x ; 

in which the coefficients JP f , Q t , JR r are the following functions of x, y x 


M 

8x 


+ Vx 


SL 

sy* 


Z '$L n -M. 

x 8z x Q ’~8y' x 


R, 


s<’ 


(54) 

(55) 


or functions proportional to these. If we had only the system of these two differential equations 
of the second order, (52) and (54), we could only in general deduce from them, by an easy or 
difficult but theoretically possible integration, two relations which might be thus denoted, 

0 = x(I / 56) 

0 = X/ («> y a > y' a ,z' a ,x 3 y x3 z x ) 3 ) K 


between the three connected variables x, y x , z x , their three initial values a , y a , z a , and the two 
initial differential coefficients y' a , z' a ; or relations equivalent to these. But since the original 
differential equation of the first order (8) gives this other initial condition 

o =/« =/(«, y a ,&a.,y*> <)> (57) 

we can in general conceive the two initial differential coefficients y' a and z x to be eliminated 
between these three last equations and thus a relation obtained of the form 

0 = F ( a , y a3 z a , x , y x , z x ), (58) 

or 

0 = F (o, 3 y a ,z a ,a + Aa,,y a+Aa , z aAAa ) 3 (59) 

or, if we choose, of the form (7), or finally of this simpler form 

0 = JP {a, b, c, a + Aa, b + Ab , c 4- Ac) (60) 


HMPII 


39 
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between the three initial and three final values of the variables x, y x ,z x> these variables being 
obliged to satisfy both the original differential equation ( 8 ) and also the principal supplementary 
differential equation , (44) or (52). And because the relation (58) or (59) or (60) thus obtained 
gives in general the principal final value z a+Aa or c 4 - Ac of the function z x when the five other 
initial and final values a, y a , z a , a + Aa, y a+Aa , or a, b, c, a + Aa, b 4 - A 6 , are given, we shall call 
this relation the principal integral of the original differential equation ( 8 ), or the principal 
integral relation between the final and initial values of the three connected variables x, y x , z x 
resulting from that differential equation. 


10. To give an example of the application of this method of investigating a principal 
integral relation, let us take the following particular form of the function /, 

+ («i) 

g being any given constant; so that the proposed differential equation, of which we are to seek 
the principal integral, may now be put under the form 

z'x=3y x + Wx- (62) 

We have now the following particular expressions for the partial differential coefficients of the 
function /, 

%=0 2 — 1 - 


Sz ’ 


(63) 


8k. 8k£ H 

so that, by (55), the general coefficients P,, Q f , R t of the differential equation (54) become here 

P , = 9Vx> Qr^Vx, R,= — 1: (64) 

•we have also for the partial differential coefficients of the second order of the same function / 
the expressions 

ay 


ay 

8 a - 2 

ay 
%y% 
ay 

hz% 

ay 

8 v'x 2 

a < 2 


= o, 
= o, 
= o, 
i. 


ay 

8x8y x 

ay 

Sy x 8z x 

gy 

ay 

$yx Sz x 


=o, 
= o, 
= 0 , 
= 0 , 


8x8z x 

ay 

ay 

Sz r Sz' 


= 0 , 
= 0 , 
= 0 , 


ay 

8x8y' x 

ay 


= 0 , 


7 = 0 , 


ay 

8 a; 8z, 


7-0, 


(65) 


and therefore, by (53), the general coefficients P, Q, R of the differential equation (52) become, 
in the present example, 

P— —g, Q = l, R=0 . 

The general differential equations of the second order 


( 66 ) 


and 

become therefore now 
and 


0=P+<2*£+i£4 
0 =P,+Q,y" x +R,z" x 


o ”—g+yl 


(52) 

(54) 

(67) 

( 68 ) 
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the former of these two, namely the equation (67), being the principal supplementary differ¬ 
ential equation and the latter, namely ( 68 ), being obtained by differentiation from the original 
differential equation (62). If we had only the system of these two differential equations of the 
second order we could only deduce from them by integration the system of the two following 
equations of the forms (56), 

°=ya : -ya~ya( x -a)-ig(v-®) 2 (69) 

and 

0 = z x -z a -z' a (x — a) — gy' a {x — a) 2 — $g*(x-a) 3 ; (70) 

or relations equivalent to these. But the original differential equation (62) gives also this 
initial condition of the form (57), 

0 =fa = gy a + Wa -z'al ( 7 1 ) 

and, by eliminating y' a and z’ a between the three last equations (69), (70) and (71), we find this 
other equation of the form (58), 

(i = F = z x -z a ~lg (y x + y a ) (x - a) - - f*) + Tiff* (^ ~ «) 3 , O 2 ) 

which is the principal integral sought of the proposed differential equation (62). This integral 
may also be thus written, under the form (7), as an equation in finite differences, 

0^Az a -g^ a +iAy a )Aa-^ + ^Aa^ (73) 

or more concisely thus, under the form (60), 

0 = Ac — g{b + ^Ab) Aa~ + A# 2 Au 3 . (74) 


11. In a very extensive class of cases the proposed differential equation, though it contains 
the differential coefficient z x , does not contain the undifferentiated function z x ; and then, as 
in the last example, it may be put under the form 


z' x =4>{x, y x , y' x ) 3 (75) 

so that the function / may be regarded as being of the form 

y x , y' x )-<. (76) 

In all cases of this class the process of the 8th article for determining the principal integral 
admits of being simplified; for the principal supplementary differential equation (44) or (52) 
becomes simply 

S<f> 


0 = 


S<f> 

~sy x 




l WJ ? 




s 2 ^ 


By x Sy^. 




(77) 


(78) 


and does not involve z x3 z x nor z x , so that its integral, like the equation (69), is of the following 
form, more simple than the form of either of the two general equations (56), 

y a > y r a> y < 79 ) 

And because this integral (79) of the principal supplementary differential equation (77) or (78) 
enables us to express the function y x , and therefore also y r x , in terms of the constants a 3 y a3 y , a3 


39-2 
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and of the variable x, it enables us to express the difference z x — z a in terms of the same con¬ 
stants and variable, by means of the original differential equation (75), as the value of a definite 
integral, namely, 


= -*«=! ’j>{x,y x ,y' x )dx: 
J a 


so that instead of eliminating the two initial differential coefficients y’ a and z' a between the three 
equations assigned for that purpose in the 8th article, it is sufficient to eliminate the one initial 
differential coefficient y' a between the two equations (79) and (80) in order to obtain the prin¬ 
cipal integral relation connecting the initial and final values of x, y x and which relation will 
evidently be of the following form, 

0 = F = z x -z a -®(a, y a , x , y x ) = Ac - (a, b , a + Aa, b + Ab). (81) 

Thus, in the last example, in which the function <f> ( x } y x , y x ) = gy x -j- iy x 2 , so that 

w~ 9 ’ wr y ~ s4r 0 ’ sir 0 * (82) 

the form (78) for the principal supplementary differential relation becomes 

0 =-£7 + 24, (67) 

as was otherwise found before; and its integral is of the form (79), namely, 

O = yx-3/a-24(z-«0-£sV-“) 2 > (69) 

which gives for the functions y x> y' x the expressions 

yx = ya + y'o.(x-a) + lg (x-a)*,) 

y’x=y' a +g&-a)- ' (ii6 ' 

Substituting these expressions in that of the function <f>, we find 

<t>{x,y x ,y' x )~gy x +tej£=gya+W'?+29y'a(x-a)+g 2 (x-ay, (84) 


and therefore 


c-2a= [ iffy a + Wa + ' 2 9Ha ~ -f g 2 (x — a) 2 } dx 

J a 


= (ay a+W**) (* - a) +gy’ a (* - «) 2 + hg* (x-a) 3 ; (s 

so that finally, by eliminating y' a between the two equations (69) and (85), we obtain the i 
principal integral relation 

0=z x -z a - iff (y x + y a )(x- a) - + -} s g* (x - a)\ (; 

which was found before by a less simple process. 

12. The differential equation 

(i 

conducts m general to the expression 

Vx * dXy 


whether we do or do not employ the supplementary differential equation (77) or (78)- but 
among all the values of the definite integral (80), corresponding to all possible forms of the 
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function y x and to the initial and final conditions (12), the particular value (or values) deter¬ 
mined by this principal supplementary differential equation may be called the 'principal value 
(or values) of that integral for reasons already explained. We shall therefore call the value (or 
values) of the definite integral (SO), determined in this manner, the principal definite integral (or 
integrals) of the differential expression <j> {x, y x , y x ) dx, taken between the limits a and x, or a and 
a + A a; and we shall distinguish in writing a principal definite integral of this kind by drawing 
a stroke under the sign of integration; so that the principal integral relation (81), deduced 
from a proposed differential equation of the form (75), may be denoted as follows: 

J x Ca+Aa 

Vx= y'x)dx= I <j>(x,y x ,y' x )dx. (86) 

_ a J a 

For example, by what has been already shown, the principal definite integral of the differ¬ 
ential expression (gy x + \y’ x ) dx, taken between the limits a and x, is 

(Wx + \y'x)dx = \g (y x + y a )(x-a) + (87) 


13. Besides the principal supplementary differential equation, the Calculus of Variations 
conducts also to another important relation called usually the Equation of Limits, which may 
be explained and investigated as follows. 


Returning to the general differential equation of the first order 

0 =f(x,y x) z x ,y f x ,z' x ), (8) 

let us now imagine that after finding two functions y x , z x which satisfy this original equation (8) 
and also the principal supplementary differential equation (44) or (52) and the initial and final 
conditions (12) and (13), and after calculating thus the principal final value z a+Aa of which 
corresponds to a given final value y ai . Aa of y x and to given initial values y a , z a of the same 
functions y x ,z x , we then change these two functions as before to others of the form y x -f er] x and 
z x 4- e£ x ; but that at the same time we change also the variable x itself to a function of the form 
x -f e£ x , and therefore the differential coefficients y x , z x to the quotients 

y'x+ er }x < + 

I + 1 + 7 

and that, by making all these changes in the original differential equation (8), we form a new 
but analogous differential equation and then oblige the functions £ x , rj x , £ x to satisfy this new 
equation, namely, 

’ Vx ~b s ^x d* x 

We shall then have, instead of (37), the following equation deduced from the combination of 


yL+ e v'x 4±f 
l + 7 1+^i/ ‘ 


(8) and (88): 


o-*L 6 

Sx Sx 




E x being a factor which we need not at present determine; and since by the differential equation 


(54) we have 



. 8/ 


Z r _¥ _ y” ^ — Z n 
***** * 


¥ 

Sz'J 


( 90 ) 
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it will follow that 


— g~7 {'Cx Z x^x Z x£x) §y' (^ x Vx^x) 




+ Ji~; (£ * ■ _z ^ x)+ Wx (lJ *'~ y ' x ^ + *' E *' 


(91) 


Multiplying this differential equation (91) by the factor of the 6th article, which satisfies the 
two conditions 

* K-( X MX a M^lx M V 
* ^8y. \ x sy'J ’ 

we find this transformed differential equation 

o = (K{^tt*-<U+^Av*-y*U\\ + . 

which gives, by integration, 

/ a denoting as in (57) the initial function/(a, y a3 z a ,y^z' a ) and A still implying that we are to 
take the finite difference corresponding to the transition from the initial to the final values. If 
then, without obliging £ a , 7j a , £ a , £ a +&a and Va+Aa to vanish, we suppose (as in general we may) 
that £ a+Ao ^ developed in a series of the form (26) according to positive and integer powers of 
the small constant multiplier e, we find for the first and principal term t { a+Aa of this series the 
equation 


(92) 


(93) 


(94) 


^fa-hAa (f( o) 

2; ' \bai-A 
° z a+Aa 


a 

Z a+Aa£ a-rAa) d" iVa+Aa Va+Aa^ a+Aa) 


= (L-KU (va-y'aUy 

in which L x has the same meaning as in the 6th article, namely, 

¥_/JA' 3L_(3LY 
_K_sz x WJ s Vx WJ 
~K~ 


fa + 

J a 


L^dx 


8 / 


S/ 


8*1 S<4 

Tliis equation (95) may be simplified when the function / has the form 
for it then becomes 


/= <j> {pc, y x , y x ) — z x ; 


(95) 


(96) 


(76) 


-r Ac ~t ^~ iVa+Aa Va-i-Aa^a+Aa^ 

y (X-f-AiOC 

= - ‘=a + <f>a£a + ^~?jv«-y'a£ a ). 


( 97 ) 
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f(o) _ r - 

=a-l-Aa 'sa ' 


_$4>a 


Va+Aa~ 


' S i/a+! 

l^a-r-Aa 2/a+A a 


AK 

S’/a 


Va 


8&,+. 

Sy< 


'^ta+Aa-Ua- 

a+Aa/ \ 


Va 


M, 


Sy'a 


U- 


For example, when the function cf> has the form (62), so that 

4‘=gy*+Wx, ta=9ya+iy'a> </>a+ia = dVa+^a + hVa+Aa > 
then the formula (98) becomes 

^a+Aa ^/a+Aa’la+Aa 2/a 7 ?a T (^/2/a-fAo ~22/cH-Aa) ^a+Aa (@tfa \V a'^) £a ‘ 

In general, if we write a; instead of a + An, the formula (95) becomes 


§| +H fe-viO = {§| (£.-*;&) + ^Ava- y'aU\* ” 

and the formula (98) becomes 

® ^^~ Wa Va + i^ x ~ Vx 8^) **~{^ a ~ V ' a W^ a ' 
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(98) 

(99) 
( 100 ) 

( 101 ) 

( 102 ) 


Thus, although the differential equation (88) is not sufficient of itself to determine the forms 
of the three functions g x ,rj Xi g x> nor even to determine rigorously, in general, the final value g x 
of one of these three functions when only the final values g x , rj x of the other two functions and 
the initial values g a , r) a , £ a of all three are given; (because the term eX x E x in the transformed 
differential equation (93) is not in general immediately integrable;) yet, when the functions y x 
and z x satisfy the principal supplementary equation (44) as well as the original equation (8), 
we see that then the differential equation (88) is in general sufficient to determine the most 
important part or term of the final value of the function £ x , or the limit to which that final 
value tends while the small multiplier er tends to 0, whatever arbitrary forms may be assumed 
for the three functions g x , rj x , £ x consistently with that one differential equation (88) and with 
the three given initial and the two given final values, g a , rj a , £ a> and g x) tj x . 


14. Now, consistently with these five given values, initial and final, and with the differ¬ 
ential equation of the first order (88), we may in general oblige the three functions g x , r) x) £ x 
to satisfy other conditions; for example, we may in general oblige them to satisfy any two 
assumed supplementary differential equations of the second order; because a system of three 
differential equations between four variables x, g x , rj x , g x conducts in general to a system of 
three integral equations between those four variables involving five arbitrary constants, when 
one of the three differential equations is of the first order and the two other differential equations 
are both of the second order. Among all the supplementary differential equations which might 
be thus assumed, there is one which deserves special attention; namely that which is formed 
from the principal supplementary differential equation of the second order (44) by not only 

changing x, y x , z x and y Xi z x tox-h eg x , y x -b ey x , z x 4- e^and ^ + 
in like manner, y x and z x to 


i + 1+4 


z' 4-ef' 

x f , but also changing. 


(y'z+^Y 

/4+e^y 

u+«&/ 

and . 

l+«£ 





312 


XII. CALCULUS OF PRINCIPAL RELATIONS 


[14 


and which may therefore be thus written. 


j Vx T > z x T 


y y'x + er ix z x+ € ^x 
^ l + € fi ’ l + eg' x : 


yx+ey'x ] 

* + € ^x / 


~f g Cc 
; 1 + > 
1 + efi 


if the equation (44), from which it is formed, he written thus, 

Q = i(s{x,y x ,z x ,y xi z xi y x ,z x ). (104) 

For, although the two equations (88) and (103) are not alone sufficient to determine completely 
the forms of the three functions g x , r) x , t, x even in conjunction with the live given initial and 
final values g a> ^ a , £ a , g x and tj x> hut require another supplementary differential equation of 
the second order, which might, for example, he assumed as follows, 

#J = 0, (105) 

for such complete determination; yet it is easy to see that, as the two equations (8) and (44) 
conducted to a principal integral relation of the form 

0 = F(a,y a ,z a ,x,y x ,z x ), (58) 

so the two similar equations (88) and (103) must conduct to a similar integral relation 

0 = F (oh- eg a> y a + er] a , z a -he£ a ,x + eg x ,y x + €rj x , z x + €t x ), (106) 

in which the form of the function F is the same. Combining these two relations (58) and (106), 
we find a new equation to determine the limit to which the final value of the function g x 
tends, while the small multiplier e tends to 0 and while the final values of the two other functions 
g x , tj x and the three initial values g a ,r] a , ‘Q a of the same three functions g X3 rj xs remain unchanged 
hut arbitrary; namely, the equation 

^ SFV SF 8F y 8F8F 8F 

ha^ a + hz„^ a+ Zx^ + hy x nx + Zz^ x ‘ (107) 

The value of the limit t { x thus obtained from a combination of the two differential equations 
(88) and (103) must agree with the value of the same limit obtained in the 13th article from the 
equation (88) alone; and this agreement must exist independently of the five arbitrary values 
g a , r} a , l a . i xi y x ; comparing, therefore, the coefficients which multiply these five arbitrary 
values in the two expressions of deduced from the two equations (107) and (101), we find 
these three relations; 

WJ Sa \hz’J \ y *hy’ a + Z “Bz'„ ' 


\ 8z x) §Va \§4/ fya 


; -F 1 

B. P J a 


and these two others : 


\8zJ Sz a \S4/ Sz a 


• -h 

Bp J a 


■®>i 


\SzJ 8y x {SzJ 


s/A-W, 

.*£/ s y' x 
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In that extensive class of cases, in which the function / has the form (76) and in which 
therefore the function F may be put under the form (81), the five relations (108) and (109) may 
be reduced to the four following: 

s« J,J Wa * a ’ 8 y- Sy' a ’ (110) 

and 

8^-^ nil) 

Sec y *Sy' x + ^ Sy x Sy'J (U1) 

In general, the three relations (108) conduct, by elimination, to the two following: 


(SF\- 1 ^_ = (^a\- 1 ¥a 

\ Sz J a \ hz U S ffa 


15. To illustrate these general relations, let us resume the example of the 10th article, in 
which 

o =/*=0y,r+4yi s -4» ( 61 ) 

0=/ o = ff2/<x + *2/a 2 -<> ( 71 ) 

and 

0 = F = 2 X - z a - \g (y x + y a ) (x - a) - ^^-a) + ^ ~ ^ 2 ) 


In this example 


_ t §fx _ _ J a _ r <tfa _ _ j 

Sy'- Vx ' §4 ’ S y’ a Va ’ 84 




.1 / y.-y. V 

2 \ X — a ) 


-hig 2, (x-a ) 2 


g-1. 

to*~ I (Sr) 2 - <* - 0)2 
I* ig(x „ a)+ ^, g_- 1; 


the general relations (112) become, therefore, 




+ iff 2 (* - a) 2 = V'a - z ' a : 


lg {x -a)-¥^-^=-y' a -. 


to which forms the two first of the three relations (108) also reduce themselves, while the third 


HMFII 


40 
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of those relations (108) becomes identical, because, in this example, the function L x vanishes 
by (40); and. the two general relations (109) become 


~ig(yx+ya) + 


1 ( Vx-Va Y 

2 \ x — a J 


-t- i<7 2 (^-a) 2 = S/i 2 -4 


(115) 


-\g (x-a) 


yx y a 


X — d 


= - y'x ■ 


4nd accordingly we may verify the existence of these four relations (114) and (115) in the 
iLna accordingly y j expressions (83), deduced by integration from 

present example by substituting for y x J , « nr i a ++hp same time 

the principal supplementary differential equation of the second order (67) 

substituting for 4= < their values deduced from the original deferential equatmn of the first 
order (62) and its initial form (71). 

The same example enables ns to illustrate the four simpler but less general relations (110) 
and (111); namely, by making, according to the 11th article, 

4>x — QVx + hv'x* a~ 9V \y a ’ 


and therefore 


&(y x + y a ) (*-»)+"A# 2 (*- a ) 3 * 


(116) 


= Vx> 


Q*Pcl f 

°y a 


\ 9 (y x +Va)-\^^y-^*- a ^ 


W* 

so 

tx 

so , . n s,Vx-y a 

SO 
Sa 

m 


(117) 


- i9 (Vx + y a ) + 2 ) 


-‘rWix-af, 


+ ifi' 2 (x — af = \y 




S y a - !M x-a 

for the two relations (110) thus become 

~\g (y x +y a )+\ 

ig(x -a)-^=-y' a ; 

and the two relations (111) become 

ig{y x +Va)-\-lg*(x-a)*= -\y?+gy*, 

and these relations (118) and (119), which agree with those marked (114) and (115), are satisfied, 
like them, by the expressions (83) for y x and y' x . 


(118) 


(119) 
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Reciprocally, it is important to observe that those former expressions are included in these 
recent relations; in such a manner that they might have been obtained from the equations 
(110) and (111), if the form of the function $ had been known as well as the forms of <f> x and (j> a 
or from the more general equations (112) and (109), if we had known the form of the function I 
as well as the forms of f x and/ a . For, having thus obtained the relations 

yi=77+i (*-«), 

dj LI/ 

we might thence have easily deduced the expressions 

y x =ya+ya( x - a )+i9 
y'x=y'a+9(p-a)> 

which we have otherwise deduced before, by integration, from the principal supplementary 
differential equation 


( 120 ) 


(83) 


o= -g+y'x- 


(67) 
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CHAPTER L 

General Theory of the Principal Integral of any Total Differential Equation 
of the First Order „ but not of the First Degree , between three or more Variables. 

1. Let x l3 x 2 , ... x n denote any n sought functions of any one variable x 3 the number n 
being supposed to be greater than unify; let x^ 3 x 23 ... x' n denote, according to the well-known 
notation of Lagrange, the n derived functions corresponding, of the first order, or the first 
differential coefficients 

dx x da r 2 dx n 

dx 7 dx 9 *“ dx 

of the n sought functions respectively; let 

f(x, x l3 x 2 , ... x n , x x> x'z, ... x!f) 

denote any known function of x, x l3 x 2 , ... x n , x[ , x 2 , ... x' n ; and therefore let the equation 

0=/(ar, x l3 x 23 ... x n3 x' l3 x 2 , ... <) (A) 

represent any proposed total differential equation of the first order, restricting the forms of 
the n sought functions x l3 ... x. n and assisting to determine those forms by establishing a known 
-relation between those n functions themselves, their n derived functions of the first order and 
the independent variable x. Since the number n of the sought functions x l3 ... x n has been sup¬ 
posed to be greater than unity, the one equation (A) is not in general sufficient to determine 
the forms of all and we may on the contrary assume any n— 1 supplementary equations, 
differential or not differential, to connect these n sought functions, in combination with that 
given equation of the first order (A). 

Among all the supplementary equations which might be thus assumed, we shall select as 
deserving of special attention, for reasons that will hereafter appear, the following n — 1 equa¬ 
tions, which are in general of the second order, and we shall call them the principal supple- 
mentaries of the original equation (A): 

/' (*i) - {/ ' (<)}' _ r (x 2 ) - {/' (K)V /'(*«)-{/'«)}' 

/'M /' K) r «) • () 

In this notation, which is borrowed from Lagrange, tbe 2n symbols 

/' «), /'(*£), 

denote respectively the 2 n partial derivatives, or partial differential coefficients, of the first 
order of the known function/, taken with respect to x l3 x 2 , — x n , x{ 3 x 2 , ... x' n3 and the n 
symbols 

{f r fai)Y> {f'faz)Y, •*. {/'«)}' 

denote the total derivatives, or total differential coefficients, of the first order of the functions 
f fai )d f fa 2 )* •*' f fan) respectively, considered as depending on the independent variable x, 
not only so far as that variable enters into them explicitly by entering into the known com¬ 
position of the function/, but also so far as it enters into them implicitly by entering into the 
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unknown composition of the n sought functions x x , x 2) ... x n and of their derivatives x x , x' 2 , 
... x' n ; so that, according to Lagrange’s analogous notations for partial and total derivatives of 
the second order,* the symbols {/' (x x )}', ... {/' (x' t )}' are equivalent, respectively, to the following 
more developed expressions: 

/'■' (?C, Xl ) + x'xf '■' (*1 > + z'J'-'(X 2 .,x' 1 ) +... + x’J ’-' (x n , x'x) 

+ x’xf (» 1 ) + xlf-' (x{,x' 2 ) + ...+ x" n f-’ {x'x , x' n ). 


/'•' (*X) (*1.0+ (**.*«) + ... + </'■' (*„,<) 

+*!/'•' (*i. O + *•/'■' (*a»O + • •• + </" «)■ 

The object of the present Chapter is to establish a general method for rigorously expressing, 
and for at least approximately calculating, the integrals of all such systems of original and 
principal supplementary equations as the system (A) and (B) for any number of variables x, x x , 
... x n and for any form of the given function/, (some particular exceptions being set aside); but, 
before proceeding to the establishment of such a method, it may be proper to mention some of 
the chief reasons, (connected with the Calculus of Variations,) for the selection of the system 
of equations (B) as the supplementary system to be combined with the original equation (A). 


2. Such reasons may be drawn from the comparison of that original equation (A) with 
another equation of like form, obtained by slightly altering as follows the original values of 
the variables x, x x> ... x n . If we represent by g, g 1 , g 2 » • • * an y functions of x and by e any 
small multiplier independent of x, we may then consider 

*1 + 0 . + *» + <£» 

as n functions of x 4- eg, which do not much differ in their forms, or in their laws of functional 
dependence on x + eg, from the n former functions x 1} x 2 , ... x. n , considered as depending on x ; 
and if we wish that these n new functions x x + eg x , &c. of x + eg should be connected with each 
other by a differential relation of exactly the same form as that original differential relation, 
which was previously given to connect the n old functions x x , &c. of x, we must then establish 
this new differential equation of the first order, analogous to and formed from the original 
equation (A): 

0=f(x + eg, + W, - YTW") ; 


(C) 


in which g f , g x , ... g^ are the first derivatives or differential coefficients of g, g 1} ... g n> considered 
as functions of x; and consequently 

x i + 

1 + ^'’*" 1 + €g’ 


are the first derivatives or differential coefficients of x 1 + eg 1> x n ~h eg„_ , considered as functions 
of x + eg. Developing this new differential equation (C) according to the ascending powers of 
the small multiplier €, and suppressing that part of the development which vanishes on account 
of the original differential equation (A), and finally dividing by e, we find 

0 = gf (®) + g 1 f {x 1 ) + ...+ gj f (xj 

+ (fi - )f «)+* * - ■+ (in - <£')f «)+(D) 

* [Lagrange, TTieorie des fonctkms analyUques (1797).] 
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the coefficient E denoting, for abridgement, a development of which the actual calculation is 
not necessary for our present purpose, because it disappears when we pass (as we shall shortly 
do) to the limit at which er vanishes. The part independent of e in the equation (D) may be 
transformed, by observing that the total derivative of the original equation (A) gives this 

relation: , ....... 

0 =./'(«) +x'J f (x x ) H-... + </' ( x J + ■(aq) + .. - + ( X J> W 

for thus we find, by eliminating/' (x) and by observing that i x — %[£' — x 1 i = (i x — x x i) , &c., 

0 = (|i- x'J)f' (aq) -f ... + (i tl ~ <i)f ( x n) 

+ (ii - x iiYf (^i) + -.. + (i n - xhiYf' ( x h) + *E. (F) 

Let A denote a function of x 3 so chosen that when we multiply by it the sum of the terms 
(i n — x’ n i)f' (x n ) and (i n -x^iYf' t]h - e product shall be an exact derivative, independently 
of the forms of the functions i and f n ; that is, let A satisfy the following differential equation of 
the first order, 

(*»)-{*/'«»'• ( G > 

The differential equation (F) may then be thus transformed, 

0 = {(i x - xii) A/' K) + ... + (i n -Ki) A/' «)}' 

+ (ii - x ii) (A/' (^i) - {A/' K)}') + - • • 

+ (in -1 - K-ii) (A/' (x n -1) - {A/' «-!)}') + eA_E7; (H) 

and it gives, in the notation of finite differences and of definite integrals, 

0 = A{(&- xiS)Xf (xi) + ... + (i n - x' n i) A/'«)} 


(A/' (%) -{A/' (a4)}')*e+... 

f (in-1 ~ x tb-li) (A f' ( x n—l) ~ {A/ / ( x n-l)}') dx - 
J a 


XEdx; 


the sign of a finite difference A implying here that we are to subtract the initial from the final 
value of the function to which it is prefixed, so that, the initial value of x being supposed to he a, 
the symbol A F (#) is equivalent in this notation to F (x) — F (a). Now if we take successively 
smaller and smaller values of the multiplier e, that is, values nearer and nearer to 0, so as to 

make e tend to 0 as its limit, the product e A Edx will also tend to 0 as its limit, and thus the 

J a 

definite integral A Edx will disappear from the limiting or ultimate form of the equation (I), 

J a 

as being multiplied by an ultimately evanescent factor e. But when the term e I ^A Edx is 

J a 

suppressed in the equation (I), the function i n enters into that equation by its initial and final 
values only and no trace of the intermediate values (or form) of this function i n remains; to 
accomplish which removal of the effects of all but the extreme values of i n from the equation (I) 
was (as will easily be perceived) the t h i ng aimed at in establishing the foregoing relation (G-) for 
the determination of the multiplier A. As yet, however, the equation (I) involves not merely 
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the extreme values, but also the intermediate forms, of the other n new functions £ x , ... £ tl _ x 
because it involves the definite integrals 


J # (A/' (*i) - W (*£)}') dx, 

(J) 

f (f,-i - K-ii) (A/' (*_!) - {A/'«_,)}') 

J a 


it is therefore evidently an object of particular interest to make these n— 1 definite integrals 
vanish, without restricting the forms of the n functions £, ... g n - x , and for this purpose to 

make the coefficients of 

il ~ x \i-> * ** in—1 ~~ x n~li 


under the signs of integration vanish, by establishing the following n~l relations between the 
n original functions x x , ... x n , the multiplier A and the independent variable x: 


A/' (%) = {A/'(«£)}', 
A/' ( x n-l) — {A/' 


(K) 


which can in general be done, consistently with the original given relation (A) and with the 
assumed equation (C). And if we eliminate A and its derivative A', or rather the ratio of the latter 
to the former, between the n equations (G) and (K), we obtain the n — 1 supplementary equa¬ 
tions (B); which were accordingly selected as possessing this remarkable character, among 
others, of causing the effects of the forms of the n+ 1 new functions g, g x , ... g n to disappear 
from the ultimate state of the integral of the varied equation (C), and of reducing this ultimate 
state of that integral (I) to the form of a linear relation between the final and initial values of 
these new functions, namely, 

0 =A {(fi - ) A/' (x' x ) + ... + (£„-<£) A/' (.<)}; 

a relation which may also be thus written, 

o = (f1— x 'ii) A/' «) + -... + (i „ - x' n i ) A/'«) 

- («i -«ia) y/' («i) - ... - («« - K *) vf «)> 

if we employ the symbols 

a lt ...a n , a[, a, a ls ...a n , a 7 , cq, ...<, y 

to denote the initial values of the functions 


(L) 

(M) 


, ... 37^, ... x n , s * * * a ^ s i\ s * * • in ? Aj 

(corresponding to the initial value a of x } ) and employ also the symbols /'(e^), .../' (oQ to 
denote the corresponding initial values of/ 7 (#£), ... f r {x f n ). 


3. In the important but particular case, in which the original differential equation (A), or 
the given function/, is of the first order with respect to the differential coefficients x x> ... x' n3 so 
that the expressions of the partial derivatives/ 7 (^), .../' (a£) do not contain those coefficients 
x x , ... x^, the supplementary equations (B) reduce themselves to the first order; and a reduction 
of the same sort takes place, with respect to all or some of these equations, in some other cases 
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of exception, which, are of less importance. Rut, in general, the n— 1 supplementary differential 
equations (B) are of the 2nd order and compose, when combined with the total derivative (E) 
of the original differential equation of the 1st order (A), a system of n total differential equations 
of the 2nd order, of which the complete integrals must involve 2 n arbitrary constants, (besides 
the arbitrary initial value a of the independent variable x ); and since we may choose for these 
2 n constants the 2n initial values a l9 ... a n , a' ±> ... we may represent the n integrals of the 
equations (R) and (E) as follows : 


Xi — <f>i (x 9 a, cq, . ct n , cq, ... ct> n ) } 


(N) 


•£«, — $n fa} > • * • Q'n > > * • • ®w) ’„ 


the forms of the n functions $ lt ... <f> n remaining, as yet, unknown. Resides, the original differ¬ 
ential equation (A) gives this initial condition: 

0 =/(a, a lf a{, ...<); (O) 


so that the constants a l3 ... a n , a' ls ... a.' are not any longer all arbitrary (when a is considered as 
known), but must be so assumed as to satisfy this condition (O), if we wish to represent, by the 
equations (N), no longer the integrals of the derived system (B) and (E) but the integrals of the 
original system (A) and (B). And if we knew these integrals of that original system, that is, if 
we knew the forms of the n functions <f> ± , ... $ n in the n equations (N), as well as the form of the 
funetion/in the initial condition (O), we could in general eliminate the n constants a [, ... a' n 
between these n+ 1 equations (N) and (O) and so arrive at a relation which would involve only 
x 3 x lt ... x n and a, a ± , ... a n and which would be thus denoted: 


0=$(x,x l9 ...x n3 a, a l3 ...a n ); 


(P) 


but not in general at two (or more) distinct relations of this kind; since, after the assumption 
of the n initial values a 1 , ... a n of the n functions x l3 ... x n (corresponding to any assumed initial 
value of the independent variable x), there would still remain n—l arbitrary constants to dis¬ 
pose of, and consequently the final values of any n— 1 of the same n functions (corresponding 
to any final value of the same independent variable x) would still admit, in general, of being 
assumed at pleasure. It is sufficient, for the present, to concede the possibility of such an 
elimination, and to perceive the general existence of a determinate relation such as (P), (that is, 
a relation between the final and initial values of the independent variable x and of the n func¬ 
tions x 1; ... x n as a consequence of the differential equations (A) and (B)); for it will soon be 
shown that, instead of our being obliged to integrate first those differential equations and then 
to deduce the relation (P) by elimination from the integrals thus found, we may, on the contrary, 
with advantage, seek first hy independent processes to discover the relation (P), and, when it 
has once in any way been found, may then deduce from it the whole system of integrals (NT). 


4. The equation (M) between the extreme values of the n-hi functions g lt ... g n3 intro¬ 
duced in the 2nd article, was obtained as a limiting form of the integral of the single differential 
equation (C). combined with the relations (A) and (B) between the n functions x l3 ... x 7t : and 
therefore this equation (M) will stiff be true, after the introduction of any new equations between 
the same n q-1 functions g 9 g l3 ... g nf if we combine these new equations with the equation (C) 
and with the system (A) and (B). If, then, hy the introduction of any such new or supplementary 
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relations between the functions A g l3 ... g n we can obtain, in any new way, a new limiting linear 
relation between the extreme values of those functions, not visibly coincident with the relation 
(M) but of the form 

+ Act + A x a x -f ... + A n ct n ,} 

in which the coefficients X , X l3 ... X n , A, A l3 ... A n are independent of g, g 1} ... £ n ; if also, by 
the nature of this new process, it is permitted to assume at pleasure any 2n + 1 of the 2n + 2 
extreme values a, ct ± ,... ot n , g, , ... £ n , provided that the hmiting state of the remaining extreme 
value (corresponding to the limit e = 0) is then determined so as to satisfy the new relation (Q); 
(as, by the nature of the process which conducted to the former relation (M), it was permitted 
to assume at pleasure any 2n+ 1 of the same 2 n-t-2 extreme values, provided that the limiting 
state of the remaining value was determined so as to satisfy that former relation); we shall be 
able to conclude that these two hmiting relations (M) and (Q), though differing in appearance, 
must in reality coincide with each other, in such a manner that the 2n -f 2 coefficients of the one 
must be proportional to those of the other, and that thus, by the introduction of a new multi¬ 
plier L , we shall have the 2n + 2 equations following: 

X=-L\{x’J' (*') + ... + </' «)}, 

X± = L\f {x{), ... X n = LXf «), 

A = Ly{a' 1 f K) + ...+ </'«)}, J 

A x = -Lyf'(a{),...A n = 


5. Now among the various supplementary relations which might be assumed to connect the 
n+ 1 functions f, f j, ,.. g n , those relations which are derived from the principal supplementary 
differential equations of the second order (B) by changing 


X + eg, X 1 -\-€g 1) ... X n + eg n , 


be thus denoted, 
0= / (x + eg 3 x 2 


X+eg, X-L + egi, ... X n + eg n , ~ 


0= / l SC+eg, X 1 +eg 1 , ... X n + €g n , y- 



...< 




/<+«&Y 


U + *f j 

\ i+«r 1 

i+«r ’ 

1 + ef' ’* 

l + €f 

— 1 new supplementary equations, which may 

j 

/sJ + cfiV 


•Li d 

U+«f/ 

L+«fd 

l+<r£' ’ 

i+*r s " 

" l + €#' 



(S) 




x k+ e £n 

U+«e7 

1 i+«f 1 

’ 1 + ef' ’ 




if the n— 1 former principal supplementary equations (B) be denoted as follows: 

i 

0= / (x, x x , ... x^ 3 ... x^, & 1 , <), 


0— £ (x, ... x n , , ... x n , ... x n )lj 


41 
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and th.ese n — 1 equations (S), when combined with the equation (C), conduct to a limiting linear 
relation of the desired form (Q) between the 2n+2 extreme values a, a l3 ... oc ni £, g lf ... g n3 
leaving 2n + 1 of them arbitrary. For, although the n differential equations (C) and (S), even, 
along with any finite relation of arbitrary constants or initial data, are not in general sufficien t 
to determine completely the forms of the 1 functions £, £ 1: ... £ n considered as depending on 
x } yet these n differential equations are in general sufficient to determine completely the forms 
of the n functions 4- , ... x n 4- *£ n considered as depending on x 4- e£ 3 if the 2n initial con¬ 
stants a 1 + eoq, ... a n •+• ea 7l , ? ... , (as well as a 4- ea,) be known or even any 2n — 1 

1 -f- € 0 L 1 + ea 

of these 2n constants, because the equation (C) conducts to an initial condition connecting 
them; and thus we find n integral equations of the forms (N), namely. 


% 4- = ^ |iG + e£, a 4- ea, Gq 4- eoq, 


a n 4- €c /. n , 


+ €<%i 

I + ea' 


a n + 

l4-ea'/ : 


x n + = $ n (x + eg, . 

together with this initial condition of the form (O) 


), 


'(• 


0 -/ « 4-ea, % + €a 1? 




+ coq 
1 4- ea' J 


a k + <E(X k\ . 

1 + ea' ) ’ 


which n+1 equations (U) and (V) conduct, by elimination of the n constants 


to this following relation 


af x 4- esq Qj' u 4- ea^ 
14- ea' 5 1 4- ea' ’ 


(U) 


(V) 


0 x 1 + e£ 1 , ... x n + eg n , a + ea, a x + ea,, ... a n + e «„), (W) 

tie form of tie function xjs in this relation being tie same as in tie final relation (P); so that 
developing tiis new relation (W) according to the ascending powers of <=, suppressing the terms 
which vanish on account of the old relation (P), dividing across by e and finally letting E tend 
to 0, we have the equation 


0 = £4' (*) + £l0' (xj) + £,<£' (x 2 ) +... -f I^P' (x n 
+ «</>' (a) 4- a^' (oq) + (a 2 ) +... -|- a n xp’ (a n ). J 


[Here there are 19 pages of manuscript missing.] 


11. The reduced equation (G 2 ) may be put under the form 

z 2 re-l = 7 Z 1 + Ti Z 2 + • • - + Z 2n-2 > (A 3 ) 

m which the 2n~ 2 coefficients T 7 T 7 17 -u ., 

K *» — ’W-a “e to be considered as known functions of the 

n ! vaJ ? ables 2 a> ••• z %n —1 and of these alone. If we denote by the symbols z z ? 

SbW ^ m6d ““ * 2.-1 variables and trea/thte 

variables, we may in general conceive that the 2.-3 former variables " Z 

expressed, reciprocally, as 2.- 3 functions of these 2.-3 new variables ... ^_ 3 " and of 
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the two other old variables z 2n _ 2 , z 2n _ ± ; the partial derivatives, or differential coefficients, of the 
first order of these 2n — 3 new functions may be denoted by the symbols 

1 i i 

Z 1 ( Z l)> Z l( Z 2)> **• Z 1 ( Z 2n-z)> Z 1 ( z 2n— 2)3 4 ( S 2.-l)> 


Z 2n —3 Oh.)? z 2n —3 ( z %)> z 2n —3 k z 2ti— s)> z 2n ~3 ( Z 2n— 2)5 Z 2n —3 ( z 2n— l )> 

and their total derivatives of the same order may in like manner be denoted as follows: 

1 1 1 1 

% = Z 1 ( Z l) Z 1 + • • • 4 Z 1 (^ 2 ^- 3 ) Z 2n-3 + % (z 2/l _o) 4 ?i—2 + ( z 2n—l) Z 2n-1 9 

( 

1 1 11 

Z 2n— 3 = z 2n— 3 ( 2 l) 2 1 *f • • • 4 Z 2n _3 ( 2 2/i.~s) Z 2n~Z "f Z 2i2 _3 O^h— 2 ) z 2n—2 + s 2it—3 ( z 2n— l) z 2n— 1 • 

By the substitution of these expressions, the equation (A 3 ) takes the form 


1111 1 

0 = Z 2 z[-i- Z 2 z 2 4 ... 4 ^ 2 , 1—3 

11 1 

Z 2n —3 Z 2n _ 2 Z 2tl _ 2 4 ^2/i-l 4/z-l > 

(C 3 ) 

1 1 1 

in which the coefficients Z Xi Z 2 , ... Z 2n _^ have the following values: 


i i 

1 


Zi = Fl4 ( 2^)4 ... 

■+• ^2n-3 Z 2n~3 ( z l)> 


1 1 

1 

(D 3 ) 

^2.-3 ~ ^1 2 1 ( z 2n-s) + ' 

“ • + ^2n —3 z 2n —3 ( z 2n-3h) 


^2n —2 “ ^1 Z 1 ( 2 2.— 2 ) h 
1 

... 4 Fi.-3 S 2n-3 ( S 2.-2) + ^2??-2 : 

(E s ) 

%2n —1 ~^l z l (^ 2 .- 1 ) 

... 4 Z Z 2n —3 ( S 2«—l) f • 



This equation (C 3 ) will admit of being put under the simpler form 
1 1111 11 1 

Z 2n—Z ~^1 Z 1 "t ^2^2 • - • 4 V^Ti—£ z 2n —4 ~f ^2n—l 2 2n—:1 > (^ 3 ) 

11 1 

in which the 2^ — 4 coefficients F x , F a , ... F 2n _ 4 will be known functions of the 2n—3 new 
11 l 

variables z lt z 2 , ... z 2n _ 3 and of z 2n -i > not involving z 2n _ 2 , if we can so choose the new variables 
as to satisfy the 2n — 3 conditions following: 

4.-2-o; m 

ii i, 

Z'l (# 2 .- 2 ) _ ^2 ( g 2u~ 2 ) _ ^2.-3 i. z 2n — 2 ) (H 3 ) 

^2.-3 

The expressions (D 3 ) give 

1 1 1 

Z'i ( z 2n-%) —ViZ% ,r ( z i » ^2.-2) + * * * + ^2n-S z 2n-3 ( Z t > Z 2n~2J 

4 {Fi (%) . zj (Z 2n _ z ) + ... + Fi (Z 2W _ 3 ) - 4.-3 (^2.-2) + (*2n-2>}4 (««) 

+ . 

4 {F 2n _3 (z x ) -Z^ (z 2n _ 2 ) 4- ... + F 2 7 i—3 ( Z 2 n— 3 ) *^ 2 .—3 (^ 2 .— 2 ) "f ^2.-3 (^ 2 .—a)}%»—3 (%)> ) 
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the index i being here any one of the integer numbers 1, 2, ... 2n- 3; and the first expression 
(E 3 ) gives 

a. i i ,, 1 \ 

^2n—2 ( Z i ) = Vl Z l’ ' ( Z i > Z 2n~2) + • • • + ^2n-3 Z 2n-3 ( Z i ? S 2n-2/ ^ 

+ {Fi ( Z l) * Z 1 (~2n—2) + - - - + F 2n-3 ( Z 1 ) * Z 2n-3 ( z 2n-2 ) + F 2n _2 (%)} Z 1 ( Z i) 

+ . ^ 1 

+ {T 7 i (Z 2n _ 3 ) * Z 1 ( 2 2/i-2) + • • * + ^2n -3 («2»-s) * 2 2n-3 ( 2 2n-s) + ^2n-2 ( Z 2ns)} Z 2n-3 ( Z i ) J (^ 3 ) 

so that we have the equation 

h (z 2n - 2 ) - kn-2 (k) = W l z 'l (%) + • • • + (%)> ( L3 ) 

in which 

IF* = {F* (*J - Fi (**)} zi (z Zll _ a ) 

+ {Fft (*,) - Vi ( z k )}z' % (z 2n _ 2 ) 

■+. 

+ {Ffc (^2n— 3 ) ~ ^2n~3 ( Z k )} 2 2?i-3 ( Z 2n-2) 

+ V’ k (z 2n __ 2 )-V' 2 , l _ 2 (z k ) i (M 3 ) 

the index h (like i) denoting any integer from 1 to 2n — 3 inclusive. And since, by (D 3 ), we have 

Z i = V^i (z^ + ... 4- V 2n _ B z ' Zn _ 3 fa), (N 3 ) 

we see that we shall satisfy the 2n — 3 conditions (G 3 ) and (H 3 ) if we can so select the 2n — 3 
ii 

auxiliary variables z x , ... 2 2n _ 3 as to satisfy all the following conditions: 

0 = V-yZy (Z 2n _ 2 ) + -.. + V%n-3 Z 2n -3 i Z 2n-2) + ^2n-2 > (^ 3 ) 


and 


w x _w 2 _ _w 2n _ 3 

T7 T7 * * * T7 


V t ~V 2 


K, 


(V s ) 


' 1 ' 2 r 2/1-3 

In this manner we are led to endeavour to integrate a new auxiliary system of total differential 
equations of the 1st order, namely, the following system of 2n — 3 such equations between the 
2n •— 2 variables z x , z 2 , ... z 2n _ 2 : 


0 — V X Z X + V 2 Z 2 + ... + F> n _3 # 2n _ 3 + 2> 

|T(Fi( z i) * 2 i + F 2 (#i) .2 2 +... + F 2n _ 3 (%).2: 2w —a +*F 2 „_ 2 (sq) — Fi} 

— y {Fi (%) * zi + Fi (z 2 ). z 2 -f ... + V 2n _ 3 (z 2 ). z 2n _ 3 + Fi w _ 2 (z 2 ) — V 2 j 


(Q 3 ) 


L fB, 3 l 


“ {^ 1 ( z a»-a) * Z 1 + V 2 ( z 2 n-z) .«£ + ... + F 2n _3 (z 2rt _ 3 ). z^_ 3 + F 2yt __ 2 (z 2 ^__ 3 ) - Fi w _ 3 }; j 

in which z 2n _ x is treated as constant and z 2n _ 2 is taken for the independent variable, so that the 
total derivatives V x3 ... V 2 ^__ 3 are equivalent to the following more developed expressions: 

Fi = Fi ( % ). ^ +... + Fi (z 2n _ 3 ). #271—3 + Fi (z 2n _ 2 ). 


FL-3 “ Vkn- 3 (#i)-#i+... + y'2n~3 ( Z 2n-3) * Z 2n-3 + (^n- 2 ) 
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For, if we can integrate these 2n — 3 equations and thereby discover expressions for z l9 z 2> *•* 
z 2 n~s as functions of the independent variable z 2n _ 2 , involving also the variable z 2n _ 1 , which 
has been treated as constant in the integration, and involving 2n — 3 arbitrary constants, we 

have only to treat these 2n — 3 new constants as variable and substitute them for the 2n— 3 
11 1 

auxiliary variables z l9 z 2 , ... z 2n _ 3 , which have hitherto been left undetermined; since thus we 
shall accomplish the desired reduction of the differential equation (A 3 ) to the form (F 3 ), in 

which the coefficient of z 2n _ 2 is null, the coefficient of z 2n __ z is unity and the coefficients of 

z i 5 z 2 » • • • z 2 n-i are independent of z 2n _ 2 . The same reasoning shows that if we can integrate the 
following new system of 2 n —5 total differential equations of the 1st order: 

0— V 1 Z 1 + V 2 Z 2 + ... + (T 3 ) 

T" {^1 • Z 1 "f * * • "f ^2n—5 ( z l) • z 2n —5 "f V2n—i ( z l) ^l} 

Vi 

111 1 11 1 11.1 
1 {^1 ( Z 2n-$) • Z ± 4- • • * + ^2/i-5 ( Z 2n-5) • z 2n-5 + ^2n-i ( z 2n-s) ~ (U 3 ) 


1 1 

in which z 2n _ 3 and are treated as constant and z 2n _ 4 is taken for the independent variable; 

ill i 

and if we can thus discover 2 n—5 expressions for z l9 z 2 , ... z 2n _ 5 as functions of z 2n _ 4 , involving 

also in general z 2n _ 3 and 2 2n -i and 2n — 5 arbitrary constants; then, bv treating these latter 

2 2 2 

constants as 2n — 5 new auxiliary variables z l3 z 2i ... z 2n _ 5 , we can reduce the equation (F 3 ) to 

this new and simpler form: 

2 2222 22 21 2 

Z 2n-5 = ViZ'i + V 2 Z 2 + ... + V 2n _ 6 Z 2n _ 6 -1- V 2n _zZ 2n _ 3 + F 2 r-1 Z 2n _ x ; (V 3 ) 

2 2 2 2 2 2 1 
in which the 2 n—6 coefficients V l3 V 2 , ... V 2n _ 6 will be known functions of 2 1} 2 ,, ... z 2n _ 5 , z 2n _ z 
2 1 “ 2 
and z 2n „ x , V 2n _ 3 will be a known function of the same variables and of z 2n _ 4 , and V 2n _ x will 

involve in general the variable z 2n _ 2 along with all the former. 

By successive reductions of this sort, depending on the integrations of several successive 
systems of fewer and fewer total differential equations of the first order between fewer and 
fewer variables; namely, on the integration of a system of 2n~ 7 equations between 2n — 6 
variables, a system of 2n~ 9 equations between 2n — S variables, and so on till we come to the 
integration of a single total differential equation between only two variables; it is in general 
possible, at least in theory, to reduce the differential equation (A 3 ) to the form: 


n—l n—ln—2 n—ln—Z n— 1 

zi ~ V 3 Zo + V 5 zL + ... + V 2j 


1 1 n-l 

2n— 3 Z 2n—Z z 2n—l» 


n—l n—2 n—Z 


in which the coefficient V z is, in general, a known function of the n variables z l , z z , z 5 , 
n- 5 = Z 2 n-B > z 2 n-i > involving also another variable which, according to the same analogy of 

n —2 n—l 

notation, is to be denoted by the symbol 2 2 ; V 5 involves in general the same variables as Y z 

n—Z n—4 n—5 

but involves also an additional variable z 4 ; and thus new variables z 6 , z s , &c. are introduced 



326 


XII. CALCULUS OF PRINCIPAL RELATIONS 


[11, 13 


successively as we pass to new coefficients T? , E> , &c. till we come to tlie last coefficient 
F 2n _i which is a known function of all the 2 n — 1 variables of tbe new system, namely. 


n— 1 n— 2 n~2 n—3 n—3 


2 2 1 
z 2n— 6j Z 2n—5’ Z 2rt— 4* 


Z 2n —2 


And now, at las t, we see tbat tbe sought integral of tbe total differential equation (A 3 ) of 
tbe 1st order and 1st degree between 2 n — 1 variables may in general be represented by the 
following system of n equations, involving one arbitrary function of n — 1 variables: 


n— 1 n—\ 

Z x = X ( 2 3 


— 3 » z 2n-l)> 
n—1 

^2n —1 “ X ( Z 2n —l) > 


(X 3 ) 

(Y 3 ) 


Ts 


in winch the 2n — 3 new variables z. 


P 2n _i are the known functions just now described, and 

n— 2 2 n—3 n—3 1 1 


^271—4’ ^2/1—3 


are themselves known 

functions of the 2^ — 1 old variables z l3 z 2 , ... z 3n _ l3 which entered into the equation (A 3 ); 

n—2 n —3 1 

while the function x of the n—1 variables z 3 , z 5 , ... z 2n _ 3 , ^ 2 n-i remains entirely arbitrary. 
We see also that the equation (A 3 ) may be integrated by another important (though only 
particular) system of n equations, namely, the following: 


n—1 n—2 

Zi =e 1 , s 3 —e, 

n—1 n —2 

in which the n expressions z x , z 3 

€•% J 6o s Cq, ... 6/ 


71—3 1 

'2 5 s 5 — e 3 3 Z 2n—3 ” e n—l 3 2 2n—1 ^ e n 5 (^ 3 ) 

n—3 1 

i z s , ... s 2n _ 3 , 2 2 n-i are equated to n arbitrary constants 


e 2s e 3 , ... e n _ x , e n , instead of the first being treated as an arbitrary function of tbe rest. 
And to apply all this research respecting the integration of the equation (A 3 ) [or (G 2 )] to the 
problem of integrating any partial differential equation of the 1st order 

<>=*’(& x lt ...x n , y x , ... y n ); (X 1 ) 


n—1 71—2 

we have only to consider z r , z 3 , 


n—1 n—1 


s 5 , ... s 2 «._ 3 , z^^ and V 3 , V s , ... V 2n _ 1 as equal to 2n^l 
.. 


known functions of the 2n+l variables <f>, x x , ... x n , y l3 ... y n \ the forms of these functions 
being supposed to be discovered by combining the processes of the present and of the preceding 
article. For thus we shall either have, at once, the general integral of the proposed partial 
differential equation, with an arbitrary function x of n — 1 variables, by eliminating, or by 
conceiving eliminated, the n partial differential coefficients y lf ... y n of the sought function <f> 
between the proposed equation (X 1 ) itself and the general integral system (X 3 ), (Y 3 ), which is 
properly the method of Pfaff; or we shall have, if we prefer it, a simpler but only particular 
integral of the same partial differential equation (X 1 ), involving no arbitrary function but 
involving n arbitrary constants, by e lim i n ating the same n partial differential coefficients 
Vi> — Vn between the equations (X 1 ) and (Z 3 ); and then from this particular integral the 
general one can be easily deduced. 

12. In order to apply the general method, explained in the two last articles, to the case 
where the relation 

Q=F(<f>,x 1 , ...x n ,y 1 , ...y n ), (Xi) 
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between the 2n+ 1 variables <j>, x lt ... x n , y x , ■.. y n , is supposed to result by elimination of n 
other variables, such as w ,, ... u n , from a system of n + 1 given equations of the following forms 

, 0=/(^> aq. —*«. u x , (A 4 ) 

and 


2/i = 


/' <“i) 


w i/'(%) + ••• + u n f'(u n y 

= _ /'(«*) 
yn «l/'(«!> + • ••+«../'<*»>’ I 


(B 4 ) 


we must endeavour to deduce from these equations expressions for the 2ra+ 1 partial deriva- 
tives, or partial differential coefficients. 


*"(*>. •••-?" (U,), F'(y ,), ...F'(y,y, 

or at least for their 2% ratios, because these ratios enter into the formulae (V 2 ), (W 2 ). By the 
nature of these 2^+1 partial derivatives, they are equal or proportional to the coefficients of 
that limiting and linear relation which connects the otherwise arbitrary increments that may 
be attributed to the 2n -f 1 variables <j>, x 1} ... x n , y 1 , ... y. n , consistently with the relation (X 1 ), 
when these increments are made smaller and smaller; in such a manner, that if we represent these 
increments respectively by eg, eg ± , ... eg n , €%, ... erj n , e being any small multiplier, and if, after 
developing the equation 

0 = F{cj> + eg, x 1 ^eg 1 , ...x n -heg n , y x 4- + (C 4 ) 

according to the ascending powers of c and suppressing the part of the development which 
vanishes by (X 1 ), we then divide by e and finally make € tend to zero, we shall thus be conducted 
to the limiting and linear relation following, between g, g l3 ... g n , 7j l9 ... rf n : 

The equation (A 4 ) conducts in like manner to this other limiting and linear relation, 

0 = if W + ilf (* 1 ) + • • • + inf W + /' (%) + • • • + Vnf ( u n), (E 4 ) 

if, besides changing x 1} ... x n to 4 e£, 4-, ... 4 - eg n , we change also u ± , ... u n to 

u i + €v i > • * • u n + and make € tend to 0 as before; and, by making the same changes in the n 
equations (B 4 ), we should obtain n other limiting and linear relations between g : g lt ... g n , 
v l3 ... v n and y 1} ... yj n , which, when combined with the relation (E 4 ), would conduct by elimina¬ 
tion to a new limiting and linear relation between g, g t , ... g n , , ... rj n , not involving v 1} ... v n ; 

but we may simplify this elimination by observing that the equations (B 4 ) give 

1=yi«i+ — +»»«». (E 4 ) 

and therefore at the limit (corresponding to the limiting value 0 of e) 

0 = t?i%+ + 07 ^+ 1 ^!+ ... +v n y n , (G 4 ) 

while the limiting relation (E 4 ) gives, on account of the equations (B 4 ), 

0 = if (<f>) + iJ’(x 1 ) + ...+ inf (*J + («!»! + •-+ v n y n ) {uj- (%) + ...+ uj' («*)}• (H 4 ) 
We may therefore eliminate all the n variables v x , ...v 7l together by eliminating the one com¬ 
bination v 1 y 1 -b... +• v n y n between the two relations (G 4 ) and (H 4 ); and thus we obtain 

0 = — {gf f ( <f >) 4- (# 1 ) 4-... 4- inf' (#«,)} \ / 

+ 0?1^1 + * * - + Vn u J {%/' (%) + * * * + U nf l ) 
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Comparing this with the relation (D 4 ), we find, in general, the following expressions for the 
sought partial differential coefficients of the function F’. 

F’ (<£) = - Mf' (f>), F' (x t ) = - Mf (xj, ... F' ( x n ) = - Mf (*»), (K 4 > 

and , , . 

F* (# 1 ) ” {%/' ('M-i) + ... + u n f {Wn)}, 

\ ( L4 ) 

F' iVn) — M u n{ u lf' K) + ** • + u nf' ( U n)}’ ) 

the multiplier Jkf remaining indeed still undetermined but disappearing from the expressions of 
the ratios of the coefficients F f (<£), &c., which alone are required for our purpose. For, since 
the expressions (L 4 ) give by (F 4 ) 

Vi*" (yi) + —+y»- g " (Vn) 




and therefore 


and also, by (K 4 ), 


%/' (%) +... 4- u n f f (uj 9 
F r (yi) 


yiF'(yi) + -~+yn (yJ 

. am 

yiF'(y 1 ) + ...+y n F'(y n ) 

F'ffl_/'W 


(M 4 ) 


(N 4 ) 


Vi F’ (yy + ...+y n F' (y n ) 
F'^) 

Vi F' (yi) + ... + y n F' (y n )" 
F'{x n ) 


+ — + «*/' («„)’ 

_ /'(%) 

U x f (u 1 )+ ... + u n f (u„) ’ 

/'(aw) 


(O 4 ) 


UiF'{yi)+...+y n F’{y n ) uj'(u 1 )+ ... + u n f ( u n y J 

we can now easily eliminate all the partial differential coefficients of the function F from the 
auxiliary system of total differential equations (V s ) and (W 2 ), and may write these equations 
as follows: 

F 1 = u 1 <t>', ...x^=u n <f>’; (P 4 ) 


and 




if' (xi)+y J'(</>)}<{>' ' 

%/' (%) + ••• + u n f (\) ’ 


... trfpj+yj’m*' , 
Vn +uj’[u n y) 


(Q 1 ) 


%/'(%) + • 

If results from the general theory explained in the 10th article that the equations of this system 
(P 4 ) and (Q 4 ) must be capable of being reduced to 2n — 1 distinct differential equations between 
2n variables; and, accordingly, we may consider any one of the 2n equations of this system as 
being a consequence of the 2n 1 other equations of the same system, because the equations 
(A 4 ) and (R 4 ) give this differential relation, analogous to (I 4 ) and deduced by a similar process: 
0 =/' (f) ■<y+f(x 1 ).x , 1 +... +/' (x n ). x' n 


• + (%) + ... + U n f 


(R 4 ) 
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while the same n+ 1 equations, (A 4 ) and (R 4 ), enable us to consider any n -b i of the 3?i-h 1 
variables <j>, x l3 ... x n , y x , ... y n ,u l3 ... u n , for example, the n-h 1 variables u l3 ... u, n and y n , as 
known functions of the 2 n other variables <f>, x l3 ... x n . y x , ... y n _ x . If, then, omitting any one 
of the 2 n equations (P 4 ), (Q 4 ), for example, the last of these equations, we can integrate the 
rest as a system of 2n — 1 total differential equations of the first order between 2 n variables, such 
as </>, x l3 ... x n , y x , ... y n _ x ; and if we then change the 2n~ 1 arbitrary constants of this integra¬ 
tion, c x , ... c- 2 n ~x , to so many auxiliary variables z x . ... z 2}l _ 1 , and differentiate them as such; we 
shall be able, by what was proved in the tenth article, to transform the partial differential 
equation of the 1st order (X 1 ), in which y l3 ... y n are the partial differential coefficients of <b 
taken with respect to x x , ... x n and which results by elimination from the system (A 4 ) and (R 4 ), 
into a total differential equation, such as (G 2 ), of the 1st order and 1st degree between the 2n — 1 
auxiliary variables z l3 ... z 2n _ x . Rut when, to simplify this preliminary reduction, we select, as 
we are at liberty to do, the variable <f> itself for that hitherto undetermined and independent 
variable x, on which all the rest are conceived to depend in these total differential equations 
and with respect to which the total derivatives or total differential coefficients, 4 >', x[, ... x' n , 
y±, • ■ • Un’ Uaxre all been imagined to be taken; and when, in consequence, we change <f> to x and 
<f>' to 1, as at the end of the 10th article; the equations (P 4 ) then become: 

^i = u l3 ...x' n = u n \ (S 4 ) 

the equation (A 4 ) reduces itself to the original equation (A) of the 1st article; the equations (R 4 ) 
transform themselves to (D 1 ); and the equations (Q 4 ) to (O 1 ); which former equations, (A), 
(D 1 ) and (O 1 ), had been found in the 7th article to compose a system equivalent to the system 
of the original equation (A) and its principal supplementaries (R); whereas it was for the very 
purpose of accomplishing or dispensing with the integration of that system of many total 
differential equations that we were led to desire to integrate the one partial differential equation. 
Since, then, the preliminary reduction required by the general method of Pfaff (for the trans¬ 
formation of any partial differential equation of the first order between n + 1 variables to a total 
differential equation of the 1st order and 1st degree between 2n — X other variables) conducts 
us back, in the research of a principal integral, to that very system of total differential equations 
with which we originally set out, and requires that those equations should previously be in¬ 
tegrated as an auxiliary system, it appears impossible to derive any aid horn this method of 
that eminent mathematician towards completing the solution of the special problem of the 
present Chapter. 

13. Yet some interesting consequences result from the foregoing discussion; and especially 
the existence of a very intimate connexion between the general integral of any proposed partial 
differential equation of the first order with any number of variables, (a few particular forms 
being excepted,) and the principal integral of a certain total differential equation of the same 
order, involving the same number of variables; which connexion, if it fails to enable us to dis¬ 
cover the latter integral through the former, yet at least allows us to deduce conversely the 
former from the latter; and gives thereby a new importance to the theory of principal integrals. 
For it is easy now to perceive (from the investigations of the last article) that in order to inte¬ 
grate any proposed partial differential equation of the 1st order 

o = (X 1 ) 
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in -which F denotes a known function of <j>, , ... x n , y 1 ,... y n , while cf> denotes a sought function 

of the n independent variables % and Vl , y n denote its partial differential coefficients 

of the 1st order 

y x = <f>' (aq), ...y n = <f> {& n )> ^ ^ 

we may in general proceed as follows. We may change the previously dependent variable or 
function cj> to a new and independent variable x, on which the previously independent variables 
x l3 ...x n are now to be imagined to depend; so that x 1 , ... x n are now to be considered as func¬ 
tions of x, of which the 1st derived functions or differential coefficients may be denoted by 
x'j, ... x^. These n derived functions are next to be conceived as being connected with the 
functions x l3 ... x n themselves and with the independent variable x by a differential relation 
of the form 

0 =f(x, x l3 ... x n , x' x , ... O, ( A ) 

obtained by eliminating y l3 ... y n between the n + 1 equations following, 


and 


0 = F(x 3 x t3 ... x n3 y l3 ... y n ), 

^_ F ' (yi) 

1 Vi F ' (Vl)+ -• J rVn F ' (VnY 


F'iVn) 

” Vx F ' iVx) + • • • + Vn F ' (Vn ) ’ J 


(P 1 ) 

(Y a ) 


and then we are to find, if we can, the principal integral of the total differential equation (A), 
which will (by the theory of such principal integrals, explained in the early articles of the present 
chapter) be of the form 

Q = i/j(x 3 x l3 ... x n3 a 3 a lt ... a n ) 3 (P) 


a i » * * - a n being the initial values of the variables x l3 ... x n corresponding to the initial value a 
of x. This principal integral (P) of the total differential equation (A), when it is changed by 
restoring <f> for x to the form 

0 = ^(<£, x l3 ... x n3 a , a t> ... a n ) 3 (U 1 ) 


is itself (by what has been already proved) a particular integral of the proposed partial differ¬ 
ential equation (X 1 ); and since it contains n arbitrary constants a l3 ... a n (besides the initial 
value a of x 3 which may be treated as = 0 or any other assumed and absolute number) we may 
immediately deduce from it the general integral of the same proposed equation (X 1 ) by the 
process mentioned at, the end of the 9th article; namely, by treating these n arbitrary constants 
as so many connected variables, of which any one, for example a t , may be considered as an 
arbitrary function of the rest, and by then eliminating, or conceiving eliminated, the n constants 
a l3 ... a n , thus rendered variable, between the particular integral (XJ 1 ) and the n equations 
following: 




X'(« 2 ) = 


V ( a 2 ) 
¥{<hY 


(*«) = 


^(«n) 

V (%)') 


( T 4) 
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It results also from what has been shown in former articles that by eliminating cc [, ... x' n between 
the following equations 


Vi = 


f_ K) _ 

X 'J’ 0*J)+ ...+</' (KY 


(D 1 ) 


Vn x 'if («i) 


r «) 

+—+</'«) *J 


with the help of the relation (A), we should (in general) return to the equation (P 1 ); or, putting 
eft for x , to the proposed partial differential equation (X 1 ): so that the supposition made respect¬ 
ing that equation at the beginning of the 12th article, namely, that it results by elimination 
from relations of the forms (A 4 ) and (B 4 ), is generally permitted and ought not to be considered 
as restricting to any particular class the form of the function F, or of the partial differential 
equation. However, like most (and perhaps all) other general methods, the m ethod of integra¬ 
tion proposed in the present article is subject to some particular exceptions, among w hi ch the 
most important is the case where the proposed partial differential equation (X 1 ), or the pro¬ 
posed function F, is linear with respect to all the n partial differential coefficients y\ , ... y n of 
the sought function <f>; so that the n derivatives F' (iq), ... F' (y n ) and also the combination 
y x F' (y±) •+... H- y n F' (y n ) are all, either immediately or at least in virtue of the proposed 
equation F — 0, expressed as known functions of the sought function <f> (or as) and of the n 
independent variables aq, ... x. n , not involving y lt ... y n . For then the variables y x> ... y n dis- 
appear from each of the n equations (V 2 ), and therefore we cannot deduce from the system 
(X 1 ), (Y 2 ), in this particular case, (although we can in general,) any one determinate relation, 
such as (A), between x, aq, ... x n , x ' ± , ... x ’ n , to the exclusion of all other such relations; since in 
the present particular case we have many different relations of that form: whereas the deter¬ 
minateness or uniqueness of the relation thus deduced is essential to the success of our method. 
On the other hand, in this particular and simple case, when the proposed partial differential 
equation (X 1 ) is linear , we know from the researches of Lagrange that a particular and com¬ 
paratively simple method may be applied, in which the equations (V 2 ) are still useful as auxi¬ 
liary relations; and which consists in integrating those relations (V 2 ) as an auxiliary system of 
n total differential equations between the n q-1 variables x, x ly ... x n> and in then treating any 
one of the n arbitrary constants of this particular and auxiliary integration as an arbitrary 
function of the rest. 


14. It may serve to illustrate still more fully the intimate connexion which exists between 
the theory of the general integral of a partial differential equation and that of the principal 
integral of a total differential system, and thus to exhibit more plainly the meaning and utility 
of the latter, if we suppose for a moment that this latter theory is complete and avail ourselves 
of its assistance to accomplish the several processes required for the completion of the former 
theory, as set forth in the method of Pfaff. 


[Here the manuscript ends.] 
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[The principal integral or principal f unction .] 

(Jan. 20 th , 1836.) 

[1.] In general let 

dS = ®(x 1} x 2 , ..., dx±, dx 2 , ..., dx t ), 

this function <J> being homogeneous of the first dimension with respect to dx x , dx 2 . 

, SdS , , 8 dS , , SdS 

d&=dx 1 ^-= -h dx 2 ^-= -(- ... + dx iir3 —. 

odx x *hdx 2 dx t 

Then, by the first expression for dS 9 

s SdS- SdS * 8 SdS ^ v 

S dS=^*i+---+^* i + ^d*i+... + ^8da S{ ; 

and, by the second expression for dS } 

^ j cf ^SdS , ^ <$dS S dS ^ .. 8 dS _ _ 


...,<&r,-,sothat* 


bcL&^dx!B-^-= —h ...+^,8—— + —— 
o dx x ^ 8 dx t 8 dx- 

and therefore, by comparing these equations, we find 


+ s^T S,fe i+-" + < 


Also, by (3), 


Ls^ stands for the partial derivative of dS with respect to dx { . 
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and if we establish, the i equations 

3 dS 
Sx- 


7 S dS 


SdS = d &dS 
Saq S dx + 5 


(7) 


j 6 dX-^ 

(which are, by (5), equivalent only to i— 1 distinct equations, because the general relation (5) 
gives, in particular, 

a ( 8dS j§dS\ _ 

Is*, d SdxJ dXl .\ Sx £ 

the variation S/S of the integral Jd/S will take the simplest possible form , (as being that form 
which is most independent of the variations Saq, Soq, ..., Sx i _ since it depends only on their 
extreme and not on their intermediate values,) namely the form 

, SdS , 




s ' s - A (S 5 *^ 


Sdx 


Sx. 




( 8 ) 


We shall call the integral S =JdS, determined in this way, the principal integral * of the given 
element dS } or of the function <D, in equation (1) and shall denote it, for distinction, by the 
symbolic expression 


S = — Jo (aq, ..., aq, dx 1 , 


dxf), 


(9) 


drawing a stroke under the sign J of integration. 

If we denote by cq, a 2 , ..., a i the initial values (or values at the first limit of the integral) of 
the i variables aq, x 2 , ..., aq, if also we put for abridgement 

SdS SdS SdS 


S dxl~ yi 

and denote the initial values of y 1 
S—jdS, as a function of x 1 , x 2 , ... 

SS 


SS* 


Sdx 5 
..., by 6* 
x i} a l3 a 2 , . 
SS 


= 2/2, 


Sdx , 


= 2 h 


( 10 ) 


, b i3 we may consider the principal integral , 
t , of which the variation is 


- Saq + ... 


Saq v "'~ 1 ' Saq 
— yi8aq-|-... -\-y i Sx i 

so that we have the 2 i following equations: 

8 S 
= Saq’ 
SS 


Saq 


SS 
Sa , 


Sflq d" •« 


SS . 

■ + §^ sa * 


if i s 


~ b-i Saq ... Saq ; 


SS 

Vi ~Sx/ 


(ii; 


( 12 ) 


&i=- 


Sa,’ 


, 6 ,-= ■ 


SS 
Sa i ‘ 


If the form of the function S, as depending on aq, oq, aq 


(13) 

, a i , were known, we could 
substitute it in the i equations (13) and thus transform them into i relations between the i 
varying or final quantities aq,aq, and the 2 i initial data aq,..., oq, b x ,..., £q , which i relations, 
with 2i arbitrary constants, would be forms for the i integrals of the i ordinary differential 
equations of the second order (7). And therefore the i relations between the 3^ quantities 
aq, aq, oq, ..., aq, b lt b iP which might he found in one way by integrating the i ordinary 
differential equations of the second order (7), may also he deduced in another way from the one 
principal relation between the principal function S and the 2 i quantities aq, aq , aq, oqby 

* [The definition of S is, of course, exactly analogous to that of the principal function in dynamics, to which, 
in fact, it would reduce if <&=Ldt > where L is the Lagrangian of the dynamical system.] 
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taking the partial differential coefficients (of the first order) of that one principal function with 
respect to the initial variables a l3 ..., and then equating these coefficients to b 1 , 
respectively; which is my chief result respecting the properties of this principal integral 8, con¬ 
sidered as depending on its limits, and my chief reason for calling that integral a pi incipcd func¬ 
tion ; and for giving to that new branch of Algebra, which proposes by new methods to find and 
to use the form of thi s principal function, the name of the Calculus of Principal Relations. 


[The partial differential equation satisfied by the principal function. ] 


(Jan. 21 st , 1836.) 


[2.] Among the chief methods for finding the form of the Principal Function 8 is the follow¬ 
ing, by a partial diff erential equation of the first order or by a pair of such equations. Since 
y li y 2} ...,y t are functions only of the ratios of dx x , ..., dx i , we can in general eliminate these 
i— 1 ratios and obtain one relation between y l9 ..., y i3 involving also in general x l9 x i and 
depending for its form upon the form of dS or of the function 0 in (1); and we may represent 
this relation as follows: \ 

In like manner we have by considering initial values 

0 = T* (b l3 ...,b^ 9 a l3 ..., (if), 
the form of the function T being the same as in (14). And if in these relations we substitute for 
y l3 and b l3 ...,b i their values (12) and (13), we obtain the two partial differential equations 


(14) 

(15) 


and 


—(if. 

=W 


S 8 

8x { ’ Xl 

ss 


, *i) 

, dij . 


(16) 

(17) 


S£ 

'SV 

In integrating these equations we are to determine the arbitrary functions which may present 
themselves by the following conditions. 


First, 8 must vanish when x 1 — a 1 , x 2 — a 2 , x i — a i all vanish—at least that form of 8 

which corresponds to moderate values of those increments, and indeed every form of 8 ex¬ 
cepting those cases of periodicity in which x l9 x 2 , ...,x i3 being considered as functions of some 
one indefinitely and continuously increasing variable t , acquire all together the same values 
a i> • - -1 a i for some new value t = t 2 which they had for the old or original value t = t x . For, 
generally, if x x , x % ,,. x i be considered as so many functions of t while a l3 a 23 ... are considered 
as the values to which those functions reduce when t is made equal to 0, and if therefore the 
principal integral 8 be put under the form 


^ : = r O (# 2 , .. x i9 x l3 ... 3 x £) dt 3 

J £i 


in which 


dx i 




dx 

dt 


(18) 

(19) 


then the function S by its integral nature must vanish when £ = q. It is im port ant to observe 
that the value of the integral 8 is not affected by the arbitrary form of x^ as a function of £, if 
the forms of %, x i _ 1 be deduced from this by the differential equations (7) and if the con¬ 
ditions at the limits be satisfied. 
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Secondly , at the origin of the progression, that is, when t — t- L) the general values of the partial 

differential coefficients , ... , and at the same time those of - P-, ..., must reduce to 

bx £ Seq ba £ 

those functions of a x ,..., and of the ratios ofx 1 ~a 1 ,...,x i — a i which may be otherwise deduced 
from the general values of b 1 , ..., b i by changing the ratios of da x , ... } da £ to the ratios of x x — a x , 
• • •> x i - a £ , or from the general values of y 1 , ..., y i by changing the ratios of dx l3 dx £ to those 
of x 1 — a 1 , x i — a i and at the same time changing x l3 x £ to oq, a t . 

Thirdly —and this condition includes the two former ones—at the origin of the progression 
or first limit of the integration (t = t x ) the principal function or integral S must bear the (nascent) 
ratio of unity or equality to the function formed from dS by changing the differentials dx x , ..., 
dx £ to the increments — a t , x £ — a £ and by changing x 1} x £ themselves to a l3 a. t ; 
that is, 

lim~ = limO (a l3 a 2 , ...i ( 20 ) 

i t=t x \ t 

or, in other symbols, .q 

1 = lim---- ( 21 ) 

(*l, • ••> x x -a l3 ... 3 x i -a, i ) ’ 

[<Solution of the partial differential equation by successive approximation*^ 

[3.] We may in general consider S as a function ofa 1 ,a 2> ..., , a £ , —~ a \ ..., 9 

x £ a £ x £ 

x £ — a i3 and for small or moderate values of t~t x and of x x — a l3 x i — a i we may in general 
develope this function according to ascending integer powers of the small or moderate increment 
x £ — a £ (setting aside singular exceptions) in a series of the form 

S = A (x £ - a 4 ) + B (x £ - aq) 2 -f C (x £ - a £ ) z + &c., ( 22 ) 

which may also be thus written, more simply and symmetrically, 

S — S x -f- $ 2 1 - $3 “I &c., (23) 

S n being a homogeneous function of the nth dimension of the i increments x x — a l3 ... 3 x £ —a i3 
involving also in general a l3 a £ . We may now conceive this expression substituted in the 
partial differential equation (16) so as to give an equation of the following form: 

w f 8S X SS 2 . 8S X BS 2 . 8S X 8S 2 _ 

0=Y fe + s^ + &c -’ -’^ + s^ +&0 '’ -* s^ + s^ +&c -’ 

•••> “*+(*«-*<)}> (24) 

8S 

in which - is a homogeneous function of dimension n— 1 of the increments x x — a l3 .x i — a i . 

OXfr 

And we may in general develope this equation (24) by Taylor’s theorem as follows: 

0 = ^ 0 + T ’ 1 + T* 2 4 -T 3 + &c., (25) 

in which r F n is homogeneous of dimension n with respect to the increments x 1 — a 1 , x i — a i ; 
and then may deduce from it the following indefinite series of separate equations in partial 
differential coefficients of the first order, 

0 = %, 0 = ^, 0 =T a , &o. 

* [See Appendix, Note 9, p. 631.J 


( 26 ) 
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To develope these equations, let us write generally 
T* (&]_ “T" , 1*2 p ^2 3 5 % P «X » -f- Kg s • • •, P ^x) 

-'V (*x, & 2 , - -•, 6«, %, %, ■ • •. a,) P AX" (6i) P AY' (6J ■-• + A^' (6*) 

+ a^' (aq) + a 2 T' (a 2 ) + ... + oqT' (a { ) + iftY’ (b t ) + & A,'F'>' (b t , & 2 ) P (* 2 ) + • • • 

P iPI'F'" (b t ) + i, M P ift/31F'.' (6,, 6 S ) + &c. (27) 

Adopting this notation which has been already used for similar purposes by Lagrange and other 
mathematicians, this second side of equation (24) may be thus developed: 

^./SSi SS 1 8 8 t \ 

-f Y' (%) (a?! - %) 4- *F' (a 2 ) (a; 2 - a 2 ) + ... + T*' (a*) (x t - a t ) 

(g*g***•)■^ (t) ♦**) 

P £*F" (eq) {x 1 - eq) 2 + W-' (<q , a z ) (% - oq) (*, - a 2 ) P ... + $'¥" (oq) (aq - aq) 2 

+ ' (If “*) (sr +s -') <*• - ’ + ' (M 1 ’ “•) (if+j i'. - 

*«*■ t) 6fH'^ ©■ t) (£+*•■) (g*** 

+ - + * T 1g)(S +to -)‘ +<fco ' ; < 281 

and thus the three first partial differential equations of the series (28) may be developed as 
follows: 

n /w s W /^i BSi \ 

0 = (Y o = )T .... Wi , «x,.... <**); (29) 

Q _ /xp \ ^2 ] X^' ( ^§l \ ^8 t mv 

\&*a/ \S# 2 / Sa? 2 *** \Sa^/ Sa^ 

+^ («i) («i-oh) + ^' (<**) (x 2 ~a 2 ) + ...+W f (a t ) (Xi-aji (30) 

o= ^ 5^ . , ip/ ( S/Sf A g;S 3 * 

1 * ^ U*J&»* + * Ws, a + '” + Y 

^-6f)f?)’ + - (tr 

+ P"<%) (%-«i) 2 PP'-'(aq, a 2 ) (aq-cq) (aq—a 2 ) + ... + J'F"(a,) (x t -a t ) 2 ; (31) 

and the others may be similarly developed. 
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We have next to integrate these equations; at least to discover functions S 1} S 2 = $3 > &c. 
which shall satisfy them. It might seem that this integration would introduce in general an 
arbitrary function for every differential equation; and thus an infinite number of arbitrary 
functions into the general expression of the sum £ 1 + /S f 2 + /S r 3 + &c. = £ f ; but the conditions 
already mentioned enable us to foresee that the form of S ± required for our present purpose 
must be 

= ® (oq, aq — a x , x 2 — a 2 , ..., x i — a i ) i (32) 

which form accordingly may be easily shown to satisfy the partial differential equation (29) 
(see below); and then the remaining functions S 2 , jS 3> &c. may be determined, as we are about 
to prove, by the remaining equations (30), (31) ... without any new integrations being required 
—a result of great importance in the Calculus of Principal Relations as enabling us to develope 
the Principal Function without ambiguity for the case of moderate increments of the variables 
x t , ..., aq. 

To show first of all that the form (32) for S ± satisfies equation (29), we may observe that this 

SjS BS 

form gives by partial differentiation for -^-A, .... •=— the same functions of a x , ..., a t and of the 

ox x 

ratios of aq — oq, ..., x i — oq, which might be otherwise deduced from the expressions for b x , ..., b t 
by changing the ratios of dcq, dcq to the ratios of x 1 — a li ..., x i ~a i ; since then v’e had, 
independently of the ratios of da ± , ..., deq, the relation (15) between b x> a t we must 

also have, independently of the ratios of aq — oq, ..., aq — cq, the relation (29) between 

BS, SiSTj. 

Bx x 9 Saq 9 

(Again, the equation (5) shows that the variations Saq, ..., Saq, , , By^ are connected by 

the relation 

0 = ^hz 1 -dx 1 hy x+ ...+^Sx t -dx l 8y u (33) 

which may by (7) be put in the form 

0 = dy x Bx x — dx x By x 4 -... 4 - dy i Saq — dx t By, t ; (34) 

since then, by (14), we have 

0 = T / (aq) Sx x 4 - F' (y x ) By x 4 -... 4 - T * 7 (aq) Bx i 4- T 1 ' (y t ) , (35) 

and since these two last expressions must both be satisfied independently of any other relation 
between Bx x , ..., Saq and Sy l5 By { , we see that we must have, separately, 

W'{y x )^-*Lx' x , W (y 2 ) = —Lx f 2 , ..., W' (y*) = —Lx\ y (36) 

x x , etc. having the mea ning s (19) and L being some common multiplier; and in like manner, L 
being still the same common multiplier, we have 

W'(x x )~+Ly' xt '¥'{x 2 )=+Ly^, ..., 'F'(aq)=4 ~ Lyh (37) 


in which 


v ’~ d Jh 

2/1 dt ’ 


Vi- 


dt * 


(38) 


We might proceed in this way to determine the ratios of T*' > ***> (j^fj an<i to sllow 
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that they are the same as the ratios of x 1 -a 1 , ..... x t -a H , but the following method is more 
simple.) 

Since S x is a homogeneous function of the first dimension of x x — a ± 
satisfy the condition 

Si = (*1 - %) + (2h - ad + • • • + (*i - ®<) 

which gives, by being varied with respect to x l9 ..., x i3 


x i — a i , it must 
(39) 


go 

0 = (*i — %) S 4- (x 2 


'“ 2)8 sf 1+ "- +(a:i_tt - i)8 t§’ 


(40) 


the quantities a x , ..., a i being treated as constants. But on this last supposition, the equation 
(29) gives 

- - - - 


0_™ /SSA-SS, /8flU 8S 

°“* [s^) s s^^ (sij 8 si. 


• +... +T" 


m 


s 8 ^- 

8 Sx f ’ 


(41) 


SS 8 S 

and since these two linear relations (40) and (41) between the variations 8 g-I, ..., S must in 

general hold together and be equivalent only to one relation, the coefficients in the one must he 
proportional to those in the other; so that, in general. 


T ' (g) =Afe-a 2 ), .... T" (Jg) = *<*«-«,>. 


(42) 


A being some common multiplier of which the form can he found when those of S x and X F are 
known. 


Whatever this form of A may he, we see now that 

* TO 

\8xJ 8x i 


IT., (SSA SJn /SNA 8 v 

l&J 8*, + UxJ Sx 2 • ■•• +T 


= A + ( a5 2-«a)g+-- + (^-a i )^} = 


A nS„ 


(43) 


, i ss n 

A : te, -■ Sx _ .v~« -a 8x ^ i 

on accomit of the homogeneous form of JS n . Hence the equations (30), (31) and the other similar 
equations for & 4 , S- , &c. will determine (in general) the several functions S 2 , S 3 , $ 4 , S 5 , &c. 
without any integration being required after the form of S\ has been found by the equation (32): 
which is one of the most useful theorems in this Calculus. 

In particular, equation (30) gives 

S 9 ~ “ 2A ^ ^ ^ 1 ^ >/ (^ 2 ) ( x & ~ ®a) ■+*•••+^ (%) (&i — %)}. (44) 

To transform this expression for the first correction S 2 of the first approximate value S x of S, 
we may observe that the equation (39) gives, when varied with respect to all the quantities 
&c. and a x , &c., 

0 = (^7 ffll) 8 S + - + (a: ‘- ^ 8 tf- (g + If) - - - (g + §|) Sa, ; (45) 

while the equation (32) gives in like manner 


0 = Y 


,, /SNA 
\8 xj 




'£)■ 


8S 

gJ + X F' («J Sa 1+ . («,) 8a,; 


(46) 
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and since these two last equations must coincide, we have in general along with the relations 
(42) the following other relations: 


(it+t).-»(§+©• <«> 

ttus the expression (44) transforms itself into the following: 

O ,, ,/SS 1 SS 1 \., , /SiS, SSj\ ,, ,/BS/S,\ 


If then we neglect only terms which are of the third dimension with respect to the small 
increments x ± — a ± , ..., x i — a iP the principal function 8 may he thus expressed : 

8 = Jo (aq, x 2 , x i7 dx x , dx 2 , dx £ ) 

X i*£i\ , , 1 ^ „ X 1 , 8SA 


in which, by (32), 


i , . $ 8 1 SSA . , . /Stf, SSA 

! + *(*!-«!) (^+g(g^+g^). 


N 1 = <E>(a 1 , a 2 


a. £ , aq-aq, x 2 -a 2: 


And it is remarkable that in the same order of approximation this expression (49) for the 
principal function 8 may be transformed as follows: 


S = <& X 2~^ a 2 


x x — a Xi x 2 — a 2i Xi—cti 


[An alternative method of approximation .] 

[4.] Before proceeding further in this integration of the partial differential equation (16), 
let us observe that if we consider z as an independent and continuously flowing variable on 
which all the rest depend, and which is = 0 at the beginning and = x at the end of the progres¬ 
sion, we may in general denote the principal function or integral 8 as follows: 


s= jy **• •••’ s *’ S’ S’ •••’ s)*• 


z 1 , z 2 , z i being functions of z which may be thus denoted 

z i=/i(z)> z 2 =/ 2 (z)> --■= %=/<(z). (52) 

and which satisfy the i initial conditions 

f 1 (a) = a 1 ,f z (a) = a s , f i (a) = a i , (53) 

and the i final conditions 

A(x)=x l3 f 2 (x) = x 2> ...,f i (x) = x i . (54) 

And if, as a first approximation, we make the supposition of uniformly flowing values, or linear 
forms, of the functions %, z 2 , so as to suppose 


z^a x + (z-a) g 2 = %+(g-«) * 


, z i ^a < +(z-a)‘ / 


aq— dz % 
x — a 5 dz 


x 2 -a 2 dz i= xt-dj 

" x — a 5 **'’ dz ' x — a 
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and therefore by (51) 

f x „ / -. - Z x i~~ a i x l~ a ± x i~ a i \ (K f 7 \ 

' s= J a r i+s ' a Av* a - +z ~ a x-a ) - ( } 

we find, by developing the coefficient under the integral sign as far as the first power inclusive 
of z — a 3 


/ - — a x -- — a i x i a i x i a 

= ®( ai+z - a -—, .... ~5W’ 


= <5>(a,, .... a,. ^ -- 1 , ^A + — -{$>' (a 1 )(x 1 -a 1 ) + ... + <E>'(<*<)(*<-a<)}, (58) 

( ajj — Oj_ a? 2 — <x 2 — aA 

a l9 a 2 ,a i9 x _~> x ^ a ’ ***’ as 


O' (cq), ..., O' (a.;) being here formed by varying <P \a x ,a z ,.... a i9 x _~> x ^_ a 3 ***’ as 

if ——— . etc. were constants; and therefore, by integration, 
x — a 

/ a:, — a-, ^ — a A 

S = (x-a)< t> («i, —. “i, a;_ a ’ •’ aj-a ) 

+ i(a :-«){<£' (aj (^- a x ) +... + <!>' (a. £ ) - a*)}, (59) 

that is, S — c& (oq} 2 , •.., ^1 > x 2 ^2 > * • * ? 

_!--- I -H j O (cl 1 , , . • •, Cl>i , CL\ , &2 a 2 > •••> 

+ &c. 

d ~g—“ (^3^". §£■;) ^ 3 a 2 3 * • * 5 3 *1 % » *^2 “ ®2 5 * • * 5 ~ 5 (®fi) 

which agrees with the expression (49) and is therefore accurate as far as the second dimension 
inclusive, although .... are not accurate as far as the first dimension inclusive with 

respect to the small quantities x 1 ~a 1> x 2 — a 2 , ..., x i — a i . The theory of this fact will soon be 
fully explained.* 

[The first method may he used without forming the partial differential equation .] 
(Jan. 22 Qd , 1836.) 

[5.] Proceeding now to equation (31) and seeking to transform the expression which it 
gives for S 3 into one more commodious and especially into one more closely connected with the 
form of the original function <X> in the expression for the element dS in ( 1 ), we may suppose in 

8 Sf 

general that the equation (29) has been so prepared, by resolving it with respect to ~ 9 as to 
be of tbe form 


, , n /8 81 8 S t S 8 , \ 

-“fe’ fa*' -•&A- -> a f 


* [This alternative method of finding an approximate expression for S is very similar to that adopted by various 
writers on Rayleigh’s Principle (Rayleigh, Phil. Trims. (1870), A, cnxi, p. 77; Ritz, Grelle (1908), oxxxv, p. 1). 
Approximate values which satisfy the end conditions (53) and (54) are substituted for z x , z n in the integral (57) 
and an approximate value thus found for the principal value, which can then be used to solve the original set of 
differential equations (7).] 
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and then we shall have 

.] 

(IN " 0 . 

( SS \ /S/S \ 

j , • - -, 'F'*' (, a x j , ..., IP" (%), ... will be the partial differential coefficients of the 
S/S * S/S 

second order of 1 considered as a function of &c. If then we put for abbreviation 


* -=v l3 x = v 2 , .. 
ox x 1 8 x 9 £ 

we shall have besides (62) and (63) the expressions 


\8x 1 J SV \S«*/ St?*’ [Sx^J Sv^j 

(MA (8 SA /S/SA Swj. 

VSc^/ Su-,/ \Sa 2 j Sa 2 ’ ’ \ 3a* / 8a/ 

&c. denoting here the partial differential coefficients of the function v i3 taken with 

OV x 0(L X 

respect to v l3 a l3 &c.: we have, too. 


m) 

*r, V 

•/S Si 

SSA 



\S xj 

S v\’ 

\s®i’ 

hxj 


... 


vpy a \ _ ° 2v i / BS 1 _ ^ \ 

\S*1 ’ 1 S*>iSai’ \S%_j.’ 7 8«j ’ ( ) 

XFV(a - ^=§SA •••• lF "^ )= S ; 

and it remains to calculate these differential coefficients of the function v t from those of the 
function <h, or S l3 in the expression ( 1 ), or (32). 

It may somewhat simplify the proceeding if we put for abridgement 

x 1 -a 1 = u l3 x 2 — a 2 = u 23 x t — a* = %, (67) 

and therefore by (32) 

S x = ^{c^ 3 a 2 , a i3 u l3 u 2 , u/. (68) 

This function is homogeneous of the first dimension (as we have seen) with respect to u l3 u 23 ... 
u^; we have therefore the relation 

S 1 = 'u ± v 1 + u 2 v 2 +... +UiV iy (69) 

because by (64) we have 

%=ff<™> 
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Ehminating the ratios of u x , u 2 ,... 5 u t between these last expressions, we might deduce as before 
a relation of the form 

0 = T (<£>'(%), 0>' {u 2 ), ..., <!>'(%), a x , a 2 , a i )= x F{v 1 , v 2 , ..., v i , a ± , a 2 , a *); (71) 

and might then deduce from this the sought partial differential coefficients Without 

actually performing this ehmination (which we cannot perform while we leave the form of <J> 
undetermined) we may still deduce these differential coefficients as follows: 


The complete variation of S 1 is, by (68) and (70), 

8S X = v x +• V 2 8u 2 + ♦ * * -r v i Sui + ( a i) ^' ( a 2 >) $ a 2 + • • • + < f >/ ( a i ) <* a i 5 

and comparing this with the variation of the expression (69) we find 

0 ~ii x bv 1 + u 2 §v 2 + ...+u i §v i — < §> , (a 1 ) Sa x ~ <X>' (a 2 )Sa 2 — ... — €>' (%)§%, 

which gives 


and 


Si'i 


8v t 


Sv i 

u i-1 

8v x 

__ 

V 

Sv 2 ~ 

V 

8v i __ 1 

Ui 

$Vj 


Svj 

_0'(a 2 ) 

§Vj 

_®'K) 

8a x 

% 

8d 2 

Ui ’ 

”‘ 5 Sa-i 

Ui 


(72) 

(73) 

(74) 

(75) 


In this manner then the partial differential coefficients of v i of the first order are determined. 


8h>< 


Proceeding to the second order, how is -r-A to he calculated? By supposing Sa x 

OVf 


= 0 , 


Sa i ==0, Bv 2 — 0 
We are therefore to put, by (70), 


Siy * 

S ^_ 1 = 0 , then taking the variation of = 




and dividing it by . 


0 = <I>t , (^ 1 , u 2 )8u 1 + <&" (u 2 )8u 2 -\-(u 2 , u 3 )8u 3 + (u 2 , u t ) 8u t , 

0 = {u ± , u 3 ) 8u ± + O'-' (u 2 , u 3 ) 8 u 2 + ®" (u 3 ) Su 3 + ... + <£'*' (u 3 , %) S%, 


0 = (u l3 %_!)S%-f<I)'’ r (% 2 , Ui_ x ) hu 2 + .„+<&'>' (u^, u i )8u if 
estabhshing thus i —2 relations between 8u ± , Su 2 , 8u t or rather between their i— 1 ratios, 
which leave one of these ratios undetermined. We have also 

S Wl = <&" (u x ) 8u x + <2>'»' (%, u 2 ) 8 u 2 + ®'*'(%, u 4 ) 8u t , 

and 

= %)<m 2 +...+®" 


and hence, by elimination, we can in general express 8u x —— 8u^ as a linear function of 3 %, hv ^, 

also = ~" S rr an<i therefore finally calculate ~4 . 
oy i **•i Sy| 

In. general the i equations 


Bvj = 8 ®' ( Ml ), bv 2 = 8 ®' (w 2 ), ..., 8v t = 8 ®' (Ui), 


(76) 


or any i I of them, enable ns hy elimination to express 3 ^ 1 , S -^ -1 and consequently 
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—..., S% —A% (where A is any arbitrary multiplier) as linear functions of Siq, Btq, 
Sa t , ..., Say, and then the values thus found for Su ± ,Szq are to be substituted in the following 
expression, which is deduced from (73) and which may be shown (by (73) and by the homo¬ 
geneous forms of d>' ( a 1 ) > d>' (oq)) not to contain the arbitrary multiplier A: 

S 2 v i = — — { 82*2 + Su 2 Sv 2 4 -... + 8u t Sv i ~S0' (<aq) 8a x — ... — 3d)' (a t )SaA . (77) 

U i 

It only remains therefore to simpHfy and perform the elimination between the equations (76), 
which may be thus expanded: 


82 q— d) (t^i) S'W'i + d? = (2f x » 2* 2 ) ^2* 2 d - • • - 4 dT 5 ' ( 2 * 2 , 2q) 4- dN r (^ 2 , a x )Stq 

4 ... 4 d>'»' («!, ctt) Scq, 

8 v 2 = <£>'>' (u 1} u 2 )8u 1 + & /> (u 2 ) 8u 2 + ... 4 0'*' (u 2 , %)S 2 q 4 d>'>'(w 2 , eqJSoq 

+ ... fO'*' (u 2 , a ? ) Sa is ) ( 7S ) 

8 v t — <D V (u 1 , u t ) 8%4 dU' (2t 2 , 2q)S2* a 4 ... 4d>" (tq) 82**4 <&'*' {u it a 1 )ba 1 

-f ... -5-O'*' (it,-, a,-) 8a* J 


For this purpose we may employ the relations which result from the homogeneous form of <£>, 
namely, 


d> — u x Q>' (%) 42 * 2 d>' (2* 2 )4 ... 4 %d>' (%); 


( 79 ) 


and 


d>' (a 1 ) = 'M 1 <h / ’ / (a l5 %) + 'Zi 2 d> , ’ , (a 1 , 2* 2 ) 4 ... 42**d>V (oq, 2q)q 
tf>'(a<)=%^ v (®<» %)42* 2 d>'>'(aq, 2 * 2 )4-.. 42**0'*'(a f , m,.); J 
0 — 2qd>" (%) + 2* 2 O v (%, 2* 2 ) 4 ... 42**0'’' (%, 2**),') 

0 = 'M 1 d> / ’ / (%i, 2 **) 42 * 2 0 '>'( 2 %, ^) + ...+%0 ,/ (^). - 


( 80 ) 


(81) 


Besides, if we take as the arbitrary multiplier A in the expressions 8 % — A u 1 , &c. the following 
(see (72)): 

A = ~ {SS 1 - <£' (a 2 ) Suj - ... - <X>' (a 4 ) SaJ = ^ ( v i Su i + ■ ■ ■ + *k s %)> (82) 

we shall have, by (69), the relation 

0 — 2 q ( 8 % — A%) 4- v 2 (8 u 2 — A 2 * 2 ) 4 ... 4 w* (3% - A^-). (83) 

We are therefore to determine by elimination, if we can, the i expressions 3% — Azq, 82 ** — A% 
as linear functions of 3%, S 2 > 2 > 3%, Sa 2 , 3% by means of this last relation and any 

2 — 1 , or all, of the i equations following: 


gsq = d>" ( 2 * x ) ( 82*2 — A 2 * x ) 4-..• 4* O'*' ( 2 %, %) ( 82 ** — A u t ) 4 O'*' (aq, %) Soq^ 

4 * * • 4 O '*' (®i ? 2*2) Sa*, 


8v t = d>^ ' ( 2*2 , 2 **) (32*2 — A 2 * x ) 4 . -. 4 <E>" ( 2 *,*) (32** — A 2 **) + O'/ («2 , 2 *i) 3% 

4 -... +<£>'>'{*%, %)§%. 


(84) 
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If we put for abridgement 

8% — A% = 8 f u x , ..., 8u t — A% = , (^5) 

and 

8% - O'*' («q <£'•' (%, %) 8^ = SX, 

(86) 

8v*- <£'•' (u x , Soq - ... - O v K, %) J 

The i h- 1 relations (83) and (84), equivalent only to i distinct ones, will take these simpler forms: 

0 — v 1 8'u 1 + v 2 8'u 2 +...+v i 8 / u i3 (87) 

and 

Sh\=0'^%) 3'%^SX + .-.+O'-'^i, u f ) 8'u^A 

. \ (88) 

S , V i ~0 , ’ f (%, «$) 8'^+ <£'*'(w 8 » w<)8'tt a +... +■<!>"(%) S'^J 
in which the coefficients are connected by the conditions of homogeneity (81). 

[The case of two variables .] 

[6.] Consider first the case of only two variables %, x 2 (i = 2) with two corresponding vari¬ 
ables %, u 2 , &c. We have now to deduce S'%, 8'u 2 , from the three relations following, or from 
any two of them: 

0 = y 1 S / % + ?; 2 8^ 2 , (89) 

and 

S'» 1 = 0>"(«f 1 )S , M 1 + «'*'(%, u 2 )S'u 2 ,\ 

§h? 2 =:<I>v (u x , t« s )8 / it 1 + < J >,/ ('W 2 ) S'w 2 ;J ^ ' 

and the coefficients are connected by the 2 relations 

0 'M'fb (^h.) “t ’ (■w^, '^ 2)9 0 —* (^ 1 ? ^ 2 ) ~b ^ 2 ^ (^ 2 )? (91) 

we have also 

%% + « 2 » a = <l) = ) S 1 . (92) 

By (90), we have 

u 2 S'Vi - = {u 2 <$" (uj -ufb'*' (%, u 2 )} 8 f u 1 + {u 2 ®'>'(%, u^-u^" (u 2 )} S'u 2 ; (93) 

therefore, by (89), we have the following expressions for 8'u x , S'u 2 : 

%' u _ _ « 2 (uzS'v^u^'vz) _ > 

1 V 2 {u s d>" (%)-■a,®'.' (u lt «,)}-«!{« a <D'-' (%, (u a )}’ 

s%„=_ - VWaS'^-^SV,) _ (94) 

«*)}-«! {«*«'•'(%, U 2 )-U x <t>" (U 2 )Y) 

In the common denominator, we have by (91) 

‘P'foi). jtg) _®"(-m 2 ) ®"(m 1 ) + ®"( m . ! ) 


and therefore 


«*$'(%)-«!<&'■' K, 0=«. 2 {®" ( % ) + CD" ( %a )} ; 
-m 2 ®'.' (%, w 2 ) +u^" (« 2 )= % {®" ( % ) +®" ( Me ,)} ; 


S / =_S ■a 2 8'n 1 -tt ,8 , n a 
® ® (tt 1 ) + ®"(w 2 )’ 2 ® ' Q" ('u ] ) + <&" (u„)' 


( 97 ) 
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_ P' v i = _ u i v 1 §'v 1 + v 2 §'v z ') 

1 a>*o"( % )4-a>"(w 2 ) > 

g/^_ §/ ^2 ^ ^2 PiS'Pi + PgS'tta . } 

2 O" (Ui) + <&" {u 2 ) <£> *3>" (%) + O w (u 2 )’ 

and therefore by the meanings (85) of S'%, S ,j & 2 , ... 

S^ X — ^i. S^ 2 = ^2 ^ U x — U-l 8 U 2 = + h> 7/_ (^g 

an expression which might also have been deduced more immediately from (94). Hence, by 
the meanings (86) of S'v l3 S'v 2 , 

S„. _ « 2 S«1— ttjSWjj (Oi. «!)-%<&'-'K, m 2 ) 5 _ 

“ 2 SMl " Ml s “ 2 - rw + <!>" K) ®*K)+'«I>'(« 1 )- s% 

So.. (100) 

<b /, (« 1 )-h€>"(2i 2 ) - v ; 

In general the equation (77) may be put under the form 

S 2 ^= — ^-(8'W 1 S't’ 1 + S'W 2 SV 2 H- ... + SutS'Vj) S /2 <1>, (101) 

S' referring only to the variations of a x , a 2 , ..., a t \ so that, since 

0 = 'W 1 8 , y 1 4- u 2 &'v 2 + ... 4-WfS'^, (102) 


we have 


S 2 t^= — — (S'^ 1 SV L + S'*w 2 S'v 2 -|-... + — S' 2 0), 


in which we may, by (102), introduce or suppress any set of terms in S'%, S'u 2 , ..., S'%, which 
are proportional to u l3 u 2 , ..., u t . 

In the particular case i — 2, we have therefore by (98) 


in which 


*2 1 S'vl + S'v* 1 

u z <b (u 2 ) u 2 

S'v-l = Sv 1 — <D'»' (a 1 , Uj) Sa x — <D '>' (a 2 , %) Sa 2 , 
S'v 2 = Su 3 — <$'’' ( a 1 , u 2 ) Sa x — <&'>' (a 2 , u 2 ) Sa 2 ; 

u x S'% + u 2 S'v 2 = 0 . 


If we do not choose to suppose S 3 ^ — 0, then instead of (104) we have the more symmetrical 
relation 

0 = + *,8^, + -, gj± - S'*4». (107) 


Comparing these two last equations (106), (107), of which the former may be thus written 
0 = u x Sv 1 -f- n 2 Sv 2 — <D' (a^Sa-L — ®' {a 2 )Sa 2 , (108) 

with the two following: 

0 = ST> 15 * a , a 1# a 2 ) = T" (v x ) S % + (%) 8v a + W' (aj Sa x + T" (a 2 ) Sa 2 , (109) 


HMPIl 
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and 

0 = S 2 T = T"' (Vj) S 2 ^ +W (v t ) S 2 v 2 4-T" (%) Svf + 2T'>' (v L , i? 2 ) 8% Sv 2 + T" (t> 2 ) Sv% 

+ 2T"' (i\, a x ) Suj S a x + 2T'-' (i- 3 , a,) Si^Sa,, + 2'F'-' (u 2 , e^) 8u 2 Sa x + 2'F'-' (» 2 , a 2 ) Sv 2 Sa 2 
+ T’"(a. 1 )Saf+2’P'-'(a 1 , a 2 )8a 1 Sa 2 + 'P"(» 2 )8a|, ( no ) 


we find that 


T / (^ a ) _ v T(a 1 ) _ T'(a 2 ) _. 

iq ii 2 <I>' (%) <!>' (« 2 ) 


(111) 


S 2t F = A (UtS^ + ttaS^a) + 0 „ + 2 (F 1 S«i+F 2 St> 2 +AiSffli +A 8 Sa 2 ) 

x {m 1 S«7 1 + m 2 S'w 2 —<!>' (a,) Soq —O' (a 2 ) So 2 }, (112) 

A having the same meaning as in (111), and V x , V 2 , A lt A 2 being multipliers to he determined 
by the condition that this last equation shall hold good independently of the variations Su,, Sv 2 , 
8a x , Sa 2 , S 2 ?^, S 2 d 2 . Taking therefore the four partial differential coefficients of the equation 
(112) with respect to St; l3 Sr 2 5 Soq, Sa 2 , we find 


AS'sq 


_ 

Sv 1 <&"(u 1 )+<&"(u 2 ) 

ST AS'v, 
b Sv 2 -<I>"( Ul )+®"(u 2 ) 

A 


+ u ± (F x $v 1 + V 2 Sv 2 + A X Saq -f A 2 8a 2 ) 

- 1 rV- L {u 1 8v 1 -\- u 2 8v 2 — $>' ( a i ) —O' (a 2 ) Sa 2 }, (113) 

+ u 2 (. ~) + V 2 { .}, (114) 


SIX'* 1 S(T) 

A :l {u :l 8 v x + ...}, (115) 


*£■ 


,so 


+WJu T)' '“ 2 • %)8'»! + O'-' (a 2 , u 2 ) oT 2 }-8'g a - -O' (a 2 ) ( 


0 "( % )+ 0 "(« 2 ) 


•) 


(116) 


We could thus express the partial differential coefficients of the first and second orders of T by 
means of those of <X>, the expressions of these differential coefficients of T involving also the 
5 arbitrary multipliers A, V 1) V 2i A x , A 2 , which cannot be determined without assuming some 
new condition, such as that contained in the form (61). But without making such assumption 
we can transform the two equations of the form (30) and (31), namely, 




X 8S, 


0== ^' (Vl) s^~ a+T ' M ^^ u *> 


K 8S . 


*8S. 


S u, 

'SSo\ 2 


(117) 




} 8u, 






'8^V 

SuJ 


+ T'.'K, ffil )^-X+T'.'( % , a. 2 )^u 2 + '¥'.'(v 2 , ajg-X+'F'.'^, a 2 )^u„ 


' 8 u. 


, - v . llU , 23 g-- ( 

+ W" (®i) “i + ^'-'K, ® 2 ) u 1 u 2 + IT" (a 2 ) u\ , (118) 

so as to el imi nate the differential coefficients of T and introduce those of <I> in their stead. 
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For it is evident that the equation (117) may be formed Rom the equation 

ST* = 0 (119) 

SS SjS 

by merely changing Sv t , Sv 2 , 8%, Sa 2 to -=r—-, u 1} u 2 respectively, and that the equation 

oU% 

(118) may be formed from 

S 2X F = 0 (120) 

SjS S IS 

by making the changes just mentioned and changing also S% l5 S 2 v 2 to 2 -^-X 2 jr-^i since then, 

Ou'2 


by (111), we have 

ST* = X{u 1 Sv 1 -\-u 2 Sv 2 — <D' (a x ) Sa ± — <£>' ( a 2 ) S& 2 }, 

the equation (117) gives independently of A 

SS SjS 

0 = u i g^r + “2 - “i®' («i) - Uz®' (“a), 

that is, on account of the homogeneous form of S 2 , 

£ 2 = %{u 1 <3>' (aJ+Uo.®' (a 2 )}, 

a result agreeing with (48); and, in like manner, (118) gives, by (112), 




A'vf 4- ATf 2 l X7 SS 2 f T/ SS 2 
\u ± 

S S. 


<&" (u^+O" (u 2 ) A 
f SSc, 

x r i s¥ 1 + “ ; 


( r 4f; +T ’ 2 ii +Ji '' t 


L+--M 2 ) 
tti<D'(ai)-tt a <X>'(a a )t 


( 121 ) 

( 122 ) 

(123) 

(124) 


; Su 2 " x ~ '" a/ ) 

in which the part involving the arbitrary multiplier vanishes by (122), and in which 

SjS SS 

A 'v- L = -^-^ — u 1 <3> , ’ , (a 1 ,u 1 )—u 2 <&'’' (a 2i 'wj, AX —'F _? — (a lt u 2 ) — u 2 <b f ’ r (a 2l u 2 ). (125 

ou x OUq 


The expression (123) gives 

S S* 


= (%) + £%<£''' X, «i) + hu 2 ®'>' (a 2 , %), | 

S^ 2 


(126) 


Su, 


‘ = X) + X<£'’ 7 X, si 2 ) + iu 2 ®'’' (a 2 , u 2 ). I 


(127) 


Therefore 

AX = X) —X> « x ) - X, %)},)' 

AX = i {€>' X) - ' X, % 2 ) - w 2 CD>'’ 7 (a a , ^ 2 )}, j 

in which, by (80), 

<£' X) = «hG> v (a l3 ^) -h« 2 <I>/,/ X> u z)> X) X» w i) + X> ^ 2 ); ( 128 ) 

therefore 

AX = £z« 2 {<X>'>' X, X)- 7 X, ^)}, AX= -^{<£'’'X> ^s)-^'* 7 X, %)}; (129) 
so that, on account of the homogeneous form and dimension (= 3) of &%, the equation (124) gives 

+ & X) 4 - 2 ^-MgO'^ X, u 2 ) + X)}» (130) 


44-2 
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because in (124) we are to make 

A' 2 ®^ul®"(a 1 ) + 2u 1 u 2 ® / >'{a lt a 2 ) -hu%®" (a 2 ). (131) 

We may substitute, if we choose, for the factor ^ Ju~) an ^ ° ne °^ er ^ orms (95) 

which are more simple hut less symmetric, except indeed the form — j which might 

be substituted with advantage. 

We have then, to the accuracy of the 3rd order inclusive, for the case i — 2, this expression 
for the principal function &: 

ai-T-tf-i, #2=<Zs+«a} r f . 

S = J <f> (x x , x 2 , dx x , dx 2 ) = <X> {a x , a 2 , u x> u 2 ) 4- \ {%<!>' (a x ) 4- «- a O (a 2 )} 

(xi=a!, x z =a z ) 

4 " bfai® " ( a i) 4- 2u 1 u 2 ( &'’ / (cl x , ct 2 ) + ug® ( a 2)} (132) 

— 1 ' {<£'•'(«,, u 2 )-0'-'(a 2 , u,)} 2 , 

24<P"(u 1 )+0"(w s ) x v 1 ’ 2 ' v 2 ’ 1,s ’ 


in which — 




€>" (%) 4- < J> // (w 2 ) <3>'>' (u x , w 2 )' 


[Examples. ] 


[7.] For example, if* <h (aq, a; 2 , dx x , dfo 2 ) = —4-/ (aq) dr 2 , 
then 

and consequently O' (a x ) — u 2 f' (a x ), <h'(a 2 ) = 0, 

ch"(a 1 ) = w 2 /"(a 1 ), <&'•'(«!, a 2 ) = 0, <h"(a 2 ) = 0, 

O'’' (a a , w 2 ) =/' (%), <X>'>' (a 2 , u x ) = 0, 

therefore the general approximate expression (132), for the case £ = 2, gives here 


(‘(Xi=a 1 +« It ,x a =a a +-w 3 ) r 7/y.2 ’i 


= 2^ 2 + “ 2/(ai) + (“i) + 6 m i m 2./" K) -{/' K)} 3 . (136) 

In this example the general differential equations (7) become 

*{S 2 - /(a:i) } =0; < 137 ) 

equations which are obviously compatible with each other, and which concur in giving 

dx 2 

™ - 2/ (x x ) = 6f — 2/ (sq), (138) 

+ - ^ 6-jnamical problem of tte linear motion of a particle of unit mass whose coordinate is x x at 

time a? 2 , tbe force potential being —/(%).] 
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b x denoting, as in page 333, the initial value of ?r~-~, "which is here hence if we suppose 

O CbXe> 

, 1 > 0, we shall have 
ax. 

dx 2 = - - —- 1 — , (139) 

V2f(x 1 )-2f(a 1 )+b* 


, q= f“‘ + “‘ 2 /(^ 1 ) -/K) + jbj 
h V2f(x 1 )-2f(a 1 ) + bl 1 


rigorously. Change here x\ to a 1 -i-u 1 and we get approximately 

f(Xi)=f(ai + u 1 )=f(a 1 ) + u 1 f'(a 1 ) + lulf"(a l ) 


and therefore 


{2/Oh) - 2/(a,) + bfi~i = b? { X + 2 % £gli + «!^^}‘ 


therefore, by (139), 


= &I 1 - *I 3 {«x/' («i) + i«i/" («i)} + f67«uf {/' (a,)} 2 (142) 


« 2 =|p2/(^) - 2f (a,) + 6?}-i <&! = J“'{2/(a 1 + «,) - 2/(0,) 4- if}-* du, 

= ^“l ~ b ¥ {!“!/' («i) + £«?/'' (%)} + {/' (®,)} 2 , (143) 

6,=p — %?/' (a,) - ( a i) + ¥ j i 1u 2 M{/' («,)} 2 ; (144) 

hence as a first approximation 


as a second approximation 


and as a third approximation 


b i = Z7-\ u zf' K); 


&i - W' («i) {i + -/' («i)l - 4«x«i/' («i) + lj? </' 

£*2 “'1 / ■" “'l 

= ^7 - 4 “a/' K) - i u x u J" («i); 

also 

2/(0, + m,) -/(a,) + = Jif +/(o,) + 2 m,/' (o,) + Mf/" (a,), 

therefore 

2/(0, +m,)-/(o,) + M = , /K) + M /IK) J.-> 1 /(«i) ( 


V'2/(%)-2/(oJ + 6| 






/( %)/' K) 

26? 


^ + |/(o,)(qfl) 2 }; (149) 
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J(fi£+m d ( b i+nr) «i+/'(«i) 1 J--t} 2 

Jo V 2 f(x 1 )- 2 J(c h ) + bi V 2 *i i [It>i 0i >f y , 

(3/"(«!> 5 /r(g-,)\ 2 ( g i) . 3/(°i)/jlKl'l (150) 

+ \i“^ 46^ 6, J 26! 2 l 6? J J 3 


in which, by (147), 


/ ^,2 o/2 1 

L =- 2 /K) [i-£/'(%)- 1 3 /" K) 

=«,/(%) 11 ■+ #/' (°i)+fr k>+ S {/' <«i» 


3/'(«»)„ 


! = S«1 “2/' («i) 1 1 + oU /' (°i) [ > 


-^/(^/'(^ji+gr K)[, < 154 > 

7" K) 5 {/' (aj)} 2 /K)/" (%) /(<*!>{/'K)? 2 ] U S 

46, 125? 66? 26? J 1 

= («i)- tV“I [5{/' K)} 2 + 2 /(«x)/" (®i)] + U4*U 2 /(«i) {/' («i)} 2 ; (155) 

therefore, adding these last five expressions, 

s =Tuj uJ{cH) 

-*Pf‘ (%) +^/(%)/' K) + ^P/' KJ-^/K)/' K) 

-%/"(a l) + ^/K)/" (aj P^/K){/' («x)) 2 + 9{/' (%)} 2 --^/(%) {/'(«i)} 2 
+^/" («i) - 'f/K)Z" K) -§ {/' (%)F+-^Z (%){/' (®i)F 
=^+«J ( %)+^f-V / (% ) +^- a /" ( «i)-g(/'K ) } a . ( 156 > 

as in (136). 

This has been a complicated process: its most essential part, after the deduction of the 
rigorous intermediate integral equation (138), has been the approximate elimination of b x 
between the two rigorous expressions 

Jt 2 = .- - ^ (143) 

Jo V6f+ 2/ {a x -f u x ) — 2/(%) 


N:■ f" 1 - ^ + 2 /(0,+«,)-/(«,) (150) 

J 0 V&f -j- 2/ (a x + %) — 2/ (a L ) 

giving the approximate result (136) through the medium of the approximate expression (147), 
deduced from (143). 
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In the present example we have, by (133), 

S dS dx ± 8dS 1 (dx -\ 2 

y^hdx-^dxi’ y*~~bdxi ~ ~ 2 \dxj +f( x i)’ ( 157 ) 

so that the general equation (14), 0 = x ¥ (y 1 , y is x lf %), may here he put under the form 

0 = i-^f + y 2 ~/(xi), (158) 

and the general partial differential equation (16), which may always be thus written 


0 = W 

becomes in the present example 

0 

and gives 


&JS 

\S% 


ss 


’’ Suj 7 

i/ssy i 8S 

2 \Su-l) 1 Su 2 


a-L -f u x , 


, a* -f Ui 


-/(oq-f tq). 


f 

8 zq ~ V ' 


2/(% + %)-2 


Szz, * 


(159) 


(160) 


(161) 


If we take the upper sign, the complete and general integral of this partial differential equation 
(161) is given by the following equations: 

du x 


S-. 


-jym 


cq ^zq) ~~ 2b 2 d'U'^ b 2 u 2 (5g), 0 


I 

= “ 2 ~Jo 


), (162) 


^ /2 /(«i + «i)-26 2 

r/> (6 2 ) being an arbitrary function of b 2 and <$>' (b 2 ) being its derived function, but b 2 being 
treated as constant in effecting the two definite integrations: and in the present question this 
arbitrary function cf> (b 2 ) and therefore also <*>' {b 2 ) must he supposed to be identically equal to 
zero, because S vanishes with zq and u 2 independently of the auxiliary quantity b. 2 , which may 

8S 

easily be shown to be equal to and to be constant in the progression of zq u 2 8; we may then 

rigorously determine the form of the principal function 8 by eliminating b 2 between the two 
equations 


J u 

0 


du-. 


s= 2 /( a i + u i) 

2 Jo V2i/(a 1 + 'it 1 


L = = =du 1 , 
)-26 s 


I 0 V2/ (cq + u x ) — 2b 
which may easily be seen to coincide with the equations (143) and (150). 

(Jan. 23 rd , 1836.) 

As another example,* let 

( dx 2 \ 

h + qdx % J , 

h and g being any arbitrary constants and e being the napierian base. Then 

<E> («!, <s 2 , u 2 )=e ? h *1 (h^+gu^j; 

q>'(a 1 ) = 2h<I>, <$>' (a a ) = 0, <X> , (w 1 ) = 2A^ie aa i J 3>'(« 2 ) = 

* [Problem of the fall of a heavy hody in a medium resisting as the square of the velocity.] 


(163) 


(164) 

(165) 

(166) 
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<D" (%) = 4h 2 0, (a 1 ,a 2 ) = 0, 0" (a 2 ) = 0, 

0 '*' (a ± , ?p) = 4A 2 ^ e 2?fca i, O'* ' (a ± , u 2 ) = 2h (g - h ~ ) e* ha i 3 0'>' (a 2 , u x ) = 0, 
^2 \ ^2/ 

<£'*' K, u 2 ) = o, 

0 " (i^) = ~ e 27 ^, <P'*' (-% , w 2 ) = — e 27ia i, <I>" (u 2 ) = e 2hat ; 


[7 




U% 

= ~e~ 


0" {u x ) 4-0" (u 2 ) 0’>' (u t , u 2 ) 2h 

and the general approximate expression (132) becomes 


(167) 


(168) 


S-- 


f 


*i= Oi4- u ls ’a:2=a a -F Wa 


2C i — a l9 — Ctg 


T^ +i? 2 

= (1 + + |A 2 mj) e 2fta ! ^ ~ + gfw 2 j — — ^ iu i) 


I2uc> 


In this example the general differential equations (7) become 

^(*S +? ^) o=d - e2, “ i (?- fe 2)> 


Ae 2/ “*i. (169) 


(170) 


and both agree in giving 


, dx -1 , _ dx% 

d te- gAx * +h d£r° 


(171) 


as the ordinary differential equation of the second order between x x and x 2 . The second equation 
(170) gives, as an intermediate integral, 


e 2 h^ = & 2 = const., 

f 4>' (da; a ) or of K-j—; 

Sdxo, 

s-± 

l V g — b^e- 7130 ^ 


b 2 denoting as usual the initial value of O' (^) or of —- * therefore 

Sdx,, 


dx g 


and hence, taking the upper sign, 


=V£ 


Also 

therefore 


J -«a 

0 


du x 


dS~ 

dXq 


V g—b 2 e~ m (%+«!> 

= e 2to! ^+A d 4j = 2 ? e 2 ^ — 6 a , 


o Vgr — 6 2 e“ 2 ^ a i+ w x> ’ 


jS - b 2 u 2 -f- 

that is, by the expression for u. Zi 

S=v%^ ^^^h du 

Jo Vg — 6 »e- 27 l K+«i) 1 

The equation (174), (177) are rigorous and the approximate elimination of b 2 between them 
ought to conduct to the expression (169). 


(172) 

(173) 

(174) 

(175) 

(176) 

(177) 
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To ©Sect this approximate elimination, we shall first develope the reciprocal of the radical. 
We have 

g ^b 2 e~ 2h ^^ u ^ ~g— — b 2 e~ 2ha ^ 2hhtl), (178) 

therefore 


-V~ 2 ' ,< “ 1 +%)}-* = eha,^ ge 2k ai _ bz + -2b 2 hu l - 2b 2 h 2 uj}~i 

= «** (S’® 2 ' 131 - ^ { 1 + (1 - KUl) 


—& 


therefore 

u-, Vh 

u 0 = —=2:_ 

v g — b 2 e~ 2ha i 2 

hence, as a first approximation 


— e ha i (ae 2ha i — b f 1 — ^ 1 ) ) 

U l ge 2ha i — b 2 ‘ (ge 2ha i~b 2 ) 2 l 

= (g — b 2 e~ 2ha i)~*~ — u je*®! (ge 271 ** — b 2 )~% 

4- u\e ha ^b 2 h 2 (ge 2ka i 4 - 46 2 ) (^e 2 ^ a i —■ & 2 )~^; (179) 


?^ 6g ( ge ^_ 6 j 8 +1 ! ^^fesy (iso) 


and so (cf. (172)) 

and since in this approximation 

we have as a second approximation 

that is. 


t — b 2 e~' 2ha i u x 
h u 2 

/ he- ha i \ - _u 2 
\g e 2h ai _bj ~ Ul ’ 


u i - h 

1 V o — 60 e~ 2Act i 2 2 w. 


5 r —^ 2 e 

g — 6 2 e~ 2Aa i 


^ 2 ^ 


1 4- Am! - 


w-, 


Consequently, as a third approximation. 


( 181 ) 

(182) 

(183) 

(184) 

(185) 


4 


A 


^ 2 V p — b 2 e~ 2ha ^ 


■■ 1 + ■ 1 + hu l + 2 ^ fe“l - foil) | - g^| (?«1 - foil) (3ffMl - fcjif) 


= 1 +' 


u\g — b 2 e~~ ha ± 

u\ h 


%l — hul f ht, mill 
2%, t 6 " i " 2 m, i ’ 


(186) 


= 1+ ^l_S^2. 1 + + JL (g, M | _ (^-“l - A “l) 2 


3m® (fl 1 ** — fo*i) — foi*)* (IS?) 


b 2 e^u% =1+ ^ i + A 2 M 2 + p * (3g«! _/ iU ?) = 1 + Am,+- U , (188) 

gu 2 —/MAJ o 


HMPII 



(189) 
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and b 2 — e 2ha i- (g — h — 1 ,|) {1 +- hu^ + — \ghvj§f. 

\ u 2 ! 

Again., we have by what precedes 

^ ^_ n, h p—2ha t ( - — - 

g-b^e-ma 1+%) A j g-b 2 e~* ha i 12 \g ~-b 2 e~ 2Jia ^ 

+ u\b % er(g + ib 2 e~^) ( g _^- 2 ^ )' i ( 190 > 


\* 


also 


2 ^ e 2 A Wl „ 5 2 e-= 2g - b 2 e~ 2ha i -b 4#/^ 4- 4^ 2 uf; 
therefore, by (177) and (ISO), 

Se-^ = « 2 (2g- - 6 a e- 2ft “i) + (2<7fot? + j gh*ul) 


h 

- bo e~ 21ia i 
— fgrAwf b 2 e~ 2ha i 


/ 4_V 5 

\^-6 s e- 2;m i/ 5 


in which 


and 


Uo(2g — b 2 e _a;ia i) = yw 2 + ^ — 4- /—- — (^i + tz^u f — J^Zs-w!), 

^2 \ ^2 / 


2ghu\{l+Viu 1 )Jj-^ =s ^=2ghu 1 u 2 (1 + ^ + 2 ?“") > 


(191) 

(192) 

(193) 

(194) 

(195) 


( g _ 62 fe e - 2 A % )" = -ighu 2 (gu*-hul). 

Therefore, adding the three last expressions, we find 

‘ Se_2 " ai= (^7 +? “ 2 ) ( I+A %) + ^^+t^ % i«2-A^l. (196) 

agreeing with (169). 

It would however have been simpler, in this example, to have put the differential equation 
of the second order (171) under the form: 

x i~9~~ hx' x 2 , (197) 

and then to have deduced from it by differentiation 

x x = — 2hx x x x — — 2 hx x (g — Tix '^), (198) 

and therefore 

al^g-ha' 2 , (199) 

af = - 2ka i (g - ha' 2 ), (200) 

x[, x x , x x being differential coefficients of x x considered as a function of x 2 , and a x , a x , a x being 
their values when x 2 — a 2 ,x x = a 1 . Tor thus we should obtain, by Taylor’s theorem, 

u x =a x u 2 + \a" x u | + \a x u\, (201) 

( 202 ) 


that is, 

u x = a x u 2 4- \u\ (g - ha x 2 ) (1 - f ha' x u 2 ), 
which gives as a first approximation 

%. 
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as a second approximation 


therefore 


, u x 'llo / , ^f \ 

‘‘■or# 

(204) 



g-ha?= (s'-A^|) (1+fei,), 

(205) 

and 



As a third approximation 

(1 A 7iw x ) (1 — f Aai-w 2 ) = 1 A . 

(206) 

Also 


" ;= U (i+pMi) - 

(207) 



£ = e 2ha i j e 2 ^i (fix' 2 -rg)du 2 . 

(208) 

in which 




and 


^ = fljAaA i-cz x h| 

(209) 

therefore 

e 2hu i— 

1 A 271% A 2fc 2 u f = 1 A 27i« x w 2 A (27i 2 a x 2 — 7?a x ) u|; 

(210) 

C 27lu i (^'2 _j_ g ) 

— (ha x 2 A 

g) {1 A 2h€i' 1 u 2 A (27i 2 « x 2 A ha\) n%} A 2ha' 1 a'{ {u 2 A 2ha' 1 u|} A 




A h (a'f A a[a x ) u \, 

(211) 


and 


Se~ 2lia i = (ha'i 2 + g) -j u 2 A ha' x u\ A ^ (2 ha* 2 -r-a\) u% > A ha {a J (u| A f Jia^uVf A^ (o 7 2 A ) a% 

= (ha[ 2 + g)u 2 + 2gha x u\ A -§/k*! {(# A 7«ii 2 ) 2 Ac/ 2 — h 2 a[*} 

= {ha'j 2 + g)u 2 (l+ %ghu 2 ) a 2gha' t u 2 , (212) 

in which, by (207), 

. 7 , „ , hu\ / ut\ , _ 17 . 7m| / 7 2 

(*o 1 2 + sr)M 2 = ^- 1 + srJt 2 -AM 1 M 2 ^gr-7j^|J (1 + PU0 +A 0 -7i ^f) ’ 

(7ia x 2 A ^) = f (7mf A(213) 

g — h^J; 

therefore, adding these three last expressions, we find for the principal function A this expres¬ 
sion, agreeing with (196) and with (169): 

S= \^ut +gu *) ( 1 + hu ^ + Yi+ fs* 2 “!“ 2 -iW 2A “l)• (214) 

It is worth observing that the differential equation of the second order (197) is that of the 
fall of a heavy body in a medium which resists as the square of the velocity; so that the integral 
of this equation can be rigorously expressed by the method of the principal function. 

As a third example* put 

dx 2 

dS=<& {x x , x 2 , dx x , dx%) = A gx x dx 2 , (215) 

g being any arbitrary constant. Then 

O (a x , « 2 , , -m 2 ) = A ga ± u 2 ; (216) 

* [Particular case of example on page 348.J 


45-3 
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therefore H 

«>'(%) ®'(«.) = ^-|rr 

and 

<Sf” («!> = 0, (T)'.' (a 1 ,a 2 ) = 0, <D"(a 2 ) = 0, 

<t>'-'(a 1 ,u 1 ) = 0, 4>'-'(a 1 ,M 2 ) = 9', ®'-'(a 2 ,M 1 ) = 0, <&'■'(a 2 ,« 2 ) = 0, 

hence 

+ _ _ ^ 1^2 __ yZ ^ 

<S>"(%)P<D"(^ 2 ) <£'’'(^ 1 ,^ 2 ) 

so that the general approximate expression (132) becomes in this example 

rx 1 =a x +u Xt x i =a 2 +u s ^2 % 2 7 „ ^ 

S = —A + gr^i^ = + S^l «2 + iS^i W 2 ~ ■ 


In this particular example. 


_&dJS _(ia; 1 
2/1 = 8 




thus the differential equations (7) become here 


~~gdx 2i d |g 


and they concur in giving as the complete integral with two arbitrary constants: 

X X= sa l + a l ( X 2 - a 2) + 2 9 (» 2 “ a 2) 2 > 


that is. 

Hence, rigorously. 


u 1 = a' 1 u 2 + \gu |. 


< = ^-iflW,. 

Mra 


-a[ + gu 2 


1 /efcr-A 5 

2 \dar 2 / 


+ ffXl = g<h + M 2 + 2ga^u 2 + g*y*; 


(217) 

(218) 

(219) 

( 220 ) 

( 221 ) 

( 222 ) 

(223) 

(224) 

(225) 

(226) 

(227) 

(228) 

(229) 

(230) 
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rigorously, or 


+ flw i J ^“2 = (fl®i + K 2 ) « 2 +ff< «S+Iff ^1 

S = ga x w 2 + iMo (aj+g« 2 ) 2 - Iff^l 
= £% % + |m 2 ( - 1 + I^Mo j - ^ 2 «1 


(231) 



rigorously, as deduced in (220) from tie generally approximate expression (132), which in this 
example is more than approximate. 
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[,Statement of the theory for a single differential equation of the first order .] 

(Feb. 18 th , 1836.) 

[1.] Let the following be any proposed or original ordinary differential equation of the 
first order: 


( 1 ) 

in which 


0=f(x, aq, x 2 , 


If n = 1, the equation is simply 

(3) 0=f(x,x 1 ,x' 1 ) y 
and then it has always an integral of the form 

(4) 0 —F(a, a ls x, aq), 

cq being the value of aq which corresponds to the value a of x. But if n > I, the one original 
differential equation (1) is not in general sufficient to determine the forms of the two or more 
functions aq, ..., x n ; however it will still conduct in general to what I call the principal integral 
relation between those functions and their initial values, of the form 

(5) 0 = F(a, a 1} a n , x, aq, ..., x n ), 

provided that we combine it with the following n— 1 principal supplementary differential 
equations of the second order: 

Sag dx S x' 2 dxBx^ 

{ } if .. W ’ 

Sx{ Sx' 
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assigned by the Calculus of Variations. Since these supplementary equations enable us to 
choose A so that 


(?) 

3/_d / sn 

8x 1 dx\ Sx'J 

II 

■< 

iX). 
s KJ 

we see that if 

we multiply by A, thus chosen, the variation of the original differential equation (1), 

namely 




(8) 

0 = ^-8x + -^8x 1 + ... 
ox Bx x 

+ & n Sx * + Mi Sx ' i+ ' 

■■■+£*• 

in which 




(9) 

8a; " Bxf 1 

8/ , 8/ „ 

4- ~~ x n + ~4 x x 4- ... ■ 


we shall get 




(10) 

0 = ^A (&H — x{8%) 4-. 


Bx) 


4 A -~p (6.Ti — x[Bx) -f-... 4 A 

Bf , „„ x 

-^p(8x n -x n dx), 

ou n 

in which Bx^ = 

= S ~ Sx f — x\ ~ Bx. and therefore 

ax ax ax 


(11) 

8#'- — x'- Bx — — 

1 1 dx 

{Bx t — x\ 3a.*) = (Bx i — x 

[oxy. 

Hence 




(12) 

0 = A | A ( Sx i -x'ibx)^-+A(b.v„ 

-x^Bxy-: 

that is, 

0 = X x ^,^(8x 1 -x'i8x) + .. 



(13) 



-■K {§! (&*i - <Sa) + ... +g| (&*„ - <&*) J, 


if we denote by A^ and f x the final, and by X a and f a the initial values of A and/. 

Comparing the equation (13), which is the integral of the variation of the original differential 
equation (1), with the variation of the principal integral relation (o), namely 


BF^ S JF 

= s^ s “ + sU“ 1+ - 


8 F. Si? 8F. 5 

■ s: n + + s* 3Xi + ■■■ + 1 


and observing that the coefficients of the one must be proportional to those of the other, we 
find the n final equations 
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the n initial equations ^ ^ „ 


and this other equation 


f hF 


J _„, S/A 

, S F Sf a 

SaJ 

r i Sai + " 


8 a ha' x 9 

SF 

/ ,s/_ 

^ ,8/A 


l ba n 

( ai Soi + - 

’‘§<) 

ha ha n 


(17) 0 = A a ( a ig + ... + <g)g + A x (^ + ...+<g)^. 

The n differential coefficients or derived, functions x± t ..., x n can in general be eliminated be¬ 
tween the n+1 equations (1) and (15), and the result will be a partial differential equation of 
the first order and of the form 

/SF hF_ 

(18) 0 = T- |f, *i. ■»>*» 

\hx SiC 

which the principal integral relation (5) must satisfy. In like manner, by eliminating a[, ..., < 
between the n equations (16) and the initial form of (1), namely 

(19) 0 =/ (a, a l9 a n> a' ls ..., <), 

we obtain this other partial differential equation to be satisfied also by (5), 

/hF 8F_ 

(20) 0 =*' r lff. |•••»“» 


r i R +, " + “s*J 


T* being the same function as in (18). 

When the form of F is known, as well as that of/, and when both these forms are substituted 
in the equations (16), those n equations along with the principal integral relation (5) reduce 
themselves to only n distinct equations, which however are in general sufficient to determine 
the forms of the n functions x x> x n . These n functions involve the independent variable x 
and the 2 n arbitrary constants a 1 , a n , a' 1} ..., a * n , which are not however all independent, 
being connected by the relation (19) when a is given or assumed. Thus the system of w + I 
equations (5) and (16) is equivalent to a system of only n distinct equations and is a form for the 
complete integral, with 2n—l arbitrary constants, of the system of n equations (1) and (6). 

[.Extension to a number of differential equations of any order .] 

[2.] More generally, let there he a proposed differential equation: 


0=f(x 3 x lt x' x . 




and let it be combined with the following supplementary differential equations: 


M. 


x m 

8x± 

dx \ 

s «i/ 

S/ 

_±( 

x m 

of 

Ico 

dx \ 

s<; 


+ ...4-(-l)"i 


(ST(» 




(22) 
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We shall then have 

(23) 0 = A (8if-/' 8*) = A j (Sa* -x[Sx) + ... + g^j(8*f-J - *fi+» 8x)} 


J 


+ ^ | ^ ( s *» - < S«) + ... + (Sa#*J - a&>»+» 8a:) | 

= (Sz' 1 — x'^Sx) + (^Ag^) (Sa^ — Sa:) + ... + A (Sx^i 1 — rc-(“i +li 3a:) 

/ sf \(«i) 

+ (- 1)“^ (Ag^j) (3%- x^Sx) 

A. 

+ A Jp- (S<-a:"Sa;)-r ( A ^) (3a: n -.<8a:) -f-... 

+ Agjt^ ; (8a#**>-Sa:) + (- 1 J”"* 1 (Agj£-) " (Sa:„ - x' n Sx); 

in which 

(24) S.r^ — a?( f «ui-ri) 3 a; = (S.T* — or'- 3a*)- a A 
Also in general 

(25) yz^d -f- ( ~ 1 ) cu i+ 1 2^ e * , f) 2 = ^ — y , £p>i—'Z) 4- y"z tai i~ Z) — D gj/. 

Therefore 

(26) 0 = A (8/-/'Sa?) 


[MH 

>&*■ 

...+(-i)“i- 1 

A 8/ ' 
V 8x<?i\ 

| (cOj-l) 

|( Sx i - 

-ct^Sa;) J 

+. 







+riA s/ i 


..+(-i)“»-i| 

(x Bf ) 


[(8*»- 

■<Sa:)J 

Lts< 1 

l Sx’^J 

1 J 

+lmh 

w + - 

..+(-i)"i- a j 

fx 8/ ' 


[(8®i- 

ru—! 

1? 

60 
•» H 


) J 

+ . 








>«+■ 

.. + (_1)®»-2| 

( A a**rJ 

(o) n — 2)\ 
1 

■«&*- 

<8*)'J 


+ &c. 
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so that, by integration, 

( 27 ) 0 = f A( 8 >f—f'8x)dx 


( a ^) + - +<_ i, ’"‘ l^r ’ll 8 *--*; 8 *’' 


+ - +A s^T) (S ^ _ ^ S: c)<< " 1 " 1> 

4- &c. 


The general term is 


+{ a sS - ( a sv ++( 

+ ••• +A g^r> (S ^ _;!: » S:c)<Wn_1> ] • 


A [(-!)“ ( A ^Sra) W <^-^ te >*“*] ■ 


where a may have any value > /3 and j8 may have any value < a> m> m having any value > 0 hut 
> n. Thus 

( 28 ) 0 = £^{(- 1 )* 


Lo ^: 1 I (- D a (*. sW* (S *“ - **> Sa:)< ^ 

La^O 1 ^(m)l | ( ~ 1 ) a (\i g a (js+l)) ~ 


More generally still, let 

'0=/i (a?, x t , x' l3 ..., x 2 , x' 2) x n , < } ...» 

(29) \°=f 2 ( x > &i, *1, x 2) x 2 , ..., 4 ^, 2 ), ..., x n , 4, ..., 

1° =/»(«» 4* 4^^ *^2j 4 tt,m ’ 2) > •••» »»> «n» •••> X^ra,^) 

be any m original differential equations between any n functions x l3 ..., x n of an independent 
variable x; and let them be combined with the n following supplemental differential equations 
between the same functions and m multipliers A-^ A m : 

(30) . 

J" +••■+(-!)-“ (a, s^b)'””’ 

+A -ft-MS)'---( A -^>r" 
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Then 

< 31 ) Wi-/i8*) + ... +\.W m -f m 8x) 

is an exact derived function, or total differential coefficient, namely the differential coefficient 
of the expression HL i k l , in which 

(32) top»-»!£**8x) + (-!)' 

i k \ ^k * 

and 

(33) = \ g^jj(S4> - &b) -... + (- 1 f ^ g^rj) W> ( Sa; * ~ s *)! 

and hence, by integration,* 

(34) 0 = 2& # S“-- 1 s-, S“ n {(-!)« (a^ (8*, -*;&*)*-* 

- (- l) a (v. 3^>) <a w-<s a y0-“>} • 

(Feb. 19 th .) 


So far the Calculus of Variations conducts. But, proceeding to the Calculus of Principal 
Relations, it may be shown that the auxiliary or supplementary system of differential equations 
(30) conducts to a principal integral of the original system (29) of the formt 


(35) 


O-W*’* 1 ’.**. *i.a4“* -1 '. 

\a, a lt a[, al°* i _1) , a 2 , a' 2 , ..., a^- -30 , 


<, 

a /2 , a^, ..., a\ < p'~ 1) ) ’ 


aq being the greatest exponent of the series oj 11s u> 21 , ..., o> ml , or more precisely an exponent 
of that series not less than any other exponent of the same series; co 2 being an exponent similarly 
selected from the series CO 2 ^ 2 j ^2 2 > *' • s ^ 2 9 and so on. Hence, taking the variation of the prin¬ 

cipal integral (35), we find 




8ic ia 

S F- SF _ SF 7 * , SF 

+ § a +>t . + r . 8a^x-1) + ...4- 

8a 8a 1 L 1 


Sol, 


+ 


‘Sa&'a-w * 
SF 7 






and the fundamental theorem of the Calculus of Principal Relations, for the integration of total 
differential equations, is that the coefficients of this last variation are proportional to the 
coefficients of the formula (34), or that 

(37) SF= A2&. (-D“{ 

- (v. ^ \ • 

We have also, by the Calculus of Variations 

(38) (8x v - = S a$~«> - xf~«+V Sx, 

* CV set an< l A^ a , fu,a are the final and initial values of 

t See subsequent investigations of these pages, respecting the general existence of this relation. 
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-d- _ n / 2 fl \(jB-ct) — Sa^ _0£) - « < i ?" 0i+1) i 

<39) , nf the Calculus of Principal Relations may be thus written: 

, that the fundamental theorem of the Calculus oi v _.- 


[3J A. « esample of *» .PP— of «*■ —— of *. — .J, 
■incipal Relations, let m = 1, ^i, i = "i. a "M- ' ^ v 

e formula (40) becomes S/i,— _„/s ra il : 


Principal Relations, let m=i, wi fl = a! u rt 

the formula (40) becomes sy ,. 

(41) SF = AS 5)1 {\,|f(&v-*;8*)-A 1 ..-gf ( 8-,-«»8«)}. 

and resolves itself into the 2a+ 2 separate equations following: 

SN v, ™ ff = AA- S/l '" 


|f = AA : S/l - 


SF „ S/i, 


SN „ 2 „ ( X M^\ |l = aa “ " J1 

( 42 ) g^ =_AAl > ;c2 '<>' )1 \ v Saq 

and 8 E / ,S/ la \ 8 J_ » §k- ^ = -AA lre 

( 43) g- =AA 1>0 Sg,) X (<L ga f ) . 8(Ii ua g ai • ’ Sa„ 

In this example there is only one original differential equation of the form 

( 44 ) 0 =/x (x, aq, 4, x 2 , 4, .... *», 

and the n supplementary differential equations axe of the form 

(45) 0 = 4.*^- (Kz%f)\ ( A --Sif) : 


§fi,« 
ll '“ Sal, 


they may also be thus written, 

A( T Saq \ 84 / Sa 2 \ §4 / _ _1®5ai_. 

(46) \I = —cr~ = —n ~ ff 

and they give in general n - 1 supplementary differential equations of the second order between 
the n functions sc lt x n . If we join to these the equation 

(47) 0—/i,*» 

which is the differential coefficient of the original equation, we shall have n equations of the 
second order between the n functions aq >•••>*« > which can thus in general he found m terms oi 
the final and initial values of the variable a and of the 2 n initial data or constants cq, ®x, « 2 . ®s 
4- But these “ilia! constants are not aU arbitrary and independent, being connected 
by the given integral relation 

(48) 


0=/l,a- 
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We may therefore in general conceive the n constants a 2 , a 2 , .... a' n eliminated by this relation 
(48) between the n expressions of x l3 x 2 , x n , and thus a relation obtained of the form 

(49) 0 = F (x, Xj. x 2 , .... x n , a, %, a 2 , ..., a n ) 3 

which is in this example the principal integral relation between the n functions x x , x n , or 

the principal integral of the original differential equation (44). 


The n-h 1 equations (42) give, by elimination of AA ljX , the n equations following: 


(50) 


8# 8x' ± 


~§x 1 M1 


( X - 8 A*\ 0 = — y» /'■ c > 8 /l,a t 

l Sx Sx' n ‘ Sx n " S x'/ 


and if between the n equations (50) and the original differential equation (44) we eliminate 
x' 1} ..., x' n , we obtain a partial differential equation of the first order, of the form 


(51) 


0 = T 




8 F 8F 
8x 5 8xf 


8F 
’ 8x, 


? \ 


which the function F must satisfy. In like manner, the n -h 1 equations (43) give, by elimination 
of AA 1 


A l,a’ 

(52) 


cs-Sl s A° , 

8a Sa[ ‘ r Sa-i <v) 


1 ( ai fe) 


0 S-FS/i.« ■ 8-F 

8a 8a ' ‘ 8a 


1 ( c * Saf)' 


and if between these and equation (48) we eliminate , ... a', we find this other partial differen¬ 
tial equation of the first order 


(53) 


0 = ^ 


8 F 8F 
8a * 8a 2 


8F 
8a 


-, a. a x , 



which the function X must satisfy. In these two partial differential equations the form of IF is 
the same and is homogeneous of dimension 0 with respect to the n + 1 partial differential 
coefficients, final or initial, of the function F: so that in the notation of derived functions 


(54) 

8^ /S£\ SZWM’V 

Sx \Sx)^ S Xl \SxJ 

SF 

• + 5— T' 


and 

(SF\ SF (SF\ 

0- S a \S“/ 8% VS«i/ ‘ 

8F . T _. 

fSF\ 

(55) 

" + 

\Sa») 


The n equations (52) and equation (49) are equivalent by (53) only to n distinct equations; 
but these are in general sufficient, when the form of F is known, to determine the forms of the 
n functions x lt ..., x n in terms of the independent variable x , its assumed initial value a and 
any 2n — 1 of the 2n initial data a 1 ,a'- L , a 2 , a 2 ,a n , a* n , which are themselves connected by the 
one equation (48). The system (49)—(52) is therefore a form for the complete integral of the 
system of the original differential equation (44) and the n — 1 supplementary differential equa¬ 
tions deduced by elimination from (45), and this integration of a system of several total differ¬ 
ential equations, by means of one principal integral relation, is the chief use of such principal 
relations and the reason for giving them that name. 
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We have, by differentiating the principal integral relation 


S F , 8-F 


...+K 


8 F' 


Sx’ 


S F _ S F 

n Bx’ 


so that if we put, for abbreviation 

8F_, 

(57) Saq 1 Bx 

we shall have r , 

(oS) 

At the same time, by (50), 


hj / 8f, ^ 

(5., . 

The variation of (58) gives 
(60) 

Therefore by (59) 


cc^S A4-...+<S4== -A S;r i- 


Lereiore oy ^ \ 

(61) (®iS( 1 +... +<S* B )S5)1 (a> gjvj 


_s/i. 


fSrr; + ...+fy3<, 


but also 

(62) 


therefore 

(63) 


^_ S AsSx-^Sx 1 

Bx OX-L 

8 F 8JF 

a;iS< 1 +...+<Si» = *i s ^ + — + a: “ S 'S# 


S/i, 

‘ S-R 


1 


So: 


== ^j'" 1 |s 


8a; 

Sa;, 




8a;.. 


0= ^sg+^sg+...+<s|£)sr v)1 (*: f h x x f) 

+£(^ to+ fe* + -- + fe^)- 


[3 


OX \ OX 

Comparing this with the variation of the partial differential equation (51), that is, with the 
following formula: 


.,(8F\ S 8F 


(64) 

we find 

(65) 






( 66 ) 


+ T' (») $x +T' (xj $x t +... + X F' (a? n ) , 

. 


and 


(67) 


sf 

Sa; 




The equations (65) agree evidently with (54) and (56). 
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Let F 4- AF be a function nearly equal to F, and let it be substituted instead of F in the 
partial differential equation (51) and the result developed by Taylor’s theorem as far as the 
first powers of the coefficients of the small function A F. We get 


( 68 ) X F 


(BF 8A F 8F 
\ Sa; + 8x 9 8x 1 


8 A F 
Sx-, 9 


8 F SA F 


x n |=Y + AVF = A'F 


that is, by (65), 

(69) AF 
and therefore 

(70) 


Is*; 8x + Sx 1 ^ ^ 


8^\ SA F 

SxJ Sx n ’ 




S AF 

8x 


, 8AF ,8AF\ 


1 8aq 

—/Msr— 


=Y' : 


/8F\ dAF _ 
\Sa;/ dx 


And if we choose that F and A F shall vanish when x — a (which we are always at liberty to do), 
we may then take a and x for the limits of the integration and write 


(71) 



AW dx. 


This theorem is very important in the Calculus of Principal Relations for it enables us theoretic¬ 
ally to express and often practically to calculate the small correction of an approximate form 
F + AF = 0 for the principal relation (40) by means of a definite integral.* 


The important equations (65) might have been obtained more simply by observing that 


(72) 


that is, 
(73) 


0-d,8.J'-8,^-i(gto + g 8 * l+ ... + g8* n ) 


* S F , 8F 7 SF J 

-8 — dx + err «^i +... + dx, 


Sx 


8#, 


») 


8F 8F 8F 8F 8F 

= d—.8x + d~ .8x 1 +... + d~.8x n ~S^- .dx-8 — .dx^ 

r i 


' 8* * w ^ w 8aq * ^ ‘ w 8x„ — 


s SF j 


o=s^+^s|^+...+<s, 8 - F 


Sx 


8X -. 


Sx.„ 




Comparing this with (64) we find not only equations (65) but also 



equations simpler than (66) and (67). 


With respect to the logic of (72), we may observe that x, aq, ...,x n are not all arbitrary when 
a } a 1 , a n are given but are then connected by the principal integral relation F = 0, if the 
functions x t , x n are to satisfy the original differential equation and the principal supple- 


* [This method of approximating to the principal function is exactly the same as Hamilton used in the Second 
Essay on Dynamics. Cf. equation (F), p. 170.] 
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[3, 4 


mentary equations assigned above. Rut, consistently with, these differential equations and 
data, we may vary x, x l3 ..., x, n provided that we make the variations satisfy the equation 

SF SF 

(75) 0 = 8^^ + ^ + ... + ^, 

omitting squares and products of the variations. At the same time x[, .... x' n will in general 
vary but must satisfy {among others) the following equation, deduced by differentiation 
from (75), 

(76) °=4{s| (S^S-H - +g (to„-Xto)} 

"O (6*i-*i fa) + - + 0 

SF SF 

+ -(Sx' l -xlSx) + ... + ^—-(Sx^-x" n Sx) 

1SF\' , /SF)' , , /SF)' SF. . SF. , 

“(to) SX+ WJ Sx ' + - + WJ Sx * + 8^^ + - + SX n Sx "’ 

and also the following, deduced by variation from (56), 

(77) o — S_i _F 8 -f- -\-x / 8^~-\~^~ 8x f + + ^~8x' 

(1J) °~ b Sz +Xlb Sx 1 + - +Xnb Sx n + Sx i bXl+ - + Sx n hXn ’ 


Comparing therefore (76) and (77) we find that we can eliminate between these two equations 
all the n variations 8x' n , and that the equation (73) results. 

{Two or more differential equations of the first order.'] 

[4.] As another example of the application of the formulae (29)-(40), let there be two 
original differential equations of the first order 

fO=/i(# } x 1 , x 2 , x 2 , x n) x n ), 

( 0 =f 2 (x, x l3 x' l3 Xq , x 2 , x n , x' n ), 

so that now m = 2, co^ = I, /3 = 0, a « 0, and equation (40) becomes 

(79) SF = AS^ )1 S^ }1 |A^ a -^^(5^-rr'Sa;)- (8a v ~a„8a )^. 

It resolves itself into 2n + 2 separate equations 


< 81 > . g- -** (V.|f)..... f - ■ 


. s/U\ 

S.F__ 

A^)i (■ 


*’ 8x n ~ 

S 4.<A 

BF_ 

8a n 



(Feb. 20 t& .) 

The supplementary differential equations are now 

(82) 0 = 2? Aa _ (\ jt.®\ '1 f 

s®, v>-*tor; f> •••> ( 


M?)!. 
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They are n in number but they involve 2 unknown multipliers A lx , A* x and their first differential 
coefficients A^ x , \’ 2>x . They may be differentiated any number i of times, and thus we may obtain 
in new equations of the form 



A* ) 1 


l 0 —2 2 ' -^A 4^2. _ \ —l\ 


f, s/4\ (i > 
A* Sz 1 ) 

\ 8x{ 

jCf-Dj 

0 V 3 1 (\ s 4,*y° (\ s 4*\ <m ’). 
0 - i j * s.r„ 1 \ V* &*■'„ ) j ’ 


(83) 


but these involve the 2i additional differential coefficients AJ x , .... A^~ 1} , Agy 1} . If we take 
i > 0, then n 4- in will be greater than 3 4- 2i (?i being supposed greater than 2), and then by 
eliminating the 3 4- 2i ratios of the 4 4- 2i multipliers A lx ., Ao A* x , ..., A^y 1J . A between 

the n 4- in equations (82) and (S3) we shall obtain a number i (n — 2) 4- n — 3 of resulting differen¬ 
tial equations of the order i 4-2 between the functions x x , ..., :c Jt . Even if we take i = 0, we shall 
thus have n— 3 equations of the second order between these n functions by eliminating the 3 


ratios of A t 


^1. 


, between the n equations (82): but we must join to these another 


equation, which will be of the third order, in order to determine the forms of the n functions 
x l3 .... x n : and then we shall have two equations of the fust order, n — 3 of the second and one 
of the third, giving for the sum of the exponents of the orders 2x 1 4 (a — 3) x 2 4 1 x 3= 2/i — 1: 
so that the complete expressions of the n functions x lt .... :c n will involve 2/i— 1 independent 
constants and, by eliminating n — 1 of them, we can in general obtain a relation of the form 
(49), wliich I have called the principal integral relation between the final and initial values of 
the n functions x l9 ..., x n and of the independent variable x, namely. 


(49) 


0 = F (x, x ±) 


x ni a , a l9 


•» a n ). 


Comparing its variation with (79), we find (80) and (81). Any three of equations (82) enable us 


to express y^ in terms of x, x l9 ..., x n> 


Ai f ^ 


, a, 


» a n> a l> •••» a n > a l3 


and therefore y 1 ^ in terms of 

Xi, a 

a, a l9 ..., a, n} a' l9 ... 3 a'[ 9 ..., a". Thus the n equations obtained by ehminating A between (81) 

will be n equations between 

8F 

Sa n 

S£’~ 

8a 

when this value of is substituted. Also the n— 3 supplementary differential equations of the 
Aua 

second order, combined with the differentials of the two original differential equations (78) of the 
first order and with those two original equations themselves, will give, when referred to initial 
values, 7b—1 equations between a, a l3 ..., a n , a[ 3 a" and two equations between 

a , cb l9 ..., a n , , ... so that we can in general eliminate the 2 n quantities a[, ... 3 a^ 7 a1, u" 

between the n+ 1 equations last mentioned and the n equations obtained from (81), and shah 


8F 
Sa x 

TF’ 

8a 


H.MP1I 
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thus he conducted in general to a partial differential equation of the form (53), which will be 
subject to the conditions (55). The rigorous equations (65) will also hold and therefore the 
formula of approximation (71), as connected with a partial differential equation of the form (51) 
subject to the condition (54), which may be obtained by eliminating the 2n-h 4 quantities 

T f or' x" x" A 

*D . ) > > > > 

A l,x A l,x A l,x 

between the n+1 equations (80), the n equations (82), the two equations (78) and the two 
differentials of these. Also the equations (81) or those deduced from them by elimination of A, 
combined if necessary with the equation (49), are forms for the integrals of the system of the 
original and supplementary differential equations of the question. 

As a more general example, let the original differential system be 

(84) 0*/i(a; s x ±> x' lt x 2 , a?', x n , x' n ) =/ lfX , ...,0 =f m (x,x 11 x^x 2 ,x^ x 1tt x' tl ) 
so that the supplementary equations are 

(85) 0 = y^--{* i > .fjk’fA n — (\ jlf^\ . 


- Vm I \ I , ix, x \ n _ V; , -v 

“^)i p** S x[; j’ *’ 


If n < 2m, we can eliminate the 2m — 1 ratios of the 2m functions X^ x and X between these n 
supplementary equations; and so obtain n — 2m- i r 1 equations of the second order between the 
n functions x x ,..., x n , to be combined with the m original equations (84). There will then remain 
m—1 equations to be assigned between the same n functions, and these will be of the third 
order and will be had by elimination from any 2m - 1 of the n equations obtained by differentiat¬ 
ing (85). And the sum o f the expon ents of the orders of the n equations between the n functions 
Xj,x n will be m x 1 + ^ — 2m + 1 x 2 -fra — lx3 = 2n - 1; so that we shall still have a principal 
integral relation of the form (49) and its variation will be of the form 




\ 

** hx' 


-X 


~(8a v — a^Sa) 


l (\ 

Bxi ) 5 


- — | A„ 


If we eliminate the 2m 4- 2n quantities 






/ x 3ffX, x\ 


- -AS^ n 


lx <l \ 


l equation (87), the m + n equations (84), (85) and the m differentials of (84), 
ILTaZ cond y ted to a partial differential equation of the form (51); and an analogous 

si X °Z r another partial differential equation (53)—together with conclusions 
similar to those drawn m pages 364-368. In particular, the equations (88), when the form of F 
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is known, will give tlie complete integrals of the system of the n differential equations between 
the n functions x l9 ..., x n . 

If n < 2m but 2n < 3m, we can then eliminate the 3 m — 1 ratios of X \ r ^ x between the 

n equations (85) and their n differentials, and so obtain 2n — 3m + 1 equations of the third order 
between the functions x x , .. x. n , to be combined with the m original equations of the first order 
and with 2m — n — 1 equations of the fourth order (observing that 2m — n— 1 < ?i — m. because 
2n + 1 > 3m and therefore 2m + n — ( 2n -f 1)< 2m 4 -n — 3m). Thus the sum of the exponents of 
the orders is (m x 1) + (2n — 3m +1x3) + (2m — n — 1 x 4) — 2 n — I. In this case, therefore, as in 
the last, we are conducted to a principal integral of the form (49) and to conclusions altogether 
similar. 

In general the n equations (85) and their in differentials as far as the ith order contain 
(i + 2)7n~ 1 ratios of A^, A^ ..., A^% 1) , and 

n + in — (i + 2) m + 1 = n (i + I) — m (i 4- 2) + 1 = n — 2m + 1 4 -i {n — m). 

If i be the least integer which makes this last remainder > 0 and h the corresponding value of 
the remainder, so that 

(89) k = i (n — m) 4 - n — 2 m 4- 1 

is > 0 but >7i —m, we shall then have k supplementary equations of order i + 2 and n — m — k 
equations of order (i 4- 3), to he combined with the m original differential equations of the first 
order. The sum of the exponents of all these n differential equations between the n functions 
x 1} ..., x n is therefore 

(m x 1) + (k x i + 2) + (n — in — k x i + 3) = 7i (i -+ 3) — m (i + 2) — k = 2n — I; 
conclusions therefore follow in general of the same kind as those deduced for the particular 
cases above. 

i is the least integer which makes n (i + 1) <; m (i + 2), that is, — < or 

& x ' m i 4-1 

(90) i+1< m 

7i —m 

Therefore i is the next less integer to 

m number of original differential equations 

n — m number of supplementary differential equations 1 
the supplementary differential equations being between the n functions x l7 x % , ..., x n only and 
not involving the multipliers A^ * nor their differential coefficients, which are supposed to have 
been eliminated. And k = (i+ 1) (n — 7n) — m+ 1. 

Thus, let n = 10 and let m = 1, 2, ..., 9 successively. We shall have 


m 

i ■ 

k 

n — m—k 

Original equations 

Supplementary equations 

Sum of exponents 

1 

0 

9 

0 

1 of 1st order 

9 of 2nd order 

1 + 9.2 =19 

2 

0 

7 

1 

2 „ „ „ 

7 „ „ 

„ , 1 of 3rd order 

2 + 7.241.3 = 19 

3 

0 

5 

2 

3 ,» „ „ 

5 „ „ 

„ , 2 „ „ „ 

345.2 + 2.3=19 

4 

0 

3 

3 

4 „ „ „ 

3 „ „ 

„ , 3 „ „ 

4+3.2 + 3.3=19 

5 

0 

1 

4 

5 „ „ „ 

1 „ „ 

„ ,4 „ „ „ 

5+1.2 + 4.3=19 

6 

X 

3 

1 

6 „ ,, „ 

3 „ 3rd 

„ , 1 „ 4th „ ■ 

6 + 3.3 + 1.4=19 

7 

2 

3 

0 

7 „ „ „ 

3 „ 4th 


7 + 3.4 =19 

8 

3 

I 

1 

8 „ „ „ 

1 „ 5th 

„ , 1 „ 6 th „ 

8+1.5+1.6 = 19 

9 

LV 

1 

0 

9 „ „ ,» 

1 „ 10th 


9 + 1.10 =19 
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[.Differential equations of order higher than the fir si.^ 
[5.] If the original differential system be of the second order, 

(91) 0=/ lja . =f % {x 3 x l9 x' l3 ..., x n> x.n, xl), 0—/ m>aj =/ m (x, x l9 x[, x l3 
then the n supplementary equations between the n original functions x l9 ... 
supplementary functions X l x , ..., \ niX are 

o-£S»|V>tf- IV,lf)' + (V-If)]- 

(92) 

v 0 = S & 1 {V*-^f + *Vx-§^-) 

With these we may join their derived equations up to any order i, 


a? n ,<, <), 
x. t , and the m 


and if we take i large enough, it will always be possible to eliminate between these n -f- in equa¬ 
tions (92), (93) the (i + 3) — 1 ratios of the m (i + 3) functions , .. •, A<£+ 2) , and so to get 

a number k of equations of the order (i + 4) between the n functions x 1 , ..., x n , where 

(94) k=n (i+ 1) — m(i~\- 3) + 1 = (n — m) (i + 3) — 2n H- 1. 

Let i be the least integer which makes k positive, so that i is the least integer which gives 

(95) i + 3 < . 

that is, i + 2 is the next less int eger to — — — or i is the next less integer to-. Then 

& n—m n—m 

(96) k> 0, k>n — m 3 

and the supplementary n — m equations between the functions x 19 ..., x n will be k of the order 
i + 4 and n — m— k of the order $ + 5. The total sum of exponents will be 

(97) (?n. 2) + (ft. i 4-4) + (n — m — k. i + 5) — n (a 4- 5) — m (i -4- 3) — k — 4n— 1. 

This therefore will be the total number of independent and arbitrary constants (besides a) in 
the expressions of the n functions x l9 ..., x n , and only the same constants will enter into the 
n expressions of x ' ± , ..., x' n . Eliminating therefore 2n — 1 constants between the 2 n expressions 
of x l3 ..., x n , x[, ..., we shall in general obtain a principal integral relation of the form 

(98) Q=F(x, x l9 x' l9 x 2J x' 29 x n9 x' nt a , a l3 a' l3 a 2 , a' 2 , a n9 a' n ). 

If the original differential system be of order co, 

(0 —fi t x —fx fa) ) •••) X-jfi), X 2 3 x 2 , ..., x^°\ x n , x n , ..., 

m 

[0 —f m)X =f m {x, X^s x l3 Xq 3 x 2 , X ..., x n3 X^y x^fi) 3 

then the n supplementary equations are 


0 = S?\i IA - (A j/k?Y + +(_iv*>/a 

(V- Sx n + - +c } } 


( 100 ) 
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to which we may join in equations of the form (93), making in all n (i 4-1) supplementary equa¬ 
tions between the m(i-hoj-fl) — 1 ratios of the m{i- i- 4~ 1) functions , \* xf .... . Let 

i be the least integer which makes 

/1 ^ i \ . lieo 

(101) i 4 - co -j- 1 -4c - 

n — m 

and therefore 

(102) n (i -j- 1) <?n (i -f-o> 4- 1). 

Putting 

(103) k — n (i -f 1) — m (£ + to 4-1) 4- 1, 
we have 

(104) k > 0, k>n — m; 

we have also m original equations of the cath order, k supplementary of order i 4- 2o> and n — m — k 
of order i + 2<o + 1 between x ls x n . The sum of all the exponents of these n equations is 

(105) {in. co) -f- (k . % -f- 2co) 4~ {n — yyi — k . i 4~ 2co 4~ 1) 

= n (i 4- 2co 4-1) — m (i 4- co 4- 1) — k = 2ton — 1. 

This therefore is the total number of independent constants in the expressions of x 1 , x [, ..., 
a^-D, x 2 , x 2 , .. x^^, ... y x n , x' n3 a’ w (cu_1) , and by eliminating con — 1 of the constants we can 
deduce finally a principal integral relation of the form 


r / x , x ly x ly x± w 
[a, a 1} a' l3 ...» a^ 


x 2 , x! 2 , ..., ...» x n . x' n , 


(Feb* 23 rd .) 

Let there be one original differential equation of the form 


(107) 0=f(x, x 1} x' ly 

x 2 , x 2 , 

•y (o) 2 ) 

...» «&2 3 ♦ 


<3 

The n supplementary equations 

are then 




o=xf- 

(*«'♦■■■ 


A S/ ' 


(108) 





l 

(*«)■+■■ 


A S/ ' 



We shall suppose eo 1 < 1, <o 2 < co x , .. a> n < co n -x . The n 4-1 equations (107) and (108), which may 
be written for abridgment thus 

(109) 0=/, 0 = a x , 0 = a n9 

may be joined with the (n 4- 1) <o n — derived equations following: 

(110) 0=f\ 0 =/W, 0 = O-j, ... 0 = or^n~^i\ 0 = ...» O-cr^p^-9, 

and with these other (n+ l)i derived equations 

(111) 0 , 00 — ..., 0 = 

Q =a {£>n~COn~M) y ... ? 0=O^T""“ I+i >, 0 = Cr4, ...» Cff. 
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Thus we shall have in all {n 4-1) (1 + a>* + i) —£a> equations between the a> n + i ratios of 

~ 9 ^— , the independent variable x, the 1 + co n + oq + functions x l3 x[, the 

A A 

l-hco n + co 2 -hi functions x 2 , x 2 , x^ n+ai2+i \ •**, and finally the l + 2w, fl +i functions 
x ni x' n , The number of these latter functions, when we leave out x l9 x[, 

aj£i»»+»i+*) # j s ( ?l __ 1) (i 4 -co^ + i)-hSw —and, when added to the number a> n + i of ratios of 

~ &c. it gives n (1 + w n + i) 4- So> — aq — 1, which will be less than the number 
A w 

(n+ 1) (1 + co n + i) — 

of equations provided that 

(112) i**22w-a> 1 -to n -2 + k, h> 0. 

When i is taken sufficiently large to satisfy this condition, we shall have, by elimination, h 
equations between x, x lt x , li ^ 2Sa> ~ 2+fc> ; we shall therefore have one equation between 
x } x x , x ' x , ..., ^ S2a>_1) , of which differential equation the integral will contain 2Ha> — 1 arbitrary 
constants. These will be the only constants which will enter into the complete expressions of 
the n functions x 1} x rl and of all their differential coefficients. They can therefore in general 
be eliminated between the 2So> expressions 

x l3 x' l3 x 2) x' 23 aq (£ °* -1) , x n , x' n , 

a u a' l3 ap*- 73 , a 2 > a', a n9 a’ n3 

and thus a principal integral relation obtained of the form 


0=F ( x ’ x i’ x i> 

\a 3 a 13 a' l3 at 1 " 1 *. 


• * • j ftn > 'X'n j 

• • 3 a n 3 a n > 


X%n- D\ 


Let there be an original differential system 

fO=A (*> X l> x 'l’ — > x 2, x'z, .... ^ 2 " a) > .... *n, <. ..., 4r n, )=/l *, 

(114) J . 

W=/ m (a:, a£, .... x{^\ x 2 , <, *<«»>) =/ m>£c 

which is to be combined with the supplementary system 

(115) 

Let it still be supposed that 

oj x <1, to 2 <o>i, co ri <oj n _ 1 . 
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The equation o lx = 0 contains 

A*, Aj,..., A-jf*^,..., A m , Xm, ..., Ajjjfjl, aq, x' ± , ..., xl 2 oj i\ x 2 , » - * • > x ni x' n , ..., i+ctJ?i) ; 

the equation cr 2(jt = 0 contains 

Aj, • > ^i (oj2) . ***> A m5 A f m , A^, aq, a^, ^3+«i>, aq, a', a^q x n ,x^, 

and so on for the remaining n — 2 equations of (115). Hence the equations 0 = cr^g - ^, 0 = oiTlT^ 
&c., contain each the same things as a nx =0; and by taking i large enough we can in general 
eliminate the m(l+to n + i)— 1 ratios of A 1? A[, A^^, A m , A' m) A^ +i) and also the 

(n — 1) (I + oj n + i) — Sea — oq functions aq, ..., ... 5 a;. ft , ..., being in all 

(?M-m — 1) (1 + aj n 4- i) + Soj — oq — 1 things, between the (n~m)( I 4- aj n -hi) — So> equations 

ro=/i^-/u=-*=/fe +i) , o=/ 2 >;c =/^=...==/i-^>. 

(117) - O = a 1(a .= ^ x =...=orf“?“^-H), 0 = a 2sa -a^=...=a 2 ^-^^ s 

V 0 = °h,x = <4,3 = • • = <4,4 » 

and thus obtain oq 4- x> n 4- i 4- 2 — 2Soj equations between x, aq , x[ , ..., x^^^n-r-v. If then we take 

(118) i — 2So> — oq — oq — 1, 

we shall have one differential equation of the order 2So> — 1 to determine the function x 1 , and 
thus we are conducted as before to a principal integral relation of the form (113).* 

Thus, from the system of the m -f n equations (114), (115), we can deduce by differentiation 
{m + n) (2Soj — oq — 1) — Ecu other equations and then by elimination transform the system of 
all these (m 4- n) (2Ta> — oq) — Sa> equations into a system of the following form: 


(119) 


a-p^-D = ^(.r, 

aq, aq.af 2 -^- 25 ); 


(120) 

X 2 — ^2,0 ( X > X 1 ’ 

a?i, a^ 22 "~ 2 >) 

, aq = <^ // 0 (a% aq, .... a^' 2 -^ -21 ): 


(121) 


Ai = A x 4 1 !, i i x s 

a ls «f-"- 2 >); 


(122) 

A 2 = A x 1ft 2 ,0 ( X s 

aq, a;^ 2Sa,-2> ) 

, ..., A m = A-jl ifj ms o {x s x 1} xl 2 -’ co ~ 2 ^); 


(123) | 

x 2 = 9^2,1 (*^> &i3 •• 

... xp *»- 2 >), 

gte-CO+OJ* t*> x 1) __ 22tt>+£t>2—£*>!-! ( X > X l > ’ 



IX = &>,l(*> X l> •' 


ZSco+con-co-c -1 (*» J 

...,x^~ 2 >) 

(124) 

Ai = Ai *fti 3 z{x, 

.. 

- Af 2tt) -"i“ 1> = A 1 iA lj22ft ,_ £0i _ 1 (a, a 1? ... ; 

, af 2 “- 2 >); 

(125) J 

J' ^2 ~ \ *1*2 ,1 ( x » X 1 > 

1 

xi 2SM -% .. 

•j = A 1 i/f 2j22;cu _ aii _i(a, a 1; ... 

. ^2^01-2)) ^ 


[A m = A ± iff mi x (x, aq, 

, a^- 2 >), .. 

”9 '^?r a> aJl “ ^l l p7n,2'S.w-~co 1 —l ( X i x i> **• 



Now the equations (123) ought to be deducible by differentiation from (119) and (120); the 
equations (124) from (119) and (121); and the equations (125) from (119), (121) and (122).* 

[Particular cases treated in greater detail .] 

[6.] To illustrate this point let us consider some less general cases, and first let m ~ 1, co n — l 
(and therefore Soj =ri), so that we have the case of equation (1), page 358. Thus for (114) and 
(115) we have now the n- f- 1 equations (1) and (7), 

(126) 0=/, 0 = oq — cq =... 555 (7 n ; 

* Consult p. 3S4. 
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to which we are to join these other 2n 2 — n—2 derived equations 

(127) 0 =/( 2 «~2) s 0~ cr( == ... — 3 >, 0 = o-; = ...=ag n -3>. 

Then by elimination we are to deduce the n + 1 equations 

(128) xl 2ti ~ 1) — <f>{x s x l3 x[ 3 ..., xj 271 ^), 

(129) X z — $1,<S ( x > x n = <t’n,o( x ’ •••> a^*"-®), 

(130) A' = Ai/^ (x, x( 2 ’ l - 2 >), 

and these other 2n 2 — n — 2 equations 



A 

II 

-e- 

U 


— $ 2> 2n-l ( x > ■■ 

as^»-»). 

(131) 

;. 

., 2)^ >t 


xi 2n ~V), 

(132) 

A" = Ai/r 2 (a:, .. 

X± 2n ~®) 3 .. 

... 

t x (.271-2))' 


The equations (131) ought to be deducible by differentiation from the equations (128) and 
(129), and the equations (132) from (128) and (130).* 

To particularise still further, let n — 2. We have then the three equations 
(IS!) »-/(,. 

and the four derived equations 

(134) 0 =/' —f", 0 = a[, 0 = 0*2, 

in which 


(135) 


and 


(136) 


Also 


,, 8/8/ , 8/ „ 8/ , 8/ „ 
^_sy + o_s 2 / r , ay *y „ sy 

7 Sz 2 + s* Ss, ^ + 2 Ss Sa^ 1 + 2 + 2 SoTS^ 


SsjSa;^ 2 

8#f - 


+ Sai* *** + 2 + 2 ^ 

+ Sf as '. +a _SL-».. . s 2 /^ 

8*1 2 + Sa^Sa:' 2 2+ 2 

+ &** 1 + &£* l+ &*** + ^**- 




(137) 

and* 


(138 



See p. 383. 
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(Feb. 24 th , 1836.) 

We may simplify these equations by supposing that the original relation between x. a x . x 
x 2 » x 2 ^as been resolved with respect to x ' 2 , and thus put under the form 

( 139 ) 0=x( X > X l> X 'l> x s)~ x 2 =/* 

We shall then have 


(140) J£=-l, 


-¥L = o A^ = 0 -J 

Sx? 2 ’ 3a x dx 2 ’ Sx 

x' 2 = x (a, x 1 , x' x , a 2 ) =/4- a*; 


?-0. s4i = <>> 


„ Sy Sv Sy 3y 

^2 ~ F h K— a x 4- ^a x -f- ~— X.? —f *f- X .>; 

oa 1 Sa^ 1 da 2 “ J 


(143) + 2 + + + ^ 

ox 2 oa daq Sa&jq 1 da Sa 2 ~ Saj 1 dx\ Sa x 1 1 

, ■-> S2 X , / , ,, 2 , S 2 X ,, . , S 2 X , 2 , Sy„ , Sx ,,, , S* .... 

+ ~Sx l Sx 2 XlX * + Sxi* Xl 

;i44) 

i oa x Voaq f » ox-i 


0 = ct., = A f X 4-AC 
da.> 


therefore 


0 = itr 4 - rr S *\ _ S X / S xV | 8x §X 
Ay 1 2 Sa x / Sa x \Sa x / Sa 2 8a x 9 


therefore 


3y 8 2 x &x §2 X , & 2 X » & 2 X . 

Sa x Sx Sa x Sa 2 Sa x Sxj^Sx^' 1 Sx{ 2 1 Sx^Sx^’ 

+y Ws + X ' t 


and 

, s x /SxV . s x ($xY 

3a(\S xj Sa 2 \Sai/ 

We can elim in ate x 2 and x 2 between the four equations (141), (142), (146) and (151), and thus 
obtain two equations between a, a 1} x f l3 sc", x™ , a 2 ; namely, the equation ( 147) between a, a x , a x 


HMPII 




378 


XIV. CALCULUS OP PRINCIPAL RELATIONS 


[6 


x\, x 2 and another equation deduced from (151) between x, x ± , x [, x x , x\, x 2 . To develope this 
last equation, we have 


(152) 

(153) 

(154) 

(155) 


bc\ 

Sx. 


s 2 x . s 2 x„, , ss x 


Sa;Sa: 1 + Sa;|' / ' 1 ' r Saq Sa:, 8% Sx. 


-,x 1 + 


S 2 X 


S 2 x S 2 X | 8*x 

SiCg Sx^ Sx 2 Sxj. Sxr 


X , + 


S 2 X , 
sxi* 2 ’ 


SxV S 3 x , § 2 x , s 2 x,.„, s 2 x g , 

Sx'J SxBx'i Saq Sx^ 1 S^i 2 1 Sx , 1 Sx 2 2 


(©■■ 


S 3 x 


7 + 2 


Sx 2 Sx^ SxSx-bSx^ 


S3x --^i +2 &Sx;^ 1+2 


s 3 x 


x > , 8 ®X / 2 

^2 + sVTsV' *1 


Sx 8x' x Sx 2 2 SxfSrc- 


4-9 8 *X ^"4-2 8 ®* , g8 X , o § *X . 83 X „ 

+ " 1 1 + 2 Sxj.SxiSxz XlX * + 8x? 1 &*£ Sx 2 lX * + Sx 2 

S 2 v „ S 2 v _ S 2 v „ 

+ g-7 a?I + ft-4* i + a vs ~ ®J; 

Saq Sx x 1 Sxy 0 X 10 X 2 


therefore 
(156) 0 = 


S2 X . S 2 X , , % 2 X „ S 2 x t 8 X ( S2 x 

+ c^ a? x+cZ-e—/*!+««. X- 4 - 1 


Sx Saq ~ r Sref ** a ^ Saq Sa?i ~ 1 1 Sa^ Scr 2 X 8 x 1 \Sa; S:z 2 Sa^ 8 x 2 

Sy l S 2 X <5 2 x / S 2 v tt\ S 2 x /^X &X r ^X ff\ 

+ 85 2 \s^s^ + s5^i a;i + sip :,:i ) “ SaiS* 2 \ Sx + Sa* Xx + Sxl V 
~ iox^Sx'^ 2 SxSa^Sx^* 2 SxSx'i 3 ** + 2r 6x8x*Sx 2 


S 2 X 


xi + 


S 2 X 


s 2 x. 


Sx[Sx 2 Xl Sxl' 


x+sSjb x i 2+2 « 


S#f 


Sa;* Sa^ 2 


4-2- 8 * x - Vv 4 r w 24 -9 §3 X . - §3 X 2 . §2 X , §2 X 

Sa^Sa^S^ lX Sa?P 1 Sa^Sa^ lX "^Sa^Sccf X 1 Sx]? 1 '*' 1 ) ‘ 


The system of the three equations, (145), (147) and (156), conducts by elimination to expres- 

y 

sions of x rr {, x 2 and as functions of x y x l9 x' lt x'[, which may be thus denoted: 

(157) 

(158) 

(159) 


X 1 — 4* ( X > X 1 , X l), 

X 2 ~ 4*2 ,0 ( x * X l> X l> X l)> 
X 


j=4*i( x > x i> x i, x 'D * 

But the system of six equations (141), (142), (144), (145), (148) and (149) gives also three other 
expressions: 

(160) X 2~4 > 2,1 ( x > X l> X l) X l)> 

X 2 — 4*2 ,2 ( X * X lt X l> x i)f 

( l62 ) ^ = Jj 2 (x, x x , xi, x'l); 

and we wish to show that these last three equations can be deduced by differentiation and 
elimination from the equations (157)—(159), or, which will come to the same thing, that the two 
equations (141), (144) can be deduced from the three (145), (147) and (156). To prove this, we 
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shall show first that (141) can be deduced by differentiation and elimination from (147) and 
(156). Differentiating (147), we find 


(163) Q- - 82 X , , , S2 X . 82 X , S X / g2 X 

' ' + S^.2 a l+S„ V^‘ + Si- )!» ** ' S-,-' I R»'St 


S-X 


§2 x , &xS\ 


Sx &c T ~ oxf “ t ‘ 1 ^ ox 1 ox{ 1 ‘ Sx 1 Sx 3 ' t ' t 1 Sxj l Sxbx 2 ' 6Xjbx 2 X 1 - o.t'(S. r; ! r Sx: 


3 N 


, &X ( & 2 X . 5 2 X / , S 2 X A 3 2 X Ax_ 

Sx 2 \SxS:r[ SaqSxri 1 1 Bx^ 2 1 ) 8x^8x 2 \Sx 

-/ ■ 83 x | §3 x , o § 3 x » . 2 3 x 

VSa^S^i ‘ ‘ - " -- 


By , §X " 


Sx 




^ - yT. / 

J Sx Saq Sx^ Xl + “* SxSx J 2 Xl ‘ Sx 2 ^ + Sx[ 


„ S 3 v S 3 y 3 3 y S 3 y S 3 y , 

+ 2 K-A-7T 2 c - Hi"- %1 (*2 + x)t ^i 2 A g * - x 1 (x 2 + x) -r g —^2 X 

Sa^Sx* 2 SaqSxjdXg dxj 3 1 SxJ 2 dx 2 1 ^ Sx x ox% 

S 2 x , t S 2 y A 

+ 2 2 > 
dXqOXq dX-,- ' 

and subtracting (156) from this to eliminate x ,f { we have 
(164) 0=L(x'- x ), 

in which the coefficient L is 


(165) L= h%x + ^X^X-( S T |, S Y a- : „ A x" ; g3 ? >■ 

Sx^Sxl \ 8 x 8 x[ 8 x 2 ’ 1 ‘ 3x*( 2 Sx 2 1 ’ 8x^8xf A 

^ S 2 X / S 2 X V , S X S 2 X , S 3 X , ' \ 

\SxiSx 2 / ^ 5x^ Sxf ' r Sx^Sx’U 2 *'* 

Now this process of differentiating (147) and then efiminating x"{ by (156) is evidently the process 
to be employed in order to get an equation between x, x l9 x' lt x£, x. 2 , x' 2 , which when combined 
with (147) shall give x f 2 as a function of the form (160)-; and -we now see that this process gives 
x' 2 — x, that is (141), because the coefficient L does not in general vanish. Having thus concluded 
(141), we can conclude also (146) from (147) and (156), and then (145) will enable us to conclude 
(144) also. We have then deduced, as we proposed, the equations (141) and (144), and can 
therefore deduce (142), (148) and (149) from (145), (147) and (156) or from the equivalent 
system (157), (158) and (159); so that this latter system conducts ultimately by differentiation 
and elimination to the system (160)-(162), which was the thing to be proved. (It might be 
useful to consider separately the cases in which the coefficient L , (165), vanishes.) 


The argument may also be thus stated (without A, A', A"). The original equation (141), being 
combined with the supplementary equation (146), which may be written 


(166) x 2 — tjs {x 9 x^f 3?^, a? 2 )— 


/ S 2 X \ 

-1 ffx + 

Sx 

S X 

S 2 X 

S2 * 

_A 2 x x 4 

\Sxi8x 2 / 

ts®y 

Sx 2 

Sx' x 


1 



and with its own differential (142) and the differential of (166), namely 
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gives the two following equations: 
(168) x x x 


Xi, x z ) = tp (x, x lt x[, x\, Xt), 


(169) 




, 8 ib 


"Sx Sx ± 

These two equations combined give, by elimination, two others of the forms (157) and (158), 
and reciprocally we may consider these two last equations as conducting to (168) and (169). 
Now the differential of (168), when (169) is subtracted from it, gives 


(170) 

and, since in general 

(171) 


Sx 2 



= 0 , 


Sx. ~ r hx 0 3 


we conclude that the equations (168) and (169) give (141) and therefore also (166), (142) and 
(167). The equations therefore of the forms (160) and (161), which result along with (157) and 
(158) by elimination from the four equations (141), (142), (166) and (167), are consequences of 
equations (157) and (158) and can be deduced from them by differentiation and elimination. 

When the original equation is left under the form 


(133) 0 —f (a?, x-y , Xy, x 2 , x 2 )— f t 

and the supplementary equation (freed from A) is of the form 


(172) 


0 =- 


¥ 

hx- 


8 /' 
1 Sir* 


\ jr 

SxL 


i_(KY K-(K\ 

’1 Sx 2 \85?2/ 


V 


V 

SxL 


= rp(X, Xy, Xy , Xy, X Q , XX%) , 


the function *jt being linear with respect to x'[ and x 2 , then these two equations, combined with 
the three derived equations 


(173) 0=/', 0=/*, 0 = i/r', 

will in general enable us to deduce by elimination Xy, x 2) x 2 , x 2 , x% as functions of x, x l3 x' l3 x f { 
of the forms (157), (158), (160), (161) and 

(174) x z = ^ 2,3 ( x > x i> x i)- 

We may propose to show that equations (160), (161) and (174) can be deduced from (157) and 
(158). We may begin by eliminating x 2 and x% between the four equations (172), (173), and so 
obtain two equations between x, %, x' 1} x'y, x f y, x 2 , x 2 to be combined with (133). Then it must 
be shown that if a^ v be eliminated between the differentials of the three last mentioned equations 
the two resulting equations will both be satisfied by and will give the equation (172). Elimin¬ 
ating x% between the equations 0 —0 — 1 ft\ we find 


(175) 


0 =^ = funet (x, x 1> x[, x", x"{, x', xl). 


quadratic with respect to x%; also eliminating x\ between the equations 0 =/', 0 = 1 / 1 , we find 
< 176 ) 0 = ^/'-^^ = funct(a:, x L , x’ x , x“, x 2 , x' 2 ); 
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and another equation of the form 

(1^7) 0 = funet(;r, x x , xx'[, x"{, x 2} x 2 ) 

will be obtained by eliminating x 2 from (175) with the help of either 0 ~f or 0 = xp. The equations 
( 133 ), (176) and (177) are the three above alluded to, which give x ,r [, x 2 , x r 2 as functions of x, x \. 
x i> x i • Differentiating them all we should get three new expressions for a'} v . x 2 , x\ as functions 
of the same four quantities x, x 1 , x[, x\ . We must show that the two expressions for x 2 agree 
with each other and that the expressions for x 2> x' 2 , xl agree with the equation 0 — ip. We must 
show therefore that, on ehminating x \, x{ v between ( 133 ), (176), (177) and their three differen¬ 
tials, the four resulting equations between x, x ± , x[, x '[, x 2> x 2 , x 2 are equivalent to 0 =/, 0 =/', 
O — ijj. This comes to show r ing that the tw o equations 0 =/, 0 =/', combined with the three equa¬ 
tions (175), (176) and the differential of (176), give by the elimination of xf only the three 
equations 0=/, 0=/', Q — ifs. And this is easily seen to be true. 


(Feb. 25 th .) 

We may also present the argument as follows. The system of five equations 

(178) 0=/, 0 =/', 0 =/", 0 = ip. 0 = iP' 

may be conceived to determine x J, x 2 , x 2 and x 2 as functions of x x , x' 1; x'[ , expressed by 

five equations of the forms (157), (158), (160), (161), (174). If we differentiate these five func¬ 
tions, making 

(179) dx ± = x[dx, dx[ — x' x dx, dx\ = x'£ dx, 

we shall get expressions for the five first differential coefficients 

dx™ dx 2 dx g dx 2 dx 2 

dx 3 dx 3 dx 3 dx 3 dx 


If we differentiate in the same way the five equations (178), without that previous elimination 
which would conduct to the five separate expressions (157), (158), (160), (161), (174), we shall 
still obtain five linear equations to determine the same five differential coefficients, namely 

(180) 0 = d/, 0 ^df\ 0 = df", 0 = di/t, 0 = difs'; 


and a subsequent ehmination between these five linear equations will give these five coefficients. 
In order then to show that the two equations (157), (158) conduct in general to the equations 
(160), (161) and (174), it is necessary and sufficient to show that the equations (178), when 
combined with the three equations 


(181) 


o=f, 0 0=f 

dx dx dx 


^which result from (180) by the elimination of 


dx i dx%\ 
dx 3 dx ) 


and with (179), conduct to the 


following relations: 


( 182 ) 


dx 2 

dx 


dx 2 

dx 





m 
2 * 
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Accordingly equations (178), (179) and (181) give 



and these three linear equations conduct in general to the three relations (182). 

Had we retained the A’s we might have argued thus. The equations (133), namely 0=/, 
0 as , 0 = a 2 , with their four derived equations 

(134) 0 =/', 0 =/", 0 = aj, 0 = <r', 

maybe conceived to conduct, by elimination, to seven separate expressions of the forms (157), 
(158), (160), (161), (174), (159) and (162) for x%, x 2 , x' 2 , x* % , x%, j, ^ as functions <j>, c/> 2 0 , 

2 > 4 > 2 ,3 > > ^2 x > x i > x i > x i • these seven functions had been actually found by performing 

this conceived elimination, we should then be able to deduce by differentiation and substi¬ 
tution expressions for the following differential coefficients: 

dx 2 dx 2 dx a dx% 
dx’ dx 9 dx ’ dx 5 


(184) 


dxf 
dx ’ 


and also for the following ratios: 
(185) 


i ax i dr 

A dx* A dx ’ 


provided that we substitute for dx l3 dx' l3 dx'[ their values (179) and also make 
(186) dA = A'dx. 

Or, instead of thus previously eliminating between the seven equations (133) and (134), we may 
at once differentiate these equations changing dx, dx' l3 dx\, dX to their values (179), (186) and 
then determine the seven ratios (184), (185) by elimination between seven linear equations. 
And of these seven linear equations we need use only the four following: 


(187) 


-i 


0 = 


dx ’ 


»-£• 


0 = 


do 2 
dx 


(in combination with (133) and (134)) if we only want to deduce the four ratios 


(188) 


dx 2 
dx ’ 


dx g 
dx’ 


dxl 

dx : 


1 dX 
A dx ’ 


and to examine whether they satisfy the equations (182) and also the following: 


(189) 


1 dA'_V' 
A dx ~ A ’ 


which four equations are the conditions requisite in order that the equations (160), (161), (174), 
(162) may result from the equations (157), (158), (159). Now the two first equations (187) com¬ 
bined with the two first equations (134) and with (182) give the two first equations (183), and 
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the two last equations (187) combined with the two last equations (134) and with (182), (1S9) 
give in like manner the two following equations: 


(190) 


0 = 


0 = 


doq 

dx 

dar 2 

dx 


Scr 1 

'Sx 2 

8 CX 2 / dx 

Sx 9 \ 


\ 8a x 

/ dx'y „\ 

l S<Ji 

(dxL \ 

, Scr x 

/1 dA' A" \ 

) + 3F- 


| + a-i| 
0^2 

[ di~ x V 

1 ' a sF 

\A ~dx ~ X/ 


dx 2 ) 




And accordingly these equations (190) combined with the two first equations (183) conduct in 
general, by the ordinary process of elimination between four equations of the first degree, to the 
equations (182) and (189). 


In the case of the system of 2n 2 — 1 equations (126), (127), pages 375, 376, we may seek 
the (n— 1) (2n — 1) differential coefficients 


(191) 

and the 2 n — 3 ratios 

(192) 


dx 2 dx 2 dx ( £ n ~- } dx n dx' n 

dx 3 dx 3 *** 5 dx 5 ***’ dx ‘ dx ’ 

IdA' 1 dX (2 "~ 3 > 

X dx 5 A dx 3 " *’ A dx 


dxf“~v 

dx 


by elimination between the 2n 2 — n — 2 equations 

df 0 = C „ ld- 

dx 5 


(193) 0 = 


dx 


dx 


in which we are to substitute the values 


0 A dx ’ ° A 'dx’ 


a- 1 t! s r 4 ’ 
A dx ’ 




. _ I 

A dx 5 


(194) 

and the value 


dx i 
dx 


dx 


= xf 11 -^ 


IdA A/ 
Ada; - A’ 


and with which we may combine the equations (126) and (127) themselves. In this manner we 
obtain 2n 2 — n — 2 equations of the first degree of the forms 


<*“).-;(£-*). 


df 2n ~® 

dx 


which give 
(196) 


w \ 1 Afe* \ _ \ 

aI, CTi /’ —* aI,^ *; a! <2* m t 


da; 2 

da; 


=iC - ^ 


dx& n -2> dx 


dx 


— » 


I dA' A J 


1 dA< 2ra ~ 3 > A< 2w “ 2) 


A da; A ’ A da; 


This shows that the 2% 2 ~n —2 equations (131), (132) result by differentiation and elimination 
from the n+1 equations (128)—(130). 
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In the more general case of the system of (n + m) (2So> — cof) Soj equations (117), which 
may he written (on account of the value (118) of i) 

(0 =/ l5 0 =/', o—/^ 2Sc ' J ~ £U i _1> , ...» o =f m , o =f m , o 

(197) |o = ct 1 , 0 = ai, o-af**—*“!-», .... 0 = <7„, O-^, .... 0 - , 

if we establish the relations 


(198) 


= 1 ’\dx A, 

then the following (2 Soj —aj, - 1) — So> linear equations between &c., namely 


cZaq , 
dx ~ Xl ’ dx 


__dfi 

dx 


= 0-^- A > •••> u rite A*’ ’ 

“l-» 


,&s. 

dx 

dfm~" 


(199) 


.°-£( 


'dc r 1 (22w-2aJ 1 -2) 

dx 




dx 

) . 


Ai 0^ A, da; 




/ (2Scy-oi 1 -l) 
rn s 


(T (22a.-a JjL -cu w -l) j 


will give by elimination 


dx 2 
dx 


dxf lia}Jha> 2- a) i- 2) 
dx 


—— /j»(22cy+£t>2—ct)j_—1) 


’ da? 


( 200 ) 


A x da? X 1 


/ J /r {2^to+a> n —co 1 —2) 

u,J 'n _ jUaseu+tOn-aii-l) 

d# M 

1 dA£ 22 <"-"i- 2 > _ Ap^-afi-l) i dX m X' m 

Aj_ dx A x Aj Aj 


dX^-^-v X^co-^-d 
A x da; A l 

Therefore the (n + m) (2Soj ~oj x — 1) — Sa> equations (123)-(125) result by differentiation and 
elimination from the n + m equations (119)~(122). 


Thus the system of these n + m equations (119)—(122) is not only a necessary consequence 
of the system of the n + m equations (114), (115) but also, reciprocally, the latter equations 
follow from the former. And the proof of this reciprocity was necessary, in strictness, in order to 
show that the complete expressions of the functions x lt x n in the equations (114), (115) 
involve so many as 22a>— 1 arbitrary constants. For the mere deduction of the system (119), 
(120) (with or without the equations (121), (122)) as a necessary consequence of (114), (115) only 
entitled us to infer that the complete expressions of x ± , ..., x n> deduced from this last mentioned 
system, could not contain more than 22u>— 1 arbitrary constants; and left it doubtful whether 
some other combination of the equations of that system might not conduct to some new 
differential equation between aq and x of an order lower than 2So» — 1, in which case the number 
of arbitrary constants would be less tban 2Sct> — 1, being always equal to the exponent of the 
lowest order in any given set of total differential equations between a function x ± and a variable 
x which are supposed to be mutually compatible. 
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If we include the A’s, then the complete integral of the system of the m -f n equations (114), 
(115) will involve in all 2So> arbitrary constants, an additional constant being introduced by 
the integration of the equation ( 121 ) or by the circumstance that all the m multipliers A may be 
together multiplied by any common constant without altering the relations expressed by the 
differential equations. 

What if we had two original equations of the forms 

(201) 0 =f 1 (x, x 1> x' x , x 2 , x 2) x 3 , x 3 )=f 1? 0=f 2 (x, x L , x' x> x 2 , x 2 , x 3 , x 3 , x" 3 ) =/,? 

Could we then apply the same reasoning as in the case of a system of the form (114), in which 
all the equations were of some common order (oq for x x , co 2 for x 2 , &c.) for each of the ?i functions 
though this order might change in passing from one function to another, whereas here the 
first equation is only of the first order with respect to x 3 while the second is of the second 
order with respect to the same function % 


We have now the case included in the general form (29), in which m = 2 , n = 3 , aq tl = 1 , 
oj 1} 2 = 1 , oq >3 = 1 , to 21 = 1 , oj 2> 2 = 1, co 2i 3 = 2 . And the supplementary equations (30) become now 


s/i 


( 202 ) 


M) 

“ bx 1 \ 

[i,B 

’ — A., f~ — ( . 

\ 1 bxj 



'_ A 

\ 1 Sx^J 

’ S.r, l 


8 / a ' 


If the circumstance of / 2 not containing x 3 he not sufficient to interrupt the ax>phcation of our 
recent process, we are to consider oq = oj 2 = I, co 3 — 2, that is, Ecu — 4; and we are to form the 
system of 31 equations: 

■o=/i. o=/i, o =/j, o=/», o =/r, o —fi, o =/r, 
o =/„ o=/', , o =/r, 

(203) - 0 = 0^, 0 = q, 0 - oq, 0 = oq , 0 — cr^, 0 — < yj , 

0 = cr 2 , 0 — ex2 5 , 0 =crj, 

0 — ct 3 , 0 = 0-3, j 0 = o-| v . 

Then, if possible, we are to eliminate the 26 quantities 

K K K l K K 


(204) 


C± IT _ _ __ 

1 5 V A 1 5 A x J A^ 


A? 

Ax 


between the 31 equations (203) and so to obtain a new system of five equations between the 
following 13 quantities 


(205) 

enabling us to express 

(206) 


Ai A 2 


y« yy> ry* f <yVii jy» a* _* _? 

lr j *Ci 3 •••, *^2 3 ^3 3 ^ ^ 


Ai A 2 

as functions of x, x lf x' lt x'[, x %, , xj and x^ 1 . We must now endeavour to show that the deduc¬ 
tion of equations (205) from equations (203), or ultimately from equations (201), (202), is 

49 



[6 


386 XIV. CALCULUS OF PRINCIPAL RELATIONS 

possible; and that, reciprocally, these five equations (201), (202) can he deduced by differentia- 
tion and elimination from (205). 

The equation 0 =/i ) involves 

X, x lt x[, x 2 ,x’ 2 , a; 2 « +1) , x 3 ,x' 3 , .... * 3 (i+1) 

and the equation 0 —involves 


x[ i+1) , x 2 


The equation 0 = o 1 involves 

x, x 1} x' 1} x \, x 2 , 
the equation 0 = cr 2 involves 

x, x 1 , , x\, x 2 

and the equation 0= cr 3 involves 


A x ^-2 ^2 

Al 5 A]_ A x 

AJ. Ag ^2 

’ A x 5 Ai’ Ai 


X } X-± , X 2 , X± , X x , x 2 , x 2 , x 2 j x 2 , ajg, X§ , Xg , , X% , p^ , p^, ■ 

Hence the equations 0 = aj , 0 = cr 2 , 0 = o4 v involve each the quantities 

... Ai Ai A7 J A 2 Ao 

.. „ „/ _vii ~ ™ /viViii 2 12 2- _2 _A 


’ A,’ A,’ 


A/ A x ’ A x 


except that 0 = cr| v does not involve . Generally the three equations 

A i 

0 = <7^+ 1 >, 0 = ct^+«, 0 = cr^ 

contain all the same quantities, namely 


r (i+4) 12 

, Ai » 


A^+ 2) Ag 

Ax ’V 


j\(£+3) 

except that 0 — does not contain —. This last mentioned circumstance, however, does 

A i 


not hinder us to eliminate 9 9 xl n } a;! 111 between the five equations 0 = 

Al Al 


=/r i =/r=<= 


nor does the circumstance that 0 —fj 1 does not involve x 2 m . And generally the circumstance that 
some of the 26 things (204) to be eliminated do not appear in some of the 31 equations (203) 
does not hinder us to effect the elimination supposed above,* but rather tends to facilitate it. 
Since then the equations (203) contain altogether only the 26 things (204) and the 13 things 
(205) and are in general 31 distinct and independent relations between these 39 things so far as 
elimination is concerned (although, with respect to differentiation , only 5 of these relations are 
independent and the 26 others are deduced from them), we can deduce by elimination at least 
five equations between the 13 thing s (205). 

Indeed, a doubt might be felt whether we could not in general deduce more than five equations 
between these 13 things; or, in other words, whether we could in general return by differentiation 
and elimination from the five equations thus deduced to the system of the 31 equations (203). 
But if we suppose (as, setting aside singular exceptions, we may and ought to do) that for pur¬ 
poses of elimination the 31 relations (203) are distinct and independent and therefore suffice to 
determine the 31 functions (204), (205), we can conclude that the expressions of the 26 functions 
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(204) result by differentiation and elimination from those of the five functions (206) 

doc. 

by showing that the following 26 linear equations between &c.. 


A_ f , 

dx ^ 1 ’ 

0 

11 

m 

A 

O 

II 

1 

o-ffl-yr. 

do-i , 

cZc7j V 

dcr 0 , 



-’°=df- CT 5 

, o==- 2 -o-.;, 
dx 

0 = —2- — 0-5 
da; 


conduct by elimination and by supposing 

to the following 26 expressions 


1 dX T __ 

A x dx A x 


dx 2 5 dx 
dx ~ Al ! dx~- 


dx 


(Feb. 26 th .) 

The five equations (201), (202), 0 =f 1 ~f 2 = a- 1 = a 2 — (j 3 , might be proposed to be integrated 
by five series of the forms 

( aq + Aaq = x x + x' x Ax + Ja^ Ax 2 + . „., Aa\> — x' 2 Ax -h Xx’o Ax 2 

Aa; 3 = x' z Ax -r Ax- + ..., 

A t -f- AAj — Aj + X[ Ax -j- Ax 2 + ..., AA 2 = A 2 Ax -j- ^A 2 Aa? 2 + ..., 

by substitution of which series we are to satisfy, independently of Ax } the five equations 
(211) 0— A + A/i, 0=/ 2 + A/ 2j 0 = cr 1 + Acr 1 , 0 = tr 2 + A(7 2J 0 = o 3 -j-A gt 3 , 

that is, 

f 0 =f 1 +/i Aa + ifl Ax 2 +..., 0 =/ 2 +f 2 Ax -h ifAx 2 +..., 

(212) J 0 = oq +• oq Aa; + J-o-j Aa; 2 0 = cr 2 + cr2Aa?-i-|or 2 Aa: 2 -f 

| 0 = cr 3 -f- erg A a? -j- i-o 3 Ax 2 

It is therefore necessary and, if Ax be small enough to allow the convergence of the three 
developments, it is in general sufficient to satisfy the five indefinite series of conditions: 

(213) |° =/l> 0==/i ’ •**’ ° =f *’ 0==/25 ° =f *’ **’ 

y lO = Oq, 0 = 0-', °=°-2f 0==o 2> 0 = <T 3 , 0 = 0-3, — > 

for any one particular value of x in order to satisfy the equations (211) by the developments (210) 
for any near value of x> and so to obtain the five integrals of (211), at least in series. The question, 
‘"how many arbitrary constants does the system of these five integrals contain?,” is therefore 
reducible to the question, e< how many functions of the five following series 

(214:) aq, aq, aq, ..., aq, x 2 > oc 2 , aq, aq, x^, A^, Aj_, A^, -»*, A 2 , Ag, Ag, *• • 


49-2 
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may Lave arbitrary values assigned to them, for an assumed particular value of x, so as to 
satisfy all the conditions of the five series (213)?” 

The five conditions 

(215) 0 =/ l5 0 =/ 2 , 0 = <r lf 0 = <7 2 , 0 = cr 3 
involve only the 18 functions 

(216) x ± , x r x , x'j, x'l, x 2i x' 2 , x 2 , x%, x 3i x 3 , x 3 , x%, xY, A 1} AJ, A 2 , A 2 , AJ 
besides the variable x . The sis additional conditions 

(217) 0=/i, 0=/'', 0=/', 0 —f 2 , 0 = <ri, 0 = cr' 
involve only one additional function, namely 

(218) A". 

Thus the 11 conditions (215), (217) involve only the variable x and the 19 functions (216), (218) 
and leave only 8, at most, of these functions arbitrary in value when the value of x is assumed. 
We might have eliminated between the two last of the six conditions (217) and then we should 
have five relations between the 18 functions (216) to combine with the five conditions (215), 
leaving thus only S, at most, of those functions arbitrary in value for any one assumed value 
of Reciprocally, no new relation, deducible from the conditions (213), restricts the number of 

these arbitrary values so as to reduce it to be less than 8. For every new condition or set of 
conditions, taken out of the series (213), introduces a new function or functions which cannot 
in general be eliminated by means of those new conditions. Thus the condition 0 =/i introduces 
the two new functions xY > <4 V > the condition 0 =/'! introduces , xY , xj , the condition 0 = 
introduces xY t xY , xj, A*, A 2 , the condition 0 = <r 2 introduces the same five functions as 0 = o-J, 
and the condition 0 = erg introduces xY, xY, xj, A 2 . These five conditions are indeed sufficient 
to determine, but not in general sufficient to eliminate, the five new functions xY , , x%, A* , A 2 

when the 19 functions (216) and (218) are known. So that the five new conditions 

( 219 ) °=/i, b —/ 2 > Q = °i, b = <r 2 , 0 = 0*3 

can in general all he satisfied, but only in one way, by choosing suitable values for these five 
new functions 


( 22 °) xY, xY, xj, A 2 , 

after 8 of the 19 functions (216), (218) have had their values arbitrarily assumed and after the 
remaining 11 values have been determined so as to satisfy the 11 conditions (215), (217). In 
like manner, the five new conditions 


( 221 ) 0—fY , 0=/4L 0W", 0 = </", 0 = o-g 

can be satisfied by one but by only one set of values of the five new functions 

( 222 ) xl , xj, xjt, Af, A|% 

and so on indefinitely. . We may therefore conclude, by this mode of reasoning, that the five 
indefinite series of conditions (213) can all be satisfied together by one set of values of the 
functions (214), of which values eight and only eight are arbitrary after the value of a; has been 

assumed. Rut of these eight arbitrary values, one is introduced by the consideration of 
the two series 

(223) 


K, K> K, K, >i, ... 
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and only seven belong to the three series 

(22 4 ) X^, #2 , X 2 1 *^2 > *^23 ***3 *^3> ^3? ^3) 

For if the II conditions (215), (217) be distributed into these two new groups 

(225) 0 =/ 2 , 0 =/i, 0 =/i, o=/ 2 , o =/i, 0 =/; 
and 

(226) 0 = 0 - 2 , 0 = 0 - 2 , 0 = o- 2 , 0 = Oo, 0 = o 3 , 
the six equations of the group (225) contain only the 13 functions 

(227) x 1 , x[, x'{, x'l , rr 2 . x %, a: 3 , # 3 , 

besides the variable a; which is always understood. They leave therefore only 7 of these 13 values 
arbitrary and the eighth arbitrary value is that of any one of the six functions 

( 228 ) Ai, A', Ai, A 2 , A;, A 2j 

of which the five equations of the group (226) determine only the five ratios. 

It is important however to observe that we may not assume any seven of the values of the 
functions (227), although we have only the six equations (225) between them. Thus the first 
equation of this group, namely 0 =f 1 , prevents us from assuming arbitrary values for all the 
functions x lt x' lt x 2 , x' 2 , x 3) x 3 , and therefore if the seven arbitrary values contain five of these 
they cannot contain the sixth. With this exception, however, we seem to be at liberty to select 
any seven of the functions (227) because the equation 0 =/ 2 contains the same six functions as 
0 —f 1 along with the new function x 3 and because the differentials of these equations contain 
each more than seven different functions. 

When the arbitrary values of some seven of the functions (227) have been assumed (not 
more than five belonging to the group x 1 , x' ± , x 2 , x 2 , x 3 , x 3 for the reason just now assigned) and 
when the other six of these functions have been determined by (225), we can then in general 
deduce the values of all the other functions of the series (224), without yet assuming that eighth 
arbitrary constant which is connected with the passage from the ratios to the absolute values 
of the functions (223). For the ratios only, and not the absolute values, of those multiplier- 
functions enter into the conditions (213). 

We see, therefore, in this new way, that the complete expressions for the three functions 
x 1} x 2 , x 3 (deduced from the differential equations ( 201 ) and ( 202 ) by differential elimination of 
A x , A 2 and by integration) contain in general seven arbitrary constants and no more. We can 
therefore deduce a principal integral relation of the following form between those functions 
and x, x' 3 and their initial values a l3 a 2 , a 3) a , a 3 i 

(229) 0 = F (x, x l3 x 2 , x 3i x 3 , a , a l9 a 2 , a 3 , a 3 ). 

Can we generalise the foregoing investigation so as to show, by a similar process, that a 
principal integral relation of the form (35) results from the two systems (29) and (30) ? 

In the first place we may observe that when equations of the forms (114) and (115) are given 
they are in number m + n > and they contain, taken altogether, the (n + m) (w n + 1 ) +func¬ 
tions following (besides the independent variable x ): 

x l3 x' l3 x 2 , a? 2 , xjf*****#, x nJ x ' n , a4 2 “*>, 

A 1? Ai, A^>, A 2 , Ai, A^ A^, A^>, 


(230) 
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390 ' + , will fat most) be contained in the following additional 

wlucL functions, however, and no others will (at most) 

equations, ~ 


|0=/i, 0=/i, •••> 0 =/f n) > •••> °-/* > °, /m 0 0 /m o- 

(23i) U.*«i # «*r'- u 


, ^.(cOfi—COn—i) 
u 7l — 1 


(231) 1 , A A_0 = o- n _ 1? . 

' ’ \0 = oi, 0 = 0 - 1 , •••> °- CT i ’ , \( +1 )_Sw equations between 

**■ - — remai ° " 

(232) 0=/{“« +4> I °-/» 1 Th remain therefore ultimately 

give any new relations between ^.^^dierential equations (114), (115) contain in 
arbitrary and the complete integrals of m + _ l enter into the expressions of the 

general 2Soi arbitrary constants. But of these oni y ' ^ tance that the m multiplier- 

“ thi 

functions A 1( • ••> Are m ~ v 
relations of the question. 
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[The partial differential equation of the first order .] 

(April 22, 1836.) 

[L] (A) 0 = F(x, y, z , p, q), 

(B) z' = -px' ~qy'\ 


(C) 


W 

( 2 ) 

(3) 

(4) 

(5) 


[0 = AS ( px f 4- qy ' — z') + p bF — (jlF' (a*) bx 4- A pbx' 4- pF' (p) bp 4- A x'bp 

-rpF' (y)Sy + \qby' + pF' (g) bq 4 - \y’ bq 
4 - pF r {z) Sz — A Sz' 

= (Xp Sx 4 - Ag by — A §z)' s 


pF' (p) 4 - \x' = 0 , 

pF' (q) + A y' = 0, 

pF' {x)r={\ p)\ 

pF' {y) = (Xq)\ 
pF'{z)= — A'. 


The two first conditions give 

( 6 ) 

Therefore 

(V 


0 = p {pF' (p) + qF’ (q)} 4 - Az\ 

F'(P) 

z' pF' (p)+qF' (q) 9 


, s y' F' (q) 

(8) z’~W M+W' (q) ; 

also (3) and (4) give 

p.{F' (*) F' (p) + F' (y) F’ (q)} =A' {pF' (p) + qF' (q)} + A {p'F' (p)+q’F' (<?)}; 


* [Hamilton’s method for solving partial differential equations of the first order is very similar to Cauchy’s 
method of characteristics. See Appendix, Note 10, p. 634.] 
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(9) 0 = F r = x'F' (a;) + y'F' {y) + z'F' (z) +p'F' (p) + q'F' (q). 

Hence 

(10) V {pF f (p) + qF' (?)} = Az'E' (z), 
agreeing with (5) and ( 6 ). Consequently from (3), ( 6 ) and (10) 

p' F' (a;) +pF' (z) 

(n) ~Wl¥)+qF'(qy 

and similarly* 

/10 , g[ F f (y)+qF f (z) 

z'~~ pF'(p) + qF'(qy 

Let x, y, p be considered as three functions of 2 , to be determined by any three of the differen¬ 
tial equations of the first order (7), ( 8 ), ( 11 ), ( 12 ), q being previously eliminated by (A). The 
expressions of these three functions will involve three arbitrary constants, which may be chosen 
so as to be the initial values a, b , j of the same three functions, corresponding to some assumed 
initial value c of z; and, if y denote the corresponding initial value of A, we can express A by ( 10 ) 
as follows: 

rZ F' (g) ds 

(13) A = ye Jc ^ ,( * )+ ^' (Q) . 

Then (C) will give by integration 

(14) A (pBx + qBy — 82 ) = y (jBa + kBb — 8 c), 
k being the initial value of q, so that 

(15) 0 —F (a, b, c, j, k). 

Therefore, by (13), we have 

__ rs F' ps) dz 

(16) p8x + qSy~Sz = e J<>»*’<*»+«*'<«> (jSa + kSb-8c); 

and, if we suppose for simplicity c = 0, 8c — 0, we shall then have the expressions 


pBx-\-qhy 


__ f s -fr 1 ' (g) dz 

— 8 Z — P J 0 vF ' ^y + QF' (<?) 


(j Ba + k Bb) 


(17) 0 = F(a, b, 0,j, h). 

Here a, b } j, k , q may be regarded as known functions of x, y , z } p; or, reciprocally, x , y, p, q, k 
may be regarded as known functions of a , b , j>z\k indeed being a function of a , b , j alone. Con¬ 
sidering then x and y as functions of ce, b, j , 2 , we have by (D), between their partial differential 
coefficients, the relations 


px" (a) 4- qy* ( a ) 

JP X ' U)Fqy f (i) = o. 


J 0 VF' Cp)+ff.F' (s) 


_ f z fr 1 ' Os) dz _ 

px' {b) + qy’ {b) = ke Jopfr 1 '< 3 »+«fr’'« Z > ? 


l P x U) + $y'U) = 0, px' (z) -f qy' ( 2 ) = 1; 

so that, if we substitute for x and y and also for p and q their values as functions of a, 6, j, z in 
the equation (B), we shah get 

(F) 0 =ja' + kb\ 

* [Equations (7), (8), (11), (12) are of course the differential equations of the characteristics.! 
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More generally, by (D) we have 

_ f s F' (s) dz 

- <iy’ -*' = (J«'+ W) e j 0 p2r ' <5) . 


(G) px' 

If then we establish between the two known functions a and b of x, y. z. p any arbitrary relation 

(H) b — ijj (a), 
and put, besides, 

(I) = (a), 

we shall reproduce the equations (R) and (A); and consequently the system (H), (I) is the 
general integral for the partial differential equation (A). A particular integral with two arbitrary 
constants may be deduced from (F) by treating a and b as each separately constant and then 
eliminating p* 

As an example, let the proposed partial differential equation be 

0=p + bq 2 -gy = F. 

Here the three auxiliary total differential equations (7), (8), (11) become 

qz' 

x‘ —-x, ii , p =0, 

p + q- p -r q- 

to which w r e may join, as a combination of the same, the equation (12), 

gz f 


Hence 

Therefore, by integration, 

P=j 

also 
and so 
Also from 

we have 


q =- 

P + F 

q' = gx', qq f = gy'. 

q-gx = k-ga , \q 2 -gy = Uc 2 ~gb= -j; 

y* — qx' = gxx' -{-(k — go) x r , 

y — b — ±g ( x 2 — a 2 ) + {k — ga) {x-a) = k{x~a)- i rbg (x — a) 2 . 

fiV 


z' = px ' + qy' —jx r 4- ■ 


z=j(x-a) + “ 


-k? 




Thus, to determine x, y, p, q as functions of a, b, j 9 k and s, we have the four equations 

gB _ fyB 

p=j, q — k = g(x — a) > y-b = k{x—a) + %g{x-a) 2 , z=j(x-a)+ * ^ -, 

to which we may join 

o =p+M*-gy> o^j+i&z-gb. 

We may also conveniently consider the four equations just mentioned as serving to determine 
* The logic is more fully explained in pages 395, 396. 
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p y q, y and z as functions of j, k, cl, b f x \ j being itself a known function of k and b. If now we 
treatj, k, a , b as variables, these equations give 

_ ]c^h 

y' = b' + k (pc' - a') + (x - a) h' + g (x - a) (x' - a'), z’ -j (*' -a') + (x-a)f +--, 

px'+ qy'— z’=jx'+ q 2 (x 1 — a') + {k+g (x-—a)}{b'+ (x — a) k'}—j (x'— a ) ^ 

+ (x-a) (kh‘ -gb’)~ q 2 (*' - o') + k ' 

=ja' + kb' + k’ \2k {x - a) + g (x - a)* + =ja' + kb' = (gb- P 2 ) o' + kb '; 

therefore 

{gy — iq 2 ) x’ + qy r — z' = {gb — \k 2 ) a f + kb' 
identically, by the nature of the relations 

q-k=*g{x-a), y-b^k (x-a) -\-\g (x-a) 2 , z=={gb-\k 2 ) (x- a) + - - 1 , 

from which three last equations we must conceive a , 6, k deduced as functions of x, y , 2 : and g. 
If, then, between the functions so deduced, we establish the two relations 

b = >fi(a), 

we shall have, as a consequence of them, this other: 

z' = qy'+{gy-lq 2 )x\ 

in which, by the two relations established between a and 6, z and q may be considered as 
functions of the two independent variables x and y. Hence the partial differential coefficients 
of z, of the first order, are gy — \q 2 and q, and therefore the proposed partial differential equation 
is satisfied whatever the form of the arbitrary function 0 may be. A less general integral, but 
containing two arbitrary constants, may be obtained by supposing a and b to be both constants 
and by eliminating q and k between the three relations which connect a, b, k, x , y, z, q. This last 
corresponds to the principal integral of the total differential equation 

, , y ' 3 

z=gyx+~, s 

and is 

z = ^g(y + b) (x-a)-j -^2 (x-af. 

(April 23, 1836.) 

Let 

< J ) ?=/(^ V , z, P) 

be any proposed partial differential equation of the first order. This equation gives 
(2) =px r +f(x, y, z, p) y\ 

x , y , z being the total derivatives of x, y, z, considered as functions of any one independent 
variable, of which p also may be considered as a function. Reciprocally, if we can discover any 
two such relations between tbe four variables x } y, z, p as to satisfy the total differential equation 
(2), independently of any third relation between the same four variables, we shall then, by 
eliminating#, deduce a relation between x, y, z which will he an integral of the partial differential 
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equation (1). In this manner we are led to consider the modes of satisfying the total differential 
equation (2); and therefore (according to the general spirit of analysis) we are led to consider 
the consequences of that total differential equation. 

One consequence is that which is obtained by taking the variation of the equation, namely, 

( 3 ) 0 =p 8 x'+f(x } y, z, p) Sy'- 8 z'-hx'Sp + y'{/'(x) 8 x-hf'(y) $y-hf' (z)hz+f (p) 8 p}. 

The meaning and necessity of this consequence may be explained as follows. Since the equation 
(2) is not by itself sufficient to determine the four variables x , y , z , p as functions of any one 
independent variable, or even to determine any three of those variables as a function of the 
fourth, we may, in general, conceive that besides some one set of four variables x, y, z, p, which 
satisfies the equation, another set also, such as x eg, y 4- <=77, z -f- p-r- em, satisfies the same 
equation, e being a small and constant, but arbitrary, multiplier. Then, along with the equation 
(2) itself, v r e shall have also the varied equation: 

( 4 ) 0 =(p -\-€m)(x' + eg')+f(x + €g, y-h€77, z-be£, p 4- eta) . (y' + 07') — if + e=£'), 

which, when developed according to powders of e, reduced by (2) itself, divided by e, and made 
to tend to a hmiting state by making e tend to zero, becomes ultimately 

( 5 ) 0 =pi' +/ (x, y, z, p) V - £' + x ' m + v' if' i x ) € +/' (y) V +/' ( z ) 4 -rf f 

and this is the consequence which with only a different notation is expressed by ( 3 ). 

If we multiply ( 5 ) by a new function A and integrate by parts, we find 

(6) 0 = {Apg + Af(x, y, z, p) 77 - A£}' -I-{Ay'/' (x) - (Ap)'}£ -{Ay'/' (y) - (A/)'} 77 

+ i^y'f' ( z ) -h A'} £ + A {x r 4- y'f {23)} zu; 

which will reduce itself to 


(7) 0 = (Ap£ + Af v -A£)', 
if we can put, consistently with (2), 

( 8 ) x '=-y'f'(p)> 

(9) A'=-A y'f'(z), 

( 10 ) 

(11) (XpY (x). 

Expanding these equations, we find by (9) and (10) 

(12) 0 = xf (x) + zf (z) +pf (p) -f.y f ./' (z); 
also by (9) and (11) 

(13) 0 =p' - y'f (x) -p . y' .f {z) } 


which latter equation also results by elimination of x', %' between the three equations (2), (8), 
(12), For the equations (2) and (8) give 

( 14 ) z'={f-pf' {p)}y\ 

and when we substitute these expressions (8) and (14) for x r , z r in (12) and divide by/' (p), we 
come to equation (13). Reciprocally (12) results from (2), (8) and (13). Thus we shall satisfy 
all the five equations (2), (8), (9), (10), (11) if we satisfy the four equations (8), (9), (13), (14). 
These four differential equations may in general be conceived to give, by integration, x s y, p and 
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A/A 0 as f un ctions of z, a, b,j , if a, b,j and A 0 denote the initial values of x, y, p and A, correspond¬ 
ing to some assumed initial value, such as 0, of z; a, b, j, A 0 being here treated as constants in 
forming the expressions of x f , y', p', A 7 , which are to satisfy the differential equations. Now, just 
as (4) was formed from (2), so we must form three other analogously varied differential equa¬ 
tions from (8), (9) and ( 13 ); and, integrating these, we must obtain x + ef, y + erj, z + e£, p -I- em 

and - A —— as functions of z + a 4- €ql, b + e/ 3 , j + et, in which a, / 3 , i, co 0 are the initial values of 

Aq + <=oj 0 

g y r],m 3 a), corresponding to the initial value 0 of z + e£; which four functions will be precisely the 
same in form as those which expressed the dependence of x, y, p and y on z, a, b, j. And the 
limiting equation ( 7 ) will give, by integration, (at the limit e = 0) 

(15) A (pi +frj -1) = A 0 (jot + left), 
in which 

( 16 ) k=f 0 =f(a, b, 0, j); 
also, for the reason just mentioned, 

( 17 ) i = x' (z)^-hx' (a)<x + x r (b) j3 + x' (j)t, y = y' (z) £ + y' (a) a + y f (6) p + y' (j) t, 

x r (z), x' (a), x' (b), x' ( j ), y' (z ), y' (a), y' (6), y ' (j) being the partial differential coefficients of the 
first order of x and y considered as functions of z, a , 6, j. Therefore, since a, / 3 , i, £ are independent, 
the equation ( 15 ) resolves itself into the four following: 

(18) px' (z) +fy f (z) = 1, px f (, j) +fy' ( j) = 0, px' (a) +fy ' (a) = px' (b) +fy' (b)—~~k. 

Having discovered these four relations ( 18 ) between the partial differential coefficients of 
x and y considered as functions of z, a, b, j, we may now deduce the following relation between 
the total differential coefficients of the same two functions, treating a, b, j as variables, 

(19) px'+fy'= z'+ ^ (ja' + W), 
which shows that (2) gives 

( 26 ) 0 —ja f + kb'. 

Reciprocally, if in the two following equations, 

( 21 ) & = <£ (<*), 

we consider a, b and j as known functions of x 3 y } z, p, deduced by elimination from the integrals 
of the equations (8), ( 13 ), ( 14 ), we shall have solved the problem proposed, namely, that of 
discovering two relations between a:, y, z, p, which are sufficient to conduct to the total differen¬ 
tial equation (2), and which therefore give, by elimination of p, an integral of the partial differ¬ 
ential equation (1). This integral system (21) contains an arbitrary function xjj, another integral 
of the same partial differential equation, containing no arbitrary function but containing two 
arbitrary constants, may be had by ehminating p between the expressions of a and b. 
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[The partial differential equation of the second order. ] 

[2.] Passing now to partial differential equations of the second order, let 

(1) if, z, p, q, r, s) 

be such an equation. We have now the three following total differential equations of the first 
order: 

(2) 0 *=px' +qy' — z', 

(3) 0 = rx'+sy'—p', 

(4) 0 = sx'+f(x, y, z, p, q, r, s)y' — q 

x\ y' , z' , p' , g' being here the total derivatives of x, y, z, p , g, considered as functions of any one 
independent variable of which r and s may also be conceived to be functions. And if we can 
discover any five relations between x, y, z, p, q, r and s. which, without any other relation being 
required, conduct to the system of the three total differential equations (2), (3). (4), we shall 
then be able to conclude that the partial differential coefficients of the first and second orders 
of z considered as a function of x and y (deduced from the five supposed relations by elimination 
of p , q, r, s) may be expressed as follows: 

(5) z'(x)=p, z' (y) = q, z"(x) = r , z'>'(x,y)=s, z” (y) =f (x. y, z, p, q, r, s); 

and therefore that this function 2 of x and y will satisfy and be an integral of the proposed 
partial differential equation (1). 

Since the three equations (2), (3), (4), even if freed from differentials, would not be in general 
sufficient to determine the five sought relations between x, y, z, p, q, r, s. we may conceive that 
x + eg, y + er], z +eg, p + €ZD, q + eK, r + ep, s 4 - eo are also functions of some one independent 
variable, and satisfy as such three equations similar to (2), (3), (4), namely, 

(6) 0 = (p + euj) (x r + eg') + (q 4- etc) ( y ' 4- ey) — {z f 4- eg'), 

(7) 0 ~(r + ep) (X' + eg') 4- (s 4- ccr) (y' 4- ef) — ( p' 4- em'), 

(8) 0 = (s 4- ecr) (x' 4- €^') + (t + er) ( y' + erf') — ( q' 4- €/c'), 

in which we have put for abridgment 

(9) 1 4- €t =f (x 4- eg, y + evj, z + eg, p + etn, q + eK, r + ep, s + ear). 

Developing according to powers of <=, reducing by the equations (2), (3), (4), dividing by e, and 
passing to the limit at which e vanishes, we find 

(10) 0=pg' + qrj' — g' + mx' + /cy', 

(11) 0 = rg' +S7}' — w' + px' + ay', 

(12) 0 = sg' + t7}' ~k' + ax' + ry '; 

in whichf is to be considered as representing the expression/ (x, y , 2 , p, q, r, s), and therefore by (9) 

(13) r — gf' {x) +rjf' (y) 4- gf (z) + wf (p) + K f (q)+pf (r) + erf (s). 

We may multiply the three differential equations (10), (11), (12) by A, p, v respectively and 
add them, thus obtaining 

(14) 0 == (A p + pr+vs) g r + (A q + ps 4- vi ) f — Xg' —pm' — vk' 

4- Xx'w + Xy r K + px'p 4- ( py* 4- vx‘) er 4- vyW. 
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This result may be put under the form: 

(15) 0 = {{A p pr + vs) g-i- (Xq 4- ps + vt) r\ — A£ — pm — vk}' 

4- i {vy'f' (a:) — (Ap 4- pr 4- vs)'} 4- tj {vy'f' (y) — (A q 4- ps 4- vt)'} 

H- £ {vy'f' (z) 4- A'} 4 m {vy'f* (p)+p + Xx'} 4- k {vy'f' ( q) + v' 4- Xy'} 

+ p {px' 4 vy’f (r)} + o{py' 4- vx' 4- vy'f ( 5 )}. 

It will therefore give 

(16) (Ap 4- pr 4- v«s) g 4- (A q 4- ps 4- vt) y — A£ — pm — vk 

= (X 0 Po + y 0 r 0 + v o s o) £0 + (AoS'o + Po s o + ^0 *0) Vo ~^o w o~ v o *0» 
in which A 0 , p 0 , v 0 , g Q , y 0 , m 0 , k 0 , p 0 , q Q , r 0 , s 0 , t 0 are the initial values of A, p, v, g, rj, m, k, p , 
q , r, s, t, corresponding to the assumed initial value 0 of z, if we suppose that the following differ¬ 
ential equations are satisfied, as well as equations (2), (3), (4): 


(17) 

0 = py' 4 vx' 4- vy'f' ( s), 

(18) 

0 — px' 4- vy'f' (r), 

(19) 

0 = vy'f' (#) 4- v' 4-At/, 

(20) 

0 = vy'f (p) 4- p 4- Xx', 

(21) 

O^vy'f (z) 4-A', 

(22) 

0 - vy'f (y) — (A q + ps + vt)' [ 

(23) 

0 = vy'f' (#) — (Ap 4- pr 4- vsy 


Multiplying (23), ( 22 ), ( 21 ), ( 20 ), (19), (18) and (17) by x', y ', z ', p', q ', r\ s' respectively and 
adding the products, we find 

(24) 0 = A' (z' —px' —qy')+ p (p r —rx' — sy') 4 - v (q' — sx' — ty f ). 

We may therefore on this account subtract one from the number of equations ( 2 )-( 4 ), (17)-(23), 
and consider these 10 equations as not equivalent to more, at most, than 9 distinct equations, 
adopted to determine the 9 variables x, y, p, q, r, s, A, p, v as functions of 2 and of constants. 
We may also eliminate A, A', p', v between the five equations (19)-(23) and so obtain a single 
equation giving the ratio of v to p\ which, when compared with (17) and (18), will give two 
equations entirely freed from A, p, v, but differential of the first order between x, y, z, p, q, r, s . 

As an example, to illustrate these formulae, let the given partial differential equation be 
t = 0. Here the ten auxiliary total differential equations (equivalent only to nine distinct ones) 
are the following: 

z'-px' + qy', p' = rx' + sy', q'^sx', 0 = (Ap 4-jar 4- vs)', 0= (Ag4-/xs)', 

0== A / , 0 = 4- Xx', 0 = v' + Xy', 0 = px', 0 =py'+vx'. 

These equations give by integration x , y, z , p, q, r, s. A, p, v each constant, or else x , y , z, p , q, A 
each constant and p = 0 , v = 0 . But each alternative seems to render equation (16) identical. 

As another example, let t—r. Here the ten total differential equations are: 

z' ~px f +qy', p'^rx' + sy', q'^sx'+ry', 0 = {Xp + pr+ vs)', 0 = (A^4- ps 4 - vrf, 

0 = p' 4~ Aaf, 0 = 7/4-A y', 0 — px' + vy', 0 = py' + vx'; 
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the ninth alone differing from the corresponding equation of the system of the last example. 
The two last of these ten equations give either 

(-0 y—v, x f -f y' — 0 , 

or 

(-^-) (jl = — v : x' — y r = 0. 

If we adopt the first alternative, then the 7th and Sth equations give A (x f — y') — 0. Therefore 
either 

(^> *) x r — 0 , y'= 0 , fjJ — 0 , v’ = 0 , 

or else 

(■t 2) A = 0, yJ = 0, v =0, fj, = v, x'-hy' — O. 

In like manner we have 

(Hj *) x* = 0, y* — 0, yf — 0, v = 0. 

or 

(II, 2 ) A = 0 , yf = 0 , i/ = 0 , f .x = — v. #' — y’ — 0 . 

Thus we have, at all events, yf — 0 , v' = 0 , A' = 0 , and the only question is whether x' = 0 , y' — 0 {a), 
or A — 0 . x' 2 — y' 2 — 0 ( 6 ). In the alternative (a) we have 

z' = 0, p r = 0, q'= 0, 0 = yr' 4- vs\ 0 = y.s ' +vr # , 

and in ( 6 ) we have 

z'=px' + qy', 2>' = rx' + sy\ q'= sx'+ ry', 0 = jLi?Uv-s' ; 0 = ys' + vf„ 

If we adopt the supposition (1,1), then a-, y, z, p, g, A, p, v are each constant, r + 5 is also constant, 
and 0 = yr' + vs', 0 = gs' + w\ Therefore one of the following alternatives is true: 


(I. 

1.1) 

y = v, 

r-f 5 = const., 

(I, 

1, 2) 

p = — v , 

r —5 = const., 

(I. 

1, 3) 

r = const. 

, s ~ const.. 

(I. 

1= 4) 

t: 

II 

0 

II 

0 


In general, besides the two equations obtained by eliminating A, p, v, A', p, v' from (17)-(23), 
which with the equations (2), (3), (4) make up a system of five differential equations equivalent 
only to four distinct equations of the first order between the variables x, y, z, p, q, r, s, we can 
deduce two other differential equations of the second order between the same 7 variables with 
the help of the derivatives of equations (17) and (18). And hence, in general, we can express 
y> P, <2, r, * as functions of z and of eight arbitrary constants, such as x 0 , y Q , p 0 , q 0 , r 0 , s 0 , r' G , , 

supposing z 0 = 0 , z' = 1 , 2 '= 1 . We can also express x' 0 , y’ a , p' 0 , q' 0 , ^, 5$, ^ as functions of the 

A) ^ A) 

same eight arbitrary constants, and X as functions of them and of 2 . Hence, in (16), 

£ = x'(z)’C + x' (x 0 ) i 0 + x’ (y 0 ) r] 0 + x’ (p 0 ) ro 0 4- x’ (q 0 ) k 0 +x' (r 0 ) p 0 + x’ (s 0 ) <r 0 

+ *' X a )p’ a +x' (si)o£. 


(26) V = V' (*)£+..., 
1^ = 2'(z)£ + ..., 



400 XV. PARTIAL DIFFERENTIAL EQUATIONS [2 

and since c. £ 0 , , rr , 0 , *r 0 , p 0 , o- 0 , p' 0 , <r' Q may be treated as 9 independent and arbitrary data, *we 

have the 9 equations: 

(Xp 4- pr + 1/5) . x' (z) 4- (A q 4 -ps + vt ). y f (z) — pp' (z) — vq' (z) = X, 

( ). x’ (a: 0 ) 4- ( ). y' {x 0 ) - PP' ( x o) ~ v( i (*0) = X oPo + Po r o + ^o«o , 

( ) * ( 2 / 0 ) -h ( ) -y* ( 2 / 0 ) ~PP' (Vo) ~ V( £ ( 2 / 0 ) ==A o9'o + P' 0^0 + v O C |>> 

( ) . x’ (jp 0 ) 4- ( )-y'(Po)~PP' (Po)-~ v $ f (Po)= -Po, 

(26) , ( ).x' te 0 ) 4- ( ) - y* (ff 0 ) - PP' too) “ ^ (3o) = “ > 

( ).aj'(r 0 ) +( ).2/'0o) ~PP'(r 0) = 0 > 

( ).«'(*o) + — “ ~ =0 > 

( ).£c'(rj) 4- ... - *•* - = °> 

+ ... - ••• ~ =°* 

Hence, treating all as variable, 

(27) (A p 4 -pr 4- v<$) x ' 4- (Ag 4 -ps 4- vt) y' — A z' — pp' — vg' 

= (V^o + ZVo-b v 0 8 0 ). (a? 0 )' 4- (X 0 q 0 + p 0 s 0 +v 0 t 0 ). (y 0 )' -/h> (Po)' ~ ^0 (So)'- 
If then we establish the three equations (2), (3), (4), we shall have 

(28) 0 = (X 0 p 0 + p 0 r Q + v Q s 0 ). (x 0 Y 4- (A 0 g 0 4-p- 0 s 0 + v 0 t 0 ). (; y 0 Y~Po (PoY ~~ h> (tfo)'• 

In the case of the second example of page 398 we have the twelve differential equations: 
jV —px f +qy\ p' — rx' ~\-sy f , q'=sx'+ry' } X' = 0, p f = —Xx', v f =—Xy' } 

O — Xp'-hpr' 4- vs', 0 = Ag' 4-/xa'4- vr', 0 — px' 4- vy' } 0 ^vx f +py\ 

[ 0 = px" 4- vy” 4- p'x f 4- v'y’, 0 = vx" 4- py" 4- v'x' 4- p'y '. 

(April 25.) 

We can satisfy the 9th and 10th of these equations by supposing x 4- y = a, p~v } a being an 
arbitrary constant. Then the two equations p— — Xx', v ——Xy' give p' + v' — — A (x‘ 4 - y 
that is, p = 0, v = 0, and so p — v = const. They give also A (x' — y') — 0, a condition which can he 
satisfied by supposing A = 0 and which must be satisfied unless we treat x and y as each separately 
constant. If we suppose A=0, /x= v = const., x + y = a, the 4th, 11th and I2th of the above 
equations will be satisfied of themselves, as well as the 5th, 6th, 9th and 10th. Also the 
7th and 8th equations will agree in giving r-M = const. = c; while the 2nd and 3rd will give 
P + q = const. = 6, p'-q' = ( r - a) (x'-y'); and the 1st will give z f = J (p -q) (x f — y'). Thus the 
whole twelve equations will be satisfied, if we suppose 

A = 0, p ~ v ss= const., x + y = a, P + q^b, r + $ = c, 
p'~q' = {r- s) [x f -y') } z' == | (p - q) ( x ' - y'). 

The last two conditions may be satisfied by supposing 

J- (r — a) = ifs" (x — y) + y, i (p — q) = ip' (x — y) 4- y (x — y) 4- f $ 9 
z=t/f(x-y) + iy {x-y)* + p( x -y) + K, 
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a, /?, y being any arbitrary constants and tp being any arbitrary function. Now the six equations 
(x + y = a, p~rq~b 3 r + s — c , z — ip (x — y) + (x — y) 2 -yfi(x — y) + a, 

\h(P — %) = 4*' (x-y) + y (%-&) + i(r-s) = ip" (x-y) + y 

are sufficient to determine the six variables x, y, p, q 3 r, s as functions of z and of the six constants 
a, b, c, ot, j3, y; and we may substitute these six functions in the three differential equations 

z' =px' + qy', p f -q' = (r - s) (x' — y f ), p' -j- q' = (r -b s) (x' + y'), 

and so deduce three other differential equations between z and the six constants rendered 
variable. These three new equations will evidently not contain z' on account of the nature of 
the process of integration by which they were deduced, but will be of the form of linear relations 
between a ', b' } c a , j3' , y . They are the following: 

«' + (# — y) P' + i (x — y ) 2 y — §ba' a 0 — /T -h(x — y)y', b' = ca'; 


of which the third gives 
the second gives 
and the first gives 
Therefore 


b = (p(a) > c = <p r (a): 
fi = x(y)> (x-y)= -x(y)i 

«' - i {x (y )} 2 y = 2 <f> («)- 


where 

and hence 

Consequently 


a = i |*{x' (y)} 2 dy + ij 4> ( a ) da = S (y) + 0 (a), 

H , (y) = i{x (y)} 2 > ®'{a) = i<P(a); 
oc + p (x — y) 4- iy (a - y) 2 = E (y) 4- <X> (a) — x (y) X (y) + yE' (y). 


z = ip{~x (y)} + S (y) + iy {x (y )} 2 - x (y) X (y) +<£(«)> 
x=ia-ix M> y=\ a + \x (y)> 

p=o' (a) + { - y' (y)}+x (y) - yx' (y) 3 <1 = (°) - { - x' (y)} - x (y) + yx' (r)> 

r =<x>" (a) + ip" {- x (y)}+y, s = 0" (a) - p" {—x' (y)} - y; 

and it results from the nature of the foregoing investigation that this system of 7 relations 
between the 9 variables x, y, z, p, q, r, s, a, y may be considered as an integral of the proposed 
partial differential equation t — r, the functions <£> and p being altogether arbitrary and the 
functions E and x being subject only to the restriction S' (y) = i {x' (y)} 2 . Accordingly these 
7 relations, considered with the derivatives of the first 5 of them, give 

z f =px' + qy\ p' = rx' + sy ', q' =sx' +ry', 


independent of any relation between x and y. But this integral system may he simplified; for, 
if we put for abridgement 

4* {— x 7 (y)}+s (y) + iy {x' (y)} 2 - x (y) x' (r) =^ i~ x Mh 

and hence 

{- x f (y)} = P'{~x' (y)}- yx (r) + x(y)» x ¥*{—x' (y)}=~x'(y)}+y» 


HMPII 
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we can easily eliminate a and y and deduce the 5 following relations between x 9 y, z, p 3 q, r, s: 

z — T* (x — y) -4 (x 4 y), 

p = T' (x — y) 4- <3>' (x 4- y), q= — W' {x — y) + <£' (x + y), 
r = x F" (x-y)-t€>" {x + y), s = - X ¥"(x-y) + <$"(x + y); 
of which the first is the sufficient and well-known integral of the equation t = r. 

In general it seems likely enough that if we can integrate the system of the 3 total differential 
equations (2), (3), (4) and of their principal supplementaries (17)-(23), and thus, by elimination 
of A, p, v, deduce x , y, p, q , r, s as functions of z and of constants; and if we then substitute 
these six functions instead of x, y, p 3 q, r, s in (2), (3), (4), treating now the constants as variable; 
the three resulting differential equations, which must evidently be linear relations between the 
differentials of the constants thus rendered variable, not involving the differential of 3 , will 
conduct by some new integration to the integral of the partial differential equation of the 
second order (1). 

Now, if we substitute in (23) the values of A', y/, v deduced from (21), (20), (19), we find 

( 29 ) 0 = vy' {/' (a) -f pf' (z) 4 - rf (p) 4- sf (g)} - (yr' + vs') ; 

and, similarly, from (22) we find 

(3°) 0 =«/'{/' (y) + if (Z) + sf (p) + tf (<?)} - (ys’ + vO, 

attending to (3) and (4). If we put 

(31) r' as Bx' 4 - Sy', 

(32) s'^Sx’ + Ty', 

(33) t' — Tx' 4 - Uy', 

S 3 T, JJ being the partial differential coefficients of z of the third order, taken with respect to 
x and y, we shall have, by the proposed partial differential equation (1), 

(34 > T =f ( x ) +Pf' M + rf' (p)-j-sf' (q) 4 - Rf (r) + Sf' (a), 

U =/' (V) +Qf' (*) 4 sf' (p) + tf ( q) + Sf' ( r) + Tf (s). 

Hence (29) and (30) become 


(36) 0 - vy' {T - Rf' (r) - Sf' (s)} -y(Rx'+ Sy') ~v(Sx'+ Ty'\ 

(37) 0 - vy'{U - Sf' (r) - Tf' (s)}-y(Sx' 4- Ty') -v(Tx' + Uy'); 
and these are identically satisfied, by (17) and (18). 

It seems then that we can in general dispense with the equations (22) and (23); or rather that 
we may su stitute for them the equations (31)~(35), which by elimination of B, S } T, U will 
give m general a single differential equation of the first order between a;, y, 2 , p, q> r , s , t. 

The equations (17), (18) give 

pp' + vq' = vy' {/- rf (r) - sf (a)}; 
also by differentiation and by (19), (20) 

(39) py' + v^+yr ( S ) + , /{ f (s)Yl=,y’ { ^ + v y'f {p)) + {x ' + y 'f {s)}{Xy , + ^ (q)}> 

m & + v[y"f (r) + y {f (r)}']=*'+ vy'f (p)} + y'f (,) {Ay ' + vy 'f {q)} . 
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We have also 

(41) t'=x' {/' (x) +pf' ( z ) 4- rf' (p) -t-sf' (q)} 4- r'f' (r) 4- y' {/' (*/) 4- g/' ( 2 ) 4 */' (i?) 4 £/' (g)} 

+ ^7'W. 

and therefore may put equation (30) under the form 

(42) 0 ={/x + v/' ( 5 )} 5' 4 vr'f' (r) 4 vx' {/' (x) +pf' ( z) + rf' (p) 4 «/' (g)}, 
which gives, when combined with (29), 

(43) 0 = r' {vy'f' (r) 4- px'} 4 s' {py' 4- vy'f' (s) 4- vx'}. 

But this is identically satisfied by (17) and (18). We may therefore consider the equation (30) 
as included in the three equations (17)* (18), (29); which three last equations will give in general, 
by elimination of vjp, two differential equations of the first order between x, y , z, p : q, r, s, to be 
combined with the three equations (2), (3), (4). Another equation between the same variables, 
but of the second order, may be had by eliminating A between (39) and (40) and then changing 
vjp to its value. 

[Examples. ] 


[3.] In the example t = r, the equations (17), (18), (29) become 
0 = py' 4 - vx', 0 = px'-rvy ', 0 = pr'-rvs', 

and give, by elimination of vjp, the two following: 

x '2 = x's'=y'r'. 

Also 

x'r' = y's'. 


this latter being 
and (40) become 

therefore 


a consequence of the t-wo former. In the same example, the equations (39) 
py" 4- vx" = 2Xx'ypx " + vy" = A (of 2 4 y' 2 ); 


(py" 4 vx") (x' 2 4- y' 2 ) = 2 (px" 4- vy") x'y'. 

Since 

v _ y' _ 
p~ x'~ y' 3 

we have, by substitution of the first of these two equal values of vjp, the following differential 
equation of the second order: 


(V'-w) 



x'y'; 


which is identically satisfied, because the equation x' 2 — y' 2 gives both x'x" = y'y" and x'y" = y'x". 


In the less particular example 


t—Ar 4 - Bs , 


the equations (17) and (18) become 

0 = vx'■+■ (p + vB)y r , 0 =*px /j h vAy f ; 

equation (29) becomes 0=pr' + vs\ and (30) becomes 0=/xa' 4- vt'. Thus, changing vjp to 
— x'/Ay'j we find 

x ' 2 4- Bx'y' = Ay' 2 , Ay'r' =xeV, Ay's' = x' (At' A Bs'), 


5I~2 
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of which file last is a consequence of tlie two first since tliose give 

+ (. Ar' + Bs'). 

y 

Also equations (39) and (40) become 

ixy" + V (x" +y"B) = A (2 x'y' + By'*), yx" + vAy" = A (*'* + Ay'*), 
which give, by elimination of A, 

{fxy" + v(x" + y"B)} (x‘* + Ay'*) = (yx” + vAy") (2 x'y' + By'*). 

Therefore, eliminating vjfx, 

{Ay'y"-x' (x" + y"B)} (x'* + Ay'*) = (Ay'x" - Ax'y'') (2 x'y' + By '*); 
but both sides of tbis equation vanish in consequence of the relation 

x' 2 4- Bx'y f = Ay' 2 , 

which gives 

y' jx' = const., {y f ]x'y = 0, and Ay'y"-x’x" = \B (x'y')' = Bx'y". 

Still less particularly, let 

t^Lr + Ms + N, 

L, M, N being functions of x and y. Then 

f'{x) = rL'{x) + sM'{x)+N'(x), /' (y) = rL f (y)-hsM' (y) + N' (y), /'(z) = 0 , 

f (v) = 0, /'(?) = 0, f (r) = L, f'(s) = M; 
the equations (17) and (18) become 

0 — fj,y' + v(x' + My') t 0 = fix' 4- vLy '; 

equation (29) becomes 

0 = vy' {rL' (x) 4- sM ' (x) 4- N' (x)} — (fir' 4- vs'); 
and equations (39), (40) become 

py" 4- v ( x" + My" 4- M'y') — A (2 x'y' + My' 2 ), 
jjlx" 4- v {Ly" 4- L'y r ) — A (x' 2 4- Ly' 2 ). 

Hence, by eliminating A, 

{x' 2 4- Ly' 2 ) {py” 4- v (x" 4- My" 4- M'y')} = {2x'y' 4- My' 2 ) {fxx" + v {Ly" 4- L'y')}. 

Thus, by the elimination of vjy., we find the three following equations: 

0 = Ly' 2 — x' 2 — Mx'y', 

0 = Ly'r' — x's' 4- x'y' { rL f {x) 4- sM ' ( x ) 4- N' {x)}, 

{x 12 + Ly' 2 ) { - Ly'y" + aV' + x'My" 4- x'M'y'} = (2 x'y' 4- My' 2 ) { - Ly'x" + Lx'y" 4- L'x'y'}. 
The first of these equations gives 

2 Ly'y" ~ 2x'x" 4- M (x'y" 4- y'x") 4- M'x'y' — L'y' 2 \ 

therefore 

}l » = 4- My') x" + ( M'x' — L'y') y' _, (x" ( M'x ' ~ L'y ') 

2Ly f -Mx' \x ,+ 2Ly^J)Ix'\’ 

and 

(x'* + Ly’*){-x'* (M'x'- L'y') + x'y'M' (2Ly r - Mx')} 

= (2«' + My') x'y'*{L (.M'x ' - L'y') + L' (2Ly' - Mx')}. 
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Thus 

0 — x'L'{x'y' (x' 2 + Ly' 2 ) + y' 2 (2af 4- My') {Mx r — Ly')} 

4- x'M' {(— x' 2 4- 2Ly' 2 — Mx'y') (x' 2 + Ly' 2 )~x'y' 2 L (: 2x' 4- My')}. 
Hence, setting aside the factor x'y' 2 , 

0 = L' {{2 Ly' — Mx') x‘ 4- (2x f 4- My*) (Mx* — Ly ')} -t- M* {L ( x' 2 4- Ly' 2 ) — L (2a:' 2 -f Mx'y')}, 
in which the coefficients of L' and M* both vanish in consequence of the equation 

0 = Ly' 2 -x' 2 -Mx'y'. 

In the present example, t = Lr 4- Ms + N, the equation (38) gives 

pp' 4- vq' = vNy'; 

and, since (18) gives 0 = px' + vLy', we have, by elimination of v\p, 

Ly'p' —x’q' 4- Nx'y* = 0. 

This equation may take the place of equation (4), so that, upon the whole, we may establish 
the system of the five following equations: 

j z' —px' 4- qy'j p' — rx' 4- sy', 0 = Ly' 2 — x' 2 — Mx'y '. 

10 = Ly'p' — x'q' 4- Nx'y', 0 = Ly'r' — x's' 4- x'y' {rL' (x) 4- sM' (x) 4- X* (a:)}, 

which are, if possible, to be integrated all together by discovering functions of 2 and of constants 
which, when substituted for x, y, p , q, r, s, shall satisfy them. If we can discover such functions, 
we may then put vjp = —x'jLy', and we shall therefore have 


Also (19) and (20) give 


Therefore 


W p p 


x' 4- My ’' 

A , 

y 


vX 

- — x 
P~ 


-(y/pY 


( x'/Ly')' x" — x' ( Ly" 4- L'y')jLy' 


p y'~ (v/p) x' y f 4- x' 2 jLy r " 
The same equations (19), (20) give 


Ly' 2 + x' 2 


v __ P _ p x 


therefore 

Thus 


y 


Ly” 


p'x' 4- px" yx' ( Ly" 4- L'y') 


_P_ 

x f 


Ly' 2 L*y' z 


by the value of y" deduced by differentiation from the equation 

Ly'2-x' 2 -Mx'y r = 0. 

Hence 

0 ^{Xx'+p') LY 2 (%Ly' - Mx') = p'Ly' (2 Ly' - Mx') 2 - px' 2 {L f ( Ly ' - Mx') 4- M'Lx'} 
= x' 2 {p'Ly' (M 2 4- 4JJ) - pLL'y' 4- px* (. ML' - LM% 
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p' LL'y'+ (LM'-ML’)x' A_ LL'y' + (L M' - ML' ) x f 
p~ L (Jf 2 4~ 4L) y’ ’ fj, L (Jkf 2 4- 4=L) x'y' 

We had found before that 

v x' 

P W* 

The equation (21) gives, in the present example, A' — 0; we ought therefore to have identically, 
or at least in virtue of the relation 

0 = Ly >% — x' 2, — Mx'y', 

{LL'y' + (LM' - ML') x'}' LL'y' + (LM' - ML')x' {L (M 2 4- 4 L) x'y'}' 

LL’y’ + (LM‘-ML')x’ + L(M 2 + iL)y' L{M 2 + iL)x'y' ' 

(If, to particularise a little further, we make 

y 2 y 2 y 

we fall on the case of equal roots and have Af 2 4-4L = 0; to which case we shall afterwards 
return.) 

If we suppose, at random, L = x 2 , M = 0, we have 

yf __L' A __ 1 X'_p' x ' _ x ' 

jjl 4L 2 x’ fx 2x 3 A y, x 2x' 

It certainly seems that we have not in general A' = 0, without a new relation giving the ratio 
y r \x\ which may not coincide with the relation 0 = Ly' 2 — x' 2 ~ Mx'y' ; and perhaps there may 
thus arise an equation of condition restricting the application of the method. 

In the case of the equation 

l— r 2 # 

y* y 

the equation Ly' z = x' 2 + Mx'y’ becomes 0 = (yx'—xy') 2 , and gives 

y y 

— 7 = — = const. =5 a. 

X X 

Also the equation 0 = Ly'p' - x'q' 4- Nx'y' becomes y'pfx'q' = - y*jx « Therefore 

pl = _y == _ a 

q' x 3 

and hence 

p 4- aq — const. = b. 

The 5th of the five equations in the middle of page 405 becomes 


that is. 




0 =xr' 4 - ys' 4 - 2 — (xr +ys). 


y + as' 
r +as x 


and so 
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(r 4* as) x 2 - const. = c. 

The first of the same equations gives 

z* — (p 4- aq) x' = (64- 2aq) x 

and hence 

z-bx — ijs(x i a } b } c) = const. = a, */r' (x) = 2ag. 
The second of the same equations gives 


and hence 


p' = (r+as)x'=-~£ , 


p 4- - = const. = 
x 


Reciprocally if we differentiate these five integrals, treating a , 6, c, a, as variables, we find 
y' = ax' 4- xa', p f = — aq ' — ga' 4- 6', (r' 4- a^s') x 2 4 - 2 (r 4- as) xx' - c\ 

z! = bx' + xb r 4- (x) x' -j- a', p' = ^ ~ — 4- f3' } 

T v X 2 X 

to which we are to join these five integral equations themselves and the equation ip' (x) = 2ag. 
Thus 

Q—px' + qy'-z' - bx' 4* q (ax' 4- 2/') - s' = (6 4- 2a^) x' -1- qxa' - z' 

= gxa' — xb' — y! ; 

A / / / / , / , ex' d n , , c' n/ 

0 = rx 4 -sy -p =(r4-as)x -f sxa-*--!-p -sxa 4-p ; 


Therefore 


and so 


0=sx' 4- ty' - q' = (s 4- at) x f 4- txa f - q' 

= ^|~(r4-as)x'4-^xoa' + ga' -b f 4-^--^4-jS'| 

=-ja' (q-bixa)-b r -- +} S' “-{(# +£xa4-sx) a'-&'}. 
a i x j a 

b' x c c ca' 

^ = q + x{s + ta) = q--{r + as)=q- — = q--, a.'=x(qa'-b’)=—, 

« = x( ffl )> c = »/(«)• 
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XVI. 


CALCULUS OF PRINCIPAL RELATIONS 


Read August, 1836. 

[British Association JReport, 1836, Part II, pp. 41-44-] 


The method of principal relations is an extension of that mode of analysis which Sir William 
Hamilton has applied before to the sciences of optics and dynamics; its nature and spirit may 
be understood from the following sketch. 

Let x ls x 2 , ... x n be any number n of functions of any one independent variable s, with 
which they are connected by any one given differential equation of the first order, but not of 
the first degree, 

0 =/(«s, aq, ... x n3 ds } dx x , ... dx n ), (1) 

and also by n — 1 other differential equations of the second order, to which the calculus of 
variations conducts, as supplementary to the given equation (1), and which may be thus 
denoted: 

f'jxj-df' (daq) f (x n ) ~df' (dx n ) 

/'(*«*) -•••- ridxj * 1; 

Let also oq , ... a n be the n initial values of the n functions x ± , ... x ^ and let , ... a' n be the n 

initial values of their n derived functions or differential coefficients 



, dx„ 
Xn = ~ds > 


corresponding to any assumed initial value a of the independent variable s. If we could integrate 
the system of the n differential equations (1) and (2), we should thereby obtain n expressions 
for the n functions x lt ... x. n of the forms 


x l — a > a l> ■ 

... a n , a' l3 . 

• • O , 


— ^2 (^3 Oj oq, . 

... a n , a' l3 . 

■■ o , 

( 3 ) 

x n = <f>n ( s > <*> 

— * 

• • O; 



and, by the help of the initial equation analogous to (1), might then eliminate a{, ... a! n and 
deduce a relation of the form 

0 = ^(s, aq, ... x n , a , a t , ... a n ); (4) 

that is, a relation between the rnitial and final values of the n 4-1 connected variables s, x ly ... x n . 
Reciprocally, the author has found that if this one relation (4) were known, it would be possible 
thence to deduce expressions for the n sought integrals (3) of the system of the n differential 
equations (1) and (2), or for the n sought relations between s 3 x l7 ... x n and ct, eq, ... a n , a r l3 ... a' ni 
however large the number n may be; in such manner that all these many relations (3) are 
implicitly contained in the one relation (4), which latter relation the author proposes to call on 
this account the principal integral relation, or simply, the principal relation of the problem. 
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For he has found that the n following equations hold good, 

f' (ds) ^ f'(dx i ) = ( dx n ) m 

which may be put under the forms 

a i = cf>i(a, s, x lt ... x n9 a?i, ... <),'[ 

= ••• <)> 
and are evidently transformations of the n sought integrals (3). And with respect to the mode 
in which, without previously effecting the integrations (3). it is possible to determine the 
principal relation (4), or the principal junction which it introduces, when it is conceived to be 
resolved, as follows, for the originally independent variable s , 

s = <j>(x i, ... x n , a, a l9 ... a n ), (7) 

the author remarks that a partial differential equation of the first order may be assigned, which 
this principal function <f> must satisfy, and also an initial condition adapted to remove the arbi¬ 
trariness which otherwise would remain. In fact the equations (5) may be thus written, 


8 (ds) 8s 

8 (dx 1 ) 8xj 

8 (ds) S.s 

8 (dx n ) 8x n 5 

(S) 

in which 



8 (ds) f' (dx t ) 

8(<feg f’(ds)’ 

and ^ = <f>'(:c i ), 

(9) 

and since, by (1), there subsists a known relation of the form 


o 

II 

M 

3 

8 (ds) S (ds) \ 

’ 8 (dxj) 5 *** S (dx n )f ’ 

(10) 

the following relation also must hold good. 



H 

00 ^. 

II 

O 

\ 

(11) 

37715 Saq 5 “* 8 xJ 5 


that is, the principal function <f> must satisfy the following partial differential equation of the 
first order, 

0 = x lt ... x n9 </>' (sq), ... </>' (x n )); (12) 

it must also satisfy the following initial condition, 

0 = lim/ (a, a l9 ... a n , c/> — a, x x — a l3 ... x n — a n ). (13) 

s=a 


Such are the most essential principles of the new method in analysis which Sir William 
Hamilton has proposed to designate by the name of the Method of Principal Relations , and of 
which perhaps the simplest type is the formula 


8 (ds) __S s 
8 (dx) 8x 3 


(14) 


to be interpreted like the equations (8). 

The simplest example which can be given to illustrate the meaning and application of these 
principles is perhaps that in which the differential equations are 


0 = 



(V) 


5 ® 
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and 


d (dx x ) _ d (dx 2 ) 
dx^ dx 2 


Here ordinary integration gives 

x 1 ~a 1 4-ct[(s — a), x 2 = a 2 + a' 2 (s— a); 

and consequently conducts to the following relation, (in this case the principal one,) 

0 — (x L — a ± ) 2 + (x 2 — a 2 ) 2 —(s — a ) 2 , 

or __ 

$ = a + V(x 1 — a t ) 2 + ( x 2 — a 2 ) 2 , 

because by (1') we have 

a J 2 + «2 2 ~ 1 5 

it enables us therefore to verify the relations (8) or (14), for it gives 

8 s ^x 1 — a 1 _dx 1 __ 8 (ds) 

Sx ± ~ s —a ds 8 (i dx 2 )* 

and, in like manner, 

85 _ 8 (ds) 

8 x 2 S (dx 2 ) * 

Reciprocally, in this example, the following known relation, deduced from (!'), 


oJMV+fMV.i 

\8(dx x )) + \s(^ 3 ); 15 


(2') 

(30 

(40 

(70 


(100 


would have given, by the principles of the new method, this partial differential equation of the 
first order. 


-1, 


[hay !8s \» 

\Sa?J + ,S:r 2 ) 

which might have been used, in conjunction with the initial condition 

s =a l\ s — a J \ s — a J J 
to determine the form (70 of the principal function s; and thence might have been deduced, by 
the same new principles, the ordinary integrals (30 under the forms 


(110 


(130 


a 1 = x 1 -ta[(a — s), a 2 = x 2 + a' 2 (a — s). (60 

In so simple an instance as this there would be no advantage in using the new method; but 
in a great variety of questions, including all those of mathematical optics and mathematical 
dynamics, (at least, as those sciences have been treated by the author of this co mm unication,) 
and in general all the problems in which it is required to integrate those systems of ordinary 
differential equations (whether of the second or of a higher order) to which the calculus of varia¬ 
tions conducts, the method of principal relations assigns immediately a system of finite ex¬ 
pressions for the integrals of the proposed equations, an object which can only very rarely be 
attained by any of the methods known before. 

It seems, for example, to he impossible by any other method to express rigorously, in finite 
terms, the integrals of the differential equations of motion of a system of many points attracting 
or repelling one another; which yet was easily accomplished by a particular application of the 
general principles that have been here explained.* The author hopes to present these principles 
in a still more general form hereafter. 


* See Philosophical Transactions for 1834 and 1835; also, Report of Edinburgh Meeting of the British Associa¬ 
tion. [Pages 103-216 of this volume.] 
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XVII. 

[ON THE PROPAGATION OF LIGHT IN CRYSTALS*] 

[1835-1838.] 
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[.Equations of motion of an attracting or repelling system in vibration 
about a state of rest or motion .] 

1. Let x , y , z be the rectangular coordinates of any one point A of an attracting or repelling 
system at the time t ; let x + r cos a, y + r cos jS, z 4- r cos y be the coordinates of any other point B 
of the same system, at the same moment; and let the components of the accelerating or retarding 
action of B on A be denoted by m cos a/ (r), m cos (3f ( r ), m cos yf (r), m being a constant factor 
which may be called the mass of the point B } & the function/(r) being positive for the case of 
attraction and negative for the case of repulsion; while the distance r between the two points is 
considered as always positive: then the differential equations of the motion of the point A, if 
we attend only to the action of B upon it, are 

^ = mcosa/(r), 

dfy_ 
dt** 
dH 
dt* z 

and if we take account of the actions of all the points B , < 7 , &c., on the point A, the differential 
equations of the motion of A may be then denoted as follows, 

d 2 x 


- = mcos &f(r), 
= mcosyf(r); 


( 1 .) 


~ S.m cos oc/(r), 

^ = S.meos^(r), 
d*z „ 

= S.m cos yf ( r) s 


( 2 .) 


* [See Cauchy, CEuvres, n e SArie, Tome ix, pp, 390-450; i e Serie, Tome n, pp. 111-177, Also Appendix, 
Note 11, p. 638. Art abstract of this manuscript appears on page 450.] 
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the sign of summation S extending to all these other points B, G, &c. s each of which has its own 
set of values of m, r, a, ft, y. 

If the total number of attracting or repelling points A, B, C 3 <fec. be n & if we attend only 
to their actions upon each other, there will be then 3 n simultaneous differential equations 
of the 2 nd order including and analogous to the 3 equations (2.); & the integrals of these 
equations (if known) would express the Sn coordinates of the n points of the system as 
functions of the time t, involving also, besides the n masses, 6n arbitrary constants, which 
might be determined by the initial positions of the points and their initial components of 
velocities. And for every different supposition which we might make respecting these arbitrary 
initial circumstances, we should have (in general) a different result respecting the manner of 
motion of the system, though still consistent with the laws of mutual attraction or repulsion, 
as expressed by the differential equations. 

2. Imagine then that while x, y , 2 and x + r cosol, y + rcos/3, 2 -hrcosy denote as before 
the coordinates of the points A & B at the time t in one possible state of motion (or rest) of 
the system, the coordinates of the same two points at the same moment in another possible 
state of motion of the same system are denoted by x-hg, y + r], z+ £ and 

cc + rcosoc + £ + A£, y + r cos (3 + 7 ] 4- A 17 , z-hr cosy 4 - £ + A£, 


respectively; and let r -her denote the mutual distance of these two points in this new manner 

of motion, so that_ 

r 4 - er — V(r cos oc + A |) 2 -b («* cos £ 4 - Arj) 2 + (rcosy + A£) 2 . (3.) 

Then 

, Af 0 A v A£ 

* «. o . a . a 9 - cos a H - cos P H -- cos y 4 - 

r cos a 4 - At rcosp + A-n rcosy 4 -A£ , . r r r r r 

- , -——— , ---, that is, , ---, 

?* 4- er r + er r + er 1 4- e 1 4- € 1 4 - € 


will denote the 3 new cosines by which the new quantity mf (r 4- er) is to be multiplied, in order 
to get the three new components of accelerating or retarding action of B on A ; & the differential 
equations ( 2 .) of the old motion (or rest) of the system will be changed for the new motion, 
to the following 


d 2 x „ / 

w + di*~ s - m \ COSK+ 



fjr + er) 

1 + e 9 


d 2 y dhj 

at 2 + dt 2 


— S.m 


drz d?£ 
dt 2 + dt 2 


— S.m 



A y\ f(r + er) 
r) 14-e 
A£ \ f(r + er) 
r ) 14 -e 


(4.) 


And subtracting the equations (2.) of the old motion, from the equations ( 4 .) of the new, 
we find the following equations: 

s - s - m ™ mr m -yr. ? 'I 

\ <».) 
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which express , generally and rigorously , the laws of the differences between any two possible motions 
of any one system of attracting or repelling points', or, in other words, the laws of the dynamically 
possible deviations from any one dynamically possible manner of motion of an attracting or 
repelling system. 


3. Let us now modify these general and rigorous expressions by introducing the particular 
& approximate supposition that the length and direction of the varying line which connects any 
one moving point of the system with any other differ extremely little at any arbitrary moment t in 
the second manner of motion of the system from the length and direction of the same line at the same 

moment in the first manner of motion . On this hypothesis the quantities —, ~ , ~ and e will 

be extremely small, whether r be large or small, & w r e may neglect their squares and products; 
so that if v r e denote by /' (r) the first differential coefficient of the function /(r). the equations (5.) 
will take the simplified forms, 

^Jr = s. TO cos a {rf (r) -/(r)} e+S.mf 

m cos /3 {rf (r)-f (r)} e + S.mf(r) ^5, (6.) 


in which, by (3.), 


§ - 8. m cos y {rf (r) -/ (r)} , + S. mf (r) , 


Af , 0 \r, , A£ 

€ = COS a — + COS p — 4- COS y -. 


[7.} 


Such are the approximate law r s of the dynamically possible deviations from one standard 
manner of motion of an attracting or repelling system, under the condition that the mutual 
distances of the several points of that system are altered extremely 7 little by those deviations in 
length and in direction. 


4. To illustrate by an example the foregoing general results, we may remark that they 

extend to the case of the solar system, considered as a system of points of which each attracts 

every other inversely as the square of the distance. In this case / (r) = r -2 , and the equations 

(2.) for the standard manner of motion, which may be supposed to be the actual motion of the 

d 2 x „ me os oc d^y „ moos 8 d 2 z a mcosy A , . , , , 

system, become -=-= — S. - z — , — 8. -, -tx — 8 . ——^ . And i± with this standard or 

dt 2 r 2 dt 2 r 2 dt 2 r 2 

actual motion of the solar system we compare any other motion which the same system might 
possibly have, (consistently 7 with the present values of the masses & with the present law of 
attraction,) the deviations of the latter motion from the former are connected rigorously by 
equations of the form (5.) 


d 2 i 


t(r + er)~ 2 \ 

= jS. m cos a l - -- r~ 2 j 


„ A£ (rer )- 2 
r 1 + e 




dt 2 \ l + e 

& if these deviations be imagined such as to alter very little the length and the direction of the 

distance of any one planet from any other or from the Sun, they may then be approximately 

expressed by equations of the form (6.), namely 

d 2 £ 0 e mA£ 

-3S. meosa^ + S.-pp-, 

in which e has the value (7.). 


&e.. 
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5. Let it next be supposed, that the law of mutual action is such that the system is capable of 
equilibrium either exactly, or at least so very nearly that the difference shall produce no sensible 
effect in the final conclusions from this supposition: and let this possible state of equilibrium be 
taken as the standard state , to which the coordinates x, y, z refer & from which the deviations or 
displacements 77 , £ are to be measured. Then the equations ( 6 .) will determine approximately 
the motions of a displaced point of the system; and oc, p, y, r will become independent of the time 
and will satisfy the following equations of equilibrium, 

0~ jS.m cos ccf(r), 0 = S. m cos pf(r), 0 = 8. m cos yf (r). (S.) 

More generally, we shall suppose that the action of any one point of the system on any other is 
so small and extends sensibly to so small a distance, and that the distribution of these points in 
space is so symmetric , as to satisfy, without sensible error, the conditions 

S. m cos ad cos p v cos y 1 " r h f (r) — 0 , ) . 

S. m cos ad cos pd' cos y 1 " r h f' (r ) = 0 , j 

in which h, i, i\ i" may denote any positive integers, or zero, provided that the sum of the exponents 
i, i', i” of the cosines is an odd number. That is, we shall suppose that in the state of equilibrium, 
for every point B with mass m & with coordinates x- 4 -rcosoc, y-i-r cos ft, z -hr cosy which is 
near enough to influence sensibly the point A with coordinates x, y, 2 , there is another near 
point G with an equal mass m and having for coordinates 

x — r cos a, y — reoap, z — r cosy; 

or at least that the results deduced from this supposition are not liable to sensible error. It is 
worth while to observe that when the extent of sensible action is supposed small, the approxi¬ 
mate equations of motion of a displaced point ( 6 .) may be obtained from the rigorous equa¬ 
tions (5.) by supposing only that within this small extent of sensible action the mutual distance of 
any two points changes very little in length and in direction. 

[Co7iditions for plane waves .] 

6 . The foregoing suppositions being admitted, we shall next inquire whether under any , and 
under what conditions the approximate equations of motion of a displaced point (6.) are compatible 
with the uniform propagation of an indefinite series of plane waves , or of displacements which succeed 
each other periodically in space and time <£? are the same for all the points situated at any one moment 
on any one plane parallel to a given plane;in other words, we shall inquire whether & under what 
conditions the variable displacements 77 , £ can be supposed to be periodical functions of any 
one linear function, such as ux + vy-b-wz + st-j-d, of the coordinates of equilibrium x 3 y, z & the 
time t 3 consistently with the approximate equations of motion ( 6 .). Rut to simplify this inquiry, 
which is not into the most general motion possible but only into the conditions of the possibility of a 
particular motion proposed , we shall consider at present only the simplest kind of periodical 
motion; & shall therefore assume, for the laws of displacement to be examined, the following 
expressions, 

£= i' sin (ux + vy + wz + st+6), \ 

r] = 7]^8in(ux + vy + wz + st+e)A ( 10 .) 

sin (ux + vy + wz + st+ 0).J 

So that the question now is, whether under any, & if so then under what conditions, the constants 
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£'» y/\ u , v, w, s , 6 can be so chosen as to satisfy the differential equations of motion (6.) by 
the expressions of displacement (10.). If we can discover such conditions, we can then determine 
the thickness (A) of the wave, & the slowness (y) of its propagation; since these will be respectively 


equal to the square roots of the expressions 


4„2 

u 2 + v 2 -h w 2 


u 2 -hv 2j rw 2 

and 


7. In this investigation, the operation A of differencing, by which we pass from the dis¬ 
placement of one to the displacement of another point of the system, affects only the coordinates 
of equilibrium x, y, z in the expressions of displacement (10.) & not the time t nor the constants 
£', 7]', u, v, w, s, 0 S -which are supposed to be the same for all the points of the system. We 
are therefore to substitute for A£ in the equations (7.) and (6.) the value 


because 

and 


A£ = £ s sin (ux 4- vy 4- wz 4- u Ax -f- v Ay 4- tcAz + st-r6) 

— £" sin (ux 4- vy 4- wz + st 4- 8) 

• / , , , , . m / . uAx-hvAy-r wAz ' 2 

= — sin (ux -\-vy-\- wz 4 -sty-8) j sm- ~ - 

H -£' cos (ux 4- vy -b wz -b st + 6) sin (u Ax -b v Ay -b w Az) 

^j. * . ur cos a -b vr cos B -b wr cos y \ 2 
= -2f Ism * 

-b £ x cos (ux 4- vy 4- wz -b si 4- 0) sin (ur cos a -b vr cos /? 4- wr cos y), 

£ — £ x sin {ux -b vy 4- wz 4- si -b 9) 

Ax = r cos a. Ay = r cos j8, Az = r cos y; 


( 11 ) 


( 12 .) 


and similar substitutions are to be made for Atj and A£. The sign of summation S refers to the 
various values of m, r, oc, /3, y corresponding to the various other points £>. G, &e. of the system 
which attract or repel the point A , whose coordinates when displaced are x-h£ s y 4-17, 24- £; so 
that if we attend to the suppositions made in the 5 th paragraph and put, for abridgment, 


, ex,, x , • 9 , v>/ * wcoscc4wcosjS4wcosy\ 3 

L — 8. 2m {cos a 2 / (r) 4- sm a 2 r - * 1 / (r)} I sin--——-- J . 

__ „ r OOJV/ v ™ •, Jf, o . UT cos X 4- vr cos 4- wr cos y \ 2 /10 . 

M — 8. 2m{cos/3 2 / (r) 4sinjS 2 r- 1 /(r)} 1 sm- ~ 2 ~ - 3 (13.) 

tit « o, r x , - o 1 J*/ o / • ur cos a 4- vr cos fi + wr cos y\ 2 

N==JS. 2m {cos y 3 / ( r ) 4- sm y 2 r -1 / (r)} I sin- —— -- I , 

and 

CY « O \ issof' urooscc+ vrcosp-hwreosy\ z 

P = JS. 2m cos ft cos y {/ (r) — r- 1 / (r)} I sm---1 , 

^ CY ^ c t>f / \ ur cos * + ® r cos @ h wr cos y\ 2 . 

Q = J3. 2m cosy cos a {/ {r)-^" 1 /^)} sin-^-I , (1^*) 

_ \ ur cos cc + vr GOB p + tvroosyY 

P = JS. 2m cos a cos ft {f (r) — r" 1 / (r)} I sin- - --I » 
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we shall have the three following conditions to he satisfied: 

U+Rv+QO. 
g=-(jf,+p£+m 
%£--m+oe+jPv), 

or finally, by the supposed expressions of displacement, 

*. ~ {L-s^f + R'n' + QV- 0,1 

{M-a*)ii' + PV + B$' =0,1 

(-Y-^jr+cr+pv^oJ 

And these are the sought conditions for the possibility of the uniform propagation of a succession 
of plane waves with displacements of the forms (10.), in a system of attracting or repelling 
points distributed as supposed above. They do not at all restrict the constant 6 but they give 
three relations between the constants u, v, w, s and those two other constants which express the 
ratios of £'. 

[ Values of constants for an infinitesimally strained cubic latticed] 

8. To simplify these conditions, we shall now introduce the additional supposition of an 
equality between the quantities m, and nearly cubical arrangement of the attracting or repelling 
points in their position of equilibrium, which differs from a cubical arrangement only by three 
small and (in general) unequal dilatations or contractions in three rectangular directions : in such 
a manner that in the expressions (13.), (14.) we may put 

r cos a — (1+ a f ) r, cos a, ,1 

rco& /3 = (1+ b,)r f cos/3 f ,\ (17.) 

r cos y = (1 4- c,) r, cos y t , j 

a,,b ,, c, being three small constant coefficients of dilatation or contraction & r f , a,, ft,, y, being 
the quantities analogous to r, a, j3, y in that exactly cubical arrangement of points from which 
the arrangement of the system, in the state of equilibrium considered lately, is now supposed 
to differ little. On this hypothesis, if we neglect all terms above the second dimension with 
respect to the small dilatations or contractions a f) b f , c f , the accurate expression 

r ~r t V(l-{-a,) 2 cos a 2 4- (1 4-6,) 2 cos /3 2 4- (1 4-c,) 2 cosy 2 (18.) 

deduced from the equations (17.) will give approximately 

r = r,{l+a / cos oc^ 4- b f cos /3 2 -j- c, cos y 2 + f (a, — 6,) 2 cos a 2 cos /3 2 4- -J (b, — c / ) 2 cos /? 2 cos y 2 

+ §(c, ~a,) 2 cosy 2 cos af}; (19.) 
or simply, r =r, (14- a, cos a 2 4- b, cos £ 2 4 - c, cos y 2 ), (20.) 

if we neglect even the squares and products of a t , b f , c,: and in this latter order of approximation, 
the equations (17.) will also give 

cos ot = cos oc, (1 4 - a, sin a 2 - b , cos j8 2 - c, cos y 2 U 
cos p = cos p t (1 4 - b f sin £ 2 — c, cos y 2 — a, cos a 2 ), \ 
cos y = cosy, (1 + c, siny 2 — a f cos a J — b f cos £ 2 ).J 


(15.) 


(16.) 


(21.) 
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On the same hypothesis, we may express the rectangular coordinates r^cosa,, r f cos )3,, 
r f cos y f of the points of the cubical arrangement as follows: 

r, cos ot r =i,h, r f cos /?, = h r h, r, cos y t = l f 7i, ( 22 .) 

h denoting the mean interval of two adjacent points on the length of the side of an 3 ' one of the 
elementary cubical spaces, and i ,, k f , l r denoting any integer numbers positive or negative or 
null, which are however to be supposed subject to the conditions 

+ &*-r Z;>0, (23.) 

in order not to include in the summation of the attractive or repulsive actions of the several 
points of the system on any one particular point the action of that point itself. And when, by 
substitution of the values ( 20 .) and ( 21 .), we have changed the 6 expressions (13.) & (14.) for the 
quantities L, M , N, P, Q, P to other expressions of the form 

S. F (r, cos a,, r f cos t 8 ,, r f cos y r , r t ) (24.) 

as it is possible in every case to do, we nmy then transform these latter expressions to others of 
the form 

k ' h > l * h > +70 - F ( 0 , 0 , 0 , 0 ), (25.) 

the sign of summation E ( . £jA . indicating a summation with respect to each of the 

three independent integers i t , k ,, l f from — co to 00 , and the term — F ( 0 . 0. 0 , 0) being added 
in order to allow for the condition (23.). Besides, bj' the supposed smallness & equality* of the 
mass constants m, & by the supposed uniformity of distribution of the attracting or repelling 
points & the supposed smallness of extent of their sensible influence on each other, the expres¬ 
sion (25.) may be transformed without sensible error into the following triple sum 

2 ( i„ 1 -2® (A -<K( 0 )- S. O (r,), (26.) 

if we put for abridgment 

F (r / K f , r t V 1 — k 2 cos <x> t , r f V1 — k 2 sin co, , r f ) da> t | dt< f , (27.) 

It appears also to admit of proof that in virtue of the foregoing suppositions the triple sum 
(26.) may in general be very approximately expressed by the following single sum, 

(28.) 

but the investigations of Poisson* respecting similar cases of molecular action seem to show that 

/*°° 4tTT 

we must distinguish this last sum X from the definite integral 1 r 2 dr f , with which we 

might otherwise be tempted to confound it. Perhaps even the reduction of the triple sum (26.) 
to the single sum (28.) may in some cases sensibly err. So that it might be necessary, for some 
laws of molecular action, to employ the less simple expression 
S. F (r, cos a,, r, cos , r f cos y ,, r J 

=s (i „*„M_S; _S; -S © (A-Vi* + W ,+ W) - ® ( 0 )= S. 0 (r,) (29.) 

and not to admit the transformation _ 

S. F(r, coa a,, r ,cos , r, cos y,,r,) = 2£> i<b{h : (30.) 

* [Poisson, Ncmveaux Memoires de V Academic. des Sciences, Tome vi.] 


53-2 
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but it seems probable that such cases are rare, & that the simpler expression (30.) will usually 
be very exact. 


9. The expressions r~ % f'(r)~r~ 3 f(r) and r _1 /(r) 

become, by the substitution (20.), 

ry 2 /' (O ~~ r 7 3 /( r ,) + (LT 1 / v (l) — 3ry 2 / 7 (r,) 4- 3 r~ 3 f(r f )} (a, cos a 2 4- b, cos J3J + C, cos yf) (31.) 
and ^7 1 /( r ,) + {/' ( r ,)~' r 7 1 f( r ,)}( a , eosa ? 4-&, cos jSf4-c, cosyf); (32.) 

/" (r,) denoting the second differential coefficient of the function fir,). We have also, by (17.), 

r 2 cos oc 2 = rf cos af (1 + 2a,), 1 

r 2 cos/? 2 = rf cosySf (1 + 26,), (33.) 

r 2 cos y 2 = rf cos yf (1 4- 2c,),j 


and r 2 cos /3 cos y — rf cos /?, cos y, (I 4- b f 4- c,), 

r 2 cos y cos a — rf cos y, cos a, (1 4- c, 4- a,), 
r 2 cos a cos /3 = rf cos a, cos /?, (I +a, + 6,); J 
and, by the same substitutions. 


(34.) 


ur cos a + vr cos f3 + wr cos y\ 2 


)*-(* 


wr, cos a, 4* w, cos /3, 4- wr, cos y. 


)’ 


l ur f a t cos a, 4- rr, 6, cos ft, 4-w,c, cosy, 


^ sin (ur, cos a, 4- vr, cos yS, 4-wr, cosy,), (35.) 


If then we denote by X,, Af,, N ,, P,, Q ,, P, the values of X, fff, A, P, Q, P in the cubical 
arrangement of the points, and by 

8L8LSL 
8a,/ Sb/ 8c/ &C * 

the coefficients of the first powers of the small dilatations or contractions a f ,b,,c,m the general 
expressions of these six quantities L, <fec., and if we put for abridgment 


l , — cos a, 4- v cos p t +wcosy f ), 

we shall have these 6 equations 

L, = S. 2m{cos af/' (r,) 4* sin af ry x /(L)} sin tf ,1 
JT, = 8. 2m {cos /3f/' (r,) 4- sin /3f ry 1 / (r,)} sin tf, i 
iV, = 8 . 2m {cos yf f (r, ) 4- sin yf ry 1 / (r, )} sin tf, J 

P, = P. 2m cos p, cos y, {/' (r,) - ry 1 / (r,)} sin tf 

Q, = P.2mcosy, cos a,{ }sintfj 

P, = P. 2m cos a, cos y5, { }sintfj 

together with 18 others of which it is sufficient to write these 4, 

SL 

g^-= <S. 6meos a®{/' (r,) -^/(r,)} sin 

+ -S'. 2mcos ocf{r,/" (r,) - 3 f (r,) + 3^1/(j*,)} sin if 
+ 8. mur, cos «, {cos aff (r,) + sin af 77 1 / (r ,)} sin 2t ,; 


(36.) 


(37.) 


(38.) 


( 39 .) 
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gg- = S. 2m cos fi 2 {/' (r,) — ry 1 / (r,)} sin t 2 

4~ S. 2m cos ocf cos f3J {r,f" (r,) — 3/' (r,) + Sry 1 /(r,)}sin t 2 

-r aS. wit, cos fi r {cos v? t f (?*,) + sin a Jr” 1 / (r f )} sin 2q; (40.) 

£ P 

= S. 2m cos a; cos j3, cos y, (r,/" (r ) — 3/' (r,) 4- Sry 1 /(?',)} sin tj (11 •) 

+ $. mur, cos a, cos /?, cosy, {/' (r,) — ry 1 /(/*,)}sin 2 t,; 

= P / 4 - S. 2m cos cos y, {r,f" (r, ) — 3/' (r, ) 4- Sry 1 / (r, )} sin t; 

4- S. mm, cos /3 2 cos y, {/' (?*,) — ry 1 /(>',)} s * n 2*.,: (12.) 

and the 6 quantities A, ikf 3 N, P, Q, A, in the formula of the 7 th paragraph, will now be repre¬ 


sented as follows, 


L ~ L, 4 ~ ct, 


3A SA 
8 a." 6 ' hb. 


4 - c, 


8L 
Sc. ’ 


&c. 


(43.) 


10. To attain a still greater simplicity, we shall suppose further that the extent of sensible 
action of one attracting or repelling point upon another is small , yet not successively small , ivith 
respect to the thickness of a wave , that is, with respect to the interval in space between two succes¬ 
sive planes on which the attracting or repelling points of the system are similarly displaced 
from their positions of equilibrium, at any one moment of time. This interval or thickness A is 


easily seen to be expressible by the formula 

A 


•'>_ 


(44.) 


if we put for abridgment k — Vu 2 4- v 2 4- w' 2 . ) 

employing the symbols u, v, w to denote the same three constants of a wave as in the equations 
( 10 .). We shall, therefore, suppose that the product 

&r = 27r.^, or hr, = 2tt , (46.) 

is small, for all those distances r, or r for which the function f (r), orf (r,) 3 or even any one of its differ¬ 
ential coefficients , has any sensible value; yet not so very small but that its square and perhaps 
higher powers may be sensible. And then, if we put 

u = ka, v— kb, w = kc, (4il.) 

(so that a , b , c shall denote the cosines of the angles which one of the two outer seminormals to 
the surfaces of the wave makes with the three positive semiaxes of coordinates,) we shall be 
able to develope the square of the sine of the trinomial 

c, = J ( ur , cos a, 4- vr, cos 4- wr t cos y,) 

— \ter, (a cos a, 4- b cos ft, 4- c cos y ,), ) 

according to the ascending powers of this small product hr, , in a converging series of which 
the three first terms are 

kPr 2 .— 

sin i 2 = —~ ( a cos a, 4- b cos /?, 4- c cos y, ) 2 

-(a cos a, 4 -£> cos jS, 4- c cosy ,) 4 (49.) 

48 

4- (a cos cc, 4- b cos 4- c cos y, } 6 : 
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and in like manner we may develope sin 2i f in a series of which the first terms are 

Jc 3 r 3 

sin 2i r = kr f (a cos a, + 6 cos /?, +ceosy,)-- (a cos a, + 6 cos ^+ccosy / ) 3 . (50.) 


11. We shall now neglect the terms which are of the fourth or higher dimensions with respec t 
to hr, in the 6 expressions L t , M t , N ,, P fi Q r , B/, and also the terms which are of the third 
or higher dimensions with respect to the same small quantity ter t in the 6 small remaining parts 

SL , SL 8 L 0 

® r- \-b -^7- i~C ~—, &C., 

8a, ' 86 , 'Sc/ 

of the 6 expressions (43.). And thus we shall have 

Z = {(£ + G)a* + {B + H)b*+{Q + I)c*}k*,\ 

M = {(M + H)b* + (P-h I )c 2 +(R+G)a 2 }/c 2 , ' (51.) 

A-{(V + I)c*+(Q+G)a*+(P + H)b*}k 3 > 

and 

P = 2PbcJc2, Q — 2Qcak 2 , B^2Babk\ (52.) 

if we put for abridgment 

n a ^ SG , a ^ 

^ =c? ' +a 's^ +,!> ' 86 : +c '^:’ < 53 -> 

with 8 other equations for if, i, X, ilf, if, P, M, and if we also put 

G, = S.^f(r,)cosa.J, 

H , = s -^f(r,)cosff, (54.) 

A-* 2 £/(r,) cosy?, 

A = 'S , .~{r,/'(r / ) -/(r,)}cos a*, 

^ = }cos^, 

2 ^ } c °syf, 

P, = (r,) -/(r,)} cos p* cos y?. 

2 *■ }cosy 2 cosa®, ( 66 .) 

2 






-R,=s.^{ 


(65.) 


} cos a.® cos y9®. 
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8G 

8b, 


3G 

8c, 


off . v hH T> BH 7? ' 

g-- = 2P, + J/,, ^y = P,, 


(57.)* 


8 / 

Sc, 


= 2 /, -yX, 


M-n ^_ P 

Sa™^' 5 86 . ' 


g r 

— 4L, 4 - (r,) cos af, 

SL 

gg- = S.S (r,) cos af cos /3;, 

= Y <f> (r,) cos af cos yf, 

= 4J*f , + S. 4> (r, ) oos 0 % 

GO 

S IT 

-gg- — S.6 (r,) cos /3f cos y;, 

s u 

= S.<j> (r,) cos cos af, [- (58.) 

oa. 

— 1 A 7 , + <£ (r,) cos yf , 

8N 

-g^- — S.f (r,) cos yf cos a;, 

-y- — S.<f> (r, ) cos yf cos jSf, 
oo. 

and finally 

SP _ 8Q 
8a, 8b, 

= = S. <4 (>•,) cos y.? cos 0?cos y;, 


SP 

86 , = 


SP 


Sc 


- = 2P,+ 


33/ 
3c, 5 

3$ 

8c, 

da. 

6a, 

8L ! 

' 86' 5 

(59.) 

SN 
86. 5 

8Q 

Sa, 

= 2<?+ S A 

be. ’ 

d6, 

, 83/ 

8a J 



in which 


(£1/4-) - £ W* - 3 ^' «r./(r,)J. ( 60 .) 


[ Wave velocities and directions of vibrations .] 

IS. Again, by the 8 th paragraph, we may transform every sum of the form 

S. tjs (r f ) cos ocj*" cos fif 6 " cos yf" (61.) 

into an equivalent sum of the form 

(i„, h /t } l n ) & tfc (r f ) = S, ift (r,) cos ccf" cos ffi k " cos yf ", (52.) 

in which {%„ , h /f , Z„) is a fraction depending on the integer exponents i„ , lc„ , l tr by the following 
rule 

(i /t , h v , l ) ==— j cos off*" sin wf"do > l . \ icf" (1 — K*) K " +l "dK ,. (53.) 

itJ o Jo 

It is easily found to be a consequence of this rule that we may change the order of the 3 ex¬ 
ponents i n , k„ , l„ in any manner, without altering the value of the fraction (i /f , h„ , Z„);f and 
therefore that it is sufficient to calculate the values of these 6 different combinations, 

(I, 0, 0), (2, 0, 0), (I, 1, 0), (3, 0, 0), (2, I, 0), (1, 1, I), (64.) 

* [Equations (57.)-(60.) follow easily from results of the type 

(r cos a) = r, cos a,, ~ —r, cos 2 a,, (r cos /8) = 0, etc., 

which are a direct consequence of {17.) and (19.).] 
t [(*,„ U==r (i„+i) r (k„+i) r 
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in order to be able to apply the transformation (62.) to all those expressions 
paragraph which are of the form (61.). The 6 values (64.) are easily found to be: 

( 1 , 0 , 0 )=!-; ( 2 , 0 , 0 ) = !; ( 1 , 1 , 0 )=^; 

(3, 0, 0) =!; (2, 1, 0) = , (1, 1, 1) Tcf5 • 

If then we put for abridgment 

B a = S.~r,f(r,), 


[12 

of the last 

(65.) 




- r ,/(»',)}> 


( 66 .) 


B, = B. £ 6 {r*f" (r,) - (O + 3 r,f(r,)}. 


we shall have the following results: 


8G 
8a f 

8 G 
8b, 

8G 

8c, 

8 L 
8a, 

8L 

8 b, 

8L 

8c, 

8 P 
8a, 

8 P 
», 
8P 
8c, 


&, = H, =1, =B 0 , 

(67.) 

L, = M, = JST, = 3B 1 , 

(68.) 

P 

II 

ja 

ii 

& 

H 

(69.) 

SH 81 

=wr^r * + x ' 

(70.) 

8 B 81 
“8^ "8 a, 

(71.) 

8H 81 

~ 8a, 8b, 15 

(72.) 

SM 8 N 

- 8ir _ &; _12i?1+16 - R21 

(73.) 

8M SN 

~ S^ _ S^ _ 2 ’ 

(74.) 

8M 82V 
~Sa, ~~8b, ~ 

(75.) 

8 Q 8 B 
~ 8b, "So, *’ 

(76.) 

_8Q _8B _ , „n 

~W,~8a,~ 2Ml+ZB ^ 

(77.) 

8 Q 8 B „„ „„ 

~SZ~S6 - 2JJ i+ 3 ^2- 

(78.) 


And substituting these values, in the expressions of the form (53.), we find 

G = B 0 (1 + 2a,) 4- Mi {3a, + 6, -f- c,)/j 
H = R q (14- 26,) + R x (36 ,+c, | 

I == -2? 0 (14- 2c,) + (3c, + a, + 6,),j 


( 79 .) 
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L — 31?^ (1 4 4a,) 4 SE 2 (oa, 4 6 , 4 c,) } j 

M = 3R 1 (l4 46,)4 3I ? 2 (5b, 4 c, 4a,) ; (SO.) 

R = 3R^ (1 4 4 c f ) 4 3I ? 2 (oc, 4 a, 46 / ) 3 

P= J2 X (1 + 26, + 2c,) 4 i ? 2 (a, 4 - 36, 4 3c,), 'j 

Q = R ± (1 4 2 c, 4 2 a,) 4 J ? 2 ( 6 , 4 3c, 4 3a,), - (81.) 

R = R ± (1 + 2 a, 4- 26,) 4- R 2 (c, 4- 3a, + 36,); J 

and therefore 

L 4 - G = Rq (1 4 2a, ) 4 R± (3 4 ~ 1 oa , 4 * 6, -t - c,) 4 3 Ro (o a, 4 - 6 , 4 _ c,),'j 

AT + H = -K 0 (1 4- 26,) 4- R x (3 -4 156, 4 e, 4a,) 4 3 R 2 (56, 4-c, + o # ), - (82.) 

V4 / = I?g (1 4 2c,) 4- (3 4~ loc, 4a,46,) 4 3I? 2 (oc, 4 a, 4 6 ,) } J 

jB + H = i? 0 (1 + 26,) 4- B 1 (1 4- 3a, 4- 56,4- c,) 4- R 2 (3a, 4- 36, 4-c ,)A 
P + I = R 0 (1 4- 2c,) 4- R x (1 4- 36, 4- 5c, 4 a,) 4- f? 2 (36, 4- 3c, 4 -a,), l (83.) 

g 4- G = R 0 (1 4- 2a,) 4- (1 4- 3c, 4- 5a, -4 6,) 4- R 2 (3c, 4- 3a, 4- 6,) J 

Q + 1 = R 0 (l 4 - 2c,) 4 jB 1 (1 + 3a, 4 6,4 5c,) 4 R 2 (3a, 4 6,4 3c,).l 
R J rG = R 0 (1 4 2 a,) 4 R 1 (1 4 36, 4c, 4 oa,) 4-Ro (36, 4c, 4 3a,) s l (84.) 

P -T- H — R 0 (1 4 26,) 4 R x (1 4 3c, 4 a, 4 56,) 4 R 2 (3c, 4 a, 4 36,) J 

Hence, by (51.) and (52.), 

k~ 2 L = R 0 4 R x 4 2i2 1 a 2 4 2 R 0 (a,a - 2 4 6 , 6 2 4 c, c 2 ) 4 (3a, 4 6 , 4 c,) 4 SR., (a, T 6 , 4 c,) 

4 4-Bx (3a,a 2 4 6 , 6 2 — c, c 2 ) 4 2R 2 ( 6 a,a 2 ~c, 6 2 — 6 ,c 2 ); (85.) 

lc~ 2 M = R 0 4 i?!4 2R 1 b 2 4 2 I ? 0 ( 6 , 6 2 + c, c 2 4 a, a 2 ) 4 I?! (36, 4 c, 4 a,) 4 3ft 2 (a, 4 b, 4 c,} 

4 4R 1 (36,6 2 4c,c 2 4a,a 2 ) 4 2 R 2 ( 66 , 6 2 — «,c 2 — c,« 2 ); ( 86 .) 

Jo~ 2 N — Rq 4 4 2 _R x c 2 4 2 -Z?g (c, e 2 4 a, a 2 4 6 , 6 2 ) 4 R± (3c, 4 a, 46,) 4 3R 2 (a, 4 6 , 4 c,) 

4 4R X (3c,c 2 4 a,a 2 4 6,6 2 ) 4 2R 2 (6c,c 2 — b,a- — a ,6 2 ); (87.) 

k~ 2 P = 2 f? x (1 4 26, 4 2 c,) 6 c 4 2 f? 2 (a, 4 36,4 3c,) 6 c,) 

& 2 (^ ssss 2 A? x (1 4 2c, 4 2a,) ca 4 2R 2 ( 6 , 4 3c, 4 3a,) ca, i - ( 88 .) 

Jc~ 2 R = 2 R ± (1 4 2a, 4 26,) a6 4 2R 2 (c, 4 3a, 4 36,)a6.) 

And hence, finally, if we can put for abridgment 

— s 2 &~ 2 4 I? 0 4 ifc x 4 (2^4 4^) (a,a 2 + b,b 2 + c,c 2 ) 4 (i £ x 4 3I? 2 ) (a, 4 6 , 4 c,) = 2a, (89.) 

the equations (16.) become 

{ff 4 R-l (a 2 + a, 4 4 a,a 2 ) 4 R z (6a, a 2 — c, 6 2 — 6 , c 2 )}£'l 

4 -(jR x (1 4 2a, 4 26,) 4 R 2 (3a, 4 36,4 c,)}-a 6 'jjf r (90.) 

4 *(-R x (1 4 2a, 4 2c,) 4 R z (3a, 4 3c, 4 6 ,)}- act, — 0,1 

{a 4 R x ( 6 3 4 6,4 46,6 2 ) 4 R 2 ( 66 , 6 2 - a, c 2 - c, a 2 )}^ j 

4{i?i (14 26, 4 2c,) 4 R z (36,4 3c, 4 a,)} 6 c£ r (91.) 

4 {2^(14 26, 4 2a,) 4 R% (36, 4 3a, 4 c,)}^ ba£ — 0, J 

{a 4 R x (c 2 4 c, 4 4c, c 2 ) 4 R 2 (6c, c 2 — 6, a 2 — a, 6 2 )} J' 1 

4{-R x (14 2c, 4 2a,)4 4 3a, 4 6 ,)}-ca£ r (92.) 

4■{.R x (14 2c, 4 26,) 4 R z (3c, 4 36,4 a,)} cfovi = 0. J 
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It is to be remembered that in these 4 last equations the quantities i? 0 , B x , B 2 and a,, b,,c, 
are constant for any one medium depending only on the distribution of the attracting or 
repelling points of the system in their positions of equilibrium and on their law of action; 

are also constants for any one succession of plane waves and are proportional to the three 
coordinate displacements of any one vibrating point from its position of equilibrium; a, b, c 
are the cosines of the angles of direction of a normal to such a wave; and s 2 k~- 2 } with which the 
auxiliary quantity a is connected by the equation (89.), is the square of the velocity wherewith 
that wave is propagated. 


13. In the particular case when 

b,=a t , ( 93 .) 

that is, when the system of points is supposed to be, in its position of equilibrium, dilated equally 
or contracted equally in the 2 rectangular directions of x and y from the standard cubical 
arrangement, the three equations (90.), (91.), (92.) become 

{or 4- B 1 ( a 2 + a, 4- 4 a, a 2 ) 4- R 2 (6a, a 2 — a f c 2 — c , 6 2 )} f' 

4- (1 4-1®,) 4- B 2 (6a r 4- c t )} abrf 

4-{I?i (1 4- 2a, 4- 2c,) 4- B 2 (4 a, 4- 3c,)}ac£' ~ 0; (94.) 


{<r 4- B ± (b 2 4- 4- 4a, 6 2 ) 4 - B 2 (6a, b 2 — a, c 2 — c, a 2 )} 77 ' 

4-(A (1 4- 2a, 4- 2c,) 4 - B 2 (4a, 4 - 3c,)}&c£' 

+ {B 1 (14-4a,) 4 - B 2 (6a, 4-c,)}6a£' = 0; (95.) 

{a + B 1 (c 2 4- c, 4- 4c, c 2 ) 4- B 2 (6c, c 2 - a, a 2 - a, b 2 )} 

4* {B 1 (14- 2a, 4- 2c,) 4~ B 2 (4a, 4- 3c,)}caf 

+ (! 4- 2a, 4 - 2c,) 4- B 2 (4a, 4- 3c ,)}cbrf — 0. ( 90 .) 

And if we further suppose that these two equal dilatations or contractions in the directions of 
x & y to vanish, so that 


a, = 0 , b, = 0 , (97.) 

(which comes to taking for the standard cubical arrangement x„y„z, that which differs from the 
position of equilibrium z, y, z only by a dilatation or contraction in the direction of the axis of 2 ) 
we shall have, more simply, the 3 equations following: 

(a+R^-R^c,^)£'-i-(R t +R z c,) abt)' + (R 1 + 2R :l c, + 3 R 2 c,)ac£' = 0, 

(<r + R 1 b*~ R 2 c, a 2 )rj' + {R l + R z c,) abf + (R 1 + 2R lC , + 3R S c,) bc£' = 0, 

{* + R x c*+ R^c, (1 + 4c 2 ) + 6 iJ 2 c,e 2 } £' + (R 1 + 2R 1 c, + 3 iJ 2 e,) c («f' + br,') - 0;J 
which give, by elimination of the ratios of f, V, the following cubic equation 

0 = ffS + +. ff 2 C/ {R 1 ~R 2+ + 7R 2 ) C 2 } 

+ ae, (1 -e 2 ) R 1 (R 1 ~R 2 ) -crc 2 (l - c 2 ) {4i? 2 c 2 4- R t R 2 (1 + 16c 2 ) 4- 16i?|o 2 } 

- c 2 (1 - c 2 ) 2 Rl R s 4- C? (1 - c 2 ) 2 c 2 (25 x + 3f? a ) 2 

“ {<7 - c, (1 - c 2 ) {a + c, (1 - o 2 ) {a + R 1 + c> (5^ + 6 R 2 )} 

- 9 { CT -c, (1 -c 2 ) iJJc?(1 -c 2 ) c 2 (if, + ^ 2 ) 2 : 


( 99 .) 
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and the three roots of this cubic equation will give three corresponding values of the square 
s^k~ 2 of the velocity of propagation of a plane wave by the formula 

— JRq 4 - R-^ -f- o f (Rx 4- 3R 2 ) 4- 2c, c 2 (Rq 4- 2R^) — 2cr, (100.) 

to which the formula (89.) reduces itself by the supposition (97.). With respect to the three 
directions of displacement of a vibrating point corresponding to these three velocities of 
propagation of a wave, they may be deduced from the equations (98.) by determining, for each 
value of the velocity or of the auxiliary quantity cr, the ratios of 

14. One root of the cubic equation (99.) is evidently 

oq — c, (1 -c 2 )R 2 ; (101.) 

which is easily seen to correspond, by the equations (9S.), to the following relations between 

i\ V, f\ 

ail-rb7]l = 0, 4i = 0, (102.) 

that is, to a direction of displacement or vibration which is contained upon the surface of the 
wave & is perpendicular to the axis of z, that is, to the direction of dilatation or contraction of 
the system of points when in equilibrium. And the square of the velocity of a wave when 
propagated with such vibrations is, by (100.) and (101.), 

*|fc- 2 = R 0 + i2 1 + cdFi-fF,)-t2c / (F 0 4 2i? 1 + R 2 ) c a : (103.) 

so that it consists of a constant part, namely, 

JRq +• -r C, (R x -r Rgb (104.) 

which is independent of the direction of the wave, and a variable part, namely, 

2c,(R 0 +2R 1 + R 2 )c 2 , (105.) 

which is proportional to the sqnare c 2 of the cosine of the angle between the normal to the 
surface of the wave and the direction of dilatation or contraction. 

Another root of the same cubic (99.) is, very nearly, 

cr 2 = ~c,(l-c 2 )Rx, (106.) 

the error being of the order of the square of the dilatation or contraction, which we have already 
supposed that we may neglect. This root corresponds to the following value of the square of 
the velocity of the wave, 

4 ic~ 2 = R 0 4 - Rx + 3c, (R x 4 - R 2 ) + 2c, (R 0 4 - R x ) c 2 ; (107.) 

which consists like the former value (103.) of a constant part, in this case 

R 0 4- Rx 4- 3 c, (R l 4- R a ), (108.) 

and a part proportional to the square of the cosine of the angle between the direction of dilata¬ 
tion or contraction & the normal to the surface of the wave, namely the part 

2c,(R 0 + Rx)c 2 . (109.) 

The vibrations, for this velocity of propagation of the wave, have their directions determined 
very nearly by the following equations, deduced from (98.) and (106.), 

(no.) 

c 
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They are therefore very nearly tangential to the surface of the wave, & are perpendicular to the 
vibrations which correspond to the former velocity. 

Finally, the remaining root of the cubic equation (99.) is very nearly 

cr 3 = — R 1 — c,c 2 (5B 1 + 6R 2 .); (111.) 

it corresponds to vibrations which are perpendicular to both the two former directions of vibra¬ 
tion and very nearly normal to the wave, being determined very approximately by the equations 

— = ^=— |1 — (22, + J? s) |; (112.) 

CL 0 C \ ) 

and for these last vibrations the square of the velocity of propagation of the wave is very nearly 
s%h~ 2 = R 0 +3R 1 + c,(R 1 + 3 R 2 ) 4- 2c, (R 0 4- 7 R 1 + 6 R 2 ) c 2 , (113.) 

so that it is composed of a constant and a variable part like the squares of the two former 
velocities. With respect to the small angular deviation of the third set of vibrations from the 
normal, or of the second set of vibrations from the surface of the wave, it varies very nearly as 
the sine of twice the angle between the normal and the direction of dilatation or of contraction. 

15. Results of the same kind would have followed if we had made in (89.), (90.), (91.) and 

(92 '' ) &, = «,, c,= 0; (114.) 

that is, if we had supposed the arrangement of the attracting or repelling points of the system, 
when in equilibrium, to differ from the standard cubical arrangement by two equal dilatations 
or equal contractions in the two rectangular directions of x and y. We should then have had this 
formula for the square of the velocity of the wave, 

s 2 k~* = i? 0 4- 4- 2 a, (R x + ZR 2 ) + 2a,(R 0 -t-2R 1 )(l-c*)-2a; (115.) 

the auxiliary quantity a, and the ratios of which determine the direction of vibration, 

being found from the following equations: 

0 = {a + R- L a 2 -\-a t R x (1 -f- 4a 2 ) -fa, R 2 (6a 2 — c 2 )}£' 

Hb ■{h'l 4* 2cl / (2R x 4- 3 ciby ]' T T 2d f {R± 4- 2 -^ 2 )} 

0 = {a 4- R^ 2 4- a, R 1 (1 4- 4& 2 ) 4 - a , R 2 (66 2 -c 2 )} v ' l 

+ {R 1 4 - 2a, (2 R 1 4- SJR 2 )} ab 4- {R x 4- 2a, (R 1 + 2R 2 )} bcC , 

0 = {or + i? lC 2 - a, iJ 2 ( 1 - c 2 )} r 4- (A 4- 2a, (i? 2 + 2iE 2 )} c (a|' + b v '),J 
which give, by elimination, 

0 = {o- + a, - i? 2 o 2 )} {o- + a, (-B lC 2 - i? 2 )} {o- + B-l + a, (1 - c 2 ) (5-R, + 6.fi 2 )} 

- 9 {a + a, (~ R 2 c*)} a 2 (1 - c 2 ) c 3 (It 1 + iJ 2 ) 2 . 

One root of this cubic is <?i~ — cl, (R x — R 2 o z ) 

& corresponds to the following expressions for the velocity Sc the vibrations, 

S?fc- 2 = J? 0 + B 1 + 2a, (R 0 4- 4 Ri + 3iJ 2 ) - 2 a, (i? 0 + 2iS, + ii 2 ) c 2 , 

«^ + m = 0, £ = 0; 

another root is, nearly, cr 2 = - a, (JJ, c 2 - R z ) 

Sc corresponds to the expressions 

sl*- 2 = ^0 + ^1 + Set, IR 0 + 3iJ x + 2i? 2 ) - 2a, (R a + 2J,) c 2 , 

S=9s_-R 1 +-B 4 . 

* 6 fl _±t 3 a ’~^r\’ 


(116.) 


(117.) 

(118.) 

(119.) 

( 120 .) 


( 121 .) 
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and the third root is, nearly, 

a z =-R lL ~a f {l~c 2 )(5R z + 6R 2 ) i ( 122 .) 

which gives the expressions 

sp~ 2 = B 0 4- 31?! 4- 2 a, {R 0 4- 8 B 1 4- 9A 2 ) - 2a, (i? 0 + 71?! -f 6R 2 ) c 2 , 

S.Ss.Sh + Sa " | (123) 

a b c { ' i?! ) j 

And all these results are evidently similar in kind to those obtained in the foregoing paragraph 
and lead to analogous conclusions. 


16. In general, if we put for abridgment 


we shall get the expressions 


cr-«r=fvj 

c-n'-bV = ijV, 


ag' 4- by)' + c£' = £"J 


r= 


6 2 - 


| __ v -t-a£ : 




v=- T r+—j—^ 

{ v ®-ar-v+«r. 


+&r, ! 


(124.) 


(125.) 


by means of which the system of the 3 equations (90.), (91.), (92.) may easily he transformed 
into the following: 

0 = ar + a , I?! (6 2 4- c 2 ) — 6, i? 2 (a 2 4-c 2 ) 4- c, {R z a 2 — 2? 2 6 2 )} 

4 -a (c, - a,) (I?!-h i? 2 ) (^tj" - 3cD; (126.) 

0 = 77 " {a-+ 6 , 1 ?! (a 2 -f c 2 ) — a, i ? 2 ( 6 2 + c 2 ) + c, (I ?-^ 2 — I? 2 a 2 )} 

4- b (c, - b t ) (R 1 4- R 2 ) (af v - 3cD; (127.) 

0 = c£" {cr 4- R x 4- (51?! 4- 6R 2 ) (a, a 2 4- 6,6 2 4- c, c 2 )} 

4- 3 (I?! 4-I? 2 ) { a r ~~ ( a /H- h, h 2 4- c, c 2 )} 

4- 3 (I?i 4- R 2 ) ~ (a,a 2 4-h / 6 2 -i-c,c 2 )}. (128.)* 

It is easy hence to perceive that either the two quantities or and or else the three quantities 
cr 4 - 1 ?!, £* and 77 ", must be considered as small of the order of the dilatations or contractions 
a t , b ,, c,; of which two cases, the first corresponds to nearly tangential & the second ease to nearly 
normal vibrations. In the first case we may suppress the products of £ v \ cr, a,, b t , c f and then 
the equations (126.), (127.), (128.) reduce themselves to the three following: 

0 = e {cr 4- a, I?! (6 2 4- c 2 ) - b, R 2 (a 2 4 - c 2 ) 4- c, (J^a 2 - R 2 b 2 )} + (c, - a,) (R z + R 2 ) ab; (129.) 

0 = 77 " {a 4- b, R z (a 2 4 - c 2 ) - a, J ? 2 (b 2 + c 2 ) 4 - c, (i? x 6 2 - R 2 a 2 )} 4 -1 (e, - b f ) (R z 4 - JS 2 ) ab; (130.) 

0 = cCR x + 3 {R x + f? 2 ) {aa, T + ~ («r + 6^) (a,a 2 4- b, b 2 4- c, c 2 )} : (131.) 


* [The terms in (90.), (91.), (92. ) not involving a ,, b ,, c, relate to a system of revolution, the axis of revolution 
being the direction a, b , c. This is the reason for adopting the transformation (I24-), -which is the simplest of its kind. 
(126.), (127.), (128.) do not follow directly from (90.), (91.), (92.). A transformation of the type of (124.) is first 
employed, e.g. (90.) multiplied by c, (91.) multiplied by a f etc.] 
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and of these the third determines a plane of vibration coinciding nearly with the surface of the 
wave, while the two first determine in general two distinct directions of vibration upon that 
plane, to each of which corresponds a certain velocity of propagation determined by the same 
two equations through the help of the two values assigned by them for the auxiliary quantity a. 
In the second case the equation (128.) reduces itself to the form 

a « -- (&R X + 6R 2 ) (a, a 2 + b, b 2 + c, c 2 ), (132.) 

which determines this auxiliary quantity or, and therefore also, by (89.), the velocity of 
propagation of the wave when the vibrations are nearly normal to its surface, having the 
direction determined by the equations (126.), (127.), which now reduce themselves to the 
following: 

/TOO \ 


n " = 2bc?±p^(b,-c,)C. 

JXi 


It is easy to prove that this line of nearly normal vibration is perpendicular to the plane (131.) 
of the two nearly tangential vibrations, of which the equation is, when referred to the rect¬ 
angular coordinates f v , rj\ 

0 = + brj' + c£ v ) + 3 (Ri + R 2 ) &V ) 

+ be (b, — c,) (ctj' —&£') + ca (c, — a,) (a£' — c£ v )}. (134.) 

And in this plane the two nearly tangential vibrations themselves, of which the directions are 
determined by the following quadratic equation, deduced from (129.) & (130.) by elimination 
of the auxiliary quantity a, 

0 = t 7 " 2 (c, —a t )ab — f" 2 (c, — b,) ab + £* 1 ? {(c , — b t ) {a 2 + c 2 ) — (c f — a r ) ( 6 a + c 2 )}, (135.) 

are easily seen to be perpendicular to each other as well as to the direction (133.) of nearly 
normal vibration;* for if we consider them as represented separately by the 2 equations 

(136.) 

in which, by (135.), 

a I g _ (e.-a < )(^ + c 2 )-K-&,)(ffl a + e 3 ) c ,-b. 

91 + 92 -&-£)<*’ 9l9 *~ c. — a. (137 ‘ ) 

then the two normal planes to the wave, containing the two directions (135.) or (136.) & making 
with each other an angle which in the present order of approximation must be considered as 
equal to the angle between those two directions themselves, have for their two equations in 
the rectangular coordinates £', rj\ £ v , 

Pi (eft-<*£),] 

c vl~~ b C2 = g2( c V2~ a h),i ' 

and are therefore perpendicular to each other, because, by (137.), 

c 2 (1 + g x g z ) + (b- ag x ) ( b~~ag 2 ) = 0. (139.) 

With respect to the 2 velocities of propagation of the wave corresponding to these two rect¬ 
angular & nearly tangential vibrations (135.) or (136.), they may be determined (as was above 

* [Three directions perpendicular to one another are given by (90.), (91.), (92.), if the cubic in a has unequal 
roots.] 
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observed) by the formula (89.) through the help of the two values of the auxiliary quantity a 
by these 2 linear equations 

cq = — a, B 1 (b 2 + c 2 ) + b, B 2 (et 2 4-c 2 ) —c, (B^a 2 — B 2 b 2 ) -f g 1 (a, — c,) (B x 4- B 2 ) ab,} 
a 2 = - a, B x (b 2 + c 2 ) 4- b , B 2 (a 2 + c 2 ) - c, ( R 1 a 2 - B 2 b 2 ) 4- g 2 (a, - c ,) (f? x 4- J5 2 ) ah ; j 1 j 

or, jointly, by this one quadratic, 

0 = a 2 + o- (i?b — jR 2 ) {«, ( 6 2 -f c 2 ) + 6 , (c 2 4-« 2 ) 4 -c, (a 2 + 6 2 )} 

+ (i 2 | +_R§) (a, b, c 2 4 - 6 , c, a 2 -f- c,a, 6 2 ) 

— B 1 B z {a 2 ( 6 2 -f c 2 ) 2 + 6 f (e 2 4 -a 2 ) 2 4 -c 2 (a 2 4- b 2 ) 2 4 - 2a, b r a 2 b 2 4- 26,c r & 2 c 2 4- 2c,£Z,c 2 a 2 }, (141.) 

which may be put under the form 
[2a + (B 1 - B 2 ) {a, (b 2 4- c 2 ) 4- b, (c 2 + a 2 ) 4- c, (a 2 4- 6 2 )}] 2 

= (B t 4 -f ? 2 ) 2 {« / (& 2 + c 2 ) 2 + ^ 2 (c 2 4 - a 2 ) 2 4 - c 2 (a 2 4 - b 2 ) 2 4 - 2a, 6 , (u 2 6 2 — c 2 } 

+ 26 , 0 , ( 6 2 c 2 — a 2 ) 4 - 2 c, a, ( c 2 a 2 — 6 2 )} 

= (i?! 4- R 2 ) 2 {(c, — a ,) 2 (6 2 4-c 2 ) 2 4- (c, — 6 ,) 2 (a 2 4 -c 2 ) 2 4 - 2 (c, — a,) (c, — 6 ,) (a 2 b 2 — c 2 )} 

= (I?!4- H 2 ) 2 {(«, — b,) 2 (c 2 4-a 2 ) 2 4- (a, — c ,) 2 ( 6 2 4 -a 2 ) 2 4 - 2 (a, — 6 ,) (a-, — c,) ( 6 2 c 2 — a 2 )}. (142.) 


17. When any two of the three quantities a,.b,,c, are equal to each other, the last expression 
(142.) becomes an exact square, & the quadratic equation (141.) resolves itself into two linear 
factors. For example, in the case (93.) when 

the roots of the quadratic (141.) may be thus separately and rationally expressed, 
a x = — a, (B 1 —B 2 ) 4- (c, — a,) B 2 ( 1 — c 2 ), j 
o 2 = — a, (B ± — B 2 ) 4- (a, — c, ) B^ (1 — c 2 ),) 

and are connected by (140.) with the following separate & rational values of g 1; gr 3 . 


(143.) 


9i = ' 


92=: 


(144.) 


6 ’ a ' 

which are to he substituted in the equations (136.), while the equation (131.) of the plane of 
nearly tangential vibrations becomes 

O-l^r+SORi+J*,) (a, —c t )c{a^^rbrf-), (145.) 

& the formula (89.) for the velocity of propagation of the wave becomes 

s 2 k~ 2 ==B 0 + B 1 + 2a, (B 0 4 - ZB 1 4 - 3 B 2 ) 4 - c, (B x 4- 3 B 2 ) + 2 (e, - a,) c 2 (B 0 4- 2B 1 ) - 2 a; (146.) 

so that in this case the two directions of nearly tangential vibration, with the two corresponding 
velocities of propagation of the wave, are expressed in the following manner,* 

a£l + fr?i= 0 , £1 = 0 , 

s\k ~~ 2 = B 0 4- B x 4- 2a, (R 0 4- 4 B x 4- 3jR 2 ) + c , (-^i + -^ 2 ) + 2 (c, ~u v ) (B 0 4 - 2B 1 4 - JS 2 )c 2 , 
and 

® 6 C _I *• £l > (148.) 


(147.) 


si Jc- 2 = R 0 + It 1 + 2 a, (JJ 0 + 3B, + 2JS 2 ) + 3c, (i2 x + J? 2 ) + 2 (c,-a,)(i ? 0 + J? x ) e 2 . 

* [In the equations determining the directions of the vibrations the square of (c,-—a,) is neglected.] 
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In the same case (93.) the direction of nearly normal vibration & the corresponding velocity 
of the wave are determined by the following formula, deduced from equations (133.) & (132.) 
combined with (124.) & (89.): 

I? =32? = k 11 + 3 (a, -c,) 

a b c ( JH (149.) 


s§&- 2 = .R 0 4-3.R 1 + 2a, (fJ 0 H-8f? 1 +9i? 2 ) + c, (JJ 1 +3ff 2 ) 


a ) (Rq "b 7 R± 4- J 


These results agree with and include those of the 14® & 15™ paragraphs; and give the 
following expression for the difference of the squares of the two velocities of propagation of a 
wave, corresponding to the two directions of tangential or nearly tangential vibration, 

k~ z — s\k ~ 2 = 2 (a, — e,) (R± 4- R%) (1 o 2 ). (loO.) 


[.FresneVs wave surface .] 

[18.] 0 = ( 7 3 + or ( R ± — R 2 ) {a, (<b 2 4- c 2 ) + b, (c 2 4- a 2 ) 4- c, (a 2 4- b 2 )} 

+ (R 2 4- R\) (a, b , c 2 4- b, c, a 2 4- c, a, b 2 ) (a 2 4- & 2 4- c 2 ) 

— i2 2 {a 2 (6 2 4- c 2 ) 2 4- b 2 (c 2 4- a 2 ) 2 4- 2a, b , a 2 6 2 4- 26, c, 6 2 c 2 4- 2c, a f c 2 a 2 } ; 

if c, — 0, then 

0 = a 2 -l-cr(I2 1 - R 2 ){a, (6 2 + 02)4-6, (c 2 4a 2 )} 

+ (jR2 4 - JJ 2 ) a/ b, c 2 (a 2 4- 6 2 4- c 2 ) - 2^ {a 2 {b 2 4- c 2 ) 2 4- 2a, 6, a 2 b 2 4- b 2 (c 3 4- a 2 ) 2 }; 

also 

2a = {-s%- 2 + + (J?! + 3f? 2 ) (a, + 6,)} (a 2 + 6 2 4- c 2 ) 4- 2 (JS 0 4- 2 R % ) (a, a 2 4- 6,6 2 ); 

when a — 0, 6 — 0, c = l, then a—R^ci, R^b, or (r—Rr^b, R-^ct,, 

w hen 6 = 0, c = 0, a— 1, then a =—R i b t or a = R z b,; 

when c = 0, d = 0, 6=1, then cr= — R-^ci, or tj—R^cc,. 

In the 1 st case 

s a £- 2 -(R a +R 1 ) = {a,+ 36,) (J?j. + J? 2 ) or =(3a, + 6,)(fJ l + JK 2 ); 
in the 2 nd case 

— 2R 0 a, 4- R 1 (5a, 4- 36,) + 3I? 2 (as, 4-6,) or = 2R 0 a, 4- (5a, 4-6,) 4- i? 2 (3a, 4-6,); 

in the 3 rd case 

= 2U 0 6,4-1?!(3a, 4- 56,) 4 3jR 2 (a, 4-6,) or = 2R 0 b, +R 1 (a, + 5b,) + R 2 (a, r + Sb,). 
If these 6 values of -s 2 /c~ 2 be called (1), (2), (3), (4), (6), (6), then 

(3) - (1) = 2a, (R a + 2R 1 + R 2 ); (5) - (2) = 26, (R 0 + 2R t + J? 2 ); 

(6) - (4) = 2 (6, - a,) (R 0 + 2 R 1 4- B 2 ). 

If, then, we suppose R a 4- 2R 1 4- i? 2 = 0, we shall have 

(1) -<s)-(*,+jy(i-« # -s&,), 

(2) = (5) = (R 0 + R 1 )(1- 3 a, - 6,), 

(4) = (6) = [Ro+ Ri) (1 —ra, — 6,). 
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that is. 


s-k~ 2 - (2) + s 2 k~ 2 - (1) + s-k --- (4) : 


0 = ^A-4- s 2/ t ;-2{ a 2( 1 ) + ( 4) + 62(2 ) + ( 4 ) + c 2(i) + ( 2 )} + a 2(l)(4)4-6 2 (2) (4)+c*(l) (2) ? 
b (-) GO _ 4 ^ _ 26 , 4 . 3 a; 4 - 4 a, 6 , 4 6 ;), 

(Itj+iCg)- 

= c a (1 - 4a, - 46, 4 3a? 4 10a, 6 , 4 36?): 

(^1 + -# 2 )“ 

Sum = i — 4a, — 46, 4 - 3a 2 4 - 4a, b t 4 - 36; — 2 (a,a 2 4 - 6 , 6 2 ) — 2 (a;a 2 — 3a, 6 , c 2 — 6 ; 6 2 ); 

-« 2 = 2 (1 - «, - 26,) a 2 , 

-6 2 fi p rg ; = 2 (1 - 2a, -6,) i 2 , 

-^-^7 = 2 (1 - 2 a, - 26,) c 2 ; 


Putting 


Sum = 2 (1 —2a, — 26,) 4- 2 (a,a 2 4- 6,6 2 ). 

JR>1= —J? 2 4- (Pi + -^2)? ^2 == P (^1 “t -^2)? ° r =a (B 1 ~r B 2 ). 


B-, 4“ B.- 


= -14 (2p' 4 -1) (a, 4-6,) — 2p' (a, a 2 4 6,6 2 ) — 2a\ 


0= l-4a,-46, 4 3a 2 44a,6,4 36 2 4 2 (a,a 2 4 6,6 2 ) - 2 (a;a 3 - 3a,6, c 2 4 6;6 2 ) 

— 2 (1 — 2a, — 26, 4a, a 2 4 6,6 2 ) {1 4 2p' (a, a 2 4 6,6 2 ) — ( 2p ' 4 1) (a, 4 6,) 4 2a'} 

4{l + 2p'(a,a 2 46 / 6 2 )-(2p'4l)(a,46,)42a'} 2 = S;4Si4S^* 

where 

2^=1-241 = 0, 

2i= — 4a, — 46,4 2 (a,a 2 4 6,6 s ) 4 4 (a, 46 ,) — 2 (a,a 2 4 6,6 2 ) — 4p' (a,a 2 46,6 2 ) 

4 2 (2p v 4 1) (a, 4 6,) — 4a' 4 4p' (a,a 2 46 , 6 2 ) — 2 (2p' 41) (a, 4 6,) 4 4a' = 0, 
i£^ = a' 2 4 o-' (l-2p')(a,46,-a,a 2 -6,6 2 )4a / 6,c 2 -p' (1 -p') (a, 4 6, -a,a 2 -6,6 2 ) 2 ; 

0 = a 2 4 a (B 1 — B 2 ) (a, 46 , — a,a 2 —6,6 2 ) 4 a,6,c 2 (1^4 i? 2 ) 2 

- i? 2 (a, 4 6, - a, a 2 - 6,6 3 ) 2 ; 

0 = a 2 4 a (Bj_ - jB 8 ) {a, (6 2 4 c 2 ) 4 6 , (c 2 4 a 2 )} 4 (Hf 4 i£|) a, 6, c 2 (a 2 4 6 2 4 c 2 ) 

- JB t B 2 {a 2 (6 2 4 c 2 ) 2 4 2a, 6, a 2 6 2 4 6? (a 2 4 c 2 )}; 

& this quadratic equation does in fact agree with that lately found for a. Thus FresneV s law 
for the square of the normal velocity of a wave in a biaxal crystal would in fact result from the 
supposition of a rectangular and nearly cubical arrangement of attracting and repelling points , 

* [I.e. absolute term, terms of 1st degree, terms of 2nd degree in O/, <f.] 
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if we suppose the law of force <& the mean interval to be such that R 0 + 2 R x 4 - R 2 = 0 tf ie 
vibrations would then be perpendicular to the plane of polarisation , at least for uniaxal and 7 
probably for biaxal crystals. 

But if, instead, we suppose JR 0 and R ± to be so small with respect to R 2 that when multiplied 
by a, or b t they may be neglected, then the quadratic in a becomes 

0 = cr 2 — <jR 2 (a f +b f — a,a 2 — b f b 2 ) 4 - R\a, b f c 2 ; 

& the question now is, whether this quadratic can be deduced from the developement of the 
formula 

A b 2 c 2 

0 = - -4 -— 1 ; 

cr ^ t ^ / (7 

whioh gives, accordingly, 

0 = u 2 - v.S 2 {a, (6 2 + c 2 ) + 6, (c 2 + a 2 )} + i ? 2 a, 6, c 3 . 

Thus we should equally deduce Fresnel’s law of velocity of a wave in a biaxal crystal, by 
supposing R 0 & R 1 very small with respect to R 2 ; but we should now have the vibrations 
parallel to the plane of polarisation, at least for uniaxal crystals and probably for biaxal also. 

Supposing R 0 = -2R 1 -R 2) we shall deduce, very nearly, Fresnel’s law of polarisation in 
a biaxal crystal if we can prove that p', £' are very nearly proportional to 

_«__ b 

o- + R 2 {a,a 2 4 - b,b 2 ) 4 - R x a t — R 2 b/ a + R 2 (a,a 2 4 - b, b 2 ) 4 - b, — R 2 a f ’ 


That is a + ^2 K ® 2 + b , b 2 ) ~~ R 2 (a f +b f ) * 

0 = {<t + R 2 (a, a 2 4 b,b 2 ~b f )} (ef' - a£') 4- a, (R x cf + R 2 a’C), 

0 = {<r + R 2 (a,a 2 + b,b 2 ~a, )} (c v ' - a [') 4 - b, (R x c*f + i? 2 6 £'); 
that is [(125.)], since af + 67 ?' 4 -c£' = 0 very nearly, 

0 = e{o-+R 2 (b,b 2 -b,)+a,R 1 ( 6 * + c 2 )}-afo/ (+ R 2 )a ,, 

0 = . 7 " {a 4- R 2 (a, a 2 - a,) + b, R x {a 2 4 - c 2 )} - abf' {R 1 +R 2 )b,; 

& these do in fact agree with the equations (129.), (130.). 

But if R a and B 1 be very small compared with R 2 , these last equations give 
r _ aba, iZ 2 _a + R 2 {a 2 -l)a, 
also r' ^TR^b^iyb, abb,R z ’ 

§_ _ ( aS ~ 1 ) e + aby' £' _ fflcg" + bcrj" 

V ( 6 2 — 1) rj"+ abg"’ V~( 6 *-l)i 7 " + a 6 r ; 


<r — R e a t cr — _B„ 


(h 2 — 1) -r)" + ab£" 

JV , c £' 


t(eg'-ag') b(c7}'-b£') _ 
cr— R%a, a — R 2 b r 


<7 ~ R 9 b. 


is (cr- R s b,) (o — R 2 a, + R 2 a?a,) + b*b, R s (a-R^a,) = 0? 
is a 2 - aJ? 2 {a, (6 2 + c 2 ) + 6, (a 2 + c 2 )} + a, 6, c 2 = 0 ? Yes. 
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Reflexion & Refraction. 

(June 27, 1838.) (See the series of sheets begun at Kilmore near Nenagh, Sept. 27 A 1836.)* 

[19.] Components of attractive action of x -b A:r, y -t- A y, z -b As on x, y. z ... —/ (/*), ^~/(r), 
A z 

f (r). Suppose S.f (r) — 0 and S. rf' (r) — 0 . in order to account for the equilibrium of a point 

placed at the separating surface of two ordinary media. 

To account for the change of velocity which corresponds to ordinary refraction & yet to 
leave the density almost unaltered, suppose 

S,r{r 2 f' (r)-t-±rf(r) Y 


but 


S. {r 2 f' (r) -b 4r/(r)j 


very great; 


S. r[r {r 2 f' (r) -b ±rf{r)'/Y 
S. r [r 2 f' {r)-r4rf(r)Y 


not very great, at least for the gases; because taking the velocity in vacuo for unity, we are to 
have 

30 

2 = {( r + a r) 2 f' (r -b ocr) -b 4 (r + a r)f{r -b a r)}, 30 = &. {r-f (r) - 4 rf{r)} t 

P 


-1 






S.{r*f'{r) + ±rf{r)} 


-4, = .... 


However, for the gases, the extreme smallness of dilatation of the ether may be sufficient to 
account for the (probably) near proportion of this to the change of velocity. 

To account for the independence of velocity on colour in vacuo, suppose 

S . {r 4 /' (r) + 6r 3 / (r)} = 0; 

or at least 


X. r {r 4 /' ( r ) + 6^f{r)} r 
S.{r*f' (r)-b6r 3 /(r)} 


We are then to suppose in like manner 


very great. 


S. r {r 6 /' (r) + 8 r 5 / (r)}' . 

S. {r 6 }' (r) + 8 r*f(r)} 

We have V been led by both refraction and dispersion to suppose the quotient 

S.r{r*f (r) + 2iT2r^f(r)Y ^ 

S. {r 2i f (r) + 2i + 2 r 2 *" 1 / (r)} ^ * 

* [These sheets seem to have been lost. If we take equations (13.), p. 417, and replace m/(r) by—^ and expand, 
we get, on taking average values for Ax% Aa4, etc., i.e. fr 4 , etc., 

(velocity )*=* — &. {r*/' <r)+4rf {r*/'(r)+6r>/(r)} + ete. 

In the other medium every distance r is supposed to be increased to r-bocr.] 
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& it is remarkable that this quotient becomes, when the sums for all space are changed to 
sums along one radius vector & these again to single definite integrals, 


r co 

I r 3 {r*f (r) + 2 i + 2 r u ~\f (r)}' dr 
f ; r 2 i+ 2 y' + 2i + 2 r 2i+1 / (r)} dr 

J 0 


in which denominator — A”{r 2 ' H ~ 2 /(r)} & numerator = A* {r 2u ’ 3 f' (r) 4- ( 2 i— l)r* 
A*.r 3 {r 2 y(r)y ought on this hypothesis to be greater than A* . r 2 {r 2 t /(r)}. 


4 ' 2 / ( r )}. so 


(June 28 th .) 

Let refracting surface be plane of xy, z being negligible for incident and reflected rays, 
but positive for refracted. Also let all the vibrations be parallel to y , so that £ = 0 , £ = 0 . Let 
incident vibration be 


771 = ^ cos 



refracted rj 2 = rjlGOS 



reflected 


773 = 773 cos 



the incidence being perpendicular. When z < 0 , 77 = 771 + 773 ; when z> 0, rj = r] 2 ; when z = 0 , both 
expressions hold, ^2 — + 773 - When 2 < 0 , x, y, z are integers i , Jc , Z, l being negative; when z > 0 , 

x, y , z are integers i, Jc, l multiplied by 1 + a, a being a very small fraction positive or negative 
& l being positive. The components of attraction on that point, which when at rest was 0 , 0 , 0 
27tZ 

& when in motion 0 , 772 cos —r- s 0 , are, in the directions +x, + y, + 2 , 

A 


8 ^f±±E) = s ^ {rf , (r) _ /(r)} _ s w {rf , (r) _ /(r)} ^ ^ cos 2 ^ 

s _ + s.(r,~ r,l cos {rf (r) -/<r)} +^~ ) j (7 - ijJ cos , 

* = * “K M-/(*•)} - * jg {r/' (r) -/(r)> (7 - Vz cos . 

The 1=‘ and vanish; the 2 nd ought to be = - Vz c °a We ought V to have 


.TjXfo-^nr {$ {rf '■ 


+ jS . vers 

acQ 




/wi 


0= {(’?i + -’?3)f i 8 +(i?i-i?s) -S’ } fc-{r/' (r)-/(r)} + 2^lll 

^ 2>0 «<ol \ r T j 

* j^es* is the increase in r when y is changed to y +77 —r) z cos .J 


that is, 
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The I st is satisfied because* 


the 2 nd becomes 


y 2 S (&c.) = 8 (&c.) =i; 

Z>0 3 <CO 


°“ Kf« + .fo) {l*W-fW +5 ir 


when we introduce the lately established laws of reflection and refraction [i.e. 7 ^ +■ 77 J = - 

Now 

8 F (x, y , z, r) = $ F (i 4 xi. k 4 x£\ 1 4- xZ, 4- xn ); 

+« s j ;i . |/w i ■ + vw T i | 2 i .+i'C!> n.»itfQs, 

i > o [ \ n / n n \ n / j z>y n 

because Sf{n) = 0 . £. nf r (n) = 0; & the same reason which led us to establish these 2 last 
equations seems sufficient to lead us to establish also the equation S.?i 2 f"(n) = 0; whereby 
the condition ending the last sentence is satisfied, even without supposing, according to the 
laws of reflected and refracted vibrations -f- *373 = /x (^i — ^ 73 )* Thus the case of perpendicular 

incidence appears to be satisfactorily explained even without introducing the law of the vis 
viva , provided that we do employ the principle of equivalent vibrations. 


[Extension of above to dispersion in a biaxal crystal .] 


(July 9 th , 1838.) 


:=S.bx 


f(r ). d 2 Bx 


:£f.-A8x 


(££>)' 8 ,1 


t\X /\ 1! A. y 277* 

Sr = — ASx-\ — -A By-{ - AS z: See = const, x cos^r-C — F), V — ax 4 ry + vz ; 

r r * r A 


AS^= —2Bx 


/ . ttAVy 

l sin —) 


4 useless terms [i.e. terms which vanish on summation]: 


AF = crAa;4vAy 4uAs; o- 3 4t 2 4 u 2 = co~ 2 ; 


f/W Aa; 2 

//(»■) V 

i A 2 o4 
— | 

/ . 7tAF\ 

Sin-r- I 

( r r 

\ *■ / 

2tt 2 

l A / 




0 = (£-w 2 )Sa; + J SSy+<QSz = (.af-w 2 )Sy4-P8z+PSa;=(V-a, 2 )8z+QSa; + PSy; 
let plane of polarisation be &y, then we have 2 different velocities <o x , o> 2 , determined as follows: 
I«... AV — o-j Aa: = ai J 1 Aa:, Sa; = 0, Sz = 0, P = 0, Q = 0, i?=0, 

* [This result follows from the equations in the footnote of page 436 when we use the fact that the average 
values over a hemisphere of yh? and z 2 are 4/30 and 4/6 respectively.] 



438 


[20 


XVII. PROPAGATION OF LIGHT IN CRYSTALS 

Is «4 - «: sensibly? Aa:? + 6 , Ay? + c, Az? 

Az = A:c, (1+a,), Ay = Ay, (1+6,), Aa = Az, (1+c,), r = r,+ — 

a,,b,, c, are small dilatations or contractions & the lower accents refer to a cubical system; 

\.o m^-l±*Z.a + i,Ay? + c,Az?) 


i8 . m Ax *» Ar? + *S. (^)' ^ (a, Aa:? + b, Ay? + c, Az?) 

= i^S.r,/(r,) + t L (3a ,+6, + c,)^.r?(^) ; 

^^' A^Ay 2 - 1 + 2®,+ 26, f (f±A'^^yl + iS . (I (/AiyyM^'(a,Aa:?+ + ) 

V (if A = 00) <o 2 = (l + 2a,) ji-S.r,/(r,) + ^r?(^) | 

+ (3a, + 36, + c,) {r? (£&*)' + ib«. r» (i (^)')'} 1 

a.?-a.l=2(a,-6,)|i>S.r,/(r,) + AS.r?^^) | = 2(a,-6,) 


& insensible if the value of oj 1 for the cubical system be unity. 
But we must show also that 


S. (Aa : 2 + Ay 2 ) + (£^y (A * 2 - Ay 2 ) 

s. 


is much less than 8. j^A^+^J , 

in order to account for the existence of FresneFs law of propagation in dispersive crystals. 

8 m Axi = l±p. 

s. m\ A ^ = i±^^ s. r* (tp) + 5a ' + % + - c > ssi 1 - m\\. 


S. ^ ~^y Aa^Ay 2 = 

— of £ff£^A**+ 
m ( r 


“■-c-my- 




i and s {m Ay *+(m y^!j 

126/S, r 3 /(r) + 27/S,r 5 (^y + S, r 7 


63 (1 + 2a, + 26,) 8,r 3 f(r) + 9(1 + 6 a, + 66 , +c,)£,r 5 (~p-'j + (4a, + 46, + c,) S, r 7 (i ) 

^6, 18 + *, (»* (ffl +T 7 g (I)']}- fl, { 7 ^ (f)'} 


9 1 + 2a 1 4- 2b, 4- i (4 a, 4- 4b, 4 - o, ) S, ~~ 8, (as in num r ) 

; strife nearly; 

* iS^fir) means S. r*f(r,), etc.] 
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which may easily be supposed to be very small. Yet this result seems to indicate that Fresnel": 
law of propagation will hold less perfectly for the more refrangible rays. 

Consider III rd that velocity co 3 which corresponds to the same plane wave as in I st case, bu 
to vibrations parallel to 2 & V perpendicular to axis of crystal; that is, 

III rd ... AF = g. 3 Ax — o> 3 1 Ar, Sx — 0 , Sy= 0 , 

{ r r \ r J J 2rr~ \ A co 3 / 

{ r \ r J r j 6A 2 o>| ( r \ r / r y 

= (1 + 2®,) S, ('J)'} + (3a, + b,+ 3c,) S, [fa* (f) (J (£)')'} 

- fonL;! 163 (1 + 4a,) S, r 3 /-f 9 (1 + 9a, + fc, 4- 3c,) 5, r 5 (Y ) 


jb 

m 

n 


\ r ) 

j 

(J 1 

({)■; 

r 

and 

is sen 


on account of the greatness of the factor 

(July 9 th , 1838.) 

I think that [the] ordinary [ray of] violet light should have a slightly but sensibly different 
velocity in Iceland Spar, according as its course is parallel or perpendicular to the axis & I will 
ask Prof. Lloyd to try this experimentally.* 

(July lOt*, 1838.) 

{-(£!'—C (^)')'}(f)'—(I 


(3a , + 3 b, + c f ) „ 

«!=! +- m - S, 

(3a, f +b, + 3c) 

u *- 1+ —no — s - 


7r 2 (3a / 4- ob f + c f ) ~ 
1890A 2 a>f ; ' 

7r 2 (5a,+b, +3c f ) 
1890A 3 6ui 


O ( 2 ) O ( 2 ) O ( 2 ) 

, r) 2-Oa)-^L _ p (1) _ ”3_ - 

11 A 2 a>f’ 2 ” U2 A 2 aif ! 3_i ' 3 A 2 a>§’ 

hence 

ap + Qp=2Qp\ if c f = a r . 

Using Rudberg’s indices as given by Powell in Phil. Trans . 1836, Part I, page 18,1 find for 
Iceland Spar by calculations of this date... (co^ 1 )!— 1,6806; (cu^ 1 ) 2 = 1,6860. These then I con- 


I did ask him in presence of Poggendorf and Lord Adare in Observatory (S.E.L. room) on July 10 th . 



440 


XVII. PROPAGATION OF LIGHT IN CRYSTALS 


[20—21 


jecture or rather conclude from the foregoing theory (if it be right) to be the two indices of 
refraction of an ordinary ray H according as it passes through Iceland Spar in one or other of 
two different directions, namely perpendicular or parallel to axis [the axis of y]. 

(July IP*, 1838.) 

But I believe that it will be more accurate to consider the observed quantity 0,00014478... 

O (2) r Q (2) 

as being and not as 1 . -—— . [Then] (oj^ 1 ) 2 =1,69152. I am led to think it likely that the 

value of the same index for light parallel to axis would be found to be 1,6915: the difference 
being about the 200 th part of either. Malus’s differences between observation and calculation 
seem to have been about as great as this, sometimes. 


(July 12 th , 1838.) 

The comparison of those parts of the squares of the ordinary and extraordinary velocities 
which are independent of dispersion give 6 , = fa, & the comparison of those parts which depend 
on dispersion give b t = 2 a, ; so that, by each method, the ether in Iceland Spar ought to be about 
twice as much dilated or compressed (I suspect dilated) in the direction of the axis of the crystal 
as in a direction perpendicular thereto. 

Again, supposing 1 — Qp: 1 — = 4a, + 3 b, : 6a, 4- b, , we see that the second changes faster 

than the first when a, recedes from 0 and 6 , approaches 0 , if this recession and this approach be 

nearly equal. Suppose that db,--%da,, a, > 0, da,>0, then dfi<» = 0, - - 9 .~ = -Xfh. 

1 — 6a, ~\-b r 

. > 0 , & thus we shall explain the phenomenon observed by Mitscherlich of the extraordinary 
index changing much faster than the ordinary with heat do increasing while the crystal tended 
to become cubical.... 

[21.] How far would my theory agree with the experiments of Malus as cited by Biot, 
Traiie de Physique , Vol. in, the plane of incidence containing the axis of the crystal? 

AF = o-A# 4-T-Ay, t> = 0. 

[Introducing new notation 
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P = 2oj x (x> y {(1 A 2a, A 26,) P x A (3a, 4- 36, 4- c ,) R,\ 

- ^6"{(1 + **, + 26,) -r (3o, + 36, -he,) JSJ}- {(1 + 2a, + 46,) ifj 


4- (3a, A 56, A c,) Pij; 

0= (L — oj 2 ) 8x A RSy = (M — a> 2 ) By -h JR 8 x = (N — oo 2 ) 82; 
for one set of vibrations 3a; = 0, 8^ = 0, co 2 = JSi; these vibrations are perpendicular to the plane 
of xy & are tangential to wave & correspond to the extraordinary ray if the axis of the crystal 
he (as before) the axis of y\ for the other set of vibrations, namely those which give the ordinary 
ray, we have 

32 = 0, (co 2 -L)(co 2 -M) = B 2 > JR{8y 2 -8x 2 ) = {21-L)8x8y. 

[co 2 is then found, neglecting squares and higher powers of A -2 to~ 2 .] 
co 2 = (1 A a, A 6,) (P 0 A P x ) A (3a, A 36, A c,) (JR t A R 2 ) 

- X~ 2 oj~ 2 {(1 A 2a, A 26,) (P^ A Rf) A (4a, a 46, A c,) (Pi A PJ)} 

A (a, - 6,) («* - ou 2 ) {P 0 Ai? x - \~ 2 oj~~ 2 (21?; A 3 Pi A Pi)}; 
and this expression may, with sufficient accuracy, be written 
to 2 = P 0 A Pi A (3a, A 36, Ac,) (i?j A P 2 ) — A - 2 co~ 2 {R\ A P 2 ) {(4a, A 46, Ac,) A (a, — 6,) (co 2 — a/ 2 )]-. 
This includes the 2 expressions 

co 2 = Rq A P^ A ( 3a, A 36, Ac,) (P-j A P.->) — A~ 2 co~ 2 ( JR'-, A R'-,) ( 5a, 36 , a c, ), 

and co| = P 0 A P x A (3a, A 36, A c,) (P x A P 2 ) — A~ 2 a>~ 2 (Pi A P.() (3a, — 56, Ac,); 

which correspond (as we have seen) to the cases of an ordinary ray perpendicular and parallel 
to the axis. 


In general the square of the ordinary velocity ought, by this theory, for Iceland Spar, to 
increase as the ray recedes from the axis, the increase being proportional to the square of the 
sine of the inclination just as for the extraordinary ray, except that this increase is much less 
rapid for the ordinary ray. And the double wave surface for Iceland Spar, and for light of any 
one colour, ought to be a system of 2 oblate spheroids of revolution touching at their common jjoles. 
For the extraordinary light 

co 2 - N = to 2 {(i A 2a,) (P 0 a R ± ) A (3a, 4- b, A 3c,) (P x A P 2 )} 

A a) 2 {(1A 26,) ( R 0 A Pi) A (a, A 36, A 3c,) (P x A P 2 )} 

- a>%X~ 2 oo~ 2 {(1 A 4a,) (P; A PJ) A (5a, A 6, A 3c,) (Pi A R'f)} 

— ojy A 2 oj 2 {(I A 46,) (Pq A Pi) A (a, A 56, A 3c,) (Pi A P 2 )} 

= Rq A Pi A (2a, A 26, A 3c,) (Pi A P 2 ) — 3 (a, A 6, Ac,) A -2 co 2 (Pi4- P 2 ) 

A (a, - bf) {co% - co 2 ) (P x A P 2 - 2A —2 ct>~ 2 {R' 1 A 2£)}. 

Or, referring to axis of crystal, by making co 2 — co 2 — 2co% — 1 & observing that c, ==a,, we have 
for ordinary light ... 

co 2 = R 0 A P x A (4a, A 36,) (P x A P 2 ) - (4a, A 56,) A~ 2 av 2 (R{ A R' 2 ) 

- 2 {a,-b ,) A“ 2 a>~ 2 (Pi A Pi) a> 2 ; 

for extraordinary ... 

co 2 — P 0 A P x A (4a, A 36,) (P x A P 2 ) - (4a, A 56,) A” 2 ^” 2 (Pi A R'f) 

A 2 (a, - 6,) a> 2 (P x A P 3 - 2A- 2 a>" 2 (PJ A PJ)}. 

56 


H MS' II 



442 XVII. PROPAGATION OF-LIGHT IN CRYSTALS 

Hence —ai 2 = 2(a-,— 6 ,)a> 2 {-K 1 4 -F 2 — A~ 2 a> 2 (F,-!-R 2 )}> 

co% "being square of sine of inclination to axis.* 

In the notation lately used 

0.fi = (R' 1 + B' t ) (6 a, + 36,); (Bi + B' 2 ) (ia, + 56,); 0 3 <2) = (J®i + ^a) (»«, +6,); 

0 ( 2 )- 1-0 ( 2 ) 

& 2 | 3 --. 

The common difference of the increasing arithmetical progression Cl£ 2 \ Qf®, 0| 2) 

2 (b t cl f ) (i?i + R'f)- 

Making P 0 -!- R x = 1 & introducing a and b with the same meanings as Biot, we have 
a 2 _ j t -f- b f ) (jR^ 4* Rf )— (8® / + 6,) (I?i + ^ 2 ) ^ "I 
b 2 = 1 + (4a, + 36,) (R v + E 2 ) - (6a, + 36,) (R[ + JR' 2 ) \~ 2 a>~ 2 ; 

Qa> 2 . . /,„ . 2Q 


[21 


o 2 = £> 2 -. 




a = 2(6,-o,)(Ri+R4); X P = 2 (a, — 6,)(!?, + U 2 ); 


a 2 -6 2 =V + 


O 




A 2 6 2> 


' F =“ 2 - 6a -& ; 


£1 

A 2 6 2 j 


Thus the received constructions and rules for determining the course of the ordinary and extra¬ 
ordinary rays through Iceland Spar are to be modified by supposing that a and b are the two 

equatorial semidiameters of my two oblate spheroids & that^/d 2 — is the common polar 

semidiameter of both. [Hamilton finds from numerical calculations that “Malus’ experiments 
as quoted by Biot are quite inadequate to decide a question which turns on such small 
quantities. 55 ] 


(July 13 th , 1838.) 

The recent calculations, having been carried on nearly to the conclusion without supposing 
c ,~ a ,’ apply so far to a biaxal crystal also, and show that the section of the wave surface in 
such a crystal made by any one of the 3 principal planes is composed of 2 concentric and coaxal 
ellipses, though one of them is very nearly circular . its ellipticity being proportional to the product 
of the doubly refractive & dispersive powers or to the difference of the 2 dispersions. 

To exam in e other sections of the biaxal wave surface &> in particular to examine whether it 
has really two optic axes now supposed and indeed known to exist, let 

L — IP-}—\- 2 a>- 2 L( 2 \ M = , N — 9 P== 9 Q — 9 p_ • 

& ^ AV ~arAx-\-rAy+ vAz; 

* [Various terms in the expressions for a% and have been neglected. They would however have disappeared 
m the expression for <4—w*.] J . 
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then L®, IV® have all one common part, namely 

6o|{(l + 2a,) R 0 + (3a, + b, + c,) RJ + o>| {(1 + 2b,) R 0 4- (a, + 3 b, + c,) P n \ 

4- a>§ {(1 4- 2c,) R 0 4- (a, 4- b, 4- 3c,) Pi] 

= (R 0 4-R 1 ){l4-2(a,w|4-6, a >%+ c,a>!)}- R x (1 -a, -b, -c,); 
while the other parts are 

o)|{3 (1 4- 4a,) 3 (5a, +5, 4-c,) i£ 2 }4- o)J{(l 4- 2 a, 4- 26,) j? x 4- (3a, 4- 36, 4- c,) i£ 2 } 

-j- ct> 2 ((1 + 2a, 4- 2c,) 4- (3a, 4-6,4- 3c,) R %/ 3 

0)2 (3 (1 4-46,)i2 1 4-3 (a, 4- 56, 4-c,) P 2 } 4-co|{(l4- 26, 4- 2c,) i2 x 4- (a, 4- 36, 4- 3c,) P 2 } 

4- o)2 ((1 4- 2a, 4- 26,) 4- (3a, 4- 36, 4- c,) Rf}, 

o)|{3 (1 4-4c,) R 1 4- 3 (a, 4- 6, 4- 5c,) i? 2 }4-co- {(1 4- 2a, 4- 2c,) 4- (3a, 4- 6,4- 3c,) Ro} 

4- o)^ ((1 4- 26, 4- 2c,) R± 4- (a, 4- 36, 4- 3c,) J? 2 }* 

Of these the first is 

= (a,+b,+c,)(R 1 +R 2 ) + 2{R 1 + RJ (a,o> 2 4-6, o>J 4-c,o)|) 4- (1 -a, -6,-c,) 

4-2a, (ie i 4-i2 2 )(l4-4o)J)4-2{(a,4-6, 4-c,) (Pj.4- i? 2 ) 4- (1 -a,-6,-c,) !?,}«* > 
the 1 st line being common to all 3, but the 2™* line being peculiar to L™. As to R :1 \ it has been 
assigned. 

Our fundamental equations of vibration are 0 == {L — to 2 ) hx-r Rhy -r- Qbz = = - These gi\ e 

a) 2 f' = o> s (L Bx 4- R By 4- Q Sz ) - ( Q Bx 4- P By 4- N 3s), 

o) V = o) s {RBx + MBy -h RBz) — co y (Q8x + PBy N8z), 
o> 2 r = (LBx 4 - RBy + QBz) 4- a) y (RBx 4- MBy 4- PBz) 4- a > 3 {QBx 4- PBy + NBz), 

if = to z 8x — to x Sz, 77" == o),S?/ — cOySz, t, ~ co x Bx + co y By + co z Bz. 

These last expressions give 

to z hx = g x — to x {to^C' + to y ri —co s C ), 
to 2 8 y = 77" — coy (to x 4 - 0^77" — o) s £"), 
co z 8z = — o> 3 (o)^4- 77" — o) 3 O* 

o> 2 o) S e =«> 3 (xr+-Rif) - *>* cor+p^) 4- {-«*(«* -^+"ir®^) 

4 - o> x (o) x Q 4- oj y P 4 - oj z N)} (to x f y 4 - 0)^77'- — o> s £"), 

coVsV'«^ (i?r+. my') - (cr+*V) 4 -{-o) 3 (o) X js+o) 1/ Af4-o) 3 p) 

4- o)„ (co x Q 4-^? + (co*r + <* v iT ~ ^D, 

o) 2 o) 3 £''== ox*. (Jb£' x 4- P77") 4-ci) y (P^4"^f , >? )4-o> s (<3^ + P17 ) 

- {«,, (»* L + a>„ R + «, Q) + *> v (at* K + e>„M + ■co* P) + ■ CO^Q+■o> v .P + ^o. a N)} 

x(<o x S' + ca v t)' — co z C)- 

Put £ = R'a> x o> y , P = P'a>y‘o ss , Q = Q'a, x m,-, 


56-2 
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then, omitting the small terms containing £" as a factor [i.e. the vibrations are assumed to be 
nearly tangential], 

0 — { — co 2 4- L— + w 2 (N — L+ Q ' (o> 2 — o>|) + (P' — P ) cu^)} 

+ co x o) y 7)' y {P' — P' H-iV — i+0' (<*>» “ ^l) + (P 

0 = ^{-a> 2 + Jf-P'a>g +«}(iV r -Jf+ P' (ci>5-o>J) + (Q'-i2')coJ)} 

+ a) x a>y£" (P' — +iV — Jfef 4- P' (<u 2 — cof) ■+• (4?' — P ) n>.c}- 

But by an investigation made lately [pp. 432—434] these formulae will give FresneVs laws of 
velocity <& polarisation to semiaxes a„, 6„ , c„, provided we can have the 4 following relations: 

C* + (l-eo*)(b*-C*)=(L-Q'€»*)(l-c**) + a>* (^-e'«2)+o*S«5(P'-•«'). 

cj+( l-coj) (o;-c;)=(jaf-PX)( 1 -' a, 5) +a »5 (^-p'^§)+<4^W'-p')> 
a;-c; = J?'-P'+P’-Q'a>J-(j&-0'<*>J) + a>;(P'-i2'), 

62 - C* = P' - Q' 4- N - P y co 2 ~(M~ P'oog) + a>*(«'- i2'). 

Of these 4 equations, it is remarkable that awy owe is a consequence of the 3 others, in¬ 
dependently of L, M, N 9 P\ Q', R\ a> x , a>y and in virtue of the relation cu 2 = 1 — a > 2 — o> 2 . 
They give 

c^ — L + M + (P' 4 - Q' — R y ) — (Bo > 2 4 -dfto 2 4 - Aeo 2 4 - 4- 2 P'o > 2 o>| 4- 2Q'o>| a>“), 

al = i¥4- IV4- co 2 (Q y + P' - P') - (Bai 2 4 - dfcu 2 + No> 2 + 2R'co 2 a> 2 4- 2 P'a> 2 a > 2 4- 2Q' 
bJ, = N 4- B 4-<^J (P' 4- P' — Q') — (Bcu 2 4 -ABa 2 + iVct>|4- 2 P'oj 2 o ) 2 4- 2 P' a»| 4- ; 

so that it only remains to examine how nearly these 3 quantities are constant. For this examina¬ 
tion it will be convenient to calculate 


La> x 4- Ru)y + Qco s , Rco x + 3Iw y + Noj s> Qco x + Pco y + Nco s ; 

or rather 

£ + jR'o>5+0\»J, M + P'«; + jR'<o2, iV'4-^'a>|4-P'o>g. 

Any one of these will give the 2 others by transformation of the letters in the cycles a, b,c and 
x, y , s. 

Confining ourselves at first to the terms independent of dispersion, we have 

cl — R 0 4- Pit 4- (Pi 4- P 2 ) (3a, + 36, 4-c,); of, — P 0 + P x 4- (Pi 4- P 2 ) (,<%, 4- 36, 4- 3c,); 
b\ — Rq 4- Pi 4- (Pi 4- P 2 ) (3 a f 4-6, 4* 3c,). 

How nearly would this same constancy hold when we tahe account of dispersion ?... 

...“neglecting R' 0 4- R[ on account of there being no dispersion in a vacuum ss _ 

We may then determine the velocity & polarisation of light in a biaxal crystal by Fresnel’s 
rules, (the vibrations however being parallel to the plane of polarisation & at least very nearly 
tangential to the wave) if we employ variable semi-axes a, f , 6„, c„ to construct the auxiliary 
ellipsoid or the wave surface; these variable semi-axes depending on the colour & on the direc¬ 
tion, according to the formulae 


af f = R 0 4 - R 2 4 - ^P x -f R 2 _ 
bf, — P 0 4- Pi 4- ^ 
cf A — Rq 4- Pj 4 - ^ 


Pi + P 2 \ , 

~j^) K 4-36, 4-3c,)-2 
^ (3a, 4- 6 ,4- 3c,) — 2 
) (3a, 4 - 36, 4 - c,) — 2 


Rj 4- P 2 
A 2 cv 2 

Pi + Pi 
AW 
Pi + P2 
AW 


(a, at 2 4- 6, a> 2 4- c, ta|), 
( )> 

( )* 
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It is remarkable that the two differences 

a;-6! = 2(fi 1+ ^-5i±S)(6,-a,), S»-c'-2 (b, + ^-&±|s) <c,~6,), 
are independent of the direction of the ray or wave .... 


But it is very important to observe that although we have only been led to add a common 
part to each of Fresnel’s 2 values of the square of the velocity, so that the difference of those 2 
squares is still proportional to the product of the sines of the inclinations of the wave-nor mal to 2 fixed 
axes A & B and thus the phenomena of the rings appears to be satisfied, yet on the other hand 
these axes seem in the present theory to be independent of the colour ; which is not true for light . 
And this would seem to be a fatal objection, unless it can be removed by some modification of 
my hypothesis.... 

[Here follows an attempt at reconciling the values of a „, b n , c„ for topaz with the above 
results.] 
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ON THE PROPAGATION OF LIGHT IN VACUO 

Read August, 1838. 

[.British Association Report, Newcastle 1838, pp. 2-6.*] 

The object of this communication was to advance the state of our kno wledge respecting the 
law which regulates the attractions or repulsions of the particles of the ether on each other. The 
general differential equations of motion of any system of attracting or repelling points being 
reducible to the form 

.m,&xf(r), (1.) 


the equations of minute vibration are of the form 

d* Bx 


dt 2 


in which 
and 


= 8 .m, {AS# ./(r) + Ax . S/(r)}, 
$f(r)=f'(r)8r, 


* Ax . - Ay . « Az . 

= — AS# H—— ASw -i-ASz. 

r r r 


( 2 .) 

(3.) 

(4.) 


A mode of satisfying the differential equations (2.), and at the same time of representing a 
large class of the phenomena of light, is to assume 


Bx By Bz 

cons t. -i- cos 

s v £ 


2v (vt — ax — by — cz) 


( 5 .) 


in which , £' are constants, depending on the extent and direction of vibration; a , b , c are 
the cosines of the inclinations of the direction of propagation of a plane wave to the positive 
semi-axes of x, y, z ; v is the velocity of propagation of that wave, and A is the length of an 
undulation; and tt is the semi-circumference of a circle, of which the radius is unity. With this 
assumption (5.), and with a natural and obvious supposition respect ing a certain symmetry of 
arrangement in the ether, causing the sums of odd powers [of Ax, Ay , Az\ to vanish, it is 
permitted to substitute in (2.) the expressions 


in which 


d 2 Bx /27rv\ 2 ^ 

^ = -brj Sk> 

AS# = — vers A# . 8#, 

25 * 77 * 

A 9= —aAx + bAy + cAz ); 


( 6 .) 

(7.) 

( 8 .) 


[By a curious error Hamilton is given the distinction B'.R.S. in the title to this paper.] 
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and thus arises a system of conditions of the form 

^'(v) = f' m5 -{/W + ^/'Mj-versA 0 

+ v 'mS. (r) vers AS 

+ Z,'mS. ‘——■f ( r) vers A6, (9.) 

the masses m, of the etherial particles being supposed each = m. Three conditions of this form (9.) 
exist for every particle, and determine, in general, for any given values of a 3 b, c, A, that is, for 
any given direction of propagation, and any given length of wave, the value of v, and the ratios 
of i\ 17 ', that is, the velocity of propagation of the wave, and the direction of vibration of the 
particle. Accordingly, with some slight differences of notation, they have been proposed for 
this purpose by Cauchy, and adopted by other mathematicians. Suppose now, for simplicity, 
that the plane wave is vertical, so that c = 0 : and let, at first, the direction of its propagation 
coincide with the positive semi-axis of x, so that b also vanishes and a is = 1 . Then, for trans ¬ 
versal vibrations, the expression for the square of the velocity of propagation is 

v 2 =(^j mS.\f{r)+ /'(!•)| vers^q^s ( 10 .) 

which appears to extend not only to the interplanetary spaces, but also to all ordinary transparent 
media, and contains, for them, the theoretical law of dispersion, which was first discovered by 
Cauchy, namely, the expression 

v 2 ^A 0 -A 1 X- 2 + A 2 X-^&c., (11.) 

in which A,= l2 _ ^ im {2i + 2) S\f(r) + r -^f (r)\A*™. (12.) 

But, in order that this law may agree with the phenomena, it is essential that the series (II.) 
should be convergent, even in its earliest terms; and this consideration enables us to exclude 
the supposition which has occurred to some mathematicians, that the particles of the ether 
attract each other with forces which are inversely as the squares of the distances between them. 
For, if we suppose r/(r) = r~ 2 , and therefore / (r) = r -3 ,/' (r) = — Sr -4 , we shall have 

A ^1.2j 2 fl7M + 2) S{ -^ + 3 ^* } ^ +a; (13) 

and by extending the summation to particles, distant by several times the length of an undula¬ 
tion from the particle which they are supposed to attract, these sums (13.) become extremely 
large, and the terms of the series ( 11 .) diverge very rapidly at first, though they always finish 
by converging. In fact, if we conceive a sphere, whose radius = nX — n times the length of an 
undulation (n being a large multiplier), and whose centre is at the attracted particle; and if we 
consider only the combined effect of the actions of all the particles within this sphere, we may. 
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as a good approximation, convert each, sum (13.) into a triple definite integial, and thus obtain, 
for the general term of the series (11.), the expression* 


(» 1 )^A,A“ 2 ^ 


(— l)*47rtjm 2 A 2 
(2 i ■+■ 5) e 3 


<2 t m) 2i 


*1.2.3... (2i + 3) 3 


(14.) 


e being the mean interval between any two adjacent particles of the ether, so that the number 

4'7rr 3 

of such particles contained in any sphere of radius r is nearly = 5 ^ r a ^ ar S e multiple of e. 

And hence we find, by taking the sum of all these terms (14.), the expression 


9 A 2 m 1 cos 2 ttu sin 2 tto] 

’ == '^?{3 + (2wm) 2 “ (2?m) s J ’ 


(15.) 


so that, by taking the limit to which v 2 
last as a near approximation 


tends, when n is taken greater and greater, we get at 


v 


A 2 m 

3-7Te 3 3 


(16.) 


and 


A /3tt€ 3 
v V m 


(17.) 


But - expresses the time of oscillation of any one vibrating particle; this time would there¬ 
fore be nearly constant, if the particles attracted each other according to the law of the inverse 
square of the distance; and consequently this law is inadmissible, as being incompatible with 
the law of dispersion. It had appeared to Sir William Hamilton important to reproduce these 
results, though he remarked that they agree substantially with those of Cauchy, because the law 
of the inverse square was one which naturally offered itself to the mind, and had, in fact, been 
proposed by at least one mathematician of high talent. There was, however, another law which 
had great claims on the attention of mathematicians, as having been proposed by Cauchy to 
represent the phenomena of the propagation of light in vacuo , namely, the law of a repulsive 
action, proportional inversely to the fourth power, or to the square of the square of the distance. 
M. Cauchy had, indeed, supposed that this law might hold good only for small distances, but in 
examining into its admissibility, it appeared fair to treat it as extending to all the neighbouring 
particles which act on any one. But against this law also, Sir William Hamilton brought 
forward objections, which were founded partly on algebraical, and partly on numerical cal¬ 
culations, and which appeared to him decisive. 


The spirit of these objections consisted in showing that the law in question would give too 
great a preponderance to the effect of the immediately adjacent particles, and would thereby 
produce irregularities which are not observed to exist. In particular, if it be supposed that 

8. r" 1 Ace 2 = 8 . r^A y z = 8 . r* As; 2 , 

8 . r^A# 4 — 8. r* Ay 4 = 8. r i Az 4, i 
8 . r i Ax 2 Ay 2 = 8 . r i Ay 2 Az 2 = 8 . r i Az 2 Ax 2 , 
r 2 f / «a —i 

[£=-3J_ x j Q j 
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and also, in (5.), that c — 0, a — b, and that A is much greater than e, it is found that the two 
values v 2 and v 2 of the square of the velocity v, corresponding to vertical and to horizont al hut 
transversal vibrations, are connected by the relation 

v? = - §v 2 , 

being expressed as follows: 

v 2 — ~S (5r -7 Ax 4 — r~ 3 ). 


2 3m „ , _ 
y 2 = —£(r~ 3 - 


7 Ait' 4 ).* 


In conclusion, he offered reasons for believing that the law of action of the particles of the 
ether on each other resembles more the law which Poisson has in one of his memoirs proposed 
as likely to express the mutual action of the particles of ordinary and solid bodies, being perhaps 
of some such form as the following :f 


r f CO — —a . b 


(A 


+ a..b. 




( 18 . 


b and b f being each greater than unity, and g, g ,, h, h t being some large positive numbers, 
while a and a, are constant and positive multipliers, and e is, as before, the mean or average 
interval between two adjacent particles. With such a law there would be a nearly constant 

repulsion, if a be greater than a f) and if g be less than g ,, as long as — is sensibly less than unity; 

but the force would rapidly change, as the distance r approached to ge , and would then become a 
nearly constant attraction, until r became nearly = g,e; it would then diminish rapidly, and 
soon become insensible. Sir William Hamilton did not, however, intend to exclude the hypo¬ 
thesis, that the function rf(r) may contain several alternations of such repulsive and attractive 
terms,—much less did he deny that at great distances it may reduce itself to the law of the 
inverse square. 


* [There is another horizontal, but not transverse, vibration for which v% = (1 5r~ 7 Ax^—llr~ s ). In general, 

if n is positive and greater than 4, v 2 +%v z is negative.] 

*f [In Note Book 39 (1835) H amil ton made lengthy calculations founded on the function f (r) = 10^ 10 ^ for all 
values of r such that r 2 = i z + k z 4- 1% where i, k t l are positive or negative integers or zero. He collects his results 
in the following table: 


n 

S'rZS’fir) 


iZZrf(r) 

S r rZ5‘-f*f’(r) 

80 

3955*83 

11647-45 

29118-79 

114831-59 

100 

3989-28 

12135-58 

29443-83 

120019-00 

200 

4066-47 

13110-81 

30202-70 

130165-27 

400 

4118-33 

11075*69 

30716*79 

110244*49 | 

1000 

4140-91 

7990-94 

30941-14 

79854-47 


and concludes with the remark: “All these calculations have been made carefully by myself & verified with care, 
& I think that the results may be depended on.”] 


H MFIX 
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ON THE PROPAGATION OF LIGHT IN CRYSTALS 

Read August, 1838. 

[British Association Beport, Newcastle 1838, p. 6.] 

By contin uing to modify the analysis of M. Cauchy* in the manner already explained, 
he had succeeded in deducing, more satisfactorily than had in his opinion been done before, 
from dynamical principles, a large and important class of the phenomena of light in crystals; 
though much still remained to be done before it could be said that a perfect theory of light 
was obtained He had employed, for the purposes of calculation, the supposition that the 
arrangement of the particles of the ether in a crystal differs from an exactly cubical arrange¬ 
ment only by very small displacements, caused by the action of the particles of the crystalline 
body; and had attended only to those indirect or reflex effects of the latter particles which 
are owing to the disturbances which they produce in the arrangement of the former particles: 
but he did not mean to assert that he had established any strong physical probability for 
this being the true modus operandi in crystals, though he thought the hypothesis had explained 
so much already that it deserved to be still further developed. 

* [Cauchy, (Euvres , II e Serie, Tome ix, pp. 390-450; I e S6rie, Tome n, pp. 111-177.] 
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XIX. 

RESEARCHES RESPECTING VIBRATION CONNECTED 
WITH THE THEORY OE LIGHT 

[1839.] 

[Note Book 52.] 

[The dynamical system consists of a number (?i-f 2) of particles (P 05 P 1} ... P 7i _i) each of unit mass 
and in equilibrium, spaced at unit distances along a straight line. The end particles are fixed and 
each particle is attracted by a force (a 2 ) by the one immediately before and immediately after. The 
system executes small transverse vibrations and these are studied in five Problems. Each Problem 
is worked out in great detail with examples and Hamilton is led to various results, some of which 
must have been independent discoveries such as sequence equations and asymptotic values of Bessel 
Functions and others were many years ahead of their time such as the Reciprocal Theorem in 
Dynamics and the distinction between Phase-velocity and other types of velocity. The idea of a 
“fluctuating” function is first mentioned also here. 

Problem I (pp. 451-463). P 0 , P n+1 fixed, P x , P 2 , ... P n having any assigned initial displacements 
and velocities. 

Problem II (pp. 463-487). All initial displacements and velocities zero except for P j/ , Pj,+i> ••• 
Pj~i, Pj and their displacements and velocities to correspond to the ith mode of vibration. 

Problem III (pp. 487—503). The initial displacements and velocities of a number of particles to 
correspond to those of a progressive sinusoidal wave. 

Problem IV (pp. 503—510). Discussion of previous case for large values of t. 

Problem V (pp. 511-526). A single particle is constrained to move in an assigned manner.] 


Problem I. 

1. A finite number (n + 2) of equal particles (P 0 a Pl a * * * Pit * * * Pn > being supposed 

to be arranged in one plane, and nearly in one straight line, at finite and very nearly equal 
intervals (each = 1 ); the two extreme particles (P 0 and P n+1 ) being also supposed to be fixed and 
each of the (n) intermediate particles (as P : ) to he acted on only by the attractions (eaeh = a 2 ) of 
the two (Pj_! &> P?+i) which immediately precede and follow it in the series; it is required to 
determine the laws of the transversal vibrations of the system: that is, to express the transversal 
displacement (y^), at any time (t), of any intermediate and moveable particle (P t ) from the right 
line or axis (of x ) connecting the two extreme and fixed particles (P 0 and ^Wi)> for any given 
but arbitrary set of (n) small initial transversal displacements (y i>0 ), and of (n) small initial 
transversal velocities (yj 0 ). 
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2. (Solution.) This problem is equivalent to that of integrating generally a system of n 
simultaneous differential equations, of the second order, and of the form 

y'l t = ( yi+i.t - %« + Vi-i.t) > ( 1 ) 




the integer l taking in succession all values from 1 to ft; and y 0>jf , y n+ \j, being supposed to be 
each equal to zero. It is easy to effect this integration by the known methods. We have only 


to assume 

- . Jclrr 

Lj k — sm-- , 

l ’ k n 4-1 

o ■ 2 ^ 

* ft+ 1 * 

YJc,t~L lih y lf t + ... *+...+ L U}k y nJ , 

h being an integer which takes in succession all values from 1 to ft; and to observe that these 
assumptions give 

“ r kLl,k — a2 (A+1,7 c — ; Jc + £>1- 1, h)> 

= L n+1) k = 0 , 

yi,t = n+i ( L i> i ••• + A,* ^,7+... + F nf ,). 

For thus we easily transform the differential system ( 1 ) into another, which may be thus 
denoted, 

Yl t + r%Y Kt = 0, (3) 

and which gives, by integration, 

Y k,t= Y kt() cos tr k + Y ko r k x sintr k ; (4) 

so that the sought expression for y lt may be thus written 

2 f A,i Y i, o cos tr i + • • • + k Y k0 cos tr k + ... 4- L lfn Y n 0 cos tr n 
Vl ’ t ~ tYYT 1 4-7, y' sin ^i. . r yr sinir, sin«r tt ^ (5) 

or, more concisely, 

2 

= ^^77 2 ( 1 ) i A.* ( F fc, 0 e °a tr k + y^ 0 r* 1 sinir i: ); ( 6 ) 

in which we are to remember that 

Yje, 0 == S»1 -^7, kVl t Q> Y k} Q — fc ^7,0 * 

3. {Corollary 1 .) If there be but one particle, Pj, displaced at the time 0, and if no particle 
have at that time any velocity, we may write Y M = y^ 0 L Jik9 = 0 , and the expression for 

the displacement y 7 i of any particle P l at the time t becomes 


Vi,t =1 Lj, k Li, k cos Zr*. 

_ 3, 0 jlCTT IIctT f 

^S M1S1 U —sm —008 (2 
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4. {Corollary 2 .) In like manner, if only one particle, Py, have an initial velocity, «/'• 0 , and 
if no particle have any initial displacement, we may write 


Y k, o — Y'k, o — V'j, o k > 


yi ’‘-n + 


2 §,! L.j, k L hh ^dt costr, 


2y', o x-.,, ■ . Ikr, 

= _A 2 i 2 S« sm A— sm - 

n -hi (A,)1 n -hi 


i J/ <cos ( 


. I k-rr \ 
2at sm ——- 
n+lf 


5. {Corollary 3.) The general solution ( 6 ) may therefore be put under the form 
2 / , C* , \ _ . jlCTT . IkTT , . . 4/br \ 




(%,o + s 4 o f rfi ) 2 ( 1 ,!sinsin-^r cos ( 2 aJsin jP ' 

0 / /1 -r i ft t* r vt -f i 


6 . {Corollary 4.) If the initial displacements and velocities be of the forms 

Utt , . . iln 

%o = %sm —, —. 

‘?2 -j- 1 

* being any integer from 1 to w and 7j {i being constants, we shall have X , ij0 =—— Vi> 

_j_ ^ 

Y'. 0 = —-— rj' i} and all the other values of Y h0 and Y' k 0 will vanish; therefore, in this case, the 
general expression ( 6 ) reduces itself to the following: 


. ik 
yi,t = sul Y-L 


L(^ + ^jY)e°s (snisiniU). 


7. {Corollary 5.) By taking 


2 _ . iln , 2 , . Utt 

= ^Ti S( “ 1 Vl - 0 sm M+l ’ 1,4 “»+T 2(01 y,, ° ’ 

we may express any arbitrary initial displacements y it0 and velocities y f l>0 by developements of 
the forms 

. iln , •sr<n t kin 

2 /;, 0 = 2 & 1 %sm^- 1 -, 0 = £<*-, a *J, sin 

if then we had found otherwise the expression given in the last corollary for y u , corresponding 
to the particular suppositions 

iln , f . Hn 

^o = ^sm —, y lt 0 = %sm —, 

we might have thence deduced the general expression ( 6 ) under the form 

IfM-S + COS ( 2<Z{Sin Jvi) ' (8) 


8 . {Corollary 6 .) If we write, according to a notation already employed, 

_ . bin 

Ti = 2a- sm ~"~ r 

and introduce two new constants, P* and , such that 

JB 4 cosPi—rji, Birnn 
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we may employ tins other expression 

Hi,I = sg,! eos (tTi - ft) sin ; (9) 

in which r t is a known function of the index (or integer) i, but -ft and ft are in general arbitrary 
functions of that index. 

9. (Corollary 7 .) The general system of total displacements y l>t may be considered as the 
sum of n component systems of partial displacements, 

Vi,t = B t cos - ft) sin , 

of which each is separately possible, & of which all are mutually superposed. Each system of 
displacements, by itself, may be called a simple movement or mode of simple vibration . It corre¬ 
sponds to some one integer value of i (from 1 to n inclusive), and to one corresponding periodic 
time 

2tt 7t wiv 

— = - cosec ——r; 
a n +1 

involving also two arbitrary constants, or arbitrary functions of i, namely rj. ( and -ft, or 
and ft, which latter may be called constants of amplitude and of epoch . 

10. (Corollary 8.) In any one such simple movement, corresponding to any one value of i, 
the displacements all attain extreme values when t = r^ft; and these simultaneous and extreme 
values are all expressed by the formula 

t> . Utt 

If i = 1, these extreme displacements (relatively to t) increase in magnitude with l from l = 1 

•J2, -*{- X / yb *Yh *4** X 

till l = ——— if n be odd, or till Z = - if n be even; and afterwards decrease from l = —- or from 
2 2 2 

l = ~? to l = n; being all of the same sign as B 1 . But if i = 2, the displacements B 2 sin^^j 

increase in magnitude with Z from Z = 1 till l = — — , or == —, or — U *, or = ——- according 

4 4 4 4 

as wis of the form 4r — 1, or 4v, or 4v -+■1, or 4v+ 2, v being an integer & < 0; they afterwards 

I x 

decrease and become negative when l is between —-— and n+ 1 , if B 2 > 0 . 

In general the formula B i sin may be considered as corresponding to i — 1 nodes N 1 , N 2 , 

... N i _ 1 , for which Z (though integer for each actual particle) is supposed to receive the (perhaps 
fractional) values ^ -— - t" \ ... ——^4—^*. Between P 0 and JSf 1 the sine of is 

positive; between N x and N 2 negative; and so on alternately. The i intermediate points V l7 V 2i 
... V t for which l = ~, - —~ 8 ^* +1 - ) , (2 "~ 1 ^ +I) are venters or points 

of extreme excursion, alternately positive and negative (if B € > 0 ). 
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11. (Example 1.) If n — 1, so that there is but one moveable particle P L , attracted equally 
to two fixed centres, P 0 and P 2 , and shghtly and transversally displaced from the middle of 
the line (= 2) which joins them; then the variable displacement of this particle P x at the time 
t is represented by the formula 

because sin^= 1; in which formula r 1 — 2asin~ = a^/2. The extreme displacement is B ± and 
2 4: 

the law is that of the cycloidal pendulum. 


and 


vi = v-l ,g = ft c » s ft> yi=y'i,o = r i B i sin l 


yi,t=yuo cos (aW'2)+y'i, 0 


, si n(at^2) 


aV'2 


12. ( Example 2.) If n = 2, so that there are two moveable particles P 1 and P 2 between two 
fixed particles P 0 and P 3 ; then the variable displacements y l t and y 2i of P t and P 2 are 

y 1)t = {ft cos [tr 1 - ft) + B 2 cos ( tr 2 - ft)}, y 2i = ^-{B 1 cos (by - ft) - ft cos (ft -ft)}* 

because 

\/3 7T . 277 477 

T" m r* m i“"“ n T 

also 

r L — 2a sin^ = a, r 2 = 2a sin ^ =a\/3. 


The two simple modes of vibration, which are here superposed, are 


and 

2 nd 


Vi,t = 2/2 ,t - ft cos (“* - ft)> 
y%t= -¥ 2 , 1 =^ B 2 °ob (at VS 


The periodic time of the first mode is greater than that of the 2 nd in the ratio of \/3 to 1. The 
displacements of the two particles P x and P 2 are equal and on the same side in the 1 st mode, 
but equal and opposite in the 2 nd . 

ft cos ft = i7j. = ” (2/i,o + 2/ 2 ,o). B i sm ft = (ft.o+ft.o). 

ft cos ft = (2/1,0 — 2/2,0). B 2 sin ft — ( a V s )- 1 Vs — Tfa (2/1,0 — 2/2,0)- 

13. {Example 3.) If (^ = 3, then 

— v^ft cos (ft — A) + ft cos (ft — ft) + V^ft cos ( ir 3 ft)* 

2/ 3> * = -®i cos (fry - ft) - B 3 cos (ft - ft), 

2/s,i=v'jft cos (ft - ft) - ft cos (tr 2 -ft) + Vi ft cos (ft - ft); 
r- 1 = 2asin|=oV2-v'2, r 2 = 2asia^=a V2, r s = 2asm^=a V2+V2; 
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B ± cos p 1 = | (V iy 1>0 + y 2 ,o + Vi^ 3 , 0 )> -Sisin (^22/1,0 + 2/2,0 + v/ ;> 2 /y,o)> 

B 2 cos st ( 2 / 1,0 2 / 3 , 0 ) j R 2 s ^ n ^2 ( 2 / 1 ,0 2 / 3 , 0 )’ 

-B, cos p 3 =l (Viy-L. 0 - 2 / 2,0 + o), B 3 sin p a = ^ (V|^, „ - *4 0 + V^, 0 ); 

, . , r , 2 tt 2^7 2,1 , 

there are three simple modes of vibration, with periods which are respectively y-, —, that 

is — cosec -cosec^, - cosec or finally ~ t= , ^a/2, ~~rPrB>’ they may also be 

a 8 a 8 a 8 «V2—V 2 a «V2+V 2 

thus written 7r ~- V2 + V2, - a/ 2 — V 2 ; i n the 1 st or slowest mode, the 3 displacements 

a a a 

have all the same sign & are proportional to Vlb L a/I s that is, to 1, a/^j L the second particle 
being a venter; in the 2 nd mode, the 1 st & 3 rd displacements are equal and opposite, & the 2 nd 
displacement vanishes, so that the middle particle P 2 remains at rest and forms what is called 
a node , the first and t hir d particles being venters; in the 3 rd or quickest mode, the 1 st and 3 rd 
displacements are equal and of a common sign, while the 2 nd is of an opposite sign and greater 
in the ratio of ^/'2 to 1; so that, in this mode there may be considered to be two nodes , one 
between P 1 and P 2 but nearer to P x and the other between P 2 and P 3 but nearer to P 3 ; in 
fact the abscissae of these two nodes are f and f respectively, the abscissae of the 3 vibrating 
particles P 1 , P 2 , P 3 being 1, 2, 3; and in the same third mode, there are three venters of which the 
first and third have for abscissae § and ^ , so that they are near P 1 & P 3 , but between P 0 and 
P x and P 3 and P 4 respectively, while the second venter coincides with the particle P 2 . 


14. (Corollary 9.) If there be but one particle Pj which at the time 0 has any displacement 
or velocity, we shall have 

B i cos p t — sin - -fc - - , B i sin f3 t = — y] 0 sin % ^ TT ; 

1 ™ n+l n +1 1 ^ n+l' /J ’° n+ 1 

and therefore 

15. (Example 4.) If n — 2, then 

B i cos Pi = t y jt o sin , B t sin ft = § r^y f 3 \ o siri 

therefore, more particularly, 

B x cos ft.=| y u B x sin h = ~y' ji0 sin-t 7 , 

2 = 3oV3^'° Sm 3 ' 


B 2 cos ft = | y h o sin ^, ft sin /3,- 2 — 2 - ?7T 


Still more particularly, if j = 1 


■Bicos P 1 =^y X-0 , ftsinft = y’ t # , 

B 2 oob^ = -Lp 10 , ft sin ft = ^~ ft 0 , 
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ft cos ft = — !/„ 0 , ft sin ft = ft, 0 > 

ft cos P 2 =-~y 2i0 , ftsinft=-ift >0 . 

In this manner we determine the coefficients of the two coexisting simple modes of vibration in 
the system P 0 P ± P 2 P 3 , corresponding to any initial displacement and velocity of P x alone, 
or of P 2 alone. 

16. {Example 5.) In the system P 0 P ± P 2 P 3 P 4 , n — 3 and 
ft cos ft = \y jt „ sin ^, ft sin ft = ir^h/' jn 0 sin 


ft cos ft = \y h 0 sin^, ft sin ft = - ~ g ft, * sin'ft . 

Vj-r 1 2jrr 

B 2 cos £ 2 = 0 sin , B ± sin jS 2 = yj, 0 sin = 

P 3 cos d 3 = ^ 0 sin 3^1, B z sin ,3 S = A ~ q V 1 1/J, o Bin . 

17. {Corollary 10 .) By last corollary or by corollary 3. article 5 : the whole effect at the 
time t on the particle P l} of the initial state of P s . is 


in which 


{Vj,o-y'j,o j & )f (i> h 0. 

/(j, l, t ) = —— - x sin -fo -—- sin - cos (2u2sin- A - — 

JJ n+1 <4)1 72-H-l n-h 1 \ »fl 


% _l_ j 

If —-— be much larger than j or l, this finite sum is nearly = the de fin ite integral 

4 f f 

— dd sin 2jd sin 216 cos (2a£sin 6 ). 

77 J o 

If then we consider the case of a very numerous system of particles, we shall have, nearly , for 
those which are much nearer to one end than to the middle , 

y u = i ^ 0 + y'- } 0 |* dt^^dd sin 2 jd sin 216 cos {2at sin 6); (10) 

9/j 

y 3%0 and y'- >0 being supposed = 0 unless - ~f_---be small; and this expression corresponds rigorously 
to the limit n~co 3 j and l remaining finite. 

18. {Corollary II.) If nothing be neglected, we have 
4 sin a sincosy = 2 (cos a — —cosa-f/?) cosy 

=s cos (a — jS + y) + cos (a — J3 — y) — cos (a 4-/3 — y) — cos (x + ^ + y); 


HMPII 
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therefore* 


fU, h t)* 


rf) S 3>i' cos ( 


•J -ITT i (l —j) 7 

2at sm --—7 + — ------ 


4 - cos ( 2 at sin 


n+1 n + 1 

ji-rr _ i (l —j ) tt 

n+1 n+1 


( . hi-rr % (l +j )' 

- cos I 2at sm ——- + —-- 

\ n+1 n+1 


- cos ( 2at sm - ——-- ■ ■ H 

\ n+1 n+1 )) 


and therefore 


2 ( »+1) : ^ (*■• +1 { cos ( 2 “ <sin nTi + 

# _ , . \%7T i(l—j)rr * . . Mi t i (l+j) .. 

\ n+1 J \ n+1 n+1 

P * • 2^ 7r i (l + j ) TT \ 1 

- cos ( 2at sm —— --—~— i 1* 

\ n+1 n +1 


If. now. ?, I and n all tend to oo but so that is nearly = I, and that ^ is nearly = 0, or 
’ n+1 J n+1 J 

21 2 j 

in other words so that - and —~d~~ are each nearly = 1 , though 21 —n — 1 and 2j — n—1 may 

both be large numbers positive or negative; in short, if we consider only particles P 3 - and P t 
which are much nearer to the middle than to the ends of the very long line P 0 ? tt+l , although they 
are not necessarily near to one another; we may then neglect those sums of rapidly fluctuating 

cosines which involve - ~ t an ^ may transform the other sums into definite integrals by 

making “j-j = 6; and thus we obtain, as a very approximate formula, 


'(ft)- =01 Vi+h,o + Vi+h 


-°m: 


dd cos 2 hO cos ( 2 at sin 6). 


Accordingly this expression gives 




d0 cos (2h6 + 26) cos (2at sin #), 


* [f(jt 1 )— (2at) —t/aw-w) (2ai)}. 

The following note appears on the opposite page of the manuscript. c< It is remarkable that this function/(jf, l> t) 
is sy mm etric relatively to j and l P even if n be not large. Indeed each part, corresponding to any one value of i, 
or to any one mode of simple vibration, is symmetric also. Thus, the effect (and even that part of the effect which 
corresponds to any given number i of venters) of the initial state of P j or the state of P x at the time t, is the same 
as the effect of a like initial state of P x on the state of P,- at the time t ; even though P* may be near one extremity 
and Pj near the middle of the system. It will be important to try whether a similar result holds good for other 
attracting or repelling systems.”] 

t [Tkis can be inferred from the value given in the previous note for f(j r l , t). Hamilton’s paper on Fluctuating 
Functions did not appear until 1843, Trans . JR,I.A. xix, pp. 264—321, although there is a short note in Proceedings 
P.I.A* I (1841), pp. 475—477.] 
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T Vi-u = “ --C { Hi —/•, o ifi—h ,o | dt ~d® cos 2Ji0 cos 2d cos f 2at sin ( 

and 

+ “S*.-* (i/^,o~^,o j^) | “ dd cos2A0sind 2 cos(2ctfsin 6 ); 

the function (12) therefore satisfies rigorously and indefinitely the conation in mixed differences 
(1). and is the complete integral of that indefinite equation because it reproduces the arbitrary 
initial data y l 0 and y\ 0 , as the values of y t t and y' u . for t — 0. 


19. ( Remark .) Thus the expression (10) corresponds rigorously to the transversal vibrations 
of an indefinite line of equal particles extending in one direction from the fixed point P 0 ; or if 
in both directions, then so that y_ L t — — y lti : and the expression (12) corresponds rigorously to 
the transversal vibrations of an indefinite line of particles extending in two opposite directions, 
& having no point fixed. 

As applied to the theory of light, the expression (12; seems adapted to illustrate the internal 
■ propagation of luminiferous vibration, and the expression (10) to illustrate the reflexion of such 
vibration. And this expression (10) may be thus written 

= (,,0 + iri.o ! *)\ dUsin 2jtf sin 211? eos {flat sin 6}, (13) 

if we consider y_^ 0 and y'_] 0 as equal to — y j 0 -end — y f j Q . 


20. When n is finite, if we put for abridgement 


<b = - ■ - ■■ - ——, and therefore 

^ 2 (»+ 1 ) 

we have, for any simple vibration, the formula 


r i — 2a sin i<j. f>, 


y t i = B t cos (2at sin if — p t ) sin 2Uf t 
which may he put under the form 


y lt = | B t sin (2 ilf — 2af sin if -f /? € ) 
4- iB i sin ( 2il<f> 4- 2at sin if — fit)- 


It may therefore be considered as the sum (or resultant) of two conjugate simple movements, of 
which the phases are respectively 2ilf — 2at sin i<f> 4- Pi and 2 ilf + 2at sin if — p i ; the amplitudes 
are each = ^B i ; and the velocities of transmission of phase (from particle to particle) are respec¬ 
tively a S fo— and — a that is, they are equal in amount but opposite in direction. The 
if if 

positive velocity is < a and > —, because if > 0 but < ~. The epochs p t and — p t are, in like 

77 

manner, equal and opposite. 


21. Each of the two conjugate simple movements, described in the last article, satisfies 
the indefinite equation in mixed differences (I) whatever i and f may be; but the advantage of 


combining them. & of supposing f — 


2{w-f l) 1 


is that we thereby satisfy also the conditions 
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y o ^ = 0, y n+ x i~ 0, for all integer values of i. If we omit the last condition ('!/ n +% t ( 0) we may 

take any values for i and </>; but we must still combine the two conjugate formulae. If we omit 
both of the extreme conditions, we may use either formula alone, and may assign any value to 


' and (f> ^between <j> — 0 and <j> = . 


22. In this manner then we might perceive that at the limit considered in article 17, which 
corresponds to the integration of the original equation (1), subject only to the one condition 
y Q> t r= 0, we may write 

y t t ~ ( ~d6 B 8 GOs(2atsind —/3 0 ) sin 210, (14) 

J 

the limits 8 1 and 0 2 being arbitrary quantities and B e and (3 0 being arbitrary functions of 6 . 
But in order to reproduce in this case the initial values of y u and y\ A we must (if possible) 
determine these arbitraries so as to have 


Vi, 


o-J, d6B e 


cos Pq sin 2 Id, y[ 


io ~h> 


2adO Bq sin p 8 sin 9 sin 2 16; 


and these conditions accordingly are satisfied, as in the formula (13), by supposing 
#i= 0, = Bq cos = ~ £<fl_ oc. Vi, 0 sin 2 j 0 > 


V-j.o— -%,o> y-j,o= -y'l.o. BgsiiLl 


- Sg)-.® y'j.Q sill 2j8 coaec 8. 


23. We might also, infike manner, have perceived, that at the other limit considered in 
article 18, corresponding merely to the indefinite integration of the equation (1), we may write 

r» ls 


Vi.tr 




dO Bq sin (2 16 — 2 at sin 


9-\- Pq) + H dtC L ain (2U + 2at sin t + y t ), (15) 


and O t , y t are arbitrary functions of i. To reproduce the initial values we must endeavour to 
determine these arbitrary quantities and functions, so as to have 


yi,o— j d# Bq sin {216 + fi Q ) + j diC (t Bin(2h 


+ y t )» 


y'i,o = 


j e 'd6B e 


cos (219 + fi Q ) sin 6+2a 


J Li 


cos(2iJtH-y t )sint; 


conditions which may be satisfied, as in the formula (12), by supposing 

/ 2/ioSin2M\ 

Vh, 0 2M + -r—-g— ) , 

\ * 2asm0 } 

( «7 Vh oSin2At\ 

Vh,o cos 2hi - .. . , 

* 2asmt / 


jB^sinft = -Ej 


C, COS y, — — S/ 


'(ft)-CO 


C, sin 
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and 0 1 = O, 0 2 = . i x = 0, t 2 = ^. In fact these last suppositions give 

B s sin (2 W 4- p B ) = i , (%,„ cos (2775 - 275) + sin (27 i9- 216) j , 

C' t sin (2h -f y t ) = ~ x (y^o cos (2Ai — 27t) — sin (2 hi — 2h) 

and therefore 

B e sin (2/0 A fa) A Qsin (2*0 4- y*) = | x y h>0 cos (2M- 2/0), 


so that, performing on this the operation j dd we get y l Q : also 

J o 

B e cos (275 + fa) = - S5,_* I y h 0 sin (2A5 - 275) - cos (2h6 - 216 )), 

C' t cos (2h A y J = i Eg ; _ x . ^ j0 sin (2/h - 2/t) - -J^-cos (2/u - 2/t) J, 
and therefore 

2a sin 6{~B d cos (2/0 A jS$)-r C e cos (2/d - 75 )} = \ Z*^ 0 cos (2/z0 - 2/0), 

77 

so that the operation j c/0, performed on this, reduces it to y\ 0 : the initial values are there- 

J o 

fore reproduced. At the same time, the expression (15) becomes 

77 

yi i=j dd [cos (2at sin 0) {B d sin (2/0 A fie) A Cq sin (2/0 A y#)} 

A sin (2 at sin 0) { — Bq cos (2/0 A A Cq cos (2/0 A y$)}] 

77 

= l\] dd cos & hd ~ 2ie ) (vh.o cos (2a£sin 0) A j 

= ~j d8'E$ ) _ 00 cos(2hd — 216) {y ht o A^ >0 J dtj eos (2a£sin0) 

= ~ S $>- « {dfl+h, a + 2 /z+a, o /: d/t /^ ^ dd cos 2JbQ cos (2a£ sin 0), 
so that the formula (12) is re-deduced. 


24. One element in the solution of the problem of article 1 has been the theorem that 


jlCTT 


Ihrr 


n A 1 n A 1 


— 0, or ~ 


n A 1 
~2~ 3 


according as j and /, being both integer numbers > 0 & < n A1, are unequal or equal to each 
other. As we shall have several analogous summations to perform in these researches, it may be 
well to give here the process of proof in full. 

The equation 2 sin a cos (2Jcct A ft) — sin (2&a A a A ft) — sin (2&a — a A ft) gives, when it is 
summed with reference to h , 

2sinaS^ )fci cos (2Fx A/3) =sin (2& s ct Aa A/3) — sin (Sl^a —oc A/3). 
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Let « = <*i±« 2 > p = 0, 

sin (2k. + 1H*. ± <*») ~ sm (2fc x - 1) K + 
then S^ )A:i cos ( 2 &oti + 2k<x 2 ) — — 2 sin (oc x ± a 2 ) 

sin ( 2 h 2 + 1 ) (oci - a 2 ) - sin ( 2 ^- 1 ) (ai - a g ) 

*.* cos 2 ^! cos 2 &a 2 == 4 sin (a x — a 2 ) 

sin ( 2 fc 2 + 1 )K + a*) - sin ( 2 Aq - I) (a, -I- a 2 
4sin(a 1 + a 2 ) 

sin (2k 2 +!)(%- a 2 ) - on( 2 ii ~ , 51 ( a ir “2) 
and fc t sin 2 &aj sin 2 /<;a 2 — ~ 4 gin (aj —a 2 ) 

sin (2k 2 + 1 ) (^i + ^ 2 ) - sin ( 2 ^ A - 1 ) (a, + a 2 ) 

4 sin (cc-i + a 2 ) 

Hence 

S^ )a sin 2 &CC-L sin 2 &a s 

sin (2n + 1 ) (a^ - oc 2 ) - sin (a x - a 2 ) _ sin ( 2 ^+ 1 ) (<*1 + a 2 ) - sl M °d + «a) 

- - 4 sin (a L — 04 ) 4sin(a 1 +a 2 ) 

sin (a-, + a 2 ) sin (271+1) (oq - a 2 ) - sin - oc 2 ) sin (^ + 1 ) K + «g) 

= ' 4 sin (0+ + a 2 ) sin (04 - aj 

cos (2^^! — 2?T+2a 2 ) — cos(2 ti + 2a x — 2^a 2 ) + cos(2 ti + 2oc 1 + 2?ia 2 ) — cos (2ny.j + 2n + % _ 2 _) 

= ~ 8 sin (a 2 + a 2 ) sin (oc x - a 2 )~~ 

sin 271 a! sin 2 ti + 2 a 2 — sin 27ia 2 sin 2 n + 2 a! 

2 (cos 2 a 2 — cos 2 a x ) 

this sum therefore vanishes, if a i = 2n~+ 2 ? a 2 = 2 w+ 2 ’ unless cos 2 a s = cos 2 a x , that is, in the 

present question, unless j = l. But, for that particular case, the sum may he found by differ¬ 
entiating numerator and denominator relatively to a 19 & then making oq — a 2 ; it is . 

71+1 , . nhr Itt n + 1 

=-r— cos Itt sin ——r cosec —— = - x-- . 

2 n +1 Ti+l 2 

25. The same theorem of summation shows that, in the notation of articles 7 and 8 , 

Sfci-flJ cos - sjbiifl =—- 1 


sin J3f = 2f i)x II? = +0 ■ 

It is interesting to calculate also E^rfBIcos/5f = S$ )1 r|ijf. Since = 2a sin —, 

r? — 2a 2 — 2a 2 cos --- ■ ■■; we have therefore only to calculate 

1 71+1 J 



S§)1^0OB 


ITT 

7i+ 1 


= S8) l cos 


%TT 

7t + 1 



jfcfor \ a 

7^ + 1/ 


we have 
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26. (Examples.) When n—l, then 

= Cf- V-, cos 3j. = V;i = y ln o.. r x B ± sin 3, = 'h = If L o • 

When 7i = 2, then 

r x ssa, r 2 — a\ 3, -Bjcos 3f — J5|cos 3|= | \£/f <0 — i4.oh 
rf sin jS| 4- rf-Bfsin £f = | (y? 0 4- y 2 2 (J j f 
4ci“ 

rf 13* cos p* 4- rf 5f cos 3| = — (y1, 0 4- y% 0 - Vi, o ya. o) ■• 

When = 3, then 

r ± — aV2 — v% r 2 — a \/2, r 3 = a V2 4- V2, 
cos Pi + B% cos 0f 4- J5| cos 0f = £ (^| >0 4- y| 0 + yl f0 >> 
rf ,Bf sin 0f + r!j sin 0f 4- r§ -B| sin 0f = J (y J G 4- y go + 2/go) > 

rf _£f cos pi + r| J3| cos 0f4- rf ^f cos 0f = a 2 (yf,o + 2/1 o + 2/f, o “ Vi, o y 2 , o “ 2/a, 0 2/s, 0 )• 

TO ^ J 

27. The non-periodical part of 2^ j 2 /$ is ——— rf B \; this non-periodical part is therefore 

equal to the sum 

Q = 2g } 2 {Jyg 0 + a H h, 0 (Vi, 0 — Vi+i, 0 )}' ( 16) 

This part Q appears to be in some sense a measure* of the quantity of vibration of the system (the 
mass of each particle being unity). 

Problem II. 

28. It is required to apply the general solution of the 1 st Problem to the case where, at the 
time 0, all the displacements & velocities vanish except those of the j —j r 4-1 consecutive 
particles P if , Pj, +1 , ... Pj-i> Pf, supposing also that the initial displacements and velocities of 


[Sum of initial kinetic and potential energies.] 
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these are such as to agree with a simple mode of vibration, in such a manner that, if * be - 1 
and. <j + 1, we have 

y l a — Bk cos ftsin 2lcl<f>, y'i, 0 = B' k r k sin ft sin 27#, 


<f> being = , and r h = 2a sin #; but that 




if l be <j, or > j. 

29. (Solution.) The general expressions 


become now 


But, by article 24, 


Bi cos ft= Vi = 1 Vl '° sm 

B i sin ft = Vi = ^fTi S $')i Vi, o sm 

v = cos ft S£ w sin 2iZ<£ sin 2&Z<£, 

1 n +1 

Tj' = ft. sin ft, sin 2# sin 27,#. 


sin ( 2 j + 1) (» — £)<£ —sin ( 2 j, — l)(i — k)4> 

Hti sm2#sm27# = -4 sin (i-fc# 

sin ( 2 j + 1) (i + fc) ^ — sin ( 2 j, — 1) ( -i + 7 c) _ F (j) — F (j,— 1) . 

4 sin (i + h) <f> 2 

sin (2 j + 1) (i-k)<f> _ sin(2j+ 1) (i + k)<j> = sin sin g ?+_1 Sm 2 ^ + ; 


^ 2 sin (i — k)<j) 

therefore 

2 S sin 2 il<f> sin 2 Jcl<f> - 


2 sin (i + h) <f> 

1 


cos 21c<j> — cos 2i<j> 


— {sin 2jic/> sin 2? + l/c<£ — Bin 2?7cc/> sin 2 j + li<j> 


’ cos 2 k(j> — cos 2t<£ 

— sin 2>j,ic<f> sin 2j t — \i<f> 4- sin ,i<f> sin 2 j r — lk<f >}; 


. . cos 2j,Jc<f> sin 2j. — lJccl> — sin 2?&<£ cos 2J 4-1 

2 Efo, (sm 2H«£) 2 =j - J, 4-1 +- sin2 ^.. ' 

Hence, by the general formula (9), we have, in the present question, 


Vu* 


- S&i ( cos ft eos (2 at sin #) + sin ft sin (2 at sin oos 2 #-cts 2# 


x {sin 2 ji<j> sin 2? +1&<£ — sin sin 2j + 3i<£ 
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and the part corresponding to i — k is 

~~ cos (2 at sin k<j> — 3}.') sin 2Jd<f> -.j —j, — I — 


cos 2j f Je4> sin 2j f — lk<f> — sin 2jk<j> cos 2j + IkS ) 
sin 2k<p j 


30. If j f — 1 , so that they first particles P 1 , ... J+ are all disturbed originally in the way above 
supposed, then 

Vi t t~ S'bi ( cos /!;. cos (2otf sin to) — sin ,3]. -. n -^ sin {2af sin foj j 

Krl \ ' *■ Si H10 ' / 

sin 2i7p {sin 2Jfp sin 2j ~ l/:o — sin sin 2J - lio} 

x- : ---—-— - 1 -——- : - : — ■ (ib) 

cos 2A*o — cos 2i<d> 


and the part corresponding to i = k is 

j g' 

- Il cos (2at sin k6 — 81) sin 2 Ida 

n-\- i * 


■ I 


sin 2 Xd cos 2J — ihd : 


31. If J and l be each much smaller than n . so that n is treated as infinite, while j and L 
though perhaps large, are finite, then the expression in article 30 becomes a definite integral, 
namely 

2 f 2 / sqji y 

■y l t = - B' k j d6 | cos ft). cos (2 at sin 6) 4- sin 8}. sin (2 at sin 6) 

sin 2 19 (sin 2 id sin 2 (j 4 - 1 } a — sin 2 ia sin 2 f j — 1) d J- _ _ v 

cos 2a — cos 20 

in which a = kcf>. This expression satisfies the equation in mixed differences (1): and gives 
Vi, 0 = 0, *4o = 0, if l >j; but y lQ = B;. cos sin 21a, ^ 0 = 2a sin a B]. sin 3? sin 21a, if l < j - 1 .1 being 
a positive integer: it gives also y Q j — 0.* 


32. In the formula (IS), making id> — 6 and IcS — a, we are led to consider the product 
sin 2Z0{sin 2?# sin 2j + la — sin 2Ja sin 2j + 10} 

= i sin 219 (cos (2 fa — 0 + 2a) — cos (2ya + 0 + 2a) — cos (2 j& — a + 20) 4- cos (2;0 4- a 4- 20)} 

= sin 2 19 {sin (0 4- a) sin (2j 4-1) (0 — a) — sin (0 — a) sin ( 2j 4- 1) (0 4- a)} 

— sin (0 4- a) {cos (2j — 21 ~-10 — 2/4- la) — cos (2J4- 27 4-10 — 2y 4- la)} 

— J sin (0 — a) {cos (2 j — 2Z 4- 10 4- 2j 4 - la) — cos (2 j 4 - 21 4 -10 4- 2j 4 - la)}. 

If now we suppose, as in article 18, that f s nearlv = 1 but that ^ is nearly =0, 

n-r-1 ~ n 4-1 

we may neglect those sums which involve cosines of 2 (j 4 - 1) 9 4- const., unless they be divided by 
something which vanishes or becomes very small in the course of the summation; and may 
reduce (under the sign of summation) the recent product to 

cos (2j —2l-ol)9. cos (2j + 1) a. cos 6 . sin a 4- sin (2j — 21 4 -1) 9 . sin (2j 4 -1) a. sin 0. cos a 

= Jsin (04-a) cos{(2y — 21 + 1) 6 — (2j 4 -1) a} — Jsin (&— a) cos {{2j-21-0 1)0 + (2; 4- l)a}; 
reserving, however, the part 

— J sin (0 + a) cos {(2 j + 21 + 1) 0 — (2 \§ + 1) a} 

* 2 (j±l) g = 2ain2(i _,) 2 (i _ «.] 


HMPXi 


59 
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for special consideration. It may however be instructive, before thus passing to these limits, to 
resume the formula (18), & to study first the consequences of it in the case when the number n 

of moveable particles is finite but even, & when j = ^. 

33. The expression, j — sin ^ + — which occurs in article 30, may be put under 

the form j -j- J- — S: ~ i ; it reduces itself therefore to , if j~ ? ~, ( because oc = \ 

J * 2sm2cc 2 2 \ n+lf* 

that is, if exactly half of the whole number n of moveable particles have such original displace¬ 
ments and velocities as correspond to a simple movement of any one kind; & consequently, in 
this case, that part of the whole resultant movement which is of the same period is 

cos ( 2at sin a — (3 k ) sin 2la; 

it is therefore exactly half of that other movement 

Bj c cos (2 at sin a — /3} c ) sin 21a. 

which would reproduce the initial displacements and velocities, not only for half but for the 
whole of the system of moveable particles. In other words, we have the theorem: 

If the initial state of half the system P lt P 2 , ... P n correspond to one simple movement 

2 

iB k cos (2at sin a — p k ) sin 2Zoc, 

and if the initial state of the other half P' n , ... P n __ t , P n correspond to another simple move- 

2 +1 

ment of the same period and amplitude, but with an epoch differing by an odd multiple of tt, 

— J-Bfc cos (2 at sin a — P k ) sin 2la , 

in which a = , then the resultant vibration of the system will be composed entirely of 

simple movements of other orders, that is, with other periodic times. (The next article will 
show that the indices i which mark these orders differ by odd numbers from the index k.) 

34. To express this resultant vibration, we may employ the formula (18), under the form 

Vi.t— 2j^~i ^ {i) ( eos £ft cos + sin^^^sin(2u£sin0) j 

w sin 2ld { sin ( 6 + oc) sin (2j + 1 ) (g - a) - sin (0 - a) sin ( 2 j 4 -1) {6 + oc)} , 

cos 2a — cos 26 ~~~~ 9 ' ^ 

in which the part corresponding to i = k is now to be omitted; we have also, now, 

-H 77 _ Py 

%*+!’ 2^ + 1’ 

(2/+ 1) (6 + «) = T k)^r; 

we need therefore attend only to those values of i which differ from k by odd numbers, positive 
or negative. Let l-=j + h; then 

sin 2 19 = sin (2jd + 2 M) = sin| y + (2A - 

=Bia )7r + ^|:+ (2 h- 1) g) = sui (t ~ 2 fc) - cos 0^ + (2A-l) 0^, 
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because cos —— — = 0. For the same reason 


/ . (l~ k)7T \- 

I sm - - .) = 


1 . sin 


{ i-h)rr . { i 4- k) v 


= cos krr ; 


2 2 

sin 216 {sin {0 4- a) sin (2J 4- I) ($ — a) — sin (6 — a) sin (2j 4- 1) {0 -f- a)} 
cos 2a — cos 26 

l te* 


{sin {6 — a) — cos sin (# — a)} 
1 (-1)* +1 \ 


cos ( — (2A — 1) £ J 

cos 2a — cos 26 

— tI-cos (—- 6 - ( 2 h — 1 j d ) j — 

\2 / \ sin (9 — x) sm(y-fa jl 

| If k be odd, this becomes 

f i±l * 1 1 

l-(- 1) 2 sin (2h — 1) 6 ( ——A----{-); 

\sin ttf — y.) sm (6-rsc) '' 

if & be even, 

K - 1 )-CGS (2ft — 1)8 { —-- 1 - j . j 

Hence the expression for becomes 

i-Bi 


yj+h t t— 


2j +1 ( cos cos sin e) ~ sin sin i2at sin d) ) 

ikrr 


X cos ( _ [2h - 1} 6 ) { — - - -i— 1: (2 i) 

\ 2 / V sm (6 — a) sm (0 -f a) / 


in which the summation is to be performed relatively to i for all values of that index which 
differ from k by odd (integer) differences, being also > 0 and < n 4 - I; and 


9 = 




irkrr 


'2j+l’ 2f4-l‘ 

35. For example, if j =1, k— 1, we must take i — 2, 6 = 

1 1/3 

sin (0 — a) = sin (04a) = l, sin a = sin0 = ^~~ 3 and 


that is, 


i r>s f ns —— 7x • ox sma£\/3\ 

y 1 + h,t== i \ eos P-lCos at^/Z + sin Pi —— J 

ox - 7 X • ox sinat 

Vi.t = -Bi -J-1 cos p l cos at V3 + sm ft — * 1= ~Vi,f 


3’ tt= 6’ *~ a= A 0 + a = I’ 


sin (1 — 2h) 6; 


These values accordingly result from the more general formulae of article 12 by sup¬ 
posing 

px n\ / «V3 t>x - ox 

B^cos p l3 y^o— B x sin^, 


2^1,0" 


V3„, 


2 / 2,0 = t - 7 - BicosPl, *4<>= 


px * 


B\ sin . 


59*2 
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And if we had supposed j — 1, k=2 s we should have been obliged to take i— 1 , a = —, 6- 


6 ’ 


? ~ a= ■ 


that is. 




y 1+h j = iBl (cos ^ cos at -f a/ 3 si 11 ^2 sin at) cos ( 2 A — 1) -; 


a /3 

yi.i = y2,i = y -^ B 2 (cos ^2 cos a£ + a /3 sin ^2 sin aZ). 


Accordingly these expressions result from the formulae of article 12 by supposing 

a/3 r , 3 a . _ v 

2/l, 0 = 3^2,0 ~~£~ B 2 COS P2 5 2/l,0 = 2/2,0 = -®2 Sm @2 • 

36. Whatever j may be, if we take k odd and = 2k — 1 , we must take i even, and of the form 
2 i; k and t being each some one of the integers 1 , 2 ,... j. Hence, in this case, 


y,-h,r- 


2(~ 1) K r>\ Vi f n\ la. t . C7T \ . ITT 

2j H-1 Sf 01 j COS cos ^ 2at am 1 j sm ^-3 


+ sin sin ( 2aflsil1 ^) sin 


sin ( 2fe - 1)c7T c0C tnilr 
~iH 2j+i ° 2j+l 


(2/c — 1) tt 2cjt 

cos ^—7 -cos - . 

2j -}- 1 2j + 1 

And if, on the other hand, we take h — 2k and i = 2t — 1, we have 


( 22 ) 


Vj-r-hyt : 


^ jov yi* ( n\ l n j. ' (^— o') "3 t\ . (t— -J-) 77 

■ -^TT • Bs * S ^a {cos ft. cos ( 2 aS sm j sm 

K7T 


- sin jSJ K s in 


|2«<smdd/)smVy i i 


%* + 


r 


2J+1 


2j+ 1 


cotan 


( t '"j) ,7T 

2? -f 1 


2/C7T (2t — 1) 77- 

COS —- — cos - ^. ' 

2j + 1 2^ + 1 


. (23) 


And these formulae may be considered as rigorous with reference to the present question. 

37. Supposing now that j increases without limit, but that h so increases with it as to 
leave a = some finite are, between 0 and we shall have, as the limits of the two last formulae, 
the following: 

2 x f*2 

¥j+h,t = ~(— 1 ) K B% k -x J ^ d8 {cos cos ( 2 a£ sin 9) sin 6 + sin / 3 ^_ x sin (2 at sin 6) sin a} 

w sin (2hd — 8) cos a . 
cos 2 oc — cos 20 ’ 


and 


(24) 


7T 

2 ^ r2 

Vj+h >^ = ~ ( “ 1 ) K b Ik j o d$ {cos Pl K cos (2at sin 0) sin 6 4 - sin p y 2K sin ( 2 at sin 6) sin oc} 


cos (2hQ — 6 ) sin a cotan fl 
cos 2a — cos 2 9 


(25) 
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the first corresponding to the case h = 2k — 1, & the second to k — 2 k . It is evident that both these 
expressions satisfy the equation of mixed differences: & to show that they also reproduce the 
initial displacements and velocities, we must show that they give, according as the integer h 
is > or not > 0, 

Vj+h,o = + i B k cos p). sin 2 (j -f h) a, 

Vj+h ,o = + aB k sin fik sin 2 (j-rh) a sin a: 

in which a = , so that 

2j + l 

sin 2 (J 4- h) a = sin {-JbTr + ( 2h — 1) a} = sin |Iv cos (2£ — 1 )a ~ cos \J:rr sin (2 h — 1) a 
= (--l)* +1 cos (2A—• 1) a, or = ( — l)*sin (2& — 1) a, 
according as & is of the form 2k- — 1, or of the form 2k. 


38. There are, therefore, for a verification, or for an a posteriori proof of the formulae of 
the last article, the 2 following equations to be proved:* 

77 cos (2hy. — y.) f * sin 9 sin {2h9 — 6) 

+ —-1 — I (l{ 7-—-? 

4 cos a J 0 cos 2a — cos 20 


_ 77 sin (2/ia — a) _ cos 0cqs (2Z?0 — 6) _ 
sm a cos 2a — cos 20 

the upper signs corresponding to positive values, and the lower signs corresponding to negative 
values, of the odd integer 2h — 1. 

Now, if we put 

cos 2h9 


c h — - sin 2a j 
v J c 


cos 26 — cos 2a 


de. 


we shall have, for all values of h, w 

4 T2 2 

c h . i + c A-1 ~ 2 cos 2ac h — — sin 2a I cos 2ft0 d0 = sin 2a sin hn ; 

77 J 0 /i77 

therefore this function vanishes, if h be any integer > or <0; but c x 4- c_ x — 2 cos 2ac 0 — 2 sin 2a. 
Again c h = C- h ; and c 0 = 0. To prove this last relation, we may set out with the evident 

J 00 /* 00 

—, which gives 0= j -, a being real; (though the complete discussion 

— CO ^ J — CO x — a 

of the value of this definite integral belongs to the theory of singular integrals, considered 
first by Cauchy;) therefore 

0= -^n) = 2a 

J 0 \x — a x + a) J 0 x 2 — a 2 

* JjThe integrals which follow are to be interpreted as being Cauchy's Principal Values, Le. 

bo 


jf 3 — lira ( j a %-/ 

J o e—Q \J o Jo 

r i.e. r *- 0 .i 

L J c X J -a, X J 
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and therefore 0 = -=— n , if a be real and different from 0. Make x = tan 26, a = tan 2a, and 

J 0 ce 2 -a 2 

suppose (cos 2a) 2 > 0; then 


ft dd (sec 26) 2 sec 2a _ f 4 / _ dB d0 )- _?!L 

0 “ 2 1 , (sec 26) 2 - (see 2a) 2 ” J 0 \eos 2a + cos 26 cos 2a -cos 20} J 0 cos 2a - cos 26 i 

which is what was to be proved. (However, it is to be observed that we have here supposed 
cos 2a to be different from 0. Yet even if it were = 0, so that we had to consider the integral 

77 H 

f 2 jjff_ we might consider this as being = ((see 26 - sec 26) d6 , and therefore as being = 0.) 
J 0 cos 26* & Jo 

Admitting then that c 0 = 0, we have c_ 2 = c 2 = sin 2a. Hence c h = sin 2hoc, if h be any integer not 
less than 0; and c h — — sin 27iol, if h be any integer not greater than 0. That is, 

P 2 cos 2kd _ t sin 2h<x OT —q 

J 0 cos 26 — cos 2a ~ 2 sin 2a 

according as the integer h is < 0, or =0. Hence, if h > 0, 


2 cos 2h6 — cos ( 2h6 — 26) _tt sin 2Aa — sin (2&a — 2a) 
n cos 26 — cos 2a 2 sin 2a 


that is, dividing by -b 2, 


2^sin 6 sin (2 h6 — 6) _tt cos (2 h<x — a) 
n cos 2a — cos 26 4 cos a 


if the integer 2^—1 be >0; horn which, without any new calculation, we see that 

T 2 sin 6 sin ( 2h& — 6) _ 77 cos (2kcn — a) 

J 0 cos 2a— cos 26 4 cos a 5 

if the integer 2h — 1 be <0. 

In like manner, if h be >0 (being integer), we have 


that is, 


2 cos 2hd 4- cos (2 h6 — 26) __ rr sin 2&a + sin (2&a — 2a) 
cos 26 — cos 2a 2 sin 2a 


cos 6 cos (2h6 — 6 ) _ _tt sin {2Jiol — a) 
o cos 2a — cos 26 4 sin a * 


if the integer 2h~ 1 be > 0. And hence, without any new calculation, we see that 

f 2 de cos 6 cos (2hd — 6) _tt sin (2fra- a) 

Ja cos 2a — cos 26 ~ 4 sin a * 

if the integer 2 h — 1 be < 0. The initial conditions are therefore satisfied. 
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39, 40] 

39. The same analysis shows that, if the integer h be > 0, 

7T 

_ 2 j a 

~ cos 2k% — -—-- {2 cos y~ sin 9 sin (2k6 — 6) — 2 sina 2 cos 6 cos (2k9 — 9)} 

2 J 0 cos 2a - cos 26 - ' J 

— f 2 (W cos ~ 26 ; — cos 2a cos 2h$ f 2 sin 26 sin 2h6 ^_ 

J cos 2a — cos 2$ . cos 2a — cos 26? 

and accordingly, if we denote this last integral by/ ;i , we have 

A- 1 +A -1 - -fk cos 2a = j “d6-)c os (27.6 - 26?) - cos (2h6 - 26)} = 0. 

J o 

if h > 1, and = — *— , if h — 1 ; also / 0 — 0, and 

77 

A = j ( cos 2a ~r cos 26) db — ~ cos 2 x ; 
jo ~ 

therefore 

/ 2 = 77 {( cos 2a ) 2 — b < = y cos 4a, and j r = ~ cos 2Aa. 

if h > 0. The same integral vanishes (as we have just remarked) when k = O, and since it changes 
sign with h, it must become = — ~ cos 2k a, if h < 0 . 

We have therefore the discontinuous equation 

2 f 2 sin 26 sin 27^6 d6 _ 7 

— ---± cos 2ha, or = 0. 

77 J 0 cos 2a — cos 26 

according as the integer h is J 0, or =0; & we found, in the last article, that 

f2 cos 2hdd6 


2 

— sm 2a 


r*j 

J { 


cos 2a — cos 26 


4- sin 2hx, or — 0, 


according as the integer h is JO, or =0. Indeed, we may consider both the two last equa¬ 
tions as included in either of the two which occur at the beginning of article 38; & as 
conducting reciprocally to those two, by easy combinations. 


40. We see then that if we assume 


2/h,t = 


4 


2 d$ sin (2h9 — 6) 
cos 2a — cos 20 


{b sin 6 cos (2 at sin 9) + c sin a sin (2at sin 6)}, 


b and c being any constants, & 7t being any integer number, we shall satisfy the indefinite 
equation in mixed differences 

- 2 sM= y4> 

and also the initial conditions 




VLa = 


2acsin x 


= + i cos (2hx — a). 
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according as 2h — 1 is > or < 0. In like manner, if we assume 

+c ^ Csin(2a ^ n ' ) l’ 

we shall satisfy the same indefinite equation in mixed differences, and the conditions 

-= ± -|-sin(2Ax — a), 


Vn,Q . 


vLo 


b 2 ac sin a 

according as 2h — 1 is < 0. If we assume, in the third place, 

v . . — _ - f 2 CQS ^ siK - 2 -^ sin q GOS (2 at sin 6) + c sin a sin (2 at sin 9)}, 
7T J 0 cos 2a. — cos 29 

we shall satisfy the equation in differences, & the conditions 

yj*±2 — ——— + 1 cos 27toc, or =0, 
b 2ac sin a 

according as h is < 0, or = 0. And if we assume, in the fourth place, 


f 2 ddcos2h9 f, /rt # c sin a . . . m 

r j-- \ b cos (2 at sin 0) -i- ;—jr sm (2 at sm 6) , 

J 0 cos 2a — cos 26 \ v sm 6 


Vh,t= --sin 2a 

TT 

we shall satisfy the same equation in differences, and the conditions 


according as h is < 0, or =0. 


yh, o 

2 ac sin a 


= ± J sin 2 hot, or 


[40-42 


41. It follows that the first expression of article 40 corresponds to the effect, at the time t s 
of an initial state represented by 

y htdt = + i{b cos (2ad^sina)-f-csin (2adt sin a)} cos (2hoc — a), 
and the second expression of the same article to the effect of an initial state represented by 
Vk,dt ~ ± i cos ( 2adt sin a) + c sin (2adt sin a)} sin (2fta — a), 
the upper or the lower signs being taken according as 2^> or <1. 

It follows also that the third expression of the same article corresponds to the effect of an 
initial state represented by 

Vh,dt~ + | cos (2ad£sina) + csin(2ad£sina)}cos 2fta, or =0, 
and the fourth expression to the effect of the initial state 

Vh,di~ ±i{& cos (2a dt sin a) + c sin (2a dt sin a)} sin 2hot, or —0, 
according as h is g 0, or =0. The system of particles is here supposed to extend indefinitely in 
two opposite directions from the particle P 0 , so that no account is taken of any fixity of the 
extreme particles. 


42. Resuming then the consideration of the case where half only of the system is agitated 
at the time 0, we see that if this system be indefinite in both dir ections, and if its initial state 
be represented by the formula 

yh,dt~ GOS (2hoc—<x) . (6 cos+ c sin) (2asinac?£), or =0, 



42, 431 


XIX. VIBRATION AND THEORY OF LIGHT 


according as h is not greater than 0 or is greater than 0 . its state at the time t is represented bv 


l/ h ,t — tr (& cos -r c sin) sin xj cos i 2k x — x) 

sin ^ i ^/i6 _ 

-cos a I -X (5 sm ^cos — c sin a sin) sin #). 

77 J 0 cos 2 y. — cos 2# 

And if the initial state be 

Vh,at — ~ C& cos — c sin; ( 2a sin y,di) sin (2hx — x), or = 0. 
according as h is not greater than 0. or greater than 0. then the state at the time i will he 
VhA— ~ 2 (b cos *f c sin ) (2at sin x ) sin ; 2h x — x < 


-sm x ; 


- 7 _ cos 6 cos {2 . . . . .. , . _ 

a 6 ——x — —--- (o sm t? cos — c sin % s:n; ( 2ai sm if ). 

, sm Q cos 2x — cos 2 >4 


for ail (integer) values of h . And hence, by an easy combination. we find that if the initial state be 
y-n,di — (b cos — c sin; ( 2a sin x dt ; sin 2h x. or = 0, 
according as A is > 0 or > 0. the state at the time t is 
y h j= t (b cos 4- c sin) (2 at sin x) sin 2 h x 


sm 2x i 2 


cos 2/?y ,, . 

- -- ; /> sm 4 cos -r- c sm a sm) (2 ai sin t?}. 


77 j 0 sin 9 cos 2 x — cos 26 
In like manner, if the initial state be 

Vh,at — (b cos 4- c sin) (2 a sin xdt) cos 2hx } or = 0. as h , > 0 or > 0. 
then the state at the time t is 

Vh,t — i (b cos 4- c sin) (2 at sin a) cos 2hx 

cos 2 a p dB cos 2 hQ 


-Jo 


(b sin 6 cos 4- c sin a sin) ( 2at sin B) 
(b sin 6 cos 4- c sin a sin) (2 at sin 6) 


) 0 sin 6 cos 2a — cos 26 

__lp d9 cos (2hB — 26) 

77 J 0 sin 9 cos 2a — cos 26 

- j- (b cos 4- c sin) (2at sin a) cos 2Aa 

2 fs cos 0 sin 2A0 _ . a . . , . 

-1 dd ----x (6 sm 0 cos 4- c sm a sm) (2a£sm a) 

? 2a — cos 26 s 


4- 


77 J 0 cos 2a — cos 

1 fs cos2M 


1 p 

’'Jo 


d0- 


-q~ (b sin 6 cos 4 - c sin a sin) ( 2 at sin (9). 


43. The third conclusion of article 42 might also easily have been deduced from the fourth 
conclusion of 41. And the fourth conclusion of article 42 might have been deduced from the 
third conclusion of 41, namely from the theorem that if the initial state be 
Vh,dt~ + i ( 6 cos 4 -csin) ( 2 asin xdt)cos 2hx, or = 0 , 


HMPII 


6 o 
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according as h is % 0 or — 0, then the state at the time t is 


Vh, t 


2 f a eft? cos 0 sm 2&0 . . . , ^ 

~ ---— (b sin 6 cos + c sm a sm) ( 2 at sin 6), 

77 J G cos 2 a — cos 26 


For we have only to add to this the term cos 4-c sin) (2a£sina) cos 2hcn, to allow for the 
additional parts of the initial states of all the particles except P 0 ; and then to allow for the 
remaining part of the initial state of that one particle, namely the term 

y 0j cu ~ 2 (& cos + c sin) (2a sin a dt) = -|6 4- ac sin a dt. 


by means of the formula (12) of article 18; which shows that, in the indefinite system here 
considered, the effect of this initial state y QM of the particle P 0 on any other particle P h at 
any time t is 


1 

77 


| b 4- 2ac sin a 



dd cos 2 hO cos (2 at sin 


d) 


— f dd cos 2h$ 
o 


f, sin a . \ 

I b cos 4- c sin I (2 at sin 6 ). 


44. To treat now the question proposed in article 32, we are to suppose, in passing to the 
limit there required, that for all integer values of h > 0, we have 


Vi+h. o = °> yj+ft,o“0. 

j being some very large integer number which however is to be treated as given; (but as infinite; 
that is, in one part of the calculation we are not to consider it as varying, but in another part 
of the same calculation we are to treat it as increasing without limit;) and for all integer 
values of h > 0, & 

Vj+K, o = Bk sin 2 (j + h) a, 

Vj+h, o = 2a sin a B k sin j3* sin 2 (j + h) a, 

B k and being arbitrary constants, and ^ = ~ = some given and finite are. And the 

problem may be considered as being to find a function y j+hJ of h and t, which shall satisfy the 
initial conditions just now mentioned, & also the indefinite equation in mixed differences 

Vi+h, t = (Vj+h+i, t+Vj+h-i, t — tyj+h, t) ■ 

Now, the initial state y ]+hidt here proposed may be considered as the sum of two others of 
which one is expressed by the formula 

008 (cos fi' k cos 4- sin f}£ sin) (2adt sin a) sin 2hx, or 0, 

and the other by the formula 


B k sin 2jcc (cos f$ k cos 4- sin fi k sin) (2a dt sin a) cos 2 hoc, or 0, 
att”e d ^i, t by ^ticte 42, S * ° r > °' The fest part of the initial state S iv6S = for its own effect 
iB k cos 2jcc (cos p k cos + sin j3 k sin) (2at sin a) sin 27i<x. 


+ -B k cos 2ja sin 2a f — 
Jo si 


2 d0 cos 2h6 


sin 9 cos^2a~ cos 28 < ' COS ^ sin ® cos + sin sin « sin) (2 at sin 9); 
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and the second part of the initial state gives, by the same article. 
hBl sill 2/a (cos pi cos — sin 31 sin) (2 at sin a) cos 2ky. 

2 . cost? sin 2kQ , . *, , . . . , /SJ , . 

- B?. sin 2-j a dt?---- (c-os 3.-. sin d cos -r sin p ; . sin a sm; (2af sm 0 ) 

V J 0 cos 2a — cos 2tf 

-r £ R/. sin 2j a j d# cos 2h& jcos j8/. cos — sin fi}. sin J ( 2at sin 6 ); 

the last line of which last expression would have disappeared if the initial values y,-. 0 and y' St0 
had been only half as great as they are here supposed to be. The whole effect at the time t, or 
the expression for y^ 7lJ , is. therefore, in the present question. 

y^h,t= i^k shi 2 (j — h)y. (cos 3}. cos 4- sin 3}. sin; (2 at sin x) 


+ i £}. f 5 de 

77 U j Q COS 2a- 


sin 2/x cos 2 (/? — 
cos 23 


1)3 


x | cos Y- cos — sin Y sin | (2at sin &). (26) 

Accordingly it is evident that this expression satisfies the indefinite equation in mixed 
differences; & it satisfies also the initial conditions, 'because the theorem of article 38. 


f 2 cos 2 hOdU . 7 r sin 2k a 

J o cos 2a — cos 23 2 sin 2a 

according as the integer h is < 0. or = 0. gives 


J o 


dO 


cos 2hd sin 2 (j 4 -1) a — sin 2/a cos 2 (h — 1) & 


+ i£' k 


cos 2a — cos 2d 
sin 2/iasin 2 (j 4-1) a — sin 2/a sin 2 (h — 1) a 


sin 2a 

— 4 (sin 2hx cos 2/a 4- sin 2/a cos 2hx) 

= 4 -JEq. sin 2 y + h) a, 

according as Ji is > or > 0. 

45. We ought also to be able to verify the expression obtained in the last article, by deducing 

( K — i) 77- 

from it those of article 37. Suppose then Jc — 2k— 1 and n = 2j ; we shall have a = v vj+i * there¬ 
fore 

cos (2jx 4- x) = 0, sin (2/a 4- a) — ( — l)** 1 ; 


therefore 


and 


sin 2/a = sin (2/a 4- 2a) = (— 1 j*" 1 cos a; cos 2/a = ( — 1 ) K + 1 sin a; 
sin 2 y 4- h) a= ( — l)* 4-1 cos (2Ax— a) ; 


yj+h„t = i (— l)* 4 " 1 Hl/c-i eos (2ha — a) . (cos cos 4- sin ^ JC _ 1 sin) (2a£ sin a) 

J 0 cos 2a — cos 2d 

x (cos sin 3 cos 4- sin sin a sin) (2at sin 3); 




6o-3 
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an expression which accordingly differs from the corresponding one (24) of article 37 onlyby 
the addition of the first line, which was there purposely suppressed. Again, if k = 2k, a = , 

then sin (2?"a + a) = 0, cos (2j« + a) = (- 1)', sin ( 2 ja+2oc) = ( - If sin«= - sin 2>, 
cos 2 jcx. = ( — l) K cosa, sin 2 (j 4- h) a = ( — 1 ) K sin {2hcc - a), 

and y i+h ,t- i(~ l ) K b Ik sin ( 2 ^ a ~ a ) * ( cos ^ cos + smS11 ^ ^ 2atSm 




f 2 

* sin a j 


2 cos 0 cos (2h6 — 0) 


^0 


cos 2a — cos 20 


sin a . . \ . _ t 

cos ft K cos 4- gin ^ sm ft K sin j (2ai sm 0); 


an expression agreeing, as closely as it ought, with (25) of article 37. 

46 The results obtained in recent articles may be used so as to throw light upon the 
analysis begun in article 32. In fact we may now easily perceive that, by admitting the 
transformation in article 31 of sums into integrals, an expression for y ut or for y j+Kl is deduced, 
involving functions of l ±j, namely an expression consisting of the two following parts* : 


Bl ff cos 2 (j - 1) e. sin 2 (J + 1) oc- c os 2 (j-1 + 1) 6>. ain2 ya 
J 0 cos 2a — cos 20 


X l^cos ft cos 4- ^sin ft sin j (2 at s in 0); 


and 


Bl [* Jo cos2(i + ?)0.sin2(j+ l)a-cos 2Q' + ?4 - l)0.sin2/a 


3f 2 

™ Jo 


cos 2a — cos 20 


^eos ft. cos 4- * sin ft sin j (2aZ sin 0). 


The first of these two parts coincides with the second part of the expression for y i+ht t in article 44, 
when we change l to j + h. With respect to the second of the two parts assigned in the present 
article, it may be remarked that (see article 32) 

— cos 2 (j 4- 1) 0 • sin 2 (j 4* 1) a 4- cos 2 (J 4- 1 4-1) 0 . sin 2^‘a 

= — sin (0 -b a) . cos {(2j/‘ + 21 4- 1) (0 — a) + 2Za} 4- sin (0 — a) . cos {(2 j 4- 2Z 4- 1 ) (0 4* a) — 2Za}; 
and that cos 2a — cos 20 = 2 sin (0 — a) sin (0 + a) ; therefore, dividing by this latter function, and 
neglecting the terms which have no small divisors and those which change sign with 0 —- a, we 
find, for the part still to be considered, the expression 

J- Bl J dd s * n 2 ^ a ( cos cos s * n Pb s * n ) s ^ n a ) 

= ^Bl sin 2 (j 4- h) a. cos (2 at sin a — ft), 

eoinoiding with the first part of the expression in article 44, because j 4 -1 increases without limit. 

* [If these two parte are joined together under the integral sign, the resulting integrand does not become infinite 
when 8—cl and can be evaluated by ordinary methods. The process here consists of taking each part separately and 
interpreting each integral by Cauchy’s method and the method of fluctuation.] 
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47. Resuming now the analysis of articles 30 and 32. we see. in the first place, that the 
expression (IS) may be decomposed into two parts, namely the two values of the expression 

*2 (i — ] ip . sin '2{j~r 1 ) fc£ — cos 2 (j ~ l — 1) io sin 2 jkc 
COS 2A*<6 — COS 2i6 

sin 1:6 . 


in which 6 = - 
in which 


x j cos 3; : cos 

\ * &JLLJL 1U 

r ? and j, l\ L n are unite. We may also change 


- sin ft], sin | (2at sin i6 ); 


h; 




- r. 




k£l 


this last expression being rigorc 

- cosec k<f>. Let j. /. n be very large, out such that the : 


2 ( 2J — 1 ) 1:6 ^ . 
sin 2nd 

/iwuslv the periodic time 
b ■' are sensible > 0 and < 1. 


and that 


j-l ■ 

- 1C 


is sensiblv =0. Then 6 is extremelv small. 


is even 2 { i — l) 6 — 


C '• of C; which involves j- 


although the number j-l may be considerable. Thus, the 
alters very little when i is changed to i -r I: unless the denominator becomes small by i being 
nearly — k t or at least by iS — ho being small, which may be while i — J; is considerable: and there¬ 
fore, with respect to this part Q, the conversion of summation into integration is permitted 
unless it shall be found that this conversion is invalid near the critical value ip — 1:6. To examine 
what happens near this value, let i ~ k -f g.ghei ng an integer > 0 or < 0 which may be considerable 
itself but is to be so chosen that the product g<f> may be moderately small: & let us calculate 


C).+ g + C} c _ g . This sum is found to involve 
have to sum expressions of the form 


sin 2 (l — j)g<p , sin ( 2at cos J:6 sin g6) . 

-1-HTL a nd-1---f-LT ; that is. we 


4>xf(g4>), 4>x em2 JlJ )g * fm. <t>* 


snig6 “ “ sin g<f> 

sin ( 2at cos k<j> sin g6) 


f(9<f>), 


sin 5 ^ J ^ sin g6 

from g = I to g — a large integer, and the functions f {g<f>) not varying rapidly near the lower limit 
of this summation, while 6 is still extremely small and tends to 0 . But such summations 


account chiefly of sin 


■n-jZ-j) 


fff? 

(&c.) may be replaced by the definite integrations j d(g<j>) (&c.); & therefore, (on 


n -T- 1 


sin ^2 


and sin f 2at cos a sin 


VTx) bearing 


determined limits to sin 


n -h 1 


when n tends to co,) it is permitted to change the summation (E ^ 1 + 2 ^ A+5 ) 6 into a definite 

integration J dd, for that part C\ of which depends on j — l. With respect to the other part C} 

of O i which involves j 4 - 1, we see that this part involves cosines of arcs which receive a finite 
increment 

= 2 

when i is changed to i -f- 1 ; while these cosines are multiplied by functions which receive, by 
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the same change of i, only infinitely small alterations, except near the critical value ^ -fc*. 
It is therefore permitted to reject all values of i which do not render g 4,-14 H small, and the 
limit of this smallness is 0. We may therefore, after employing the transformation indicated m 
article 33, change i into k, or 6 into a, except in 

cos {21a + (2 j + 2l+l)g<t>} + cos (21a - (2j + 2Z + 1) g<f> } 

— sin g<j> 

which may be reduced to , ,, . 

2 sin 2Za sin (2?+ 2 1 + 1) gej> 


It remains therefore to calculate the sum 


w g n + 1 


for we shall have ^ ^ + j \ ^ 

+ E8,*+i) Cl = ~*sin 2/a cos (2 at sin a - ft) S&i- sin • 


But ^ **.*>’ 
w+1 


7T 

is >0, < 2 tt; therefore, by a known theorem, 

v» 1 ■. g_U±t±%h: z.ix j +?+ h 

^ng sin n+ i ~2\ n+l ) 


accurately; we may therefore write, for this sum, ^ n) ‘ ^ we ^ ave ^ or P art °f 

S (i) (J- 1 + jj +1 ) C s (observe this notation) which depends on j + 1, the expression 




sin 2Zoc cos (2 at sin a — /3; c ). 


And since 0* = - R^sin 2Zacos (2a£sina — jS*), we have, upon the whole. 


yij— l-B k sin 2Zacos ( 2at sin a — fi k ) 


+ 


{Bif 

77 Jo 


d$- 


■ 1) 6 . sin 2^a 


cos 2a — cos 26 
x ^cos f3 k cos + sin j3i aixij ( 2at sin #); (27) 

an expression which coincides with that marked (26) in article 44. 

48. The analysis of the foregoing article shows, at the same time, by what steps we may pass 
back from this expression (27) or (26) to that marked (18) in article 30; that is, from the 
supposition of n infinite to that of n finite. In this return, we are 1 st to restore for a its value 

1 


—; 2 nd to 
n+1 


change — P 

77 J o 


d8F(6) to 


2(»+l) S ® 1 ' F 


; 3 rd in the part free from the sign of 


integration, namely \B k sin 2Za cos (2at sin a — f3 k ), (a retaining for abridgement its meaning just 
recited,) to resolve the factor J into two parts which are nearly ~ and -J —™; or, more precisely, 
to substitute for this part free of the sign J the sum of the two following functions: 

Ojc = —cos (2at sin a — fi' k ) sin 2Za {— ^ ~ ^ ~l~ 1 ■ 

* n+l v Mk ' 12 2 sin 2a 




49. With respect to the physical meaning of this last resolution of the factor f into the two 

j j j 

parts ~ and \ — - , the foregoing analysis show's that the part ^ corresponds to the immediate 

effect of the initial state, namely 

-SfcSin 2Zacos (2asinad£ — or —0, 

according as l > or >j, in producing the part 

j 

~ Bj. sin 2Za cos (2 at sin a — /3 ' k ), 


for all values of l (from Ho n) or, more precisely (w'hen n is finite) the part 
2j+l_ sin2(2 ^' +1)a 

2 (n + X) 2j ' B ' kSin 2l * 008 (2aiSin a ~ 


with the same periodic time - cosec a, & the same number of venters h— — (?i -r 1), as there 

a 7T 

would be in the initial state, if that were extended to all values of l and t. In such a manner that 

if one third part only of the system (supposed numerous) be originally agitated so as to correspond 

with a given simple mode of vibration, or wdth a given value of k t then the whole system becomes 

agitated with all possible simple modes superposed upon each other, corresponding to all 

possible values of i (from 1 to n), but the amplitude of the mode is -J of the initial amplitude. 

And the modes for which i is nearly equal to k, or more precisely for which 8 is nearly equal to oc, 

so that their periodic times ^ cosec 6 are only a little less or a little greater than ~ cosec a, 

besides producing the effect expressed by the definite integral in the formula (27) or (26), 
produce also a resultant mode which (if n be large) coincides nearly with the simple initial 

mode k & has an amplitude which bears to the initial amplitude the ratio of J — ^ to 1. Thus, when 
(as in the case just now mentioned) the initial agitation occupied only the third part of the 
(numerous) system, so that ^ = J, we have \ ~ - — and the indirect effect (extending to the 

whole system) increases by J of the initial amplitude the immediate or direct effect which had 
been found to amount to J. This indirect effect is producedin an indefinitely short time t, and then 
is permanent; so that if n be very large, there is at once produced for the whole system a per¬ 
manent mode of vibration which coincides with the initial simple mode in all respects except 
that of having an amplitude only half as great; which ratio does not require for its establish¬ 
ment that the part originally agitated should be exactly or nearly half of the whole system. The 
remaining effect, expressed by the definite integral, corresponds to a complex mode of vibration 
formed by the superposition of infinitely many simple modes; but when the time elapsed is very 
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small, it reduces itself sensibly to a single mode, namely the initial inode k ; or rather to two 
coexisting movements with the initial period & epoch, but with amplitudes which bear to the 
initial amplitude the ratios of and — -J, according as l is < or >j, and so reproduce the given 
initial discontinuity. We shall soon consider whether any and what reduction of the same sort 
takes place when the time elapsed is large. 

50. The definite integral in (26) or (27) maybe transformed by observing that of the two parts 
sin ( 9 4-«) cos {{2j — 21 -b 1) 6 — (2j -b 1) a} and — sin (6 — a) cos {(2 j — 21 + 1) 0 + (2j + 1) a}, 
into which (as was remarked in article 32) the numerator 

cos2(Z— J)#.sin2(J-b 1) a — cos 2 (l—j — l)0.sin2Ja 
may be decomposed, the second results from the first by changing 0 to n — 0; while cos 26 in the 
denominator & sin 6 do not alter by such change. In this manner we find that the formula (27) 
may be thus written: 

Vi,t = i-Bfc s i n 2Za cos ( 2at sin a — jS^.) 


+ b B 




dd 


cos {(2Z — 2j — 1) (Q — a) + 2Za) 
sin (9 — a) ^ 


cos fi) c cos + sin fil, sin j ( 2at sin 0 ). (28) 


(As this is a decided simplification of the integral (27), it will be interesting to inquire whether 
we cannot find a similar simplification of the sum (18).) 

51. Under this last form, as under those found before, we see clearly that the function 
Vi,t satisfies the indefinite equation in mixed differences; and to show that it satisfies also the 
initial conditions, we ought to be able to show that 


i -r 

TTJ 0 


a cos {(2ft— I) (0 — a) 4- 2Za} _ . __ 

d6 -^- ; —~~ -- 1 = + sm 2Za, 


sin (9 — a) 

according as 2h— 1 is ^0. This discontinuous equation appears to resolve itself into the two 
following: 

sin (6 — a) 5 

for all integer values of h ; and 

si n(2A— 1) (0 — a) 
sin (6 — a) 

according as the integer h is > or >• 0. Accordingly 


j: 

j; 


± 7T, 


*f 


^ cos (2ft-1) = _ 2 f 

to sin (9 — a) 

"^ sin (2h— 1) (9 — cl) 

/ o sin {9 “ a) 

according as h is $ or = 0; so that it only remains to prove that 
integral 


! -j: 


d9 sin 2h (9 — a) ~ 0, 
d9 cos 2h (6 — a) = 0, or 

r 


J o ^an (6 — a)' 


= 0, and this 


J 2 

d# {cotan (# — a) — cotan (0 +a)} = \ — 

0 Jo s i 

by article 38.* 


dd sin 2a 


o sin (6 q- a) sin (6 — a) 


= 2 sin 2a 


/, 


d9 


0 cos 2a — cos 29 


= 0 


[See note, p. 469.] 
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52. It is evident also from inspection of the integral in (28) that this integral reduces itself 
to — sin 2 lot cos (2 at sin a — /3J.), that is to the part free from the sign J, taken negatively, (so 
that the one part of the formula destroys the other,) if we take j = — co, or h — l —j — oo. A result 
which might have been expected, because, by throwing indefinitely far back in the system the 
origin of the disturbance we must render the effect of that disturbance insensible for any finite 
values of l and t. And we have thus a new explanation of the term independent of integration; 
namely that it is the negative of the value of the integral term for j — — co. We may therefore 
write the formula (28) as follows: 

J3 y f* dQ 

Vi.i = 2^ J 0 sfo - (g_ g ) [ cos {<2Z - 2? - 1) (0 - a) + 2Za} - cos {(2/ - 2j, + 1) (0 - a) 4- 2Za}] 

x (cos p' k cos + sin f}' k sin) (2 at sin 8 ); (29) 

in which j t = — co. And if we treat j, as finite, we may then consider this last formula as express¬ 
ing the solution of the question: 

To find a function y l t which shall satisfy the indefinite equation in mixed differences (1), and 
also the initial conditions 

y tidi — -BfcSin 21acos (2a sinccdt — fil), or =0, 
according as l is, or is not, one of the j —j, -f 1 successive integers j t 3 j, + 1, ... j — 1, j m 

53. This question might have been resolved by the help of the formula (12), which, when 
applied to it, becomes 

y lft — - Bk j dO sin 2jot. cos 2 ( j — l) 9} (cos j8£ cos 4- sin sin J (2 at sin 0); (30) 

in which 

2S^ } ^ sin 2 jot cos 2(j—l) 6 — {sin 2 (JQ -hjot — 19) — sin 2 (jQ —jet — 10)} 

cos {(2 j, - 1) (g + a) - 216} - cos {{2j + 1) (9 + q) - 210} 

2 sin (04-a) 

cos {( 2j f - 1) (0 - a) - 2Z0} - cos {(2j + 1 ) (0 - a) - 219} ^ 

2 sin (0 —a) J 

so that the formula (30) reduces itself to (29). And because the formula (12) admits of a very easy 
proof, and may almost be said to be obviously true, it might have been a better or at least a 
more elementary mode of proceeding to have begun by deducing (30) from it & to have then 
transformed (30) into (29) in the manner just now indicated; after which it would have been 
easy to pass to (28) as the limit corresponding to the supposition j, — — co. 

54. The formula (29) may be thus written: 

x ^cos cos 4- sin sin^ (2af sin 0); (31) 

in which we may remember that j —j, 4-1 is the number of particles P^ >... P$ originally agitated; 
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and l is the distance of the particle P t from the middle of the initial agitation. If j f 

that is, if there be but one particle originally agitated, this last expression becomes 

X C n ( sin cc \ 

y l t = - ft I dd sin {2 (l —j) 6 + 2joc} I cos ft cos 4- sin ft sin 1 (2 at sin 6) 

77 

2 /* 2 / sin a \ 

= - ft sin 2jaJ dd cos {2 (l —j ) |eos ft cos 4- sin Pk sin J sin 

as it ought to do. 


55. Article 32 and all the subsequent articles have had reference chiefly to the case of a 
system or series of particles extending indefinitely in both directions from the particle P ti of 
which the motion is to be examined; but it is easy to deduce analogous results for the case 
considered in article 31, in which the system is indefinite in one direction only, the particle P 0 
being fixed. The formula (19) for this last mentioned case may be thus written: 


77 Jo 


dd 


sin (2? 4 1) (6 — cc) . 


sin (9 — <x) 

and might have been obtained from (10) under the form 


sin 216 ^cos ft cos -f sin ft. sin^ (2 at sin 6); (32) 


Vi, 


i,i~ — B'k f dd sin 2;a sin 2jd) sin 219 (cos ft cos 4- sin ft sin) (2 at sin 6). (33) 

77 j o V sin tf j 

1 , we take S fa , that is, if we suppose 
inally agitated, we have then 

y^JBi r. 

77 J € 


And if, instead of Sf i}1 , we take , that is, if we suppose only the j —j, + 1 consecutive particles 

P j/ , ... Pj to be originally agitated, we have then 

2 ^dd shl U-3, + i)(Q - a ), 

/ o sin (9 — a) 


- cos (j Pj,) (6 — a) sin 219 


: |cos ft cos -f sin ft. sin^ (2atf sin 9 ). (34) 

If only one particle Py be originally agitated, thenj, =/, and the last formula becomes 
Vid~ ~ d6 cos 2j (9 — a) sin 2 19 ^cos ft cos + sin ft sin^ (2 at sin 9) 

71 

~~d3 k sin 2ja J ^ dd sin 2J# sin 2Z0 ^cos ft cos 4- sin ft sin) (2aZ sin 9) , 
agreeing evidently with (10). 


56. It is worth observing that the formula (32) may be obtained from (31) by changing j, 
to - j . And it is easy to explain this circumstance. In fact, instead of supposing P 0 fixed by any 
external cause, we may suppose it to be originally at rest, and to remain so because ~y l>0 

and y~i ,o Vi, 0 i ^ was remarked in article 19. But in this view we must suppose, in the 
question of articles 31 and 55, that the 2jp 1 particles P_ j} ... P j are all originally agitated 
according to the law ft sin 2Za cos (2a sin a dZ - ft); except the particle P 0 , which fulfils this 
law by being undisturbed, & any others which in like manner have sin 2Zoc « 0. 

57 An analogous reasoning may he employed to deduce the solution of the I st Problem 
om t e formula (12), or the laws of vibration of a finite from those of an infinite system. To 
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illustrate this transition, let us begin by considering the case where, for all values of j, positive & 
negative, 

Vi,a = yj, O = 0; 

so that 

Vzj, o= 0 an< i P&j+i, o — ~ Vij-i, o “ * 

The formula (12) may in general be thus written: 


; (2 W-2j6) {y^o + y^a jV) cos (2 at sin 0); 


& in the present case it becomes 


in which 


7r 

Vi,t = ^ J** d6 ^Sg^sin 2/0sin^j sin 2Z0 cos ('2at sin 9 ); 


2 Sgj x sin 2/0 sin^ = 2 (sin 20 — sin 60 + sin 100 — &c.) 


= lim 2 sin 2J0 sin*^ = lim -——-= lim — — -f - - - 4 ^; 

2 A „ cos 20 


therefore 


y^ = .?^lim f d8~ 

7T A=so J 0 


x - — si 

t-D 


sin 2Z0 cos (2aZ sin 0) 


= sin — cos (a/ V2) = ?/ ij0 sin-^cos (azV2), 

as found in the 1 st example, article 11, for the case of a single moveable particle. Indeed, we 
there considered, on the one hand, only the value 1=1; &, on the other hand, supposed y r 1>(} not 
to vanish. But with respect to this last part of the conditions of article 11, if we now suppose 

y'j.o ~ Vi, o sin*^, we get, by the analysis of the present article, the additional term 

9 * Jt 


- , * sin 4A 


I dd- 
' 7T A=°°J o 


"“(•-j). 

-H)“ 


sin 2Z0 J dt cos (2 at sin 0) 


hr r* , /- , . Itt sin (at V2) 

= 0 sin - J * cos (atV 2) = ^ 0 sm 

which completes the agreement with the results of the 1 st example. In fact 

* sin4A|0~~) , K 

1,*™* _A_ JlL T? W (~\ 


•z sin4A 
lim f 2 d$ - 


K) 


>- md - 


if the function F (0) remain finite for the whole extent of the integral. 
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58. We might even have considered it as evident a priori that the indefinite integration of 
the equation in mixed differences 

a 2 A? / 9 \ 

Vi,u W 


'l + A, 

combined with the initial conditions ^ 

Vi, o = sin ~, y[, o = 2/i,o sin ^ » 


if these be supposed to hold good for ah values of the integer Z, from a large negative to a large 
positive value, must conduct nearly, and more and more nearly as these initial conditions hold 
good for a greater extent of l, to an expression of the form 

. In 


in which y lt is a function determined by the differential equation 

ylt = - 2 a 2 y 1J ; 

and therefore that the integral of this equation, namely 

, , sin (at ^ 2 ) 

Pi, t=*y 1,0 cos (atV 2) + 2/1, o —’ 

when multiplied by sin — , must express the limit to which the expression 

O ri / irr\ / . _ . sin(2a/sin0)\ 

y u - “ J 0 dB ( 2 (Wcos (2 Id - 2j6) sin—-j (^ 1,0 cos (2 at sm 9) + y 1>0 . J 

tends as h increases without limit. And since the sum 

sin4A^-|) 

h cos (2 W - 2 138 ) sin J ~ = sin 2 16 • ' -- - 

sin2^-| 

in which A—^ or ——- according as h is even or odd, we might thus be led by the consideration of 
2 2 

the differential equations to discover the following limiting values of definite integrals: 


je sin 4A 


lim “d6 
A=°o J o 


sin 2 


( 0 “i/ Irr 

' ' sin 2 Id cos ( 2 at sin 9)=~ sin cos (at V2); 


H) 


lim ( Z d& 

t=co J a 


sin4A| 

'a 

, V 

^ sin 2 16 

sin 21 

(to 77 } 

i si nd 

( 9 -4, 

1 


sin (2 at sin 6 ) = ^ sin sin (at V2). 


59. In like manner, if the initial conditions be 

ijrr 


tjTf 






59, 60] XIX. VIBRATION AND THEORY OF LIGHT 

and if we use the formula (35) of article 57, we have the expression 
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Vi,t= \ j o d6 (sg,. „sin 2j8 sin 4^ ) sin 2 18 (»}* + j dt) 
in which Zg ) _ a> = 21iw and, by article 24, 


cos (2at sin $); 


0 . sin (2j+ 1) (9~ a) sin (2j 4-1) (9 + a) 
4Sg )lS m 2,0 sin 2ja =- .. k . - L - y~ ■ --' 


therefore 

Vi, 


- Pd01im( 
77 J 0 J = oo\ 


sin (0 — a) 
sin (2j + 1) (0 — a) sin(2^'+1) (^-{-a) 


sin (6 — a) 


sin (0 + a) 


sin (0-t-cc) 
j sin 216 ^4- rj^J dtj cos (2at sin 6 ), 


in which a = j so that a is >0 & < if i > 0, <n + 1. We may therefore neglect the part 

depending on the rapidly fluctuating term sin (2 j + 1) {6 -f a) as being rigorously null at the limit 
j = oo; and in the part depending on sin (2j + 1) (6 — oc) may confine ourselves to the consideration 
of infinitely small values, positive or negative, of 6 — a. We find therefore, as the limit sought, 

2 /^ = sin 2£a + dt^ cos (2at sin a), 

the initial conditions being, for all integer values of J, 


Vi.o = Vi sin 2ja, y' h 0 = t?; sin 2;a; 

and thus the formula of the 4 th corollary, article 6, for the case of a finite number of particles 
is deduced from that of an infinite number. And hence by reasoning similar to that of 
article 7, we may infer, for an infinite system, that if the initial conditions be, for all integer 
values of. j, 

2/j,o = yj,o = ^S)iV'i , 


which require only that (if i be integer) we should have the kind & degree of initial 
periodicity expressed by the formula 

Vi, 0 = ~~y2n+2—271+2+j,Q > Vj,0~ ~ Vzn^ 2-^,0 = 2/2»+2+/,0 > 
we shall then have, for all integer values of l & for all values of t, the same kind & degree of 
periodicity, which may be expressed as follows: 

(vi + vi f 0 <Ztj cos ( 2 a(sin 2^+ 2) : (8) 

Vut= ~ 2An+2—U “ y2n+2+l,i’ Vz,t~ ~~ 2/2n-f 2-f,i ~ Vzn^2-i-l,t * 

Thus the theory of a finite system is included in that of an infinite system, since the formula 
(8) has been deduced from the formula (12). 


60 . The reasoning of the foregoing article shows also that if the initial conditions be, for 
the whole extent of an infinite system, or for all integer values of j s 

Vi, 0 = *7 ct sin Vi, sirt 
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a being any real are between 0 andf, (and therefore also if « be any real arc), we shall have, for 
the whole extent of the same system at any time t, 

y lyt = sin 2 la. (•>?« + r,' a j‘dt ) cos ( 2 at sin a). 

In fact it has been shown, & is evident, that this expression satisfies the indefinite equation 
in mixed differences, whatever a may be. And here we might commence, from a new point of view, 
reas onings analogous to those of article 23; but it seems desirable to pass on to other things. 


61. By a transformation analogous to that of article 50, we may simplify the formula (18) 
of article 30. For if, in that formula, we extend the summation relatively to i as far as the 
value we merely double the whole expression, because (2ra + 2-t) <j> = Tr-i<f>, and 

the value i = n+ 1 gives sin 2i^ = sinZi 7 = 0; & the two lines of the last expression in the 1* 
sentence of article 32 are changed each into the other by changing 0 to w - 0; so that by confining 
ourselves to one alone we again halve the expression. In this manner we find that the formula 
(18) may be thus written: 


yu= 


B * -?$+ l sin 21 B 


2 (n + 1) 


sin (2j+ 1) (0 — «) 
sin (0 — a) 


^cos p k cos 4- sin /3* sin^ (2 at sin 8 ); (36) 


in -which 9 =_— a = ———. It is evident that this expression for y, % satisfies the equation 

2 (n+l) 2(7i+l) 

in differences, & gives y Qi = 0 3 y n+ 1 ,t— 0 ; it ought also to give 

y h0 = 1Bl cos p K k sin 2Zoc, y ' lt0 = 2 a sin oc B' k sin p k sin 2Zoc, 
if l be 1, 2, ...j; hut y h0 = 0, y ' l>0 = 0, if l=j+ 1, j + 2, ... n. We ought therefore to find that 


yzn+i sin 2ld 8in(2y + l)(g-«) 
(<>1 2 n + 2 sin(0 —a) 


= sin 2Zoc, 


or =0, 


according as l is not greater, or greater, than j; l and j being integers which are each > 0 and 
and 8 , a having their recent values. In fact 


sin ( 2 j + 1) (0 — a) 
sin (0 — a) 


cos 2 j (8 — a) = 14- 2 S^ )x cos 2 j (8 — oc); 


& making 9 = we have 

2 sin 2 16 cos 2 j (8 — a) = sin {2 (j + — 2 ja} — sin {2 (j — l) i<j> - 




WW2« ± 


=sin {(2 to + 2) (j ± l) <j> - 2ja} - sin 2ya, 
unless denominator = 0; therefore 

1 sin 2 li<j> cos 2 j (i<f> — a) = 0 

unless Z, if j & l be each >0, < n+ 1; but when j — Z, this sum becomes (2n +- 2) sin 2Zoc. 



62-64] 


XIX. VIBRATION AND THEORY OF LIGHT 487 

62. Another mode of verifying, and indeed proving the formula {36}, is to show that the 
expression of which it is (relatively to j ) the sum, namely 

~ n i ^r 1 sin 2 19 cos 2y ( 6 — a) ^cos cos 4- sin sinj (2 at sin 6), 

corresponds to the case of only one particle P 3 - initially disturbed, 

Vi ,o ~ B k cos pj c sin 2j oc, y'^ 0 —2a sin a JE>). sin ft}, sin 2j a. 

Accordingly the last expression for y l t may be thus written: 

Vl ’ 1 = nTl 2 « lSin Hi sin Hi (% o + s4oJT) cos ( 2etf sin ^ j; 

and under this form it agrees with (7). Reciprocally, in (7), if we suppress the sign of summation 
2 S)i so as to attend only to the effect of the initial state of a single particle P j ; & if we represent 
this state by the formulae 

• il77 i^7T 

yi,o=’7 < sm—— y ji0 = Vi s rn-i-; 
we may write n-t- ± n+ i 




Sggj 1 sincos(i;* + cos ( -2at 




- Hi (* + ylH) ^ sirx Hr “vw 008 H sin Hi) • 

Interchanging i &. 1c to conform more closely to the notation of article 28, and sum min g 
relatively to j from 1 to y, we get this other formula, equivalent to (13) or (36): 


^ = 2^2 + S «“ 


llrr . (2? + 1 — Jc) 77 

sin-- sm ———— } — 

L n+1 _ 2n-h 2 

. (i — ]c)tt 

sm --- J — 

2n + 2 


cos (2a«sinUWj. (37) 


And if we sum, instead, fromy, toy, we get this transformation of (17) & therefore this other form 
of the solution of Problem II: 

(’*+•>;/» 

xsin2ft?cos(y-f-y,) (0 — a) cos (2a£sin#); (38) 

in which, as in many former equations, 0 — — ^ , a = • It is evident that this includes the 

formula (34). 2n + 2 2 ™ + 2 

Problem III. 

63 . It is proposed to determine the consequences of the supposition that the initial states 
of some number of successive particles correspond to one of the two conjugate components of 
a simple movement, (considered in article 20 ,) that is to the uniform transmission of phase in 
one direction. 

64 . Before passing to this determination, it will he convenient to review & recapitulate the 
chief results already obtained. 
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(I). The number n of moveable particles being finite^, so that the differential equations to be 
satisfied are n in number, namely 

yi t =a*(0-2y 1) t + y< 1 j), yl, t = a? (y lti - 2 y 2 , t + y^h 

—» y'n-i,t= a2 (y n ~2,t~ 2 y n -i,t+y n ,t)> y'n,t= a2 (yn-i,t- 2 y n ,t)> 
we found that we might satisfy these equations, & therefore also the dynamical conditions of 
the question, by supposing all the displacements to correspond to that simple mode of vibration, 
which is expressed by the formula 

y lf = sin 2 Zoq ^ 4 - i?J J dtj cos (2 at sin oq); 

in which a,- = — , and v ,•, r> 4 are constants. In this mode, the n moveable or intermediate and 

* O/M _O 7 II* II 


2n+2’ 

the two fixed or extreme particles are, at any moment t, arranged all upon the i alternate branches 
of a sinusoid , which has 2 extreme & i— 1 intermediate nodes and i venters. This sinusoid 
varies with the time, & oscillates between two extreme positions determined by those of the 
first venter. The sinusoidal form is expressed by the factor sin 2Zoq, and the oscillation of the 
first venter by the factor 

(vi + Vij dt^ cos (2at sin oq) 

= \7]i cos 4- ^ sm ... \ (2 at sin oq) = (rj i cos + sin) (Zr^), if r i — 2a sin oq. 

\ 2a sm oq / 

The greatest positive excursion of the venter is attained at those moments, I succeeding each 
other after equal intervals or periods of time, each period T i being ^ 


2 tt rr tt 

— — = - cosec oq = — cosec 


when 


a 


2n-\-2 


)■ 


cos tr 4 — 


Vi 


Vr,\- 


i 2 v?’ 


sin tr 4 — 


x Vi 


V'i 


Vi + r iVi 


and this greatest positive excursion — B i = V^f + r 7 2 % 2 . The greatest negative excursion — —B it 
& is attained at moments which follow or precede, by exactly half the periodic time T i , the 
moments of greatest positive excursion; so that if these last be of the form <q 4 - vT it in which 
v is any integer, positive, negative or null, while is such that 

v± __ 


cos r ie * = 


the moments of greatest negative excursion are expressed by the formula e i + (v-\ |- -J) T*. The 
intermediate moments <q4-(v4; \)T^ are such that in them the sinusoid reduces itself to a 
straight line, the displacements of the particles all vanishing; in such a manner that yi } t~ 0 , if 

t=€ i +(v±l) T i . In fact we have then ir* = r i € i + 2vrr ± therefore 

cos = + sinjq e*, sin tr € = ± cos r*, (ij* cos + ry 1 77 J sin) (tr € ) = 0 . 

The variable velocity y\ t is expressed as follows, in this simple mode of vibration, for 
any particle 


y'l.t =sin 2Zoq ^ + Vi ^ °os tr t ; 
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in which the first factor sin 2Zoq corresponds to the sinusoidal relation between the several 
particles, & the other factor 

d\ 

Vi ' i ’ Vi dt) ° OS tTi ^ ^ COS “ riVi sm ) tr * 

expresses the velocity of the first venter. This velocity vanishes when t = e i +vT i and when 
t = e i +(v- 4--D3T, that is, at the moments of greatest positive or negative excursion; but at the 

moments when i = + {v + T $, & when therefore tr^ — r i € i -f- 2vtt ± — 9 the velocity of the venter 

becomes = + r i^ r }i dry 2 ^ 2 ; it attains therefore at these moments a negative or positive 
maximum of amount & this greatest velocity is equal to t/ rj + r\ tj% = + ry 2 77' 2 multiplied by 

the coefficient r i which multiplies the time t under the signs of periodicity. (In former articles 
r i € i has been called 

(II) . The foregoing being & possible permanent mode of vibration of the system, it follows that 
if at any one moment, such as the moment t — 0 , the displacements y l0 & the velocities y\ 0 are 
all such as to agree with it, then, at all subsequent moments t } the displacements & velocities 
Vi,t & Vi,t still agree with the same simple mode. In other words, if the particles are all 
arranged on a sinusoidal curve of the form y x 0 = T 0 sin 2 xa i at the moment 0 & also on another 
such curve y Xtdi — Y di sin 2 xa i at the infinitely near moment dt, the coefficient oq being still 

= 2 n + 2 an< ^ coe; ® c ients r 0 and Y M representing for these two near moments 0 and dt the 

displacements of the first venter, ^for which x — X- = ^ ^, then at any subsequent moment t 

the particles will all be arranged on a curve of the same kind, namely y x t — Y t sin 2 xv. i ; in which 
the coefficient Y t represents the displacement of the venter and satisfies the differential equation 
of the second order Y" t +r^Y t ~0 } so that it may be deduced from Y 0 & from Y di — Y 0 + Y' 0 dt 
by the formula 

1 <~|l of J dt^ cos tr$. 

(III) . By the linear form of the differential equations of the question, it is permitted to add 
together any number of particular integrals or to superpose any number of small motions of 
which each is separately possible. On the other hand, any single initial displacement y 5 - 0 , of 
any one particle P d , may be considered as the sum or resultant of n different initial sinusoidal 
displacements of the form y lQ = Y} i s,m. 2lcf. i , of which each separately extends to all the par¬ 
ticles but which destroy each other by interference or superposition for all the particles 
except Pj . For we may write y^ i(s = x r] i sin 2 ya t -, if we so choose the n coefficients r] i as to 

have r] i = ■ ■ ^ _■ y jt 0 sin 2 /cq; because Sg > 1 (sin 2 ja i ) a = Sgj! (sin—J — 7 ^-~~ - And "with the same 

Tl-T X. s \ 71-]- Jl J d 

choice of the coefficients r} i we shall have as the resultant initial displacement of any other 
particle Pj the null expression 

2 

= sin y i. 0 S 8> 1 sin ^7“* sin2lx <=°> 

i being different from j. The effect of a single initial displacement y M of any single particle Pj 

63 


HMP1I 
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is to produce, at the time t , a system of displacements, or a complex mode of vibration, repre¬ 
sented by the formula y itt — — y j 0 x sin 2 joq sin 21 oq cos tr t . In fact this complex mode is a 

possible permanent mode, because it is the sum of n simple possible & permanent modes; & it 
reproduces the initial conditions, giving y t 0 = 0 or = y 0 according as l (being integer) is different 
from or equal to j; & giving y' lt0 = 0 for all values of Z. In like manner the effect of any single 
initial velocity y' js0 is to produce the complex mode of vibration represented as follows: 

Vi.i =~~1 y'i, o J'dt Sg, x sin 2jx { sin 2 Z « 4 cos tr t . 

And therefore the effect of any arbitrary initial state, or the complete solution of Problem I, may 
be expressed thus: 

Vi, t = S S) 1 {y s , 0 + y'i, 0 j‘dt'j Sg>! sin 2j* i sin 2 Za 4 cos tr^ 

in which it is important to observe that the part of the state of any particle P f at the time t, 
which corresponds to a given value of i and to any given initial displacement or velocity of any 
other particle P f , is equal to that part of the state of the latter particle P j at the same time t 9 
which corresponds to the same value of i (or to the same mode of component & simple vibration), 
and to an equal initial displacement or velocity of the former particle P t \ because the product 
sin 2 /a* sin is symmetric relatively to j and L* 

(IV). To pass to Problem II, we are to suppose that the initial states of some one or more 
successive particles correspond to the mode of simple vibration, so that for one or more 
successive values of j we have 

%o = ’)fcSm 2 ja*, 24o=%sin2ja fc , ( g; ‘ = 2 n + l) ’ 

but that, for all the other values of j, y. Q and y' j}0 vanish. And it now is necessary to sum the 
product sin 2 /a* sin 2ja Jc between some given limits of j; or at least this is the operation which first 
presents itself. But because we have afterwards to multiply by sin 2lcc i and to sum relatively to 

i, and because a 2n+2 _* = — a*, a n+1 = ^ , we may substitute cos 2j (a* — a /c ) for sin 2 /oq sin 2 /a fc , 

if we afterwards change 2 2g }1 to EgJ+i. In this manner we find, if j be confined to one value, 
the expression 

y, ‘‘ = n+ 1 { Vk + ’7* J" *) S wi +1 sin c ° s 2 J («< — a -k) cos tr t ; 

and if we are to sum relatively to j from j, to j, then we find 

«W“liraG + vie f W l sin 2la t | sa(%'+l)K-« A; )-sin(2j,-l)(a,-a, c ) 1 cQS ^ 

\ •> a J ( sm(a 4 —a fc ) J 

= n+ 1 ( v& + ^ J 0 *) f l sin 2 Za 4 — J ^ — cos (j +j,) (a* - a*) cos tr { ; 

an expression which is the complete solution of the 11 ^ Problem. 

* [Rayleigh, Theory of Sound, x, pp. 150 - 167 .] 
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When all they first particles are originally in the mode of vibration and all the others are 

originally without displacement or velocity, so that j, = 1 , we may write more sim 1 - 

%<= 2Vn 0 + ,? *Jo / <<U sin(«*-«*)- _ sm21a 4 cos tr t . 

(V). The number n of moveable particles being still supposed finite, the most general mode 
of motion of the system may be considered (as we have seen) as the resultant of n simple 
modes, of the kind lately described: so that we may write generally 

Vi,t = 1 sin 2 IcLi ^rji + v'i dt j cos tr i 

= Sg } x sin 2Zcq cos r t ( t - ef ). 

And hecanse a 2w+a _$ — rr — oq, r 2n+2 _ i = r t , we may write 

1 J3i sin 2lor H cos r* (Z - ), 


if we assume B 0 


-B u but < 


With these last assumptions, we may therefore write also 

Vi,t = i ^fm 1 - Bi sin (2l*i ~r i t + r< ef); 

and consequently, (B n+1 being - 0 ), may consider the general mode of complex vibration y, t as 
the sum of n pairs of component vibrations, of which each pair might separately continue to 
exist, but not (in general) each component semi-mode of vibration itself, if taken without its 
conjugate semi-mode, which has the same periodic time for the vibration of any single particle. 

Those n component semi-modes for wdiich i<n-\- 1 would correspond, if the system were 
indefinite, to a continual transmission of phase in the forward or positive direction with a velocity 

(for the i th mode) = ~~ and those n other component semi-modes for -which i>n + 1 

would correspond, if the system were indefinite, to a continual transmission of phase in the back¬ 
ward or negative direction with a velocity which, for the semi-mode conjugate to the i th , is 

= - a and is therefore equal in amount (though different in sign) to that just now deter- 

mined for the i th semi-mode itself. In fact, the parts of y i t corresponding to these two conjugate 
semi-modes are 

lB t sin ( 2 Za* — Tit + u € i) and i B i sin ( 2loc i + r* Z - r te< ). 

Their resultant vanishes for the extreme particles P 0 and P ’ n+1 , whatever t may be; & for any 
intermediate particle P z , it is, as before, 

Bi sin 2lcc t cos (r t t — r i ef). 

In general, whatever may be the arbitrary initial state of the system, we may represent its 
state at the time t by the formula 

(-r}i sin + rf 1 v l cos) (2Zcq-2aZsinGq), 

if we assume that Vzn+ 2 -i = —» Vzn+z-i^ ~Vi> and therefore that rjn+x^O, Vn-±i = 0 l being 

s tm = - l7T - . And we shall still have, in this last formula for y lJt as in others, 

27V +• 2 

2 2 

Vi= 7 t z i rj s S)i 2 i a i, Vi « s &)i vU sin . 


6z-2 
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Tims, generally, we have the expression 

yi,i = n l + J Sg^S^+'sin 2 J 04 (y jt a sin + r~ l y' i% 0 oos) (2Za 

... 2-7T 

in which r t is still = 2a sinoq, and oq is still “^+2* 

Accordingly it is easy to prove a posteriori the truth of this last expression for y l t . And if 
in it we make j/ 3;0 = 0 t j cosy 4i ,, siny^,, so that Cm+i-i.j ~ C-t.j aIu ^ yzn+z-i.j — Yi,! > 

we shall have 

y ht = —_j-j- Sg,! Sg^f 1 sin 2ja. { sin (2Za 4 + y iti - 

But this last transformation does not seem to be attended with any advantage. 


65. The foregoing article contains a recapitulation of the chief results obtained already in 
this manuscript for the case of a finite system. If the system be unlimited in one direction, 
so that only the condition y§ y % — 0 but not the condition yn+\,t~ 0 is l " 0 attended to, we have 
then the following results: 

(I)'. The differential equations to be satisfied are now infinite in number; they need involve 
only positive values of l , but l may be taken as great as we please; they may be written thus: 
y" 1}( = a 2 (0 - 2 y lti +yz,t), yit=a 2 {y 1>t - 2y 2>t + y 3>e ),... 

S lit~a 2 (yi-i,t-~ 2 yi,t + yi+i,t)> &c - ad infinitum. 

A particular integral, or possible permanent mode of motion of the system, which may also 
be considered as a simple mode, is expressed by the formula 

y u =sin 21 a + j: dt ^ cos(2a£ sin a) 

in which a is any real are & rj a , are any arbitrary real functions thereof. This formula in¬ 
dicates an arrangement of all the particles on a sinusoidal curve, containing indefinitely many 
alternate branches and varying with the time, but so that a first node is always at the fixed 

particle P 0 & a first venter at a distance, as measured* on the axis of the system, = ^. The 

whole space-period, or interval between two similar modes, is = -; the whole time-period, or 

periodic time of vibration of any one particle, is connected therewith, being T a «= - cosec a. 

a 

The positive maximum of excursion of the first venter is _B a =V 17 * 4 - r “ 2 t^ 2 , in which r oc =2a sin a; 
and is attained when t= € a + vT U9 v being any integer & e a being such that cosr a e a — 

T ^ T ! 1 

sin r a € a — a ~ a . The negative maximum of excursion of the same venter is = — , & is attained 

■°a 

when t = c a 4 - (v 4- J) . At both these two sets of moments, the velocity of the venter vanishes 
(& so do therefore the velocities of all the particles); while, on the contrary, the velocity of the 
venter attains the negative or positive maximum at the intermediate moments 

when £ = € a +(v±J) T a ; & at these last mentioned moments the displacements all vanish, 
or the particles are all in the axis. 
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(II) . A mode of vibration, such, as has been just now described., if once established, will 
persist; if then, at each of any two near moments 0 &, dt , we have 

^,o = ^sin2Za and y lidt = (Va + ^dt) sin 21a. t 
we shall have, for all subsequent moments, 

y l i = sin2Lx. + j dt^j cos tr & , 

that is, 

yi,t= sin 2Za cos {r a ( t - e a )}. 

(III) . The sum or integral of any number of such simple vibrations, that is the resultant of 
the superposition of any finite or infinite number of them, if once established, wall persist ; but 
any single initial displacement y h0 may be expressed by such an integral as follows: 

7T 

yi,o = ~ Vj, o d6 sin 2j9 sin 219 ^ y js0 | da. sin 2j<x sin 21a. j, 

because this integral becomes ~y $ f q or =0, according as the positive integer Z is equal to or 
different from J; the effect of any single initial displacement y 3 - Q is therefore to produce, at the 
time t, the system of displacements represented by the formula 


4 rl 
o 


d6 sin 2jQ sin 2 Id cos tr d . 


In like manner the effect of any single initial velocity y f ^ 0 is to produce, at the time t, the system 
of displacements 


4 C f C 2 

dt dd sin 2j9 sin 210 cos tr e 

17 ’Jo Jo 


and therefore the effect of any arbitrary initial state of the indefinite system of particles P 1 , 
P a , ... is to produce, at the time t , a state wdiich may be thus expressed: 

y u = ^2$)! (y Jt o + y f jf oj dtj j 2 dd sin 2j0 sin 219 cos tr e . 

This result may be connected with the corresponding one in the subdivision (III) of article 64 
for the case of a finite system; & the same remark respecting the symmetry of sin 2ja sin 21a. 
applies. 

(IV)'. If, for some set of successive values of j, from j=j, to j—j, we have the initial con¬ 
ditions y 3f 0 = 77 a sin 2/a, 2/^0 = ^ sin 2jcc, while and y' jr 0 vanish for all other (positive) values 


of j, we have then, by changing 2 


f*d0to P 

Jo Jo 


d6 & summing cos 2 j (6 — a) relatively to j. 


Va + Vcc 


■wr.- 


sm (2? + 1) (0 —a) -sm (2y — 1) (0 —a)) . rt70 

-—-—- :— > ~Tn -r— -—-- [ sm 2 19 cos tr 0 

sm {9 — a) j 0 




sin (j{9 —cl) 


sin (6 — a) 


cos (j +j f ) (9 — <x) sin 216 cos tr$; 
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and if in particular j, = 1 , so that the first j particles all satisfy the foregoing initial 
then 


Vi,t z 


1/ , C* t \ f "A,, SHI (2/ + 1) (0~«) • * 

= - (*.+vL J/*) j o M s f n (fl-«) - sm 216 eos tr ° • 


conditions, 


(V)'. The most general mode of vibration of the present system may be expressed as follows: 


y l t — J " 2 d#sin 216 (jie + Vej dtj 


COS tfQ , 


in which rjQ and r)Q are connected with the initial state of the system by the relations 


Vi, 


0- /o 


7)q sin 216 dd, yi a0 — | v ^sin 216 d6. 


so that, by what was lately shown (section (III)'), we have 

4 4 

1 39 = - s 5)i%o sin 2 J 9 > Ve = -S5 n ^ i0 sin 2j0. 


If we extend these last expressions to all values of 6 from 0 to rr, we shall have 

Fit /*7T 

Vi, 0 = 1 V9 sin ZlddB, yi a0 = i \ r)Q sin 216dd, 

Jo Jo 

2 /u=iJ dd sin 216 (rj B + r)g J dtj cos tr 0 . 

And this expression again may be put under the form 


and 


Vi,f 


= |J dd {r) Q sin + Tq 1 7)Q cos) (216 ~ tr e ). 


or, substituting for r) d and t)q their values, 


2 

yi,t=- s $i dd sin 2jd (y j>0 sin + cos) (216 - tr e ). 

77 Jo 

The general expression for the mode of vibration or complex motion of a system indefinite 
in one direction may therefore be considered as the sum of an infinite number of pairs of con¬ 
jugate component motions, in each of which there is a continual & uniform transmission of 
phase in one of two opposite directions. In any one such component motion, corresponding to 

6 = a, if a > 0, < -, there is as above a space-period S a — —, and a time-period T a — — « — cosec a; 

and the velocity of transmission is ■— — a ^ a . In the conjugate component motion, corre¬ 
sponding to 6—rr —- a, we have the same length of space-period & of time-period, but the velocity 

of transmission is negative and may be represented by - a 55^. The combination of the two 

a 

is necessary m order to preserve the fixi ty of P 0 . 


66 * To recapitulate in like manner the results already obtained relative to a system which 
extends indefinitely in two opposite directions, without any condition of fixity, we may 
observe that: 
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(I) '\ The differential equations are now all those included in the formula 

Vi,t — a2 (Vi-ij ~ + i,t), 

l receiving all integer values. A particular integral is 

Vi,t = cos (-y a ) j^ a -r 7 ?aj dtj cos ti \, 

in which a is an arbitrary real quantity, r a = 2a sin a, and 77 a y a are arbitrary real functions 
of a. The function y a is introduced, instead of the constant ^ which occupied its place in (I) 

and (I)', because we do not now suppose y o t to vanish, & therefore retain the cosines as well 
as the sines of 21 a. This simple mode of vibration is still sinusoidal, but the particle P 0 is not now 
necessarily a node. With this exception the remarks of (I)' apply to it. 

(II) "- I*i this indefinite system also a sinusoidal mode of vibration, if once est ablished, will 
be permanent. A node and venter may be assumed at pleasure, but when the space-period is 

thus determined, the time-period is so too. By making y a = | + 2 oA a , in which A a is a new 
arbitrary but real function of a, namely the abscissa of a node, we may write for any one mode 


of this sort 


Vi,t= sin {2 (l - AJ a.}cos {r a (t - c a )}. 


(III)". The sum or integral of any number of such vibrations will be permanent ; therefore 
the effect of any single initial displacement y j 0 is 

2 ff 

yi,t = ~Vi, o d 6 cos 2 (1— j) 9 qos ti' e> 

77 Jo 

and the effect of any single initial velocity y'- 0 is 

2 f? 

0 at d 9 cos 2 (l—j) 9 costr d . 

77 Jo Jo 

The effect therefore of an initial arbitrary state of the system is, at the time t 3 expressed by 
the formula 


> (yj, 0 + y'j, 0 j dtj d 6 cos 2 (l —j ) 0 cos tr e . 


By supposing ~~Vj, 0 and y'_ j Q — —y' jyQ , we can reduce this general expression for a 

system indefinite in both directions to the corresponding expression in (III) 7 for a system 
which is indefinite in one direction only, the particle P 0 being fixed. It is also possible, by con¬ 
sideration of limits, to connect the expression for a doubly infinite with that for a doubly finite 
system, so as to deduce each from the other. In deducing the infinite from the finite, we suppose 
j, l, n to increase indefinitely together, preserving finite ratios; in deducing the finite from the 
infinite, we suppose a certain periodicity of initial state, for greater and greater distances 
from the origin P 0 , in each of two opposite directions. 

(TV)". In the recent expression for y l t we may change 2 J* to J* ; & then, if 
Vi .©“^cos (2ya ~y a ), ^ >0 = ^cos 
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we may change __ 

cos {2 (I —j) 6} cos ( 2 /oc — y a ) to cos {216 + y a - 2j (6 + a)}; 

in which it is remarkable that we may take at pleasure the upper or the lower signs. Summing 
relatively to j, we find 


m, t = ^(va+vLj‘dt^ye[ e m{(2j+l) (6 + «)-<2 ie + y a )} 

— sin {( 2j , ~l )(0 + a)- (2 16 + y a )}] 


cos ITq 
sin (6 + a) 


= ^ (^O, + j ‘dtjj^dd cos {O' + j, ) (B - a) - (2Z0 - y „)} cos tr 0 , 

as the effect, at the time t, of an initial state in which all the particles from P jf to P j inclusive 
are disturbed according to the simple mode (I)", so as to have 


Vi,o=v * cos ( 2 ^-y<*)> y'i, o= vL cos ( 2 ^ a - rJ» 

and all the other particles are originally undisturbed. 

In the particular case when y a = ^, the recent expression for y h t reduces itself to (29) or (31), 
in articles 52, 54; the initial conditions being then 

Vi, o = V a sin Vi, O^V'cc sin 

if l be >j,~ 1 but <j -f* 1 , Soy l o = 0, other integer values of 1. By assuming also the 

relations y_i }0 ~ y'~i t o~ -“Vi, o> we oan pass from the case of a doubly infinite to that of a 

singly infinite system. And by consideration of limits, the cases of a doubly infinite and of a 
doubly finite system may be connected so as to deduce each from the other. The consideration 
of limits shows also that if j, = — oo, so that, in the doubly infinite system, the particle P i & 

all behind it are initially disturbed according to the law = — ? ^ = cos (2Za —y a ), while all 

Voi Va 

beyond it have neither initial displacement nor velocity, the state of the system at the time t is 
expressed as follows (at least if a be between 0 & rr, or more generally if sin a be different from 0 ): 

Vi,t = i cos (21ol - y a ) (v* + vLj o <fo) cos tr oc 
By making y oc = - , this reduces itself to the formula (28) of the 50 th article. 


(V) . The general formula for the doubly indefinite system may be thus written: 

yi,t~ ~ co (yj, o + J 0 008 (2?6> — 2j6 — tr Q ); ( r Q = 2 a sin 9). 

This most general mode of motion of this system may therefore be considered as the resultant 
of an infinite number of component motions, of which each separately corresponds to the 
continual and uniform transmission of phase in one of two opposite directions. Nor is it neces¬ 
sary now to compound or conjugate two opposite transmissions of this sort, in order to obtain 
a particular integral; we may employ either singly, & shall still obtain thereby a possible 
permanent mode of motion of the system. 
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@7. Tiie three preceding articles, 64, 65. 68, contain a recapitulation of the chief results 
obtained in the earlier articles of this manuscript. A few remarks may however be usefully made 
here, before passing to the solution of Problem III. In particular, it seems useful to observe 
that the particular integrals hitherto considered correspond either to oscillating or to travelling 
sinusoids. The oscillating are those which have fixed nodes, but oscillating venters *, the travelling 
are those which have neither nodes nor venters fixed, hut which, instead of oscillating & thereby 
changing form, change 'place by moving uniformly & continually either in the positive or in the 
negative direction. When any particle is fixed, this condition of fixity obliges us either to suppose 
a node to be fixed thereat, & therefore the sinusoid to oscillate, or else two oppositely travelling 
but otherwise similar sinusoids to be always conjugated together. But when the system is doubly 
infinite, this conjugation is not necessary & we may suppose a doubly indefinite sinusoid to 
travel continually in one direction, without being accompanied by any other travelling in 
the direction opposite. Even if the system be finite, we may suppose the sinusoids, whether 
oscillating or travelling, to be infinite. Finally, in the case of a finite system & finite sinusoid, 
we may suppose the number of venters to exceed the number of particles; but this will lead 
to no essentially new law of arrangement or vibration of the particles themselves. Thus, in 
the case of a single vibrating particle, we may treat that particle as a 3 rd , 5 th , ... venter; but its 
motion will be the same as when it was treated as the 1 st . 


68. Returning now to Problem III, article 63, we are to suppose that the initial states of 
some finite number of successive particles correspond to some one travelling sinusoid, while 
the other particles are initially undisturbed; & are to investigate the consequences of this 
supposition. 


69. For the case of a finite system, we have found (see page 492) 

y, - t = nTl f 1 sin ( 2 /*oSm + r^y' ji0 cos) ( 21- tr t ), 

in which a, ; = 9 an< ^ = a * n a »- And we are now to suppose that for certain successive 

values of j, namely from J, to j, we have 

. %,o= -SfcSin (2jaj, + p k ), y' M = -r k B k cos (2/oc* + ft.), 
h being an integer which is less or greater than n 4 -1, according as the initial sinusoid is travelling 
forward or backward. 

Instead of 1 sin 2^‘oq sin (2Zcq — tr % ) we may write 

1 sin sin 2Zoq cos tr i , & we have 0 = cos 2ja i sin 2Zoq cos tr^ 

we may therefore change, under the signs of summation, the product 

sin Zjcci sin (2jo 4- f k ) to cos {2j (oq — a k ) — fi k }, 

Sc in like manner 

— sin2?oqcos (2ja k + fi k ) to — sin {2j (oq — cq.) — j3 k } —cos ^ 2j (a* — ac k ) 
therefore 


Vi,t^ 


B k 


1 sin 2Zoq 


sin + 


n + 1 ^>1 — * sin (sq — cc k ) 

x ■{ cos {(j +j t )(oc i — <x k ) — P k } cos iTi — — sin {(j -+j ,) (oq — a&) — sin tr^ . 


HMPII 


«3 



498 


XIX. VIBRATION AND THEORY OF EIGHT [70 

70. This is the general expression for y l>t in the present question; ifj, = 1, that is, if all the 
first j particles are originally disturbed in the way supposed, we have 

sin 2Za, (sin {(2 j + 1) («* - a*) - ft} cos tr t + cos {(2 j + 1) (a, - a*) - ft} sin 

_ ~~fc ^ . ————: - .— — -— —- 

Vw ~~n-+l Li)1 2 sin K ~ a fc) 

sin 2 la-i ( sin ft. cos ir i — -* cos ft. sin ) 

_I_ T 2*+i --.A _li_ J 

+ 1 (4)1 2 tan (oc € — a ft ) 

Making both j, = 1 and j — n, that is, supposing all the % particles to be originally disturbed 
in the way already mentioned, we find 

sin(2j+l)(«<-«„) _ sm{(t-fe)7r-(« < -« fc )} _ sin^-fc)^ _ ^ ( ,. _ fc) 
sin (ctj — oc ft ) sin (a 4 — a. k ) tan(a i — a*) 

the first part vanishes or is equal to 2n + 2, according as i is different from or equal to k; & the 
second part disappears in the summation; in like manner 

cos (2j +1 ) (cn - a t ) cos (» - fc) *r | sin ■ £) ^ _ cos (» - fc) tt , 

sin (oq — aL k ) tan (oq — a fe ) tan (a* — a /c ) ’ 

therefore the expression for the state of the system at the time t is 
Vi,t^B k sin2lac k cos (tr k - /%) 

+ k—^ ^fm 1 sin 2l<x i cotan (oq — a & ) vers (i — ft) tt I sin ft cos ir* — ^ cos ft, sin tr i ). 

In this expression the first part corresponds to a possible and permanent mode of simple 
vibration; & the second part must correspond to an initial state in which the displacements 
and velocities of all the particles are represented by the formulae 

Vj.o= B k cos 2 j*k sin ft, y'j ,o = - r k B k cos 2\ja. k cos ft .. 

Accordingly, the effect of such an initial state of any single particle Pj is 

Vi,t= si 112la i sin 2 j (“i - «*) (sin h cos ir 4 - VJ 1 cos ft £ sin tr { ); 

and 

^ o - / x cos («i- «fc) - cos (2n + 1) (oq - oc fe ) = vers (i-k)ir 

0)3 ^ fc 2sin(oq — aq.) 2 tan (oq* — <x k ) * 

This last expression becomes — 0 when i — ft is any even integer (zero included); if therefore ft be 
odd, of the form 2 k —1, we must take i even, of the form 2t, & we have, as the corresponding value 
of the formula of the last article, 

Vi,t = B 2 k-x sin 2 ^ 2 «-i cos (tr 2K _ x - ft^) 

JB i \ 

+ m+f sia2Za 2‘ootan(a 2t -a s *_,) (sinft^,cos tr 2l -cosft*^sin«r 2l ); 

but if k be of the form 2k, we must take i of the form 2t — 1, and 


Vi,t — ft* sin 2la 2K cos (tr ZK — ft K ) + sin 2la u _ ± cotan (ag^x — a Sjt .) 

: (sin ft K cos cosft K sin ). 

V r 2t—1 / 
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71. For example, if n = 2 and h = 1, so that the system contains only two moveable particles 
and that these are originally in the state of the travelling sinusoid 

Vi, at = Hi sin (2/a 2 4- ft - r^), 
in which a x = ^ and r x = a; so that 

Vj.o = B x sin ('^' + ft )> y'i,o=- r i B 1 cos (^-t- ; 

then the parts proportional to sin ^, namely the initial partial displacements 


& the initial partial velocities 


Vi, 0 = .ft cos ft sin ^ 


y'j, o = «ft sin ft sin , 


will produce the permanent partial vibration corresponding to a fixed sinusoid with one venter, 
and represented by the partial formula 

Itt 

y u = ft sin — cos {at - ft); 

and the parts proportional to cos , namely the initial partial displacements 

Vj, o = ft s i n ft cos ^, 

or more fully 

= 2 /a,o= 

& the initial partial velocities 

y'u o= 

or more fully 


'i’TT 

- aB x cos ft cos —, 


2 / 1 , 0 = -|fteosft, 2/l,o = f ft cos 

will produce another partial vibration at the time t y which may be thus represented. 


* . 'HiTr 

2//,f=§ft. s ?oi sm ~3“ 


in which 


also 


cotan (sin ftcos tr 2l - ar^ 1 cos ft sin tr 2t ), 


r 2i = 2# sin — = a-vft 


cotan ^— cotan ^ = cotan - — cotan—— \/3; 

^sin ft cos at'y/Z — ft sma^v^ j - 


ft . 2 Ztt / 


^^V3 Sm 3 

Accordingly this also is a possible permanent mode of vibration of the system of two par¬ 
ticles, & satisfies the initial conditions. 

63-2 
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72. Again, if n— 2 & if the initial conditions be 

— B 2 sin /? a cos , y' j>0 =-r 2 B 2 cos^cos-y-, (r 2 = aVS), 


we find by the formula for k even 

Vi,t 




CL's/Z 


Also 


' ^ sin /1 2 cos ^ 2 i—i- 1 — cos 

JB P . far 


sin 


cotan ^ — ^) — cotan^ = — v^; V 2 /,_ ( =-^|sin^-(sinjS 2 cosai —\/3cos ^ 2 sinai). 


Accordingly this gives 

J3 2 • a / a-\/3 D 0 , 

3/i,o = -ysmft = j/ 2j0 ; 2/i,o=—B 2 cos ft. = ?/ 2j 0 . 


73. Nest let the system be infinite in one direction, so that the condition 2/ 0j * = 0 but not the 
condition y n+1}t = 0 is to be attended to. We have now to suppose that for all values of j 3 from j f 
to j, the initial state is represented by the formulae 

y j)0 = B Qt sin(2jx-b^ a ) > y' jt0 = -r^B^cos (2jcc + ^ 0L )\ 
but, because we already know the effect of the initial state 

t/j, 0 = - B a cos ft sin %*a, y , j>0 ^r a B <x sin sin 2/oc, (see page 493), 
it is sufficient now to calculate the effect of 


30,o~-ftsinfteos^/a, 2 /'- j0 = -r a B a cos ft cos 2Joc. 
Using for this purpose the formula 


2 f«r 

S 5)1 J d9 sin 2jd sin 2 19 (y j>0 cos tr e + rJ*y' jQ sin tr e ), 

& changing under the sign of summation sin 2j9 cos 2jcr. to sin 2j (9 — oc), we get, as the new part 
of the final state of the system, 

2B a f w sm(j— a ) / r \ 

Vl,t ~ it J o d6 sin (9- a) -sm (j+j,) (0~oc)sin2Z0 |sinftcos tr e — ~eos ft sin tr e J . 

The old part was (see page 493) 

2ft f 71, sin(i-i -f-l)(0-a) . / r \ 

VlJ 7 T J o de shT(@U^j- GOS 0* +i/) (0 - a) sin 219 |^cos ft cos tr e + — sin ft sin ft J; 

therefore the sum of these two parts, or the solution of the question proposed in the present 
article, is 




2ft 


f. 




sin (9 — a) 

x f> os {U +j, )(0-ct) —ft} cos ft - t^Tq 1 sin {(J +i,) (9 - oc) - ft} sin ft]. 

It might have been deduced from that of article 69 by changing .ft to ft, oq to 0, oc k to a. 


ft f° ft> r i to 7-0, r* to r a , and —ft- 


to 


2 p 


<Z0. 
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It may also be thus written: 

Vi,t = V J 0 dd sin 1 ?/-!) { [sin ^ 2 ^ + 1) (e - a) - p a } - sin {(2 ,j, - 1) (6 - a) - /3j] cos ir # 

+ ~ C cos {( 2 i+ 1 ) (Q — a ) — £ a } - cos {(2j, — 1) (0 — a) — /3 a }] sin j = O (2j + 1) ~ <t> (2j f - 1). 


74. The function <X> introduced at the end of the last article is such that 
JS C ' sin 216 

° ( l ) = ■ ~ J o de tan (0 — «) { “ sin cos cos sin tr 9 }; 


this, therefore, with its sign changed, is to be added to <h ( 2j + 1), in order to obtain the effect of 
the initial disturbance of the first j particles of this singly indefinite system. On the other hand, 
if we seek the effect of the initial disturbance of the^, th and all following particles, we are to 
suppose j = co, & to calculate <X> (oo); which is 

<h (co) = B a sin 2Za (cos j8 a cos tr a + sin sin tr a ) = B a sin 2/a cos (tr & — 8J . 

We have therefore, for the effect of an initial disturbance of the kind supposed, but extending 
to the whole system, the expression 

(°°) — ^ (1) = B a sin 2/a cos (Zr a — /3 a ) + f dd — 

77 J o tan (y — x) 

x (sin j8 a cos Zr e — r a rj 1 cos j8 a sin tr & ) ; 

& the second part of this expression, namely — <X> (1), must be the effect of that part of the initial 
state of the whole system which is represented by the formula y it di — B^ cos 2jasin 
or by y u 0 — B a cos 2joc sin /3 a , y' j} 0 = — r 0i B ai cos 2jfacos jS a . Accordingly it is easy to verify and 
rededuce this result by making j, — 1 & j — oo in the formula given near the middle of the 
preceding page. We may also easily deduce the present result, as the limit of either of those 
given at the end of article 70 for the case of a finite system. 


75. As an example we may take the case a =—, in which the initial state of the system 
corresponds to a travelling sinusoid of the form y j dt —Bsm. {jrr-b j3 — 2adt) s so that 
y jaQ = BainP( — 1 )*, y ' u0 = 2aB cos p (-1)* +1 . 

In this case, the permanent part, free from the sign of integration, disappears, & we find 

y t t = — — j dd sin 216 tan 8 |sin cos tr& —- ” cos j3 sin trg j . 

Accordingly 

J dd sin 29 tan 6 = tt, and j d0{sin 2 (Z + 1) 9 + sin2Z0}tan# = 0, 

if Z, being integer, is > 0; so that 

— if d$ sin 210 tan 9 = (— 1/, 

TTJ 0 

if l is > 0, and the init ial conditions are satisfied. These initial conditions correspond to an 
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alternate arrangement of the particles both, in displacement and in velocity; & as long as l is 
much greater than t, the arrangement ought to remain nearly alternate; that is, the above 
expression ought to give, nearly, 

y x t = B sin {hr 4- ft — 2at) = B cos for sin (/3 — 2at), 

if l be much greater than t. Accordingly this result is obtained by integrating from - - 89 to 

| + 89. On the contrary, if* be much greater than Z, we have nearly y u t = 0. But the consequences 
of suppo sin g t large, or the state of a system after a very long time, shall be the object of a full 
examination hereafter. 


76. Finally if the system he indefinite in both directions, and if for some set of successive 
particles, P jfi ... P ja the initial state is represented by the formula 

Vj. di = B sin (£ + 2j<x - r a dt ), 

that is, more fully, by 


y j)0 = B sin 4- 2j<x), y'j,o~ cos (£ + 2 i a )> 

we may resolve this travelling sinusoid into two fixed sinusoids, namely, 

1 st , Vj ,o == sin j3 cos 2/a, y' jt 0 = —r a B cos ft cos 2/a, 
and 2 nd , y j0 = B cos j8 sin 2/a, y' jt 0 = r a l? sin/3 sin 2/a. 

The effect of the first is, by page 496, (making y a = 0), 

y,,=- f *<Z0 s ™4~4 - + . 1 ) WzH l cos {(j +j,) (0 - a) - 2 Iff) (sin jS cos tr e - r a rj 1 cos p sin tr g ); 
5 7T J 0 Sin (<7 — a) 

and the effect of the 2 nd part is, by the same page, ^making y a = 


2Zm = 


*/: 




. s j n {(/ ) (0 _ a) — 2Z0} (cos p cos Zr# 4- 1 sin p sin Zr#); 

sm (a— cc) 


therefore the whole effect, or the solution of the present problem, is 
^ Wo sm(0-a) 

x [sin {ft 4- 216 — (/ 4- *, ) {9 — a)} cos tr Q — r a rj 1 cos {ft 4- 219 — (/ 4-/,) (6 — a)} sin tr q\ . 
It may also be thus written, 


B f 17 d8 

= o [{cos ((2? + 1) (0 - a) - (2/0 + P)) - cos ((2y, - I) (0 - a) - (216 + p))} cos /r* 

“ r oc r e H™ 1 (( 2 i + 1) (0 — a) — (2/0 + P)) — sin ((2j, — 1) (0 — a) — (2/0 + £))} sin tr g } 

= Y(2j + l) —Y ( 27 ,- 1 ). 


77. In tMs expression tbe function 'F is snob, that 

■g 

— T* (~ oo) — — {sin (2Za 4- ft) cos tr a — cos (2Za 4- /J) sin Zr a } = JjB sin (2Za 4-^3 — Zr a ); 
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if therefore all the particles as far as P 3 - inclusive are originally disturbed in the way supposed 
in the last article, we have, at the time t, a state which is thus expressed, 

J3 d6 

Vi,t— i^sin (/3 + 21cl — Zr a ) 4- —J ^ ^ ^ [cos {( 2j +1) (8 — oc) — (218 + ft)} cos tr 9 

~ r 0i re 1 sin {(2j + 1) (0 - a) - (2Z0 + £)} sin . 

The part involving the sign J must therefore express the effect of an initial state in which all 
the particles as far as P 3 - inclusive are agitated according to the formula 

yi,dt = +iBsm.(p + 2la — r a dt), 

& all the particles beyond P 3 - according to 

yi,dt~ — \B sin (ft + 2la — ?' a dt). 

We ought therefore to have 

± t r sin (ft + 2 la) = ^ ^ ^ eos {< 2 i +1) (&-«■)- (2 10 + p)}, 

Ftt +Q 

± IT cos (P + 2/«)=J o ^ n(g ^ g) sin {(2j + 1) (5 - «) - (2 18 + P)}, 
the upper signs to be taken if l be not greater than j: that is, we ought to have 

/* 7T (JQ 

±w=| ~—m -rsin (2j — 21+ 1) (d — a), 

J o sm (6 - a) J 

according as Z is > or > J; and 

C 71 dd 

° = JoiM^) COS(2j '- 2i+1)(0 - K) - 

And it is easy to prove, in fact, that these equations are true. (See article 51.) 

Problem IV. 

78. It is now required to determine the approximate or limiting forms to which the solution 
of the foregoing problem tends, when the system is numerous & the time elapsed is large. 

79. Beginning with the case when the system extends indefinitely in both directions, and 
when all the particles as far as Pj inclusive are originally agitated according to the formula 

= B s in (jS 4- 2ja — r cc dt), r a — 2a sin oc, a>0, <tt, 
hut all beyond P ? - are originally undisturbed, we have to discuss the formula of article 77, on 
the supposition that t is very great. In this manner we obtain, approximately, attending only 
to values of 6 nearly equal to a, 

1 CoH-Sa (]Q 

y l t =%B sin (£ + 2la — tr a ) +--—B 5 -cos {(2j + 1) (d — a) - (218 + ft) + tr e } 

277 J a—5a # — a 

= i B sin (ft + 2la - tr a ) 11 + i J sin ( 2 J +1 — 2 1 + tr £) (6 — a) j, 

in which — 2a cos a. If therefore l be considerably less than j + § + at cos a, then we have nearly 
yi,t=B sin (ft + 2 lac — tr a ); but if l be considerably greater thanj? + J +at cos a, then, nearly, y lt = 0. 
And these conclusions hold good, whether t be large or small, & even for negative values of t ; we 
may therefore consider the initial state of the system as having been and as contin uing to be 
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dynamically propagated, forwards or backwards according as cos a is > or < 0, and with a 
velocity — a cos a. 

SO. Let us consider particularly the case a. = \, for which this velocity vanishes. The 
rigorous formula of article 77 becomes in this case 

y u =iB(-l) , sm(P-2at)-~B(-l) i f ddsecd 

{ 77 ° . . sin ( 2 at sin 0)) 

x |sin {( 2 j + 1 — 2 1)0 —ft} cos ( 2 at sin 9) + cos {( 2 j +1 — 2 1)9— p} |; 

which may also be rigorously thus expressed: 

y u =b { - 1)! JSsin {jS — 2 at) - 2. (- 1)# B^dB + 1-21)8-p+2at sin 8 } 

+ + (- 1)* B f+0 Sin {( 2 j + l- 2 l) 8 -fi- 2 at sin 8 }. 

2tt ' Jo sm 26 

Now, while ©0 = (2? + 1 - 21) 6 - p - 2 at sin 9 receives a small but finite increment, 9 in general 

receives, nearlv, the increment - b = A(9; if then l be considerably different 

from j + i - at cos 9 , the factor sin {( 2 j + 1 - 21 ) 9 - j8 - 2 at sin 9} will fluctuate often between its 

extreme values, + 1, while the other factor — : —will vary little, unless 9 be nearly =0 
~ sm 2p 

or tt; thus, in calculating the 2 nd definite integral, we may in general attend only to these 
particular values of 9. But for these values, we must combine the corresponding parts of the 
1 st de fini te integral, and to do this we may write the 2 nd integral as follows: 

- (- Y B f” dd sin {(2j + 1 - 21) 8 + /S + 2 at sin 8 }\ 

2-rr J o sm 2u 

the whole expression for y u may therefore rigorously be thus written,* 

Vi t — i (— l) 1 sin (P — 2 at) — - (— 1)* B cos ]8 f sin {(2j +1 — 2 1)9+ 2at sin 0} 

’ 77 Jo sin 2 u 

+ ~(~iy £ sin B r cos f(2j + l- 2 l) 8 + 2 at sin 6}; 

277 J 0 COS u 

so that if l be considerably greater or less than both j + J- + a£ and j + ^ — at, the sum of the parts 
corresponding to 6 nearly = 0 and 6 nearly = tt is insensible; but if l be considerably greater than 
j + h — at and at the same time considerably less than j + -| + at, (t being large and positive,) then 

* [Accepting Hamilton’s method of treating the integrals, it is a question of finding the value of the integral 

— - { —1} # B cos 8 f sin{(2J+1 —21) 9 + 2at sin 0} 

7f j sm jp 

between the limits 0, e and tt—tj, rr, where e, tj are small and 2j+l — 2l+2at f 2J+1 — 21—2at are large positive 
or negative numbers. We get then, easily, 

(-iy B cos £ f e y sin (2J+1 -2l+2at) 9, 

+ ~(- 1 Y B cos j3p~9jn (2 j +1 - 2l-2at) 6. 

If €, 7} are such that [ (2 j +1 — 21 + 2at) e |, j (2J +1 —21 — 2at) rf J are large, the results follow as above.] 
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this sum of parts is sensibly = - \ (- iy Boos ft; & consequently, a disturbance or displace¬ 
ment, represented thus and due to the initial velocities, spreads with two equal and opposite 
velocities ± a on the two sides of the particle Pj which terminated the initial disturbance, or 
rather on both sides of the point 4- ; and this constant amount of resultant displacement is 
= iay'j,o- If we & ave exactly l =j + i 4 - at, & if t be large, we have to consider 

j; ^26 Sin {d - sin + So 003 {2at (f? - Sin ’ 

of which two integrals the second may be neglected, so far as depends on values of 6 near to 0 
or 77 , but the first gives, for the parts depending on those values, 

x c°°dd . (ate*\ tv 1 f° dd . „ m 77 

5 Jo T sm ( 3 )~ 12 ’ and -*J_, T sm(4a^)=- i! 

2at being here an odd integer; so that the sum is - and the resultant displacement is 

(- iy BcosP = ^ay' j!0 . 

If l exactly equals^’ 4 - J — at, t > 0, then 2at is still a large odd integer and the parts considered are 
-1 (- 1 y B cos p ( J" + £_J ^ sin {2at (9 + sin 6)} \ (- 1)1 B cos 0 ( £ - +) , 

giving still the same sum 

-i(~ l ) j Rcos^ = &ay' jt o. 

And it seems likely that if l be the nearest integer either to j 4- J 4- at or to j 4 - J — at, when t is 
large, we shall still have nearly this same displacement ~ y'j 0 as the part of the general expres¬ 
sion which corresponds to values of 8 near to 0 and -jt. As to the values of 6 near ~ , we may use 

the 1 st definite integral in the second formula of the present article, which, for this purpose, 
may be put under the form 

■j 9 sin ljpl-2l)(^p8-^)-pp2at-2atveTs6-?i 

+<-» 4 l — . — - 

r - -2 

—+, 

— Ji_(_ iyB J 2 ^-cos 2at — fi + (2j + 1 — 21) ^afvers ^0 — 

] ~2 

| rco Af) 

= -( — 1 ) l B I -jr 1 sin(£ — 2at cos 8 t )sin (2j + 1 — 2 1)6,. 

TT J o a, 

If 2j+1 — 21 he > 0 and large, and if we put (2j + 1 — 21) 8 r — ©,, we may suppose ©, 1 
enough to allow of our changing, with a sufficient approximation, this integral to the fora 


^ (_1) ^Jo ^ Sin0 ' Sin (^' 


2 at cos ——— 
2? + l- 


( 0 \ 2 at O ^ 

% sin + \ is very small, being nearly = l — 2?j ^ ? atLC ^ ^ en 
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becomes £( - l)*J3sin(/3-2o<). In like manner if 2j+l~ 21 be large but negative, so that 
is still extremely small, this integral becomes — \ ( 1 )*B sin (f3 — 2 at). 

Hence, adding the term free from the sign J at the beginning of page 504, we find the following 
results, as consequences of the initial state expressed by the formula 

Vil) 1 Bsin.(IB—2adt) for l>j; 

(а) ... If l be much greater than j + ^-hat, y^ = 0; 

(б) ... If l be much less (algebraically) than j + ^ — at, 

yi,t~(~^) 1 B sin (j3 ~ 2at); 

(c) ... If l he much less than j + & + at but much greater thanj + 1-, and if —^L — be much 

greater than a certain large number 0 , , then 
yi,t= Bgos/3; 

2j + 1 — 21 

(d) ... If l be much greater than j + ^ — at but much less than j + f, and if -- — be much 

greater than the same large number 0 , , then 

y lti = — J (— 1) ? ’ Bcos /3 + (— l)*.Bsin(j8 — 2at); 

but peculiar calculations are required near the critical values l =j + l =j + J- ± at, Thus, if 
l =j, & if we wish to calculate the part depending on values of 8 near ^, we have, by the last 
page, for this part, the expression (if t be large) 

-( —1 )i B d8, (/3—2atoos8.); 

7T .1 o w 

which is insensible. 

And generally if 21— 2j~ 1 be small (whether positive or negative) in comparison with Vat, 
so that 2at vers 8 1 may attain a considerable value while (21 ~2j—l)8 f is very small, we have 
then, by the last page, to consider the part* 

which corresponds to a vibration, but with diminished amplitude, and with a change of phase; 
to which is to be added the constant displacement, 

— i( — 1 ) ? B cos ft, & also £( — l) z Hsin (/?— 2at), 

* [The integral is of the form 

~l ( " 1)1 B JT f s “ 9 sin V at+ wM=w) 

where since®, is small we may put 0=sin 6. Putting Q},= we get the required form.] 
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81. The corresponding constant part has not yet been calculated in the problem of article 79 . 
To do so, we must resume the formula of article 77, attending to the factor rj 1 & to the values of 
9 which are near to 0 & 77 . 

The part depending on these values of 6 is 
B f 00 dQ 

40 0 T [COS + - a > - ( 2M + j8) - 2aJ sin 6 } - cos {(2 j + 1) (6 - a) - (2 16 + j3) + 2 at sin 6}] 

B f 00 dQ 

~ 4 ^J j? [C ° S ^ + !) ( e + «) - (220 - / 8 ) - 2 ai sin - cos {( 2 j > + 1 ) (0 + a) - (216- p) + 2 at sin 0 }] 

= 2 ^ sin {( 2 i + !) a + ^} J 0 ~ 0 ~ [ sin {( 2 J +1 — 2 1)9 — 2 at sin 6 } — sin {( 2 j + 1 — 21)6 + 2 atsin 9}]; 

it vanishes or is insensible if j +^ — l~at andjf + ^ — Z + at are both large and have the same sign, 
that is, if l be much greater than j + ^ + at or much less than j + ^ — at; but if l be much less than 
j + i + at and yet much greater than j + — at , so that 2 J -f- 1 — 21 — 2 at is large and negative while 
2 j + 1 — 21 + 2 at is large and positive, then the above part becomes, nearly, 

- \B sin {{ 2 j 4 - 1 ) a + jS). 

When a = - , this reduces itself to the value found in article 80, namely, — J (- iy'B cos j9. In 

general it may be represented by if the initial formula y jj0 = B sin ( 2 ;« + p) be con¬ 

ceived to extend as far as the point j + i, or to the middle point between the particles Pj and 
Pj+ 1 . It may also be thus written, ^ y r u ^ — y j Q . 


82. If it happen that j + ^ — at is an integer and if we take l equal hereto, so that 
2 at = 2 j + 1 — 21 = a large positive odd integer number, the formula of the last article conducts 
us to calculate the integrals 

J 00 d 6 C 00 dQ 

- 0 -sin { 2 a£ (9 — sin0)}, — j -g-sin{2a£ (0 + sin0)}; 

which are their sum is therefore = —and the corresponding displacement is 

sin {( 2 j -f l)oc + £}. 


And the same result is obtained by supposing l =j + -J + at. At these critical positions, the 
constant displacement is therefore only one third part of the value which it has for particles 
nearer to P j . 

83. If 2 j + 1 — 21 — 2at is only small in comparison with at but not exactly = 0, we may 
still reduce the integral 

J OO sj f) 

sin {(2 j + 1 — 21 ) 6 + 2 at sin 9} 

o a 

'7T 

to — , but the integral 


assumes the form 


J ’oo HQ 

-g- sin {(2j + I — 21)9 — 2 cut sin 6} 

J OO dQ 

-g- sin {( 2 )j +1 — 2 1— 2 at) 9 + 2 at {6 — sin 9 )}, 


64-2 
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in which the second part within the brackets now predominates; 2 at (0 - sin 9) being able now 
to attain a considerable magnitude, while not only 9 is small but also (2 j -+■ 1 — 21 2at) 6, this 

latter being nearly equal to 

2j+ 1 -2?-2at ^/ 2 at{6-sm.e). 

m 

^ so J ~ sin (2 at (9 — sin 0)} is — ~, 

at being very large; we have therefore only to calculate — Jo ^ eos ^ ow (see 

1 st Blank Book of the present year, 1839, page 65, left hand & the references there made)*, 

T (n) = px^e^dx =j C °(ax + V~^bxy i - 1 e-^ ax+V ~ ibx) d(ax + V — 1 bx), (if a >0), 


--{a + V-lb) n 


~ ax (cos bx — V — 1 sin bx ) dx; 


therefore 


| e -ax x n-i cos }y X — r -n cos nvF {n), and e~ ax x n ~ 1 sin bx dx = r~ n sin nv P ( n ), 

Jo Jo 

P being the celebrated function tabulated by Legendre, and r, v being connected with a, b by 
the relations a — r cos v (> 0), b = r sin v. These theorems hold however near a may be to 0; they 

hold even at that limit, and thereby give ^making ^ = a — Q, r = 6^ 

f x n ~ x cos bxdx = b~ n cos ^ F (n), J x 71 * 1 sin bxdx = b~ 7L sin ^ P (n). 
jo 2 Jo 2 


cos bxdx = b~ n cos — F {n) 9 I x n ~ 1 sin bxdx = b~~ n sin — P (n). 


Making 6=1 and x — 6 n , these become 

(°°ae cos ($»)=» cos ~ r (w), 
Jo 2 


J co 1 

dd sin (9 n 


. 71TT „ 

) = n sm - I (n); 


or, changing n to and observing that n P (n) ~F (n 4-1), 

f d9 cos (6 m ) = cosP (1 -h —'f d0sin (0 m ) — sin — P (1 + . 

Jo 2m \ m) Jo 7 2m \ mf 

J oo /»CO 

d 6 cos 9 = 0, l dd sin 9 = 1 ; (to be integrated as limiting results;) 

JJjHco. <»*) - yi r (!) - 

and finally, returning to the present question, dd cos (<2 3 ) = ^? P ^; in which, by Legendre’s 

Table, at the end of the 2 nd Part of his Exercises, we have V (f) = lob 9508 * 14 = 0,892979. Thus, in 
bhe question of the present article, we have, because P (|-) = |r (-|-), 

* [There is no trace of this book among the manuscripts.] 
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and the expression at the beginning of article 81 becomes 


-Bsin{(2j+ 1) a + /3} 


'1 2j+l-2l-2at r (l\} 

4ir ^at\/3 Wj* 


84. In like manner, if 2j + 1 — 21 + 2at be small in comparison with at, the same expression 
becomes 


— B sin {(2 j + 1) a 4- /?} 


f 1 

16 


2j + l-2l + 2at ^(1\) 

4tt ^oB\/3 \v'r 


so that if l be as much less than j + J -f- at, in this last result, as it was greater than j 4- 1 — at, in 
the result immediately preceding, or vice versa, these two results (of the present & the former 
articles) will coincide; or in other words the amount of disturbance, as distinct Horn vibration, 
increases very nearly according to the same law as we advance inward from both extremities 
towards the middle of its extent — 2 at, for the greater part of which extent it is nearly constant, 
but is reduced to one third of this constant amount at each extremity. 


85. If l be nearly =j + i~\~ at cos a, the integral of article 79 will take another form. In this 
case, because 

(2 \j+ 1)(0 — a) — (216 + yS) -f- 2at sin 8 = 2at sin a — (2Za -I- /3) 

H- (2 j 4- 1 — 21 4 - 2 at cos a) (8 — a) 4- '2at {sin 8 — sin x—(8 — a) cos a}, 

and 

2 at {sin 8 — sin oc — (8 — a) cos a} = —at {8 — a) 2 sin a, 
nearly (a > 0, < tt), we may write 
ft fa+Sa f) 

— -5 -cos {(2 )j + 1) {6 — a) — (218 + /?) + 2 at sin 0} 

2tt J a _ 5 a u — a 

B 2j + 1 — 21 4 - 2at cos a f 00 . , 07 , 0 0 

=s--- -■■■■- -I sm (2Za 4- p — 2aZsm a -f 0 2 ) 

w V at sin x Jo 

R 2j + 1 — 21 + 2at cos a . / o7 Q , -tt \. 

= — ^ - sm I 2 Za 4 - p 4- t ~ sm a I; 

2 Trttfsina \ 4 / 

the change of phase presenting itself still, as at the end of article 80. But we must add the 

constant part and also the part free from the sign J; & thus we find that if l be nearly 

—j + ^ + at cos a, we have, nearly,* 

Vi,t — sin (/? 4 - 2Zoc — sin a) — \B sin (j3 4- 2/a 4- a) 

, -^ 21 + 1 — 2 Z 4 - 2 a£cosa . ( 0 , , tt ~ . - \ 

4 - B —— — . - - -— sm | + 2 Zoc + - — 2 ctZ sin cc |. 

V-rra-Z sin a \ 4 ' 

86 . We see, then, that although a disturbance, distinct from vibration, spreads, with two 

a , cos a _ 

equal but opposite velocities, ±a, and with a certain constant amount — 4 ^ 2.0 2 131 

both directions, from the point intermediate between the particles P and 1 > accompanied 
by two terminal diffusions, which are similar to each other, and are nearly proportional in 
longitudinal extent to the cube-root of the time t elapsed from the original state of the system, 

* [The general term in the asymptotic expansion of the Bessel Function was first given, without proof, by 
Hamilton, BJ.A. Travis. Vol. xix (1843), p. 313. See Watson, Theory of Bessel Functions, p. 12.] 
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there is also a real spreading or dynamical propagation of the initial mode of vibration, preserving 
the same constants of amplitude and phase, and accompanied by a terminal diffusion which is 
nearly proportional, in longitudinal extent, to the square-root of the time t; and the velocity of 

this forward spreading of the vibration is represented by a cos a, if a > 0 , < --. If a = —, there 
is only terminal diffusion and spreading of a constant disturbance, but no proper propagation 
of vibration. And if a > - , < n, there is a backward propagation of vibration, or an uniform rate 

of abandonment of particles originally occupied by that vibration, the negative velocity of 
this propagation being still represented by a cos a. 


87. It is remarkable that this velocity of propagation, a cos a, is the algebraical sum of all the 
velocities of transmission of phase, 

a sin a a sin a a sin a a-sin a a sin a 




+ - 


-+ &c. — a cos a, 


a — it a + 7 t a — 2tt a H- 2tt 

these several velocities corresponding to the several ways in which the phase may be expressed, 
namely 

fi + 21ol — 2at sin a, p + 21 (a + tt) — 2at sin a, /? + 2Z (a + 2tt) — 2at sin a, &c. 

In fact 


therefore 




d sin a sin a 1 sin a 1 sin a 

COSK =- -= - =-- + - - 0 

da. a tv ^ a ' 7r ^_j_ a ^ lTr ^ 


1 sin a 1 sin a _ 

+ -&c. 


a 2 tt a 
2 tt 27t 


For example, if a = ^, the series — ^ •+• &c. becomes 
3 a 


3 aV3 

2 TT 


{i-i+i-i 


+ T — i+ &C.}, 


which may also be thus written 


a l sin 2a sin 4a sin 6 a sin 8 a _ \ a(rr~ 2a) 

a (— + — + — + ^r + &c -) - — 


a tt 

= 2 =aCOS 3- 


But it is not obvious what dynamical interpretation ought to be put upon this theorem of 
summation, as applied to the present question; or in other words, it is not clear, a priori, why 
the actual velocity of propagation of vibration ought to be the sum of all the possible velocities 
of transmission of phase. 


88 . It is evident that the solution of the case of Problem IV, proposed for consideration in 
article 79, includes the solution of that other case of the same Problem, in which the initial 
disturbance is confined to a limited number of successive particles; since this fin ite number may 
be regarded as the difference of two i n finities. Thus, for this latter case also, analogous results 
hold good; & we have still a propagation of vibration in one dir ection & with one velocity 
expressed still by a cos a. It seems then that even a single undulation tends to propagate itself 
with this velocity. 

To illustrate this subject, let us consider the following Problem. 
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Problem V. 

89. A single particle P 0 of a doubly indefinite system being compelled to vibrate according 
to a known law, it is required to determine the motion of the system which will ensue in 
consequence of this vibration of this particle. 

90. Suppose, first, that the particle P 0 is obliged to remain fixed from the time 0 to the time 
t , so that y 0)t is, during this interval of time, constant &> = y 0f 0 . We may now consider ourselves 
as falling back on the case of a singly indefinite system, and may employ a modification of the 
formula (10) of article 17, namely the following, in which l> 0, 

77 

y u = ~ 2(®) 1 {yj, 0 - y Q , 0 + y' j} o j o dt j J ^ d6 sin 2j6 sin 2ld cos ( 2at sin 6 ) + y Q} 0 - 

In fact this reduces itself to y l0 when t = 0; it gives also an expression for y' l t which reduces itself 
to y'i tQ when t — 0; & it gives y'[ jt — a 2 + if l be any integer > 0. Had we sup¬ 

pressed the terms proportional to y 00 , we should have had y'{ >t = a 2 (y 2 j — 2y lf t)> instead of having 
y'l,t = a 2 (yz,t- 2 Vi,t + 2 / 0 , 0 )- Tiie P art proportional to y 0 ,o is 

y Q> 0 1 — - 2 ( “ }1 f dd sin 2j$ sin 218 cos (2 at sin 9) [-; 

77 J o ) 

it is the effect of the displacement y 0 0 of P 0 , continued forcibly constant throughout the 
interval of time t, the system being supposed to extend only in the positive direction. 

Instead of Eg) t sin 2j0, we may write lim Sg }1 sin 2 jS 3 that is, 

j = oo 

cos# —cos(2j + 1)6 / si njd sin (jd + 0) \ 

2 sin 9 \ jsseo sin 9 /* 

& at the limit we may reduce this to the term = i cotan 6, on account of the integration JA 

Thus, the solution of the question of the present article may be expressed as follows, 

y u = ^ Sg );L ^y j} o + y' it 0 sin 2 3 e sin 2ie cos ( 2ai sin e ) 

, i 2 f ^ sin 2 19 . Q f 

+ o ^ 1 - ^ J o taTF cos (2at sm e) r ; 

the first line being only the old expression (10) for the effect of an arbitrary initial state of a 
singly indefinite system, the particle jP 0 being fixed at the origin of coordinates; and the second 
line being that new part which results from the fixing of that particle in the displaced, position 
y 0j0 during the time t. 

91. Imagine next, that after being thus displaced during an interval of time =r, the 
particle P 0 is suddenly removed to a new position y 0jT & is retained there during some subsequent 

* FThe terms which. vanish are It 7 2 i-f-i+ 2 * (2®0*] 
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interval At; & let us in quire what will be the state of the system at the end of the time r + Ar. 
The immediate effect of the displacement y 0T , continued during the time At, is 

( 2 f*. sin 2*0 /0 A - ns) 

y 0' | 1 "*J 0 de wr 008 

but we have to consider also the effect of the initial displacements & velocities y l0 , y' l 0i 
expressed still by the first line of the formula at the end of the previous page, or by the old 
expression ( 10 ), in which * = t + At; we have also to consider the effect of the new displacements 
and velocities. 


Vs. 


{ 2 n 

r ~ Vo, 0 j ^ ~ ' 

77 J 0 


2 f 2 sm 2 :j6 
- 1 d9 —— 7 T- cos (2ar sm 
tan# 


6)}, 


, 4 a fa 

y$, t=— y 0 ,o 

77 Jo 


d6 cos 6 sin 2j6 sin (2ar sin 0), 


which result, at the end of the interval r, from the first fixed displacement y 0t0 . The effect of 
these is 

TT 

~ ^( 7)1 /; dArj j' d6 sin 2j0 sin 216 cos (2a At sin 6 ); 

in which the part of independent of?, namely the term y 0f0> gives, as its part of the effect, 




2 sin 210 

du cos (2a At sm 0); 


j, , , 2dai sin 21 a. v . 

tne element —- y Q0 — cos ( 2 ar sin oe), m the expression for y j} T , produces the effect 


4at*a 


2da sin 2*oc _ 

- __^ o o ____ cos (2 ar sm a) cos ( 2 a At sin oc); 


and the element — y 0t 0 cos a sin 2/a sin (2ar sin a), in the expression for y'j tT , produces the 
effect 

2doL sin2?a ... 

~tT 0 t Sln ( 2aT Sln a ) sin ( 2a At sin a); 

so that the joint effect of these two elements is-— y 0 0 ?~—^cos (2at sin a), in which *=T-f At. 

7 r u,u tana x ' 

The state of the system at the end of the time t is therefore expressed by the formula* 

7T 

{vi,o +y'j y Q J 0 ^JJ 0 s hi 2?0 sin 2*0 cos (2a*sin 0) 


"t2/o,r (2*i 


o. t ~ 2 /o,o) dd cotan 0 sin 2 Z 0 cos { 2 a (* — r) sin 0 } 


2/0.7 


2 f2 

~ 2/o,o J ^ cotan 0 sin 2*0 cos ( 2 a* sin 0). 

-^fro^T to^ W b6e21 iDfB0BE6d from article 90 b y taking the displacement y 0>0 from 0 to t and 
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y h T = i i ^ o + y), o J ^^ s ^ n ^ s * n cos ( s ^ n 


8 ) 


Vo, 


■his: 


dQ cotan 8 sin 216 cos (2 a-r sin 6) 


Vl 


; T = — SJ }1 J ^0 sin 2J#sin 218 cos (2ar sin 0) 


4zCt C ^ 

-{- y 0 o I <2# cos 0 sin 2Z0 sin (2ar sin 8), 

7T ’ J o 


so that it reproduces the known state of the system at the end of the first interval r; it gives 
also, for any moment of the 2 nd interval At, that is, for any value of t from r tor-f At, (l being 
still > 0,) 


including the equation 


V"i, t — a<2 fei,/" 2Vi,t + yi-ij)> 
y'it= a2 (y2,t- 2 Vi,t + 2/ 0 ,r)> 


& therefore it satisfies the differential equations of vibration, on the hypothesis of y 0tt being, 
throughout the whole of this second interval, constant & — y 0t t • 


92. In the next place, if there be three successive displacements y 00 , y 0tii , Vo lasting for 
the successive intervals r l9 t 2 , t 3 , we must suppose that at the moment t 2 = r 1 -i- t 2 the dis¬ 
placements and velocities are represented thus: 


y h f2 = ^ 2$! {y jt o -j- y’ jt 0 j *dt 2 ) J Q ^ sin 2 J® sin 216 008 ( 2at 2 sin #) 


2 f 2 

+ Vo, t~~~ (Vo. h ~~ Vo, o) 

1 TT JQ 


2 sin 2 16 . m 2 C 

dd T-5" cos ( 2aT 2 sm 6 )-y 0 , o 

tan t/ tt j ( 


- sm2Z0 m 

<2# --cos (2af 2 sm 8); 

o tan 0 


y\,i t = t i [y^ ^ «) J 0 ^ sin 2 i e sin 2W cos sin 

+— (y 0 n “ 2/o, o) f ^ cos # s ^ n 2 l® ^ ^ #) 

TT * J Q 


4a f 2 

-f-y 0 o I dd cos 8 sin 218 sin (2a£ 2 sin 8}; 

v ’Jo 

and the function yi f , in which l > 0 and i = f 2 4- t 3 , is to satisfy the differential equations of the 
form ylt= c d i (yi+i,t~ 2 y l ,t + yi-i t t)’ including the equation y" lyt = a 2 (y 2 , t — 2y lt + y 0yi2 ); the final 
effect is therefore expressed by the following formula: 


HMPII 


65 
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s 5)i (yj,o +^ } oJ ^ ) J ^ sin sin cos ( 2at sin 0) 

rr 

, 2 f 3 sin 220 . 

+ 3^ - - (y 0 ,fe - 3/<Ui) J dQ —y cos (2«t 3 sm 0) 


/ \ r 2 „sin . 

U/o, <i - 2/q, o) <^0 -t— e cos (2ar 3 + t 2 sm 0) 




™ sin 220 - . 

o d6 lan~d C ° S (2ar3 + T2 + T i sm 0 ) ; 


which may also he thus written, 


Vi,t — ~ ^ 5 ) 112 //, o + Vj, o Jo dtj dO sin 2j0 sin 220 cos ( 2at sin 0 ) 

2 f 2 sin 220 . _ 

+ ;H» e ~ cos ( 2ar = siu9 )} 

2 f 2 sin 220 , # _ 

4 ~ 2 /o, j q tan 0 “ { cos ( 2 ar 3 sin 0 ) — cos ( 2 aT 3 -f t 2 sin 0 )} 

, 2 f 2 sin 220 r -. __ 

n y °’ 0 J o dd ~tahF l cos ( 2ot 3 + T 2 sin 0 ) - oos (2ar 3 + r 2 + Tl sin 9)}. 

■ n !f.'. ®f y to 366 that this law oon tinues; and that it gives, as the solution of Problem V 

in article 89, the expression 

7T 

yi,t=- 2 $ 2 . (y jf „ + y‘ jt o J Q dtj dO sin 2 jd sin 220 cos ( 2at sin 0 ) 

TT 

4 a n , p 

+ It J q dr ^> 7 J o d0 cos 9 sin 216 sin ( 2a (* ~ t) sin 0}. 

Accordingly this expression gives 


4 


w 2 Si (%.oJ^ + 24o) J o dd sin 2j9 sin 2 16 cos (2otsin 9) 

8o 2 f 8 f? 

7 r J 0 T t J ^ dO sin 0 cos 0 sin 220 cos {2a (2 — r) sin 0}, 

„ I6a a / « \ /» 2 ^ 

Vli ^ — 5Si^ /#0 4»}, 0 J o ^JJ o ^0sin0 2 sin2/0sin220 cob (2a2sin0) 

_16a 2 p rf 

7T Jo^ T ^ t Jo ^0 s ^0 2c os0sin220sin{2a(£~ T )sin0} 

4a 2 

4 —- ^o»< dd sin 20 sin 220, 

J o 3 
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93, 94] 

so that y lt and y\ tt reduce themselves when Z = 0 to the given initial values, and also the dif¬ 
ferential equations of the form y" lt = a 2 (yi + u ~ are satisfied if l > 0, including the 

equation y\ f = a 2 (V*,t~ ,t + 2Zo,i)> hi which the function y Q t is arbitrary. As a verification we 
may observe that if this function reduce itself to the constant y 0t 0 , we have 

C l j . v - m 1—cos (2aZ sin 0) 

J dry 0 , T am {2a (t - t) sin 6} = y 0i 0 - 2 asinO -’ 

so that if the initial displacements and velocities y t 0 and vanish, we have 

77 77 

2 fa sin2 16 ^ m {,2 , 0 sin2 18 . ) 

vu = - Vo. 0 J o te vers (2«rtsiafi)-y fto |l--J o< » c°s (&»* •»*>}. 

as found in article 90. 


94. The effect of the vibration y o t of the particle P 0 being thus found to be 

7r 

4a ft 

— d T Vo T I ^ cos ^ s hi 2Z0 sin {2a {t — r) sin 0}, 

J o ’ J o 

let us suppose that y 0 , T — sin (2ar sin a — /3), a being >0, < ^. 

Multiplying this by 2 sin {2a (t — r) sin 8 }, we get 

y] cos {2aZsin 8 — (3 — 2av (sin 6 — sin a)} — rj cos {2aZsin 6 + jS — 2ar (sin 0-+- sin a)}; 
and multiplying again by 2 sin 2Z0, we get 

■y] sin {2 at sin 6 — ft + 2Z0 — 2ar (sin 0 — sin a)} — rj sin (2 at sin <9 -h /3-4- 216 — 2ar (sin 8 + sin a)} 

— 7 ] sin {2at sin 8 — fi — 216 — 2ar (sin 8 — sin a)} + tj sin {2at sin 8 -f fi — 2 18 — 2ar (sin 8 -t- sin a)}, 

which is to be multiplied by — cos 8, & integrated relatively to t from 0 to t and relatively to 8 

7T 

7T 

from 0 to —. In this manner we obtain* 

J* 


* [The expression for y i)t may be -written 


rj fz dO {cos 6 sin 2 19 sin {2at sin 9 — ft) — cos a sin 2la sin (2at sin a — /S)} 
k J tj. sin 8 — sin a 

“ 2 
7T 

7 ] f 2 dd (cos 8 sin 210— cos a sin 2Zx) sin (2 at sin a — /3) 

'37'./ __7T 


sin 0 — sin a 

The first integral may, obviously, be written 

Lt 2 (f*~ e + f 2 

e—>- 0 ttKJtt J 0£+e/ sr 


rf0 


sin 0—sin a 


{ > 


7T 

It ~ ( [* e + f 2 \ ~ —-cos 6 sin 218 sin (2at sin 0—£), 

-^o ^ \J _ 7 r ya+€/sm0—sin a 


65-2 
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ZL J _— ---{cos (2af sin a — P + 2 19) — oos ( 2at sm 0 — p + 219) 

2tt J o sm 0 — sm a 

— cos ( 2at sin a. — /? — 219) + cos ( 2at sin 9 — p — 2 19)} 


2l7 J 0 Si 

7T 

-JLf r ■ 

j 


dOcos 8 — r cos ^ sin a 4- p + 216) — cos (2at sin 6 + p 4- 2Id) 

sm d + sm a '■ 


- cos (— 2at sin a + p — 219) + cos (2 at sin 0 + p — 2 19)} 


dBooa6__ , gin a _ g + _ cos (2a « sin 0 - j8 4- 216) 

sin 0 — sm a 1 


-cos (2at sin & — p — 219) +cos ( 2atsin 6 — p~ 219)} 


77 r 2 d6 cos 9 sm 2Z0 , . . . a 0 . . fn , . 

= -1 — 7 — -;- (&in(2atsm9 — p)~sm( 2at since —P)} 

7 TJ 7T sin^-sina *• 


rj f 2 cZ0cos0sin2Z0sin(2<zi{sin0 — /?) 
"" 7T J ir sin 0 — sin a 


* r) cos 22a sin (2 at sin a — p). 


observing that by article 39 we have, if l be any integer > 0, 


cos 2/oc * = 


2 f 2 dd sin 26 sin 2 19 2 f 2 d6 sin 6 cos 9 sin 2 19 

ttJ o cos 2a — cos 2# 7 tJ 0 sin 6 2 — sin a 2 


<20 cos 9 sin 220 


_1 _ 1 

sin (0 — a j sin (0 4- a) 


_ 1 f 2 d0 cos 0 sin 216 

tt J _tt sin (0 — a) 

2 

As a verification, the effect calculated in the present article ought to vanish when l becomes 
infinite, t remaining finite. Now 

sin 219 sin (2at sin 0 - P) = % cos (216 + p - 2at sin 6)-1 cos (2 16 - p + 2at sin 0); 

& the first of these two terms gives, at the limit, —Z sin (2Za -f- p — 2at sin a), while the second 

gives + ~ sin (22a — p + 2at sin a); their sum gives therefore -j- tj cos 22a sin (2at sin a — P), as it 
ought to do. 

95. We find therefore that in the singly indefinite system, extending only in the positive 
direction, the effect of the vibration y„j = v sin ( - 2at sin « + j8) (in which a > 0, <|^ of the first 


Lt (Y“ e +P w 

€->o \J _i t J «+«/ sm 


The second line gives - v cos 2Z<x sin (2 at sin a-£). 

We thus arrive at the final form given for y l>t , the integral to be interpreted as this special Cauchy value. The 
case sm 2Za =0 is exceptional. Here the Cauchy value is unnecessary.] 
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particle P Q is represented by tbe formula 

7T 

y lt =1 f 2 d6 CQS e sin 2ld sir * (2at sin d~B) 

’ '* r J_7L 


sin 9 — sin a 


- rj cos 2lo c sin (2 at sin a — p) 


= V_ 
2rr 


f + 1 c£(sin$) , 

J -1 sin 9 — sin a * cos ^ 2l6 + 2atsi ^ 0) - cos (210-/3 + 2at sin 0)} 

— ycos2l<xsin(2alsinix-/3). 

y u =v ii sin (2 h + fi- 2 at sin ot) + * sin (2fa - 0 + 2at sin a) - cos 2fa sin (2a< sin « - £)} 

= {sin 2fa cos (2fl«f sin a - jff) - cos 2fa sin (2a* sin a - yS)} 

= rj sin (2Za + j8 - 2at sin a). 

Tlius it is true, in a certain sense, that even the vibration of a single particle P 0 , with a periodic 
time =-cosec a, (in which « is any real arc>0, but <|), produces vibration, with the same 

periodic time, in all the other particles; the transmission of phase having a velocity - asin ° c > 
but the propagation of vibration having a somewhat less velocity, namely a cos a. 

96. If a = |, so that the vibration of P 0 is 

2 /o,f = ^sin (£-2 at), 

then the same analysis shows that the effect of this continued vibration of this single particle is 

7T 

7] f 2 dd cos 8 sin 216 , . 

~ 1 — sin 6 — { sm (P~ 2at si ^ e ) -smtf- 2at)}; 

2 


d9 tan 9 sin 216 ~tt( ~ l) 1 ; 


_ f 2 cos — s * n r 2 

J _j 1 — sin 9 J 0 

therefore in the present case, 

t r 

yi,,=’ri\(.-l) l sm.(l3-2at) + ±r ggigxjgjggj) ) 

l 7r J _?r 1 — sin 0 j * 

2 ' 

Changing ^ to — ~ this becomes 

— „( t Jciivi / q o 1 C™ d6 sin 9 sin 216 . ) 

-—--sm(y8-2fl^cos^)l 

{ irj 0 1 —COSC' ^ *J 


1 (- 1 Y ■ sin (£ - 2at) - ^ J* sin (j8 - 2a* cos 20) j. 
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This is insensible, if l be much greater than V at\ but if, on the contrary, l be much less than Vat 
it becomes, making 2 Vat sin 9 = 6 ,, 


V (— l) z isin (/3 — 2at )-~= f d6, sin (j8 — 2 at + 6 ?) 

( rrVatJ o 

= 7j ( — 1 ) l |sin (ft — 2at) — ~L ^ sin^ft — 2aZ + ^ 


97. We might suppose y^^sin (p-2aAt) s A> 1; & the analysis of article 94 would 
then give 

TT 

r} f 2 dd cos 6 sin 21$ f . 

= ~ J ~i-ain6 ~ ^ Sm ^~ 2afsm6 )~ sin (0 ~ 2aAt)}; 

but whether l be large or small in comparison with t , if both be very great, this function will 
become insensible, because the denominator A — sin 6 cannot now vanish. Thus a vibration of 

shorter periodic time than the minimum - cannot sensibly propagate itself far. 

However, when t is very great, we have nearly 

%, ( =^smoe-2 deoMnm 
77 J -E sm 6 — A 

in which* 

- E 

if 2 dOeosd sin 2W 1 r 2 dd sin 26 sin 216 

77 J sin#-A ?r Jo sin 0 2 —A 2 “ 

= a function such that 

7T 

/hi — 4A 2 / Z = i f eZ#sin 20sin 2ft? = 0 or 1, 

^ J o 

according as Z, being > 0, is > 1 or = 1. Also 


in which 

/ 0 =i« / —i f 2 (sin2^) 2 ^ f 2 cos 0sin 26 

1 nrj o A 2 —sm 0 2 7 x (A — sin #) , 

therefore 

sm25oose=2(sme- J l+^l) (i _ A 2 +A 2 -Bin6 z ), 

also 

f _4A*(1-A*) dd 

" 1 77 Jo A 2 — sin 6 2 1 + 2A 2 , 


A 2 (A 2 - sin 0 2 )- 1 = 1 + A~ 2 sin 6» 2 +A~ 4 sin 6> 4 + &c., 

* [if .4-costa. 

cos 0/(A~sin .J 
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sin 6 2n dd = 


cos 0 2n dd = 2~ 2n [ 2n] n [0] 


—n, . 1.3.5... (2n — 1) 

2.4.6...(2 n) 




therefore 


l f 2 

rj 0 L— 


A -2 sin 0 2 




1/1 + A ' 


■ 2,4 V^ 2 - 1 - 1 + 2A* = (A - VA 2 - 1 )*; 


/ g =l + 2(l-M a )/i= -(i-Vi a -l)‘; 


and generally 


*-y: 


2 dd sin 26 sin 218 
) A 2 — sin# 2 


l being any integer > 0. 

Hence in the present question, if t be great, we have 

y i>t = 7j (- iy (A + v / A 2 ~l)- 2/ sin (fi - 2aAt). 

The amplitudes therefore, in this case, decrease in geometrical proportion, being proportional 

to the power of the fraction- 1 . 

(A+VA 2 -!) 2 

98. This result, on the analytic side, bears some analogy to the well-known theorems 


3 cos qxdq tt 


X pssb 

' Jo 1 


sin qxdq 


C^q 2 cos qxdq ^ f 00 , 

-j 0 1 + V g -*«-j . cosqxdg ’ 


in which x is any real quantity > 0, & of which the former includes the latter and may be proved 
by observing that if we put 

v C m cob qxdq . f 00 q 2 cos qx dq „ P* , 

X *=J„ -xfiA X *=~Jo i + V -^-J. C05qxdq ’ 

which gives X" = Z a if a: be > 0; therefore X x = + ber x = because X m = 0; and although the 

differential equation X" = X x does not hold good for the particular value x~0, yet the coefficient 

b must be = the limit to which e x X x tends as x decreases to 0, & must therefore be equal to ~. 

Laplace, in the Analytic Theory of Probabilities, Article 26, deduces the theorem from the 
consideration of a double definite integral, as follows: 

x I* cos re = r a dx dy2y<i -v~ <.!+*■*> cos ra=\4 V°dye~ y '~‘ i y‘ L 

Jol+^ 2 JoJo Jo 



520 XIX. VIBRATION AND THEORY OF LIGHT [98, 99 


And he remarks that by pursuing a similar analysis, the following theorems may be deduced: 

f, (a 4- bx) cos rx / a ~bn , . \ 

dx ---= ( ■ cos rn + b sm rn j 7re r v m n 

J— oo m 4- 2nx 4- x 2, \Vra — 

bn j 


J- 


, (a + bx) sin rev /, 

dx ----= \ b cos rn — 

i - oo m + + x % 

and ultimately the values of the definite integrals 


v sm rn 1 rre~ 


/: 


, M 

dx-^oosrx, 

o 


s: 


, AT . 
, A 


in which M and N are rational and integral polynomes, such that the degree of M (relatively 
to x) is less than that of N , and the roots of N = 0 are all imaginary. The two last theorems may 
thus be written, 


j: 


7 (a -f x) cos rx ira 
dx - — 0 -s- - = — e~ 


m 2 + x 2 m 

& under this form they follow easily from those first cited in this article. 


J °° dx s * n TX - 

-oo m 2 + x 2 


99. In the foregoing investigations, we have, expressly or tacitly, employed often the 
principle that if any finite function of a real variable be multiplied by the sine or cosine of an 
infinitely great multiple of that variable, integrated within any finite limits, (or even, in most 
cases, between negative and positive infinity,) the result is evanescent; & therefore that if the 
function be not constantly finite, we need attend only to those values of the variable which differ 
infinitely little from the values which make the function infinite.* And in some cases of a con- 

stantly finite function, such as F (9) = — C - ^ S - . , (A > 1), in article 97, or F (q) = —- 1 — in article 

sin (7 — jl l + < 7 2 

98, we have been able to assign the law according to which the integral tends to become in- 
fimtely small as the multiplier of the variable under the sign sine or cosine in the rapidly 
fluctuating factor tends to become infinitely great; namely, in these cases, the exponential law 
expressed by the formulae 


/: 


dd 


cos 0 
sin 9 — A 


sin 219 = 77 ( - I) 1 (A 4- VA 2 - 1)- 21 , 


A being any real quantity > 1, and l being any integer number > 1; and 

1 


/: 


dq 


1+q 


j cos qx — 7T 


x being any real quantity < 0. 

It seems that in most oases of this last kind, that is, in most cases of a constantly finite 
function F (q) multiplied by the cosine of a large multiple qx of the variable q & integrated from 
co to +co, (F( + co) being supposed = 0), we must have, nearly, the expressionf 

J_ J* F cos qx = \ s <”>-® (-1 ) n F { --'j; 


x being large. 
* 

act] 


functiL™ k L H r“UT^ UC ^0 WWOh te latCT devel ° ped at a 
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It will however be probably in general more exact to substitute, in this expression, instead 
of the middle ordinate of the curve in which q is abscissa and F (q) ordinate, taken 

between the limits 2 = the average ordinate of this curve between these limits, namely 

x p< ra+ »I 

- dqF (q)\ & thus we find 

X 

/ c° 2 *(»+*>- 

dq F (q) cos qx=- Sg,.* ( — l) n I dqF (q ); 

77 J (n-k)? 

x being large. It will be useful to test these formulae by some examples. 

100. Let F (q) = cos q\ then 2 cos q cos qx = cos ( qx + q) 4 - cos (g# — q) ; &; since this function 
jF does not vanish when q — 00 , we shall take finite limits of integration, such as 0 and n & employ 
the approximate formula 

J g dq F (q) cos qx = i j F (0) + 2 ( - 1)» F j + F ( 7 r) cos (x-n )|, 

x being now some large and positive integer. Applying this to the case T(g) = cos q, the first 
member vanishes, & the 2 nd member ought to be found to he nearly = 0. We ought therefore to 

have, nearly, — (— l ) 71 cos — = —~~~—- , if x he a large positive integer. Now 


2 cos-^-(- 
2x\ 

making therefore m — x—1, we have 


277 377 771tt\ 

cos Z + cos - cos —+•••+ cos mir cos- 1 

XXX X ) 


\ 77 ( 97177 

1= — QOS — -h COS 77177 COS I- }-—~ 

1 2x \ x 2x 


A 


7 T 

- COS — 4- cos (X7T — 77 ) cos 


(*-£)- 


(cos xtt — 1 ) cos —; 


in this case therefore the theorem is rigorously true. If we had employed average ins tead of 
middle ordinates, we should have had 

J rr 2 { r Cn+i) S ftr 'j 

o dq F(q) cos qx = ~~jj ^ ) n J ^-f-cosa^j ^dqF{qy, 

7r ~2x' 

x being still a large and positive integer. Making F (q) — cos q, we ought to find nearly 


2.7T 
0 = -sm — 

77 2x 


l-f- 2 Sf„ T i(~l) 7 l cos~ 7r 


r 


& in fact this also is rigorously true. But we cannot expect to find so perfect an agreement, in 
general, between the equated expressions. 


101. Let F (q) = e~^ 2 ; then 


J* dqF ( q ) cos qx 


= Vt re 4 > 


hmpii 
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is this then nearly = |s ( “ ) _ o0 (- In general, we have, rigorously , 

C °° -r /, V S i n 

2%-- Lt J 

= 2 J dtF (t<x) (cos £ 77 - 4 cos 3 £tt + cos 5 £tt- 4- &c.). 
We ought therefore to have, nearly, in general, if x be large, 

J” dqF(q)GOsqx = ^j C ° dtF (cos tn 4- cos Stv 4- cos 5 £tt 4- &c.) 

A fee 

= - dqF (q) (cos qx 4 cos 3 qx 4 - cos 5qx 4 - &c.). 

TTJ -oo 

But in the case F (q) = this would give 

4 , -t- . 


We 4 = —^= (e 
V 7T 


4 -e 4 + &c.); 


& the second member is greater than the first, if x be large, in the ratio nearly of 4 to tt. There 
can be no doubt but that this arises chiefly from the circumstance that the definite integral 


/> 


2 , C2x , 

cosg^ = - is greater than dqe~ a cos qx; 

2x 


and generally from the inequality of 


j *dq e - ® 2 cos qx and e x * \ dq cos qx = (— 1 ) n - e 


7l*7T S /•(«-+i) - 


7l a 7r a 
SC* • 


(71—i)- 


X X 

such inequalities though small being numerous & giving an accumulated result, which bears a 
sensible ratio {4 — 7 r to 7 r) to the small value of the integral in question, when x is very great. To 
allow for these inequalities, at least nearly, we might make 


e-« 3 = e 


7t*7T 3 ( % _J 

— p. *• e v* = e~~ 


72/7T 

X* 


103. Returning to the investigation of article 97, & to the first expression there given for 
Vi,u that is for the transversal displacement of the particle P t at the time t, l being any integer 
> 0, and the particle P 0 being obliged to vibrate according to the law y Q>t ~ 77 sin (j8 — 2aAt ), in 
which A > 1, while y li0 ~0 3 — we see that, in order to develope this expression according 

to the powers of t, it is sufficient to calculate generally 



sin 9* cos 6 sin 216 
A— sin. 6 



(A 4- sin 6) sin 6* cos 6 sin 2 19 
W f ~ A % — sin 6 2 



sin 6 2i sin 26 sin 2 IQ 
A 2 -sin W 


or simply 
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since f h 2 i i+i = Afi, 2 i • And we Lave already found that 

/*=//, 0 = (- I)** 1 (A-V 2 J^ 1 )* 

if Z>0;/ 00 = 0. Now 

1 f? 

A 2 i fi~fi, 2 i = - d 6 {A 2i ~ 2 + A 2i ~ 4 sin 0 2 + ... + sin 6 2i ~ 2 } sin 26 sin 216: 

we are therefore to calculate 

7r 

1 f 2 

I sin 0 2& sin 20 sin 216; 

77 J 0 

and it is convenient to suppose at first l > 1, reserving the case 1=1 for separate study, 
sin 9 2k = (- ( e 0V-i _ e - 8 V~i) 2 k = (_ J)* [ 2 &] 2 fe S 2 * oe 2 (*-^V^: (_ 1 )** 

= (i) fc [2^Sf n) _ fc [0]-<*+ n >[0]~< fc “ n) (- l)«cos 2nd; 
hence, coefficient of cos (216—26), if l > 1, is 2 (J) & [2&] 2fc ( — i)*-i ; 

coefficient of cos (2Z0 +20) is 2 (i)*[2jfc] 2fc (- l)^i [0]-(W-hD therefore g lk = f 

(former — latter) coefficient, if l > 1, 

= (i ) k+1 [ 2 Jc] 2k ( - 1 y [0]-(WD [0]-(^+D {[jfc - 1 + l]2 -[k-hl-h l] 2 } 

rr 

= ( - 1/+ 1 [2& + 1]“+! (-|) 2fc +i / [0]-< fc +'+« [0]-< fc -'+» = l(*dB sin sin 26 sin 216, 

ttJ a 

if Z > 1. And 

?i.» - (i) i+1 [2A]2*{([0]-*)2 _ [ 0 ]-«+» 

77 

= [2^+ l] 2fe + 1 (J-)2&+i[0]- & [0]-< & + 2 >=:- [ 2 dd sin 0 2fc sin 20 a ; 

77j 0 

so that the formula just now found for g l k holds even when 1 = 1 . 


104. Hence in the expression of article 97, 

77 

Vi,t — ~ J* dd {sin (P ~ 2at s ^ n sin (P — 2 aAt)} 


S V f 2 
t rj o 


2 , /1 sm20sin2Z0 . 

do ~ jYZ 02 ] sin P {cos (2<zZsxn 6 ) — cos ( 2 aAt)} 


2 T/ . sin 20 sin 216 „ 


dO 


+cos f* I sin (2o ^ 4) - iO ^ (JMsin *>)} 


3 /S ^sir 


- j 2 - si n^ -i 2£ - sin *“> ( 2 ^) 2i M“ 2i (- 1 )* 1 - sin J 8 + ^ cos j 8 


a 2 f 2 

7rJ 0 

= V (- *»V)* [ 0 ]- 2i j|^ cos/S-sin S&J 

= V S(?» ( - [ 0 ]-^ cos jB - sin /»} J 4 -*^. 

* [[w]” 1 — n\{(n— m)!; [O] - *” = 1 /(ra 1); this Is Vandennoude’s notation. See Yol. x» p. 468.] 


and 

th G f 
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[104,105 


we have g l Q = (— l) l+1 ~ *.* g lj0 = i, and^ 0 = Gif Z > 1; so that the part of y lt which 

involves t 2 and £ 3 vanishes for all the particles beyond P l9 but becomes, for that particle, 

rjaPt 2 ( . 0 2 aAt A 

2 ( Sm P 3 cos Pj * 

In fact, the differential equations are, in the present question, 

Vi, t = a 2 {v sin (P ~ 2aAt)-2y 1}i + y 2> t } and y” lt t = a 2 (y t _ ltt - 2 y u t + y l+ljt ), 
if l > 1; also y t0 = y r l 0 = 0, if l > 0; and these conditions are satisfied if we neglect Z 4 in y l i9 or t 2 in 

ylu & su PP ose Vi,t~ V a2 (^2 s in P— cos j, y 2>t = &c. = 0. 

For the parts involving t l and fi, we are to suppose i = 2, & to calculate 

o -4 _2 * Si, *=&, o + -^ _a Si, i, 

in which we already know g LB and in which ft,i = ( - l)' +1 ^[0]-( 2 +«[0]-< 2 -« so that 

fl' 8 ,i=« r 4 . l =‘&o.- 0 , and [°]- 3 =l. 

these parts therefore vanish for all particles beyond P 2 ; they are, for P ± , 

{^~ cos p - sin d + ~ \ -/sin £ - 2aAt cos p) (1 + 2A 2 ), 

and, for P 2 , ' ' 

cos/3j. 

Accordingly, if we suppose 

y 1 , i = , S inyS|2p-^(i + 2A 2 )[ + ^Acos i 3|-^ 3 + ^(i + 2A 2 )|-, 

. _ a 4 t 4 n£t 5 

fa-vein^-ilioosp—, y 3>( =&e. = 0, 

and neglect in y" tu we shall have 

, y‘kt = &c. = 0 ; yl,t=cfiy ut \ 

Vx,t+ Mh, ul =a*r }{sin p (1 - 2aM®t*) + A cos £ (— 2at 4- fa®A 2 t 3 )} = a \sin (/3 - 2aA<); 
so that the differential equations are as well satisfied as they ought to be. 


105. No power of t being neglected, the displacement of the particle is 
t [0]-«(- MH*)* {g^- cos /l—sin *»} 


in which 


k = 2-< 2& +« [2& + l]2&+i [o]-* [0]-(fc+2>^ 

We may order y 1>t according to the ascending powers of A; & the coefficient of A 0 is 
-sind-’7' S <i )1 M -81 ( ~ 4 ® 2 < 2 ) < Si,<_i= V si n P 2® x [0]- 4 [0]-< 4 +« (at)® 4 (- 1 )*'+*; 
which latter series can be summed, if we can sum 1 - (?)* + &c . Now this 



105 , 106 ] 


525 


XIX. VIBRATION AND THEORY OF LIGHT 


I [ 02* fr 

last sum = - dr cos (2x sin r), because — F01“ 2i I 

77 Jo ^ Jo 


drsinr 2i = ([0]“{) 2 , (see page 523); therefore, 


differentiating relatively to x, 

1 f 77 

— J dr sin r sin (2x sin r) = 


'l.l.2 + 1.2.1.2.3 -&C-: 


coefficient of A° in y ul is j 1 - ~ jVr sin r sin (2x sin r) j v sin ft if z = at. In fact 

J. dl ' shir sin ( 2x sin t) = — A 'cos v sin ( '2.x sin tj) -f- 2x { * dr cos r 2 cos (2x sin r) ; 
the coefficient of A 0 in y l t is therefore 


l i 


dr cos r 2 cos (2a£ sin r)}; 
o J 


; accordingly if we make A — 0, l = 1, in the expression of 97 or 104 for y l>t , we get 

•77 

2 /n , = P ^ f 2 d 02 COS 0 2 fl — < 9 VI == 1 "’/M A, 


-J^d02cos0 2 {l — cos(2a/sin0)}==^-5HLc j d0 &c. 

But it is probably improper, or at least disadvantageous, to develope according to ascending 
powers of A, when A is > 1. 

106. It may be convenient to make A — A /A 2 — 1 — B, and therefore 

A+VA^~l = i, A = t(£ + J = 

(—ly^f 77 2B sin 0 sin 2/0 f N 

= -— J 0 dB i—2Bcosd + B 2 ^ Sm (P ~ 2aAi > - sm (^ - 2 at cos 0)} 




1)i d6B n sin nO sin 216 {sin (/? — 2aAt) — sin (fi — 2at cos 6)} 


= ■>)(- B*) 1 sin (0- 2aAt) + S ( “ }x B”fjcos (219 + nd)~ cos (2 16-nd )} 

x sin (/? — 2a/ cos 6) dO. 

Accordingly it is evident that this last expression for satisfies the equation in mixed differ¬ 
ences y” lt = a 2 (y Mtt — 2y lt + y t _ x t ), because B z 4 - B~ 2 + 2 = 4 A 2 ; also y Qft = 77 sin (/? — 2atA ), & 
yj.o = »i.o :5=0 if z> 0* 

We may therefore write 
yi,t=rj (— R 2 )* sin (/3 — 2aA/) 

77 

+ ^ (— iy sin )3 S { ”) x R 2n J 2 d$ {cos (2/0 -f 2n&) — cos (2/0 — 2nd)} cos (2o£ cos 0) 

77 

~ ™ 7 ? (— 1)* cos j8 S ( ®j x jB 271 - 1 J 2 d0 {cos (2/0 -f 2w0 — 0) — cos (216 — 2nd + 0)}sin (2a£ cos 0). 

And we see that it remains to calculate the values of the definite integrals 
2 f x 2m cos ( 2atx) 2 f x 2 ™* 1 sin (2cUx) 

tt] 0 VI —X 2 9 ttJ 0 V1 •—*C a 


Vl-*C 2 



XIX. VIBRATION AND THEORY OF LIGHT 


[106,107 


; simply of the former. We may even deduce all, by differentiation, from the function 

2 eos ( 2a feos#) = 2 pd0cos(2aisin@) 

itjo VI -* 2 wj o W J o 

, [aty tawy ( aW y ^ 

= 1 _ ( t ) + ( i 72 ) "(1:273) +&c - 


Or we may consider the question as being now to determine, at least approximately & for 
integer values of m much larger than t, the definite integrals 

7T 

d9 cos 2m6 cos (2at cos 6) = M m , 


7 T 

dd cos (2 m9 — 9) sin (2at cos 9) = N m . 


107. Adopting this last view, & integrating by parts, so as to develope according to 

descending powers of m, we find 

C ^ sin 2 tyiQ at [* ^ 

dd cos 2 m6 cos (2at cos 6) - ——— cos (2at cos 6) — — d9 sin 6 sin 2 mO sin ( 2at cos 6), 

rd 

d9 cos (2md - 6) cos (2at cos 0) 


sin (2m0 — 0) 
2m— 1 


sin (2 at cos 0) + ^ J d0sin0sin (2m0 — 0) cos (2at cos 0). 


If then we employ the symbols M m and N m as defined in the last article, we have* 
~ 2m ^ m+1 ~ ~ 2m— 1 ^ m ~ 1 ~~ » 


-^m+l — 2 m _|_ 1 -M-m+1 )> ~ 


2m (4m 2 — 1) 


{(2m-1 )(M m -M m+1 ) 

— (2m -f1) (M m _ 1 — M m )}; 


'r2w\2m + l 


ra| 4m 2 -1 


2m — 1 / ’ 


. 2m _ . ,, 4 m 2 

•' nearly> bem § lar § e > + ~ ^ M m . 


[Manuscript ends.] 

f={- ) m J im (2 at ); =(-)” J 2m _ x (2a/).] 
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r Statement of problem .] 

(Jan. 9**, 1839.) 

Eet there be proposed the equation in mixed diff erences: 

d 2 

^2 t — 0,2 (Vx+l, t ^Vx, t + Vx—l, t ) > 

in which a is constant, real & positive. One integral of this equation is 
A, a, being constants, and a being connected with A, a, by the relation 



* [For a synopsis of this paper see pp. 576, 577 and also Letter to Hersc.he], p. 599.] 


( 1 ) 

( 2 ) 

( 3 ) 
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because the equation (2) gives 


and 


dt 2 


^=(x) a ° os {x(J-')}’ 


Vx+i,t-^Vx,i + Vx-ui = 2vers ~ cos ("*)}. 

So that we may suppose 


A«~ Sm Aa,’ 


(3)' 


and a and a / are nearly equal, if y~ be small. 

Act 


We may put 


t =s ta a/2 ; 


(so that if r now represent the time, the total attraction is equal to the distance from the 
position of equilibrium); & then the original equation (1) becomes 

2 ^ Vx,T~i (Vx+1,t Vx-^t) > 

while the particular integral (2) becomes 


r) XfT — vem 


2rr / x 


i)}‘ 


A \cs / aV2) 

the relation (3) or (3)' still holding good. We may also put, for abridgment, 

2tt tt “s/ 2 /- 

^ = —Vvers^; 

& then the particular integral (2)' becomes 

Vx,T = vers (fix — mr). 

That is, (1)' has (2)" for a particular integral, if the relation (3)" hold good. 
The particular integral (2)" gives by differentiation 
, d 

Vx,t ~fa.Vx,r~ — ms m (fix — mr ); 


also 


„ td\ 2 

V ^ = \d^j *>*•*-' 


2 cos (fjLX — mr); 


i (Vx+i, t + Vx-i, T ) — 1 cos (fix — mr) cos ft ~ rj X ' T vers /x cos (fxx — mr); 

& accordingly these give, by (3)", 

r lx i T + r }x,T~i (Vx+l, r ~f~ Vx-i , T )* 

Now let it be supposed that when r - 0 the values of , %T & >r vanish forx = 0& for all 

so’thaTrWe 0 ^’ &areconsi8tellt ^the equations (2)" (*)»' for all negative values of «; 


(1)' 

( 2 )' 

(3)" 

(2)" 

( 2 )’" 

(2)‘ v 

<*)’ 

( 1 )' 


but 


= if a;-tO, 


^,o-versga;, ^4o=~wsin^, if#*0; 
and let rt be required to determine generally the function 
integer values. 


Wi 

(4), 

’Ji.tj * being at present restricted to 
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This question corresponds to the propagation of vibration in an elastic medium, & must 
illustrate the spreading of such vibration from one part of the medium t o another , while the said 
vibration remains, or may remain, (approximately) confined between 2 parallel and indefinite 
planes which move (& why move? Sept- 30^/57) with one common velocity. It ought to turn 

out that if the velocity of propagation — is positive (r here being taken to represent the time), 
so that t]' Xs 0 is positive for small negative values of x, then 7 j x>r will take sensibly the value (2)" 
as soon as —— is sensibly greater than x; but that if — be supposed negative, then r) XtT will 

sensibly vanish when-is sensibly > — x, the value of rj x 0 being in this case negative for 

small negative values of x. And the 'physical explanation- is doubtless of this kind: y being in 
both cases supposed for simplicity to be such that ~ is a large positive integer number, 

v — „ -- __i 9 we have in both cases positive displacements rj 0 for all the values x= — l, x— — 2, 


... x— — (4v — 1), the greatest being that which corresponds to x= —2v~ 


— —: but in the first 
A 


case, in which m is >0, the displacements corresponding to x — — 1, x= — 2, ... x — — (2r — 1) 
are all increasing , while in the 2 nd case, in which m < 0, the same displacements are all decreasing , 
at the same original moment r = 0; it is clear then that in the first case the system is departing 
more and more from equilibrium, while in the 2 nd case it is approaching more and more to 
equilibrium, at the moment r = 0, & within the extent included between the limits x = 0 and 


x— — 2v = -; and that therefore the originally quiescent part on the positive side of the limit 

x—0 must be much more disturbed in the first case than in the second. But it is interesting 
to investigate the law & quantity of this inequality of disturbance, by resolving, at least 
approximately, the algebraic problem proposed in the preceding page. 

Perhaps the theorem of Fourier * might help to resolve this problem: but I prefer at present 
to proceed in a way of my own, as follows. 


Let 


y-x, T = Vx,T- vers (juc - mr); 


(5) 


* [Hamilton appends the following note. “Fourier’s theorem is that 

cos (ccx — ocx') f (x') dec ^ dx', 

or, as it may be better stated, 

f — A f ( j 03 e -a«* cos (ax—cox') dcc]f(x') dx'. 

An h—0 J — oo \ J — co / 

In fact, as I have remarked in an old book (Oct. 1835), we have 

_ (a c'—x>* 

j cos (ccx — ax') dx = ^ ^ e ; 

v multiplying this by f(x') dx' and changing x' to x+2tVh, we have 

(ax—ocx') doc'j f (x') dx'—2 Vtt J f ’/(*+2 iVh) dt 9 

of which the limit relatively to —0 is (a;).”] 


KMPII 


67 



530 


XX. MOTION IN ELASTIC MEDIUM 


& let us introduce, instead of the old system of functions r)- n , T , Vn-i „t ( n being >0), a new 
system, y n r3 r} n _ ± T , of which each vanishes, as also does its 1 st differential coefficient relatively 
to t, at the moment r = 0. We shall then have 


y~x,r 

+y~x,r 

— 2 2/—aj—l.rd" "2'2/—x+1, t > 

(l)'" 

2/«.+ 1,T 

d" Vn-Vl -,t 

== IT ( 2 / 71 + 2 , T d“ 2/?l, t) > 

( 1)7 

2/1T 

+ Vl,T 

= 1 ( 2 / 2 , r + ^T- vers mrr ); 

(i)S 

// 

*?0,T 

+ 7 ?0,t 

= i 0h, T d- y U r d- vers ft + mr); 

(i)2 

?ln,T 

d* Vti,t 

~ 2“ ( r ]n+ 1, t d~ Vn—l, t) ’ 

(i)2 


n being, in each of these 4 last formulae, an integer > 0. Also 


0 = 2/M = <o = ^-i,fl = Vi ( o; w being still >0. 
We have also vers (ft + mr) = 1 — cos ft cos mr + sin ft sin wt 

= 1 — (1 — m 2 ) cos mr 4- m V'2 — m 2 sin mr; 


( 4 )' 

(sr 


so that m may be considered as the only arbitrary constant of the problem & may be supposed 
to be small and positive: attending only at first to the case of forward propagation. 


[.Properties of operator V T .] 


Let the notation V r f T — </> T (6) 

imply that # 4- <f> T =/ T ; (6)' 

& that ^ 0 = 0, <f>' 0 — 0. (6)", (6)'" 

Then if we put J {1 - (1 - m 2 ) cos mr } = oc r , (7) 

we shall have versmr = V T oc T ; (7)' 

& putting also \m V'2 - m 2 sin mr = £ T , (7)- 

we have the equations 

2/k+ 1, r ifV7- (yn+ 2 , t d~ Vn, r) > ( 8)j 

Vi,t ~ 2 ^t ( 8) 2 

^ 0 , T = i v r 0?i, T d- 2/i, r) + V T (a T + /3 T ); ( 8)3 

Vti,t t d* Vn—l, t) > (8)^ 

■n being still an integer > 0. Make 

7 ?0>T -V T a T = i5f T ; (9) 

thei1 ('2/n + l,r=iV,(y B+2 , T + ^ >T ); W=l V r(^,+^r)! <9) lf (9), 

\yi,T =iV,(y 2>T + J H- T -V T « T ); , 1>T =^V t ( % , t + H t + V t « t ); (9)g, (9)* 

i B r = Wr (^ T + y 1>T + 2J3 T ) ; ( 9)3 

& these would give* 


~ d, y n>T - 7 ?n.,T» Jjp o 

Vo,t = V T a r —Jversmr, j 


were 


= 0 . 


( 10 ) 


p p^J 5 * 16 te ™ 1 & ^tsent, H t , y ltT +7) ltTt y z , T +7] 2rT , ... represent the transverse displacements of points 
+k °\t StretCh f dSfcr r g Win ® e< l Tial masses at P x , P a , P„ ... and P^^P^^etc. If P 0 is always 
hxed and if the others are initially at rest in the equilibrium position, then there are no solutions except 

# T =0,2/i, T -{-7j 1>T =Q, etc.] 
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givegenefu y *° m ^ iUVeStigati ° nS ° f 0ct ' 1835 > — supposition (^ = 0) would 

y-n.T Vn, r- 2 „^ (t)0 -, 

the square brackets denoting factorials; so that, more fully, 

-Vn,T = Vn.r = 2~ n j V"+ l 0C r + n 2~ 2 V^oq + ^l” +3) 2-J V"+5 Kr 

- »<■+;>(»+ »> v r .«, +2 -v» v+So 

& in particular (developing as far as VJ°a r inclusive) 

r-Vi.T = Vi.r = iV*cc T 4- JVJa T 4- AVJa T 4- xfsVJa T + + &c.; 

= i VJ a T 4- iVJ + *’ VJ a r + a T + &c.; 

2 / 3 , r = V3,t = iVJa T + ^VJoe T 4 . xfs VJ a r 4- xfgVf a T + &c.; 

~ 2/4,t = 7 ?4,^ = rg-V® a T 4- x^VJa,. -f yfg-YJ oc T 4 - &c.; 

~ 2/s s t — 7 ?5,t = *V6a r + xlbrV? 0 ^ + r§8'^ 7 i 0a T + &c.; 

— 2/6, tr ^ t = a T + xfg-V® a T + &c.; 

-V7,t = V7,t = TTffVJo^ + 5 I 2 VJ°a T 4- &c.; 

~ 2/s,r = ^S,r = 2T6 a r-T- ; 

v — 2/9,T = 7 ?9,r == Fr2 V T 0a TH- &C. 

In fact these developments verify, to the same degree of accuracy, the conditions 
'ni,T-i^rV2 > T=i^ 2 T oc T ; ^2,r-iV T (^ ljT 4-7 73 , T ) = 0; i? 3 , T -i-V T (7 ?2jT 4-7 ?4>r ) = 0; 

And, taking the whole series (10)', we have 

[2k]*-! Vf +2 oc T 1V79 ( vco pA+lp-iVJ^ 

[&]* 22 *+! 2 V r a r - t -^(*)0 - 22 fc +2 » 

,.:r. . £g fr + 1 3*~ 1 Vf + V _ 1T73 .. . ^ [2&+3]* 

w® [7ij] fe £2A:+2 4 . V T a_-4-^ 2 

[27; 4- 2] fe ~ 1 V2 fc + 4 q T 
[7;]* 2 2 ^+ 3 


(ior 

(10)1 

(to.);' 

( 10)3 

(io)I 

( 10 ),' 

( 10)1 

( 10 ); 

(io); 

(io)g 


&c. 


^I.t = 
V2,r = 
%,r = 

Vn+l a 


^<fc)0 


22 

32 


' (A:)0 r/b+iu+i 22 A + 3 T; 


‘*(0) ■ 


(io); 

(io); 

(io); 


fa + n v =0 l 2k + h-]*” 1 Vf' +- n + 2 cc r 
{n+L)Z, (k)0 -^- aSb+s+i 

1 


+ r»+i)2- [ 2 ^+«.+ 23 *vy+»+y - 

^ t ( ) cm rhj nfc+i <>2/c+ji+3 J 


2^+1 v T “ T " r ^ Ay ^(*>° 4 . ij/c +1 2 afc +«+s i 

- - /- , «w [** + » + l] 4 - 1 Vf+-+3^ 

1 ?»+2, t ~{n+l) ^ 0 - 2 2fc-HH-2 1 

u =i-V“- | - 1 « +7iS“ [ 2 fe+w + 1 ]* vg^foy . 

™' r 2“ T a 'r + n2j W)0 [&+l]*+l 2 a * +n+2 ’ 

and since 

n\_2h+n + l1 K +(n + 2) [2* + n + l]*- 1 {k+\) = {n(k+n + 2) + (n + 2) {k+ 1)} \2h+n+ l]*-r 

= (n+l)(n + 2k + 2) [2k + n+ l]*- 1 = («,+ !) \2k + n + 2J c 

we have, as we ought. 


(io);« 

(io); +2 

(io); 


Vn+1,T i'^-r (Vn, r "t Vn+l, t) j Vxt — ~f 1 ?2 3 r)- 

* [See top of page 532.] 
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[Here follow some investigations concerning finite expressions for series li ke ( IQ) 1 '. In some 
pencilled notes added later Hamilton points out that (10)' is equal to (1 — V1 — VJ) n V~ u+1 a T . 
It is easy to see that this expression satisfies (8) 4 and, when n — 0, is equal to V T ot T . Moreover 
from the definition of the operator V T , since (10)' contains only positive powers of V T , r) n T and 
r)' n r are zero when r — 0.] 


(Jan. 10t h , 1839.) 

In the next place let us consider the system of equations 

a T = 0, = Vn,r~ (Vn+l,r Vn—l,r)’ (?i>0),| 

^T-v T ^ T +v T ja r . j (n) 

...[Here rj n T is obtained by ordinary methods. Its value however could be inferred from 

( 10 )'].... 

Hence 

Vn, r = *- n V? +1 In + m k [0]-* (*V T )» p T . 

Hence the equations (8) give, when both a r and are retained, the expressions 

^ ~X7 ~ _i_V« ' ~~ *) T72fc+1 0 . /if.v 


Vo, t a r “f 


2.4.6...2A; 




W - p v ? +1 1 (*V T )« ( A + « T +^ a); 

»-.r“ £ V ? +1 S< 1)0 (i V T )» (ft, - « T + ~ A) - 


The expression for ? 7 0}T may be concisely represented thus: 

Vo,T= V T«T + V T (1 - VJ) - * A = V T K T + (V7 a - l)-i A • 


We have 


?j 0jT = tversmT + - 


r = I versmr + ^V1 -JJ| I +1 (A) 2 | ^sinmr^T 

= J V er S ^ + |^^^UgW(^) 2fc Binm 




= i vers mr + — VT 


[-HV ^ 2 V 

iw Jo s « o irl’T) 


sinmr^T 


sinmr^r 


= i vers mr+ - (:1 - im*)i (1 - \ " sin mr <It « vers tfir. 
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We seem then to be conducted to the equation 

TJo-r — vers mr (15)i 

as the exact sum of the series (12)!. On the other hand we should have had exactly 

y 0>r = 0, ( 15) 2 

if we had changed the sign of the radical V 2 — m 2 in ft. 

Perhaps also we should be able to prove by some similar reasoning that the part depending 
on ft should be considered as negative for negative values of r, & V that for such values rj 0 7 
vanishes, the radical V 2 — m 3 or the ratio mft, which expresses the velocity of propagation, 
being still taken with the positive sign. 

On the whole it is perhaps possible to prove by the foregoing investigation or by some one 
very similar that r) 0iT may become exactly = vers wit for all positive values of r after having 
been exactly = 0 for all negative values thereof. And 77^ 0 is the mean of the two values 0 and 
m 2 . Can we apply a similar process to the expression for r\ n r % 

|~V T and “ not commutative .J 
The part depending on ft in p 1>T is 

Here 

[2k+l]’‘ = (2k+l)2k (2k - 1 ). ■ ■ (k + 2 ) = 

2 k (2k H- 1 ) (2k — 1)... 3. 1 2 2fe * 1 ( — 1 ) fc+1 [ — . 

h ■+* I tc -r 1 

Y the part depending on ft in r\ XyT is 

2 ( l)o (- ^) fc+1 ft ={-1 + d - ft ; 

which accordingly agrees with the equation (11), 

fel.r + W* 

oc r being supposed to vanish. This equation gives also 

Vl,T~ ~~ Pt + Vo,t + Vo,t> 

in which p 0 T is to be made only -J vers mr, because we have supposed oc T to vanish; thus 

1 1 — m s 1 — cos u cos mr „ n sinpsimmT_ 

ir + % T = 2-_cosmr=-g- ; ~~ Pr ~ 2 ’ 

it seems v that VltT = — ’ , so far as it depends on ft alone. Yet this value of does 

not vanish with t, though it ought to contain ft as a factor. Perhaps the development of Vi,* 
diverges when -r < ftm. Bnt we must observe that the equation % ;T + i?o. T =%,r+ft requires 
that 0 should vanish, which the foregoing formulae do not make it do. 
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We can certainly conceive that 170 , t> Vn, r are functions such that ">7o,o Vn,o — Vo,o~ Vn,o — 0, 
and that 

Vo,r + Vo,r-Vi,T = ^r = isin ^sin tot , 

<T + W = i(^+i,r+^-i,r); (to 2 =vers ft, m>0); 
but "will these functions ^ T , T 7 „ fT be convergently expressed by the series 

% , T =v T s ( % 0 ^(iv T ) 2 ^ T , 


Vn,', 


™ V ? +1 X 
■ ~2^r 


\n-b2 h\ k y 2k p ? 
0 [A;]* ' 2 T ' ’ 


And when we have found thus that 

Vo,r + Vo .r = ( 1 - Vr) -4 ' Pt > 

can we effect this operation (1 — 

We just now made V T (1 —VJ)”& <7 T = (V~ 2 — 1)“^ C r & transformed this to 


Jo1 2 + (S 


d\ 2 l-* 1 

Cdr = -—= 

V2 


0^7 


lo^v ^2 Ur/ 


d 


but it is an obvious objection to this transformation that the of the last expression does 

not in general vanish with r. However this objection does not apply in the case where 
C T ~ @ T =i sin /x sin mr , because C^ 2k+1) = 0; but on the other hand we ought to have 




1 + 


C„dr 
1 / d 


(dr) 


& the— of — 
dr 


, 1/d 

1+ ifc 


i 


; does not vanish with * 


The transformation therefore is erroneous, and although its elegance appears to point to 
some true process, intimately connected with it,* yet I believe it may be better to employ for 
the present a different method & one more analogous to that of my old investigations. 

Let us then admit that, (/3 r being still = sin ^ sin mr.) 

Vo,r = V T &-f iV?ft. + fV*ft + &c. 

and endeavour to calculate finite trigonometrical expressions for at least some of the terms 
of this development. For this purpose we are to calculate if possible a general expression for 
Vj sin mr or at least expressions for this function, for several moderate values of h . 


[The error arises from the fact that the operations ~ and V r are not commutative. Correct results are arrived 
r t 

at later because j dr and V r are commutative.] 
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If we were to stop at this degree of approximation, [the first three terms of the last 
expression for rj 0jT ,] we should have 


V_ sin mr — 


sm mr — m sm r 


iys sin mr = sinWT ~ wsin ' r _ tn (sin -r -to ps r) m{( 3 -r 2 ) sin r- 3r cos r] 

2 T 2(1 — m 2 ) 3 4(1 — m 2 ) 2 - 5 

3 V s sin mr = 3 ( sinm ^-^shi-r) _ 3m (si nr-r cos r) 3m {(3 - r 2 ) sin r - 3r cos 7 -} 

8 T 8(1— m 2 ) 5 16 (1 —m 2 ) 4 64(1^^ - 

__ m {( 15 — 6 r 2 ) sin r — (15 — r 2 ) r cos t} 

128{l-^^2)2 

m {(105 — 45t 2 4 r 4 ) sin t — (105 — IOt^tcost} * 

1024(1 ~?n 2 ) 

whic h 3 exp ressions indeed are rigorous: & the sum of these three expressions, multiplied by 
\m a/2 — m 2 , will give an accurate expression for (V..4 JVJ + |VJ) j3 T , & v (probably) an 
approximate expression for that part of tj 0 t which depends on j3 r , & which is to be added 
to Jvers mr. 

[Neglecting powers of m above the square, Hamilton works out numerically the value of 
this expression for 

77 3?r 

t=== 2’ ^ ~2~’ ^ 4 ’ 5; 

e.g. for t — 5 he finds that rj 0t5 — — vers 5 m — ^ 1 — vers 5m approximately.] 


[(v r - 2 -i)-M.] 

Vo,T~ V T a r -4- (V~ 2 — 1)“^ P T , 


(Jan. 12 th , 1839.) 

We found that 

in which V T a T — J vers mr and /3 r = Jm \ // 2 — m 2 sin mr. 

Now the operation (V~ 2 — 1)~£ may be transformed in the following way, which occurred to me 
late last night, ( / d'x 2 )- 1 / f T \ 2 f / f r \2 >-i 

MH£)) -(J»MJ» 


For example 


T 3 T 5 T 2 T 4 

v r' 7 ’= 0-” X20+ &c. = r — sinr; V T 1 = —— ^ 4 - &c.=versr; 


V t t 2 = ^- 


4.3 6.5.4.3 8.7.6.5.4.3 

T 5 r 7 r» 


! -= 2 ( 

— — &c. = 6 (: 


cos r — 14 


sm r — t- 4 


5.4 7.6.5.4 9.8.7.6.5. 

[The law of formation is obvious, e.g. 

( 105 - 45 t 2 + t*) sini—( 105 — 10 r s ) r cos t=x 8 (j^ ^)* sin r.] 


ft 

ft 
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& generally 

V_ t 2 k _ 


2k + 2)(2Jc±I) [2A + 4J 


i+ &o.«[2*]“(-l)* 1—S-+52-- + 


24 ' [2/c] 2 * 


/ t° t 5 (— l) fc r 2A:+ i 

VtT2 , +1 „ [27 , + 1]-*1 ( - 1 )* (t - e + ISO - • • • + [ 2 k ' 


V T sin mr = m(r — sin r) + m 3 It— — — sin 


r ) + m^( T -^ + I ^-sinr)+&c. 


m . m 3 r 3 m 5 r 5 _ sm mr — m sin t 

1 _ to 2 (t —suit) - g ( 1 _ m 2) + 12 0 (1-m 2 j _ C = I-m 2 

-1 — cost + jw 2 [ 1 — — cos r | +m 4 (1 — + 7rr — cos t ) + &e. = 


(i-J-OOsr) 

| 4 -m 4 ^ 

/ Cr \ 2\2 / 

r r \ 4 i 

( \ dr) j -( j 

dr) 

\ J o ! I \J 

' 0 / J 


cos mr “Cost 


= 2 ( % 0 [-in[0]- 4 -2^ 




(V -2 - 1 )-M = [*]« 2(% 0 [ - [0] - * 2 fc [0]-< 2 *+ 2 +i>T !! *+ 2 + i 

= [if (JyrJ l+a sa 0 ([0]-*) 2 ( - = ■.. 




d# cos (r V2 cos 0) 


and we may change the order of the signs of integration. 

The expression which I deduced (in pencil, late last night,) from a result in Poisson’s 
Memoir on Waves was 

(V7 2 ^ J 0 ^ T ) jd * 1 —« s )^{(8 ~ 2 a 2 r 2 ) cos (ar V 2 ) — lar V 2 sin (ar V 2 )} 

~Srr (J 0 ^ r ) f~^ s i n ^ 4 {(S — 2 t 2 cos0 2 )cos(tV 2cos0) — 7TA/2cos#sin (r V2cos^)}. 
Here also I deduced 

(^r 3 ™ 1) * T ~ —^J Q da -—{(1 + 2ct 2 r 2 ) sin (ar -\/2 ) — &t V2 cos (ar V2)} 

r 2 V2 \* 

Sir Jo {( 1 d-^ 2 )sin x-~x cos x}dx. 

This gives approximately, when r is large. 


&mx — x cos x _ tt 

---- dx = . 

a; 3 4 


because 
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[Extract from pencil note.] (Poisson has shown in his Memoir on Waves, pages 168, 169, that 


_8 

3tt 


J A -«•)• cos (2a Vp)da = g = ^ ~ 575^7* 


■ sy 


; + &C. 


Hence 


V 

3tt \dp / 


{Pp 2 ) = 1 — ■p + 




P 


( 1 . 2) 2 ( 1 . 2 . 3) 2 


+ &c. 


In this change p to \t 2 , & perform the operation dr three times; and we shall have my 

Jo 

To use now the function given at the middle of the previous page, it is necessary to have 


an expression for 


(j>y 


cos#. This 


-o>r 


(-#2yt 


-<A)° [ 2 Jc] 2k 


(-l) k x* 




(— 1 ) k # 2 ' 


Hence 


and 


Hence 


Hence 


[2&] 2 * [2 k + rf <fc)0 \ 2 k -j- r] 2k + r ‘ 

\ 2r / x 2 X 4 (-# 2 ) r - 1 

„***) 0 O 8 *-(- 1 )^ 008 *- 1 + 2--2^73 + - [2r-2F-2j’ 

a a: \2r+l / x Z X 5 (—# 2 ) r ~ 1 # 

oos * - (- 1 r ( sin* - * + 0 - 2 ^ 3 - i7g + ... - [Sf - 135=1 j • 
d,T^ cos »it = 1 sin ra-r; (J 


COS 7 lT =-5 (cos TIT — 1 ); 

n z 


(/»' 


cos nr — - 5 (sin nr — %-r); &c. 

n z 


This relation gives 


7T 

^V“ 2 — 1 )"^t € — i J 2 d^sec^ 2 vers(rV2cos^). 


<'V ~ 2 — lHr = —i-= f 2 d# sec 6 Z {tV lii cos 6 — sin (t-VIScos#)}; 
V T ' rrV2Jo 


which ought to turn out to be nearly — 2 ^/ 2 * w '^ Len T * s ^ ar ^ e * 
Hence we ought to find 


that is, 


r 1 _ _i t V 2 a — sin( tW 2 a) tt 

lim da(l-a*)~i - 

T= OC J 0 


f' rVa , / x 2 \~ix — sin# f 

= ^Jo —?- = J« 


00 # — sm # 


# 3 


dx. 


HMPII 


68 
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Tids will require ^because we found 


0 sin x — x cos x j tt\ , , . 

-- dx = ~J that we should find 

f versa; , rr 

L 


And reciprocally, if we can establish this last proposition, we shall be able to infer the former. 


-dx — lim 


f 00 —tis x — sin x 7 
lim e y -s dx 

2/=oo J o a; 3 

= lim y ~ 2 f e~ sa g dz — lim ~ f 

y = co ** Jo z 3 ^co 2yJ t 

b lim I sin (yz) dz — lim | j e 

y= oo J 0 y = co J 0 


e _ "“z“ a vers (v/s) dz 


e v ~ x~ l sin x dx 


Jo a; 4 

Hence, going back, we ought to have 

— /•tV’2 / 


rr r f rV2 , /, a; 2 Was —sin a; 

i = h“Jo M 1 -^) — 

= lim 

T=oojO 

7 . f 2 ' a r V 2 cos 9 — sin (r 

= iim dd sec 6 13 -— 

t=ooJo 2t 2 


.x r V2 a — sin (v V2 a) 


dd sec # 3 


r a /2 cos 0 — sin (r V 2 cos 0 ) 


1 > - *^ 

V this last limit ^ 2 ^/ 2 ’ aS before - Tims tbe difference (V 7 2 - 1)~« r — becomes an in¬ 
definitely small fraction of r 2 , when r becomes indefinitely great. It is however conceivable 
that this difference may itself be constant or even may increase indefinitely. I think indeed 
that this will not be found to be the case; but it requires to be examined. 


(Jan. 18«>, 1839.) 


[Expression for y 0 x .] 


R seems probable that the part (V~ 2 - 1)~* &, of the expression on page S 35 for Vo T , bears 

ima y e ratio of equality to the other part V T a T of the same expression, when r increases 
without hmit; & \* that 

1 vers m-r — _ . * sin wt 


m 2 V2 — m 


1) 


(ultimately); 


V £ s <*,)o[ H fc t°3 ,c '( 2 ) = 2 - 1 ) * S (W 0 (ultimately); 


(ultimately) —V|"S§. /)0 [ —[ 0 ]- 2 <*-*/+i) t . 2 «-*/+« ; 


in which we know that the l«t member 


5 / /*'*' \ 2*4-3 rf _ 

~r\J 0 dT ) J 0 dd 008 ( T "^2 Cos 9). 
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For example, making k = 0, we have, as before 

77 

2 


(/»*/* 

t tending to go ; & if the same law hold for k— 1, we shall have ultimately 

77 

2 / f T \ 5 f 2 _ ~4 

- ( dr I d.6 cos (rV 2 cos 0) = - — — -— . 

^ \Jo /Jo 24 V 2 SV 2 

Changing r to t\ / 2, we ought V to have, ultimately, as t tends to infinity, 

7T 

2 , 


dd cos (rV2 cos 0) — — - =, 

2 V2 


(Jan. 19 to , 1839.) 


;(Jo *)*j l decos (2icos =i ; (- te)" ; 

- dt)j j d6 gos (2t cos 8)— 


48 ~ 32 * 


256J 


r. 


d~~mr) - ^^sinmT=-^J 2 d0sec0siIl(vV / 2cos0);f 

r 


(V~ 2 —1) k-~Lsinmr = 


2 <Z0 see 0 sm (r V2 cos 0) V2 . 
----sm m t [ 

, 2 T/17T 

1-s cos 0 2 


dd _ 

2 cos 0 2 


1 f 2 m sin (tV 2 cos 0) — V2 cos 0 sin mr ^ _ m 2 V2 f 2 m sin nr — n sin mr 


(■m 2 — 2 cos 6 2 ) cos 0 

77 

f 2 cos nr — cos mr 



(m 2 — n 2 ) mw 


-=p, mr~v, 


-de 


-xtf; 


cospv — cos 


X _ «p2 Vi — Jm 2 ^) 2 


* [The figures in round brackets are added in pencil in the manuscript (see page 551). Hamilton later on 
arrived at a complete form for the values of these integrals when t is large. He seemed to have known it about 
1840 but after much numerical testing did not publish it until Nov. 1857, Phil. Mag. xrv, pp. 375-382. He gives 
the result as follows: 


If 

then 


) -jn —2 m —l 


/(£)=- f dco cos (2t cos to), 

J 0 

(j* *)*/<*>-(- j^dtj £-*]* [0r w [0]~> t 

the summation to extend to all positive integral values of m such that n — 2m— 15= 0. The asymptotic expressions 
can be derived by integration of the asymptotic expression for J 0 (r V2).] 

t [{fa*)'-*->} <vr--.r*^—{(^V.) *7-»-*5«.<££3S3f 

77 V 

=^{(~^y + l}2 ( t ) o(- 1 )* ! m 2fc + 2 (J T dry™ j*d8 qob (tV2 cob = l f* sec % sin (t V2 cos $ ) d $.j 
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Hence, rigorously , 


r) 0f T~ i vers v- 


■m 


V 2 

m COS£W- 


1-F 


cos v 1 

V l- 


- J-m 2 

-bn 2 %y 


dp | if v = mr. 


As m tends to 0 , v — mr remaining given, this expression tends to the limit 


1 


3 cos pv — cos 
I-33 2 


-dp) 


dv; 


, r/r° cosw—cosv 7 \, . 7 77 

I therefore think it probable that the integral IN i~ 2 P dp Jdvi& rigorously = -- vers v. 

If we take m = its extreme value, namely V2, then the integral vanishes & the expression 
for t/ 0 T reduces itself exactly to ^ vers t? = ^ vers (ta/ 2). In this case /x = 7r = vers -1 m 2 ; & the 
equations (4) 2 become 

Vx, o — vers Vx, o — — ^2 sin rrx, 

x being here any integer > 0; V tj'^0; & Vx,o = ° or = 2 > according as -x is even or odd. 
In this case we have initial displacements of the form 



but no initial velocities; & the origin 0 receives only half the disturbance which it would do for 
the other extreme value of m, namely 0 , corresponding to an infinitely long wave.* In fact, if 
we conceive a great but finite succession of initial displacements (without initial velocities) 
of the kind corresponding to the short wave lately mentioned, there is no reason why they 
should propagate themselves in one direction rather than in the opposite; they will there¬ 
fore divide themselves between both. 


(Jan. 261839.) 

T . , i f 00 7 sinuv — usin?; 77 
Is the integral dp —— = - vers v ? 

Jo p(l~p 2 ) 2 

In the 1 st place we may consider it as = some finite quantity, and may treat this as a 
function of v\ but when we add to this function its own 2 nd differential coefficient we get 


(> , / d \ 2 ) f® sinp'y— psinv 7 f 00 sin pv ~ 

MsdtJ. -^( -1-^) H, ? * 


77 

2 


or 0 or 


according as v is < 0 or — 0 or > 0 ; therefore we have rigorously 


2 ’ 


f°° sinff^— p sinu 
Jo P0--P 2 ) 


1 77 

dp = ± — vers v, 

2i 


the upper or lower sign being taken according as v is > or < 0 . 


* [The wave-length is 2 rrjfx; mr = v, m 2, = vers fi.] 
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dp 
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Hence, the function * ^ vers v + - S fp-P v V s i n v 

7 T JO 


is rigorously = 0 when v is < 0 and = vers v when u > 0. And this particular case of discontinuity 
appears to me to be of great importance in the dynamics of light and darkness. 

The rigorous equation (V~*- 1)~M= [i]< (j y T , (page 537), in which 

TL 77 

x r 2 


0 


J r f < r 

y^ dr, in which y' T = —— | 


\/2 f T C ^ 

dQ sec <9 2 vers (t V2cos 9) =— <20sec 6>sin (tV2cos 0) 

^ Jo Jo 


sec 9 sin (r V2 cos 6 ), 
Jo 


combined with the general development 

A- - & + rft + [0]- 2 r 2 ^ + &c. 

gives, generally, 

(^T 2 ~ 1 )~“ A- = A) Yt + A) 7r + A) ^ J o *) y T 4- &e. 

■ Si" (&) *)*>■’ ■ Si" [i f (JI ■*")*" 


j> 






but, suppressing for the present the condition a?= 0, the partial differential equation of the 1 st 
order 


gives 


O 


V^r dx) X ’ T X ’ T 

%r ~ Jo + fimct ( x ■+■ T )> 


t, being treated as a constant in effecting the 1 st integration, but being afterwards made equal 
to x -f r; if then <& x>0 — 0 for all values of x, we have <& XT — J F r _^ fr dr, & the same expression 

holds for the case x~0, except that then r f is to be made equal to r after the integration; 
hence, generally, f 

* [The results can be verified by taking the integrals 

f e ipv_ e iv f e ipv_ pe iv 

J - T-^ ■ *> and J y ( T - >) ^ & >0 > 

over suitable contours.] 

t [Changing the notation, ve have to show that 

(V? 2 - l)-i p r —f* dup^yi, ft_„=S 

Then making use of j (r — u) n y^du — n l duj y u , we verify the required form. It may be noticed that 

^=2J 0 ( t V2).] 
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(V- a - l)-*j8 T = JAft. ,-tVt 


rr Jo JO 


^Tdrf 

V JO JO 


d0see #sin (rV2 cos 6) fi T/ _ 
v ® dn sin 


^ VT - -|n 2 


- r o Pt,- 


[The operator J T .*] 

Can we find any analogous expressions for ?? ljT , i7 2 , T > & c -> so ^ ar as they depend on fj T ? 
For if so, we can easily get afterwards expressions for the parts which depend on a T . 

Already we have found the law of the developments, according to ascending powers of V T ; 
but it will be useful to investigate developments proceeding according to ascending powers 


of 


(/»• 


instead. For t his purpose it is convenient to employ, instead of the equations (11) 
of page 532, the following; 

Vo, v ~ t iPr “b Vl f T Vo , t )’> Vl ,t ( Vo,r 2<J 7l,T ~b 7 ? 2 ,r) ’ 


&c.; 


in which I r = J dr. We may for the present omit the r’s & write simply 

t^o = / 2 4- o?i -1? 0 ); = |-I 2 ho - 2 Vi + Vz) ; 

And it may be useful to investigate first from the equations 

Vi - i-/ 2 ho ~ 2l ?i + ^?2)» Vz = i/ 2 hi - ^2 + ^ 3 ). &<*•, 
which are all similar to each other, developments of the forms 

Vn = Eg) 0 £n, 1 J 2 (n+k) Vo ; 

or, more fully, *?i = %, 0 /ho + e 1#1 /ho + &c., «*.<>/%> + &o., &c. 

e i,o —i; e i,i + ei f0 = 0 ; 612 + ^1 = |-e 2>0 ; &c. 

T _ e 2,o — e 2,i+ e 2,o“i e i,i’ ^ c * ’ ^ c * 

In general 

e n, k + e n> 1 & + e n+1> & _ 2 ); 

negative indices being considered to make the resulting coefficient vanish, & the only value 
°f & o t k which does not vanish being e 0 0 = 1 . 

Now make we shall have 

/ n+k, k +/rn-fc—i, k-~ 1 ~ 2 (fn+Jc- 1 , fc +/n+fc~i, fc~~ 2 ) > 


so that 


/wt+1, ft — i (/m, k "" 2 /m, /c-l ~b/m, fc-a) • 


* [This is Heaviside’s operator. Cf. Jeffreys, Operational Methods in Mathematical Physics (1927); Poole, Theory 
of itnear Differential Equations (1936), Chap, n.] 
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Hence 


I + I 2 -V / l + 2 I r2 

- p 


M t 


I 2 


+ i 2 + Vl + 2/ 2 


*?o; 


and 


Vo 


I 2 fi 

’Vl + 2 J 2 ‘ 


As a verification, these last expressions give 

-V 

"I 2 


^n+i ~ 1 4- 1 2 - Vl + 2I 2 , l + / 2 + A/l + 2 J 2 2 

j 2 2 ~ /2 ; 


also 

If we now make 


I 2 

^ = 2“ (Wl - 27 ?n + Vn-l) > 

(1 + JP) Vo - J 2 ^ = VlT2^ ^ = J 2 /L 
7 2 


1 + / 2 


= V, 


1 -V = 


we shall have 


_L_ l±£ = V -i ^t 2J, . (7 ^-ni 

l + I 2 ’ /2 ’ /*> ~( V A > > 


’?o = (V- 2 -ir i / 8 > and >j TC = {V- 1 -(V-»- 1)*}»(V-*- 


543 


//, by a further symbolic transformation , we were to make V = sin 25, we should have the 
expression 

rj n = (tan S) n . tan 25 . /3. 


[ftm S r . <j> T as an integral .] 

We have found that the operation here called tan 25, or more fully tan 25 T , is such that 

77 

■\/2 f T f 2 y- 

taxi. 2 S r . fi r — - d~r d8 sec 0 sin (tVScos 0 ) j 8 t _ T . 

rr J o J o 

T,=T 

Can we find any analogous expression for the effect of the operation tan S“, or even tan S T 1 
tan S T = V 71 _ - 1 )* = V 7 1 {1 -Vl-V 2 } 

= = _ E» )a [*]* [0]-* 2* If- 2 

=s<%o [-[o]-(^) 2 ^f+ 2 = 2 S)0 (- if v.v.4.v.’.'. ( ?+j ) (j>r 

Let this operation be performed on r% and because 

r 2 fc+ 2 +i 


(/, 


) 2fc - 4-2 

- 


= [2k+2 + iF*+ z * 
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we have 
tanS. 


1.3 ... (2fc+ I) t 8 ** 2 !?]* 


y r 7 1.3 ... (2fc 

0 rfT ) S <”>° ^ ~ ^ 2.3... (Ff2) [2fc + 2] 2&+a 

= W ( J T dr)* 2g )0 (- 1)* 2~<*+» [0] -(ic+1) [0]-‘ fc+2) t 2& + 2 

7T 

= [i] i (^J T ^T^|l-4J J cos (Vlif cos 0) <20 j cfcj 

7T £T 

= [i]i ^ J T <^ T ) a 1 1 - — ? J^ 2 d6 see ^ sin (r V2 cos 0) + ~ ^ J q dd sec 0 2 vers 


(tV 2 cos 0) 


Hence 


cos 0 sin (rV2cos 0) 

— t 2 cos (rV2 cos 9) cos 0 2 — vers (rV2 cos 0)} sec t 

•71 

—~r J |* d0r 2 sin (tV2cos 0) cos0. 

7T 

tanS T .r i = J* c£-r (r, — t)* —— J* dhrj* J0 t 2 cos 0 sin (r a/2 cos 0), 


and generally 


J r 4 V2 r r r 2 y— 

dT^> r _ T -=- dr ddr 2 cos 0 sin (r V 2 cos 9) 

0 ' 7TT J o Jo 

r,~r 

— — f ^0{rV2cos@sin(T'V / 2cos0) 

77 J 0 7 J 0 

— t 2 cos 0 2 cos (tV2 cos 0) — vers (t V2 cos 0)} — -g- 

4a/ 2 f T r V2 1 

—- j drcf)^ t t —3 dn{nr sin nr — 1 4 - (1 — %n 2 r 2 ) cos nr}n~ 2 (1 — J^ 2 ) ®. 

77 Jo ' jo 


h** expressed by means of operator D t .~\ 

(Jan. 22 nd .) 

It will be interesting to consider the simplest forms to which the repetition of this opera¬ 
tion, & its combination with the operation tan 2S T? conduct; but at present I prefer to resume 
the problem in another way, as follows. 



XX. MOTION IN ELASTIC MEDIUM 


We have the system of equations, ^in which D — D T = ~ j t 


7 ?i= —p+ (1 +D 2 )t7 0 ; 712 — 2 (i + & 2 ) Vi* t?3 = 2(I + j D 2 )7} 2 ~')7i; &c.; 

so that the series 

’?o + ’?U + V 2 + --+v w + ... 

being multiplied by 1 — 2(1 + D 2 ) ^ + a: 3 must reduce itself to the 2 terms 
Vo~+~{Vi — 2 (! + Z> 2 )i? 0 }^ = ^o”{/ 3 + (l + ^ 2 )^?o}^; 
if then we develope the fraction 

Vo -{P + (l + D 2 ) Vo }x 
(1 ~x) 2 -2D 2 x 

according to ascending powers of x> the coefficient of x n in this development will be the 
function rj n . 

The coefficient of x n in the development of —-~is 

(1 — x) 2 — 2D 2 x 

coeffi of a;” 1 in (1 — x)~~ 2 + 2D 2 x coeffi of x n ~ 1 in (1 — x)~^ 

+ (2D 2 ) 2 x coeffi of x n ~ 2 in (1 — a;) -6 + &c. 

= (» + 1) + 2£>* + (2Z>2)2 + &o. 

"H+n r»A L^l L^J 


n / [ti] 1 2D 2 


[re 4- l] 3 (2 jD 3 ) 2 [ra + 2] 5 (2D 2 ) 3 


+ -•• ! 1 7o 


/W [n±llf [U+2P \ 

uir ra 3 [si 6 ^ + 


Now, in so far as rj Q depends on (3 alone, we have 

„ _ / Y7 —2 __ l \-4 Q __ , 


^o = (V- 2 ~l)^/3 = 


Vl + 2/ 2 


tan 2 8 . p—j dr/3 r _ T y r , 


, V2 f 2 

*“J ( 


dO sec # sin (rV 2 cos 0). 


Hence = fi 0 y' T + di-fi' T _ T y'; D z Vo ^ fi 0 y" + p' 0 y r + d-rp"_ T y' T ; &c. 

T,=T T,=T 

Let us suppose, which we shall find to be permitted in the present investigation, that /? T is 
a linear function of t, & *.* that /3'" } Sec. vanish; V also D 2 j3, D^fi, Se c. vanish. [We finally 
obtain] 

„ =fs n x ff) L + «M+ s+ MW,MW +j[C L._4, 

Vn,T (Po-^V + Po) |y T + 2 \[l] x [3]3 2 + [5] 5 3 U T J 


in which 


yl = f T y sec e s {ta/I cos 8 — sin (tV 2cos6)}. 

Jo 7T V2 J o 


HMPIJ 
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The properties asserted of this set of functions are: 1 st , that they vanish, and. that their 

1 st differential coefficients relatively to r vanish, when r = 0; & 2 nd , that they satisfy the system 
of differential equations 

(1 +D%) Vo,^Vi , T + A> + Pi r, & (1 + I>?) V ».t= i (Vn+ i.t + if n>0. 

Reciprocally, we shall have proved the justice of the expression for 7j n>T if we prove that it 
possesses these properties. It is therefore important to make this verification. [The verifica¬ 
tion follows and incidentally involves the identity 


S 


a*? xr? ([0] ~ &)a 


2&+1 ' J 


Suppose now that, when n> 0 , '^ n}T — r Q — n>T == transversal vibration or displacement of the 
particle before or behind the particle corresponding to n= 0 ; but that this last mentioned 
particle has its displacement represented by r] 0 T — /3 0 — -rpo ; then to the expressions lately given 
we are to add those which would correspond to the introduction of the terms — — £t/3q in 

the expressions for and Z>*r]_ 1>T ; & this again comes to changing, in the integrals, t) 0 t 

to 'n 0 , T — Vi i T> ’Ji.r to yi'T — iiV o,t + V 2 ,t)> & c d or finally to replacing the displacements at the 
time r by the negatives of the 2 nd differential coefficients, relatively to r,f of the expressions 
lately given: so that these displacements are 

^o.r — 2 ^,o77 + 2/0,0y T » ^ c *» 

or, more generally. 


Vx.T \ yo , o U T + ya , o ) | I + 2 ^[ 1 ] 1 ^ T+ [ 3] 3 2 + [ 5] 5 3 

in which, as before, 

\ / '2 f 2 

y' ~ - d6 sec 6 sin (rV 2 cos 6), 

^ Jo 

and 0 , 2 /o j0 are the initial displacements & velocities of the particle 0 . 


* [We have 


Hence 


(-l)*([0]-*}2 [n+k^+\ (-1}*[2&P* [»+*]»*+* 2 a *+i [n-h&? fc+1 

i+l 2h-f-l [&]*[&+!]*+* [2&+l] 2 fc+i [h+l] fc + x [2A+1P+ 1, 


r 1 ??—i (- l) ft (CO]-*) 2 [n + h] afc +i ., _ r . m fc+1 2 2fc+1 f 14-ar) w + fc 

J “’° 4+1-2fc+T~ = ooeffiolellt of * m [fc+ip-K —*x-~ 


x x 2 ( 1 - l-a:}”— 1 I ffl ,C+1 [ 4 ( 1 -T-g) | 

’ 2 ( ‘ + ) ^“'“tys+l]*** \ a* J 

, i«* (!+*)•« 


» „ {1+tc) n—1 (a?+2) 


-!•] 




here.] 


n * T " n * s a ^ so re P^ ace d by a;. The transformation gives the solution of a new problem as described 



XX. MOTION IN ELASTIC MEDIUM 


547 


For example, the displacement of this very particle at the time r is, rigorously , 

77 77 

dO sec 6 sin (t V2 cos d ). 

As t increases without limit this displacement tends to become = Vi2/o,0’* it bears therefore 
a constant ratio Vi to the initial velocity 2 / 0,0 • This is a very curious result. The ratio Vi 
depends no doubt upon the assumed unit of time, & on the energy of attraction between 
2 adjacent particles. 

The expression for y xr ought to satisfy generally the equation in mixed differences 

Vx, IT (Vx+l.T ^Vx.T “f Vx— 1,t)* 

It ought also to give y x>0 = 0 and y’ Xj 0 = °, when x > or < 0; but = y 0t 0 and y' 0t 0 respectively, when 
x=0. And so it does. 


2 f 2 _ 

^ot = 2 / 0 , 0 - d<9cos(rV2cos0)-f s/o.o 

’ ^ J 0 


4 


(Jan. 23 rd , 1839.) 

The last expression for y XiT may be thus written: 

, f l# 2 ™ Ix 2 (rr 2 ~ l)(2D r ) 2 
Vx,t— (2/o,o-^t+ 2/o,o) + 2 T 2 1.5 


.2.3 


‘ 2 1.2.3.4.5 

and from it we may deduce the more general one: 


1 *»(*»— D(**~ 4) (2DW + jVg r^ seo g 9in(T V2 cos fl) 


) -7T JO 


i ( (^__i)2(2D 2 ) 

^ T = V72 S(?) ~“ (2/£,oi)T+ ^ ,o) r + 1 r ~ + 


(jr-i) 2 (2D?) (s-i) 2 ^-*) 2 -!} (2D 2 ) 2 


1.2.3 


. ~ *) 8 ~ il {(* ~ »>* - j) W 4 -... 1 f 2 dd sec 9 sin (r V2 cos d ); 

1.2.3.4.5 )Jo 


in which D= and the function y x T is obliged to satisfy generally the differential equation 
dr 

Vx,r + Vx, t~ (.l/x+1, t Vx—l, r) ’ 

and also to become y i Q when r= 0, & to give E> T y Xtr ~y r it0 when r = 0. 

Restoring V ta'V 2 for r, and V putting —for JO T \ changing also y it() to nq it0 and y i 0 
1 Vi,o> we get the expression 


to 


1V2 


Vx.t ^^^.oA + ^o) 2+ i Ttfi + 1.2.3 


(x-if Df {x-if{{x-if-l} I>f 


-b 


(x - if{(x-if~l} {(x - if — 4} Df 


1.2.3.4.5 


3 a? 




2<z 4 


sec # sin (2a£ cos 0), 


[The first integral is J 0 (rV2). The asymptotic form for the second can be obtained by considering the integral 
Je izi (l — i 2 )-l t~ x dt over a suitable contour.] 


69-2 



548 


XX. MOTION IN ELASTIC MEDIUM 


as the complete integral of the equation (1) of page 527, 

Vx, t = (Vx+i, t “ ^Vx, t + Vx-l, i) * 
The expression may be written more concisely thus:* 


1 _ % [x — i 4- Tc\ 2k+1 D* k+2 } C 2 d6 sin (2at cos 8) 

= 2a^r S S“® ^.oA + <o) |2 + (« - V Sg) o [ 2 ^+l] 27c+r (X? + 1) a 2/c + 2 J J 0 cos d ' 

In it 7 j if0 and r)' i>0 may be considered as the 2 arbitrary functions, and if we denote them by F i 
and f t we may write 

1 / -j-j r\ »i f- x-i „„ [a;-fc + &] 2fc+1 L>y c+2 1 fa Bin(2ttfoosfl)dfl 


|!+ 2 S(A:)0 [2&-b l] 27c+1 (& + 


) 2 fc + 2 ^ ^ 

1 ) a 2&+2 } J o 


(Jan. 25 th , 1839.) 

Employing the very simple expression! 


\r} Xft expressed as an integral .] 


^ aH 2 „ _ a 4 £ 4 * a -n 

^ = ^ +172 ■ F *-1 + X 72 T 374 A "^- 2 + • *• 


+ + 2—2—3 A «/a; -l + j—2—3 4—5 A * *^-2 + * * • 

for the integral of the equation in mixed differences 

£>tVx,t = a 2 { &%Vx-i,t> 

F x and f x being the initial values of r) x>i and of D t rj x t ; or still more simply employing the 
expression 

^•' = ^ + A AiF “~ 1 + 17^374 A ^*-a+ • •• 

+ i / iC + 1 .2.3 A S/ i z-i+ 1 2 _3 4 6 AJ/ a ._ 2 +." 

as the integral of the equation let us suppose that f x is — 0 for all values of x , 

& that F x also vanishes except for negative and odd values, for which we shall suppose it to be 
constantly = 1; and let us seek the corresponding form of the function r) 0 t , with a view to show 
that it reduces itself to the form J- (sin £) 2 . 

We are V to have, for all values of t, 

i (*™t)*=F 0 + 1 ^- 2 , AgiVi+ 1 : 7 3 : 4 A*J 0 _ 2 + fee., 

* [Hamilton verifies this expression and in the verification the following results appear 

i (sin a£) 2 =£~ 0 J1 + + ft 4- 1] 2 *7 X D 2fc+2 1 ^ z . ro ^ t 

{ 1 2 <* )0 [2ft + I] 2fc +i (jfc+i) a afc + 2 J ^~~ a t ' )> 

and o^^i-^+J) 2 , (^+l) 2 {(2^+l) a -m j 

t [This expression was arrived at in the course of the verification referred to in the previous note.] 
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A| F 0 _ ± — F^ — zj? 0 -t- ji l9 
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- 2F o + F 1 

A o-P’ 0-2 = -^-2 — 4^ , _i+6J’ 0 — 4F 1 + F 2 , & 0 ., 

& F 0 = 0, F x = 0, F s = 0, ... ; also H_ 2 = 0, H_ 4 = 0, ...; but *■_,= _P_ 3 = &c . = 1 . 

So that we ought to have the equations (because j-sin£ 2 = J (i _ cos 2t)) 

+ 1 = - A 0 F »-1 - -f-1, - 4 = AJ F 0 _ 2 - - 4F_ x ’ 

+ 4* = A°F 0 _ s = F_ 3 + ^Ijr_ 1 , 


4 3 == F 0 _ 4 : 


8 - p '- s— rtiri &e - ; 


which are true. In general, we ought to have 

4.2Z_,\4Z+2 jp __ i . [4Z+-2] 2 [42+2] 4 

0 °- 2l ~ 1 ~ 1 + [ip + -"TijA+ ■ • ■ • 

42M-1 __ / 1 )i£M+ 4r [4Z + 4] 1 [42 + 4] 3 

v 0 0-2J-2 j-yi +- [3] s ’+•». 

& accordingly these series are the quarters of the developments of (1 + l)^ ( 1 + 

/X y/\ /V 


(Jan. 26 th , 1839.) 






v 


Had we supposed that F m = 1 for all odd values of*, (positive as well as negative), being still 

= /f , T? ValU6S ° f ** & f * b6ing StiU = 0 for aU values ° f variable, we should have 
just doubled the last found expression for Vo>t) & thereby found r) 0 t = sint 2 . 

I think that we ought to have found ij 0 ,, = eos l 2 , if we had supposed f x = Q for all values of x 
& -c X ~Q for all odd but = 1 for all even values, the value 0 included. 

In general, one integral of the equation in mixed differences is 


Vx, t = V v ers {^ix - 2t sin | j, 

r} & fi being arbitrary constants. In fact this expression gives 

A&Vx-ij — v j 2cos (^ix — 2£sin^~j — cos ^pr + p — 22 sin — cos — p~ 22sin^ j 

= cos ^fix — 2t sin vers p=Df 77 ^. 

We ought V to have tj xJ ^= the above cited expression for all values of t, if it be so for two 
values infinitely near each other; *.* if, for all values of x , we have 


F x = t] vers jjux, f x = —2vj sin fix sin 

These conditions give 

Fx+% ~7]~7] cos / ix cos fii + rj sin p# sin pi, 

fx+i ~ —2 tj sin ^ sin fix cos yd — 2tj sin ~ cos fix sin fii; 
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*.* Ali'Vi = -7] cos fjLX {cos {JL - 2 cos 0 4 - cos (- fx)} + 77 sin fix {sin fx - 2 sin 0 + sin (- /x)} 

== 4t? cos (sin ^ , 

A%F X _ 2 = — 77 cos fxx {cos 2jjl — 4 cos ^ + 6 — 4 cos ( — + cos (— 2/x)} 

= —77 cos /xrc (e 2 ^ -1 — 4e ^- 1 -f- 6 — 4e~~^ A/_ 1 4 - 

J^v'Zi VZi [JL 

— — 7 ] cos fxx (e 2 -e ) 4 = - 2 4 77eos /xa; sin ~ 

AfF x _ r = (- l) r+ 1 2 2 r 'i 7 cos/x# (sin|j , (r > 0), 

A| r /o:-r = (- 1 ) r+1 2 2r+1 ^ Sin fix (sin ; 

1 . 2 .t...( 2 r) A%rFx - r= -^ eos /^(- 1 ) r ( 2<sin l) 2r [°]“ 2 ''. 

1 2 3^(2y + 1) A f*~ r ^ -r,&inixx(-lY^2tain^'j + [OJ-^+D. 

V summing these 2 last expressions from r = 0 to r — 00 , then adding them to each other & 
to the additional term 77 (corresponding to A %F X ), we get 

Vx,i=V vers (/^ - 2t sirL > 

as I expected. 

Resuming now the original problem of this book, let the expressions on the preceding page 
for F x and f x hold only for negative values of x, & for the value x = 0; the functions F x & f x 
vanishing for x — 0 or > 0 . And let me try to calculate the function 7 ] 0>i by calculating the 
differences 

A% r F Q _ r , Ao r /o-r • (We may suppose for simplicity 77 = 1 .) 


A rF 0 _ r ^F_ r -¥g.F_ 


. [2r? „ 

-r +1 * £ 2 J 2 ^ —r +2 


[ 2 r]i [2rY ,(~l) r [2rf 

_1 "W + |2F“- + “ m- 

■ 1 cos r 'y- + TTTT cos (ry -y)~ cos (r/t — 2jx) + . - - — 


Hv- 

= -i(e 2 


[l ] 1 


1 ( sin 2 )^’ 


r > 0 ; 


)2r=(_.l)r+l 22^-1 ( 

& the part of 7 j 0 f corresponding to -F (that is to the initial displacements) is simply 

ivers (2£sin~^. 

The question then which remains to he solved is this: How nearly will the initial velocities 
of the particles behind the origin produce the remaining half of this versed sine in the complete 
expression of the displacement 77 

Ar/ 0 -r= 2 sm| (sinr^-^ sin (r^-^) +... sin ^. 
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If we seek only the limit to which ± Aff 0 _ r tends, as p tends to 0 , we have, for this limit 
the expression ^ 5 

...... . W l( } ra ,( 2) - + -Fir' ; 

oi which the values are 

1; 2 — 4 = — 2; 3-6.2+15=+6; 

4-8.3 + 28.2-56= -20; 5- 10.4 +45.3 - 120.2 + 210= + 70; 

& the general expression seems to be 

47,-1 [ “ if -1 [OJ-fr-D = (- 1 y -1 [2r - 2] 7 *- 1 [0]-(^-D. 

[A proof by induction of this expression is given.] 

We have V at present, by neglecting p 4 , 

Ar/o-r - /x 2 ( - 1 y - 1 [2r - 2]-i [Oj-C^-i); 

which is to be multiplied by [OJ-^+u and summed from r=l to r = co; & thus we get, 
by changing r to r + 1 & summing from 0 to oo, 


that is, 


?+(J+) 3s «o <- t2 r 


a result which agrees with former investigations in this book, & in which the part added to l ~ 

tends to become = j as t increases indefinitely; or rather, perhaps, tends to become = - — * 

Without neglecting any power of p 
Al r+ 2 /o- (r+1 ) = 2 sin | {sin (rp + p) - sin rp + ... I 

= 2 sin | {sin (rp + p) - ([ 2 r]i [ 0]- 1 + 2 ) sin rp + ([ 2 r ] 2 [ 0]~ 2 + 2 [ 2 r]i [ 0]- 1 + 1 ) sin (rp-p) 

- ([ 2 r ] 3 [0]-3 + 2 [ 2 r ] 2 [ 0]~ 2 + [ 2 rp [0]~i)sin (rp- 2 p) +... 

+ (- 1 ) r_1 ([ 2 ff - 1 [ 0 ]-<»—« + 2 [ 2 rr-* [OJ-fr- 2 > + [ 2 r ] r_3 [ 0 ]- < r ~V) sin 2 p 
+ (- l) r (W [ 0 ]-- + 2 [ 2 r ] ,_1 [ 0 ]-f-» + [2ry~ 2 [ 0 ]-Cr-»)sinp} 

— 2 (— 1 ) r [ 2 r] r [ 0 J—*" sin p sin ^ { 2 sin {sin rp — [ 2 r ] 1 [ 0] _1 sin (rp—p) 

+ [ 2 r ] 2 [ 0 ] _2 sin (rp- 2 p) -... + (- l ) r_1 [ 2 r ]’- 1 [ 0 ]-fr-»sinp} 

= - (2 sin | j 2 Ar/o-, + 2 (- If &T [Oj^sinp sin 
If then we consider Ao r /o- r as a function of r, & denote it by M r |^ 2 sin —^ , 


B r+1 4-E r = cos %(-iy [2rJ [0]- 
* [See p. 539.] 


r ( 2sin f) * 
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„Uch 1 , ordinary «,»•«» » of .to 1 “ ordo, and d^~, * «—»» 

coefficients, but with, a variable term. It gives \ _ 2 (r—n 

- (i^ + - oob|(- ir [2r — 2] r ~ 1 [0]-*-» (2sin-J 

& also i?o = O s / uA 2 

... ^o r+2 /o-(r+i) = (^ S i n 2) 2c ° S 2 (~ l) r |[^ r [0] -r + — ^] r_1 [0]~ r-1 ' 

+ [2r - 4] r_2 [ 0 ] -<r-2> (2 sin V - + P ] 1 [OP 1 (2 sin + ( 2 . 

Multiplying this by [O]"^ & summing relatively to r from 0 to 00 , & then adding the 
result to 


i vers ^ 2 f sin ^ , 


we get 

ji)o.< = 4 vers ( 2fsin 2) 


+ eos- 


a result agreeing with those obtained at an earlier stage of these investigations.* 


(-mto]-’-) 2 ; 


(Jan. 31 st , 1839.) 

[Hamilton identifies this result with] 

„ 1 fl^Tsinpv—jpsinv / 1 — j-m 2 " dp 

r )o,vimV2 — h vers v= *^\ Q 1 —'P 2 V 1 — i|-m 2 £> 2 p 3 

v = mtV2, m = V 2 sin^. 

The 2 nd member of this equation is rigorously an expression for the part of r) 0J which 
depends on the initial velocities; & it may be still more simply written thus: 

VjJ _ 

1 S * n -P v j l"2 m2 dp , 

7rJo 1 -p 2 N 1 - im 2 p 2 p 5 

because we have, exactly, 

° = J“ r^jpj iS$!p - C Cauct y’ s Princi P al Value.] 

At the same time we see that we may write 

, 1 f^sinnw dm 

2 ttJo p l-m 2 

TO -2 (l __ l m 2) _ rp-2 _ l m 2^ or p- 2 — |m 2 + (1 — iW 2 ) tu~ 2 , 

p ~ to {1 — |m 2 (1 — to 2 )}~^. 


if 

that is, 


[See p. 540.] 
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Or we may write 


in wliich 


Vo.r 


__ 1 f 1 / sin pv sin qv\ dm 

itj o\ p q /T 


V vers v = — 


p — m {1 — (l — m 2 )} K q — m- 1 {l ~ ^m 2 (1 — m~ 2 )}~ 


If v = mtV2 = 2t&in~ be large and if m be <V2, we need only retain those parts of the 

•v/o 

integral which have small divisors; but p increases from 0 to 1, & q decreases from —- to 1; also 


when m is nearly 0, we have nearly m = V1 — \m 2 p ; and when m is nearly 1, we have nearly 
P = 1 — (1 — -|m 2 )(I — m), g = 1 -h (1 - Jm 2 ) (1 — m); 
sinpt? sin qv 


si npv — sin qv = ~ 2 cos v sin {v (1 — -Jm 2 ) (1 — m)} nearly; 


also 

p q 

v being large, we have nearly 

Voj — 2 vers Vz=: ~~ (Vl — Jm 2 J dp — cos p J S1 - ^f y dp r j , 

if p' = (1 — \m 2 ) (1 — m); V finally, we have the following approximate expression for the part 
of rj o t which depends on the initial velocities: 

Vo,t~i vers v — % {V 1 — \m 2 — cos v}; 
in which v — mr=2tain~ — 3b large positive number. 

The whole expression for the displacement of the particle 0 at the time t is therefore 
770^=^008^ — cos ^2£sin^ = vers ^2£sin^ — ^sin~^ , 

if £sin^ be large. 

[By a lengthy process of summation the following result is arrived at.] 

The expression 


Vx,t=i vers — 2t sin 


f* 2 


cos ^ cos 2x6 sin (2t sin 6) — cos 6 sin 2x6 cos ( 2t sin 6) 
_ vers P -dd 

sin 6 (cos 26 — cos ft) 


%f o 


contains, for all valves of x and t } the rigorous solution of the problem proposed at the com¬ 
mencement of this manuscript; namely to find a function y Xjt such that it shall satisfy generally 
the equation in mixed differences 

and also the initial conditions 

Vx,o ~ vers {xx or =0, 

HMPII 70 
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according as x > 0 or > 0, and 

D o ^. 0 = — 2 sin|sinor =0, 

according as x > 0 or > 0. 

For a complete a posteriori proof of the correctness of tlie solution, it is sufficient to 
prove that* 

, vers f* f 2 cos 6 sin 2x6 dd — _ j_ vers according as x is <0; 


tt J o sin 6 (cos 2 6 - cos p) 


sinu f 2 cos 2 xddB 


= + | si iifjLX, according as x is $ 0; 


* tt- J 0 cos 26 — cos p 

3 rd: the latter integral, like the former, vanishes with x. 
And whatever x may be, we have, when t is large and positive, 

Vz,i = vers (f 1 * - 2< sin - (sin ;f 


but when t is large and negative, Vx, 


'=( sin 4)*- 


[.Discussion of asymptotic value of this integral .] 

(Feb. 0 th .) 

The expression for rj Xt t on the previous page can be written 


Vx,i = i vers ~ 2t sin 
: this more elegant one (in which. v =, 


/uA vers [m sin ( 2x6 — 21 sin 6) 


sin 6 i cos 9 — cos -- 


rj Xtf = sin (xv — t sin v) 2 


sin v 2 f w sin (2x6 — 2 1 sin 6) 


l v 2 r w si 
tt Jo si: 


2tt J 0 sin 6 (cos 6 — cos v ) 


This is a rigorous form for that particular integral of the equation 

A 2 \ 


TSl 


which gives ^ 0 — 2 (sin a; v) 2 or — 0, and D 0 rj Xt 0 = — 2 sin v sin 2# 1 / or = 0, according as x > 0 or >0. 

* [The verification here suggested is similar to that on pages 469-472.] 
t [The integral may he written 


l ^cos cos dj cos 2x0 sin (2t sin 6) a 
sin Q (cos 26 —cos p) 


f 2 cos 6 sin (23 sin 6 — 2xd) d9 
j 0 sin 6 (cos 20~cos /x) 


— re (sin 

The value of the first part when £ -> co is- — -, the asymptotic value of the second can be obtained by 

f g2itw—2 i as sin.—1 u JU, ^ 

taking the complex integral^ about the contour (sin^ 0), (-sm^, 0), (sin^, i° 0 ), (-sin^ i<x >) 

with indentations at 21 =sin -J/x, 0, —sin -§■//,.] 
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We shall suppose that v is > 0 but < — ; and that t and x are large positive numbers, x being 

also integer. And on these suppositions we shall seek the approximate value of the definite 
integral in rj Xff . 

Because x and t are large, the arc 2x6 — 2 1 sin 6 will in general vary much & rapidly while 6 
varies from 0 to tt; & V the sine of this arc will fluctuate often & rapidly between the finite 
limits ± 1, while 6 varies so. Hence we need only consider those particular values of 6 for which 
this sine varies less rapidly than usual, or is divided by an unusually small quantity. But the 
rate of variation of the arc is expressed by 2 (x — t cos 0 ); if then we at first suppose that x is > t. 
(corresponding to the case of darkness,) we may omit the consideration of the case of slow 
variation, & may confine ourselves to the cases of 6 = nearly 0 or v or tt. 

When 6 is nearly 0 , x being > t, we get — J (1 + cos v) as the corresponding part 

of the integral. When 6 is nearly tt, we get the part — - smv _i (i — C osv); so that 

4(1 + cos v) 

the sum of those two parts, corresponding to the divisor sin 6, is — A When 6 is nearly v, 
the arc 2xv — 2 1 sin v + 2x (8 — v) — 2t (sin 6 — sin v) = nearly 

2xv — 2tsin v+ 2 (x — t cos v) ( 6 — v); 

also the small divisor cos 6 — cos v — nearly — sin v (6 — v); & the corresponding part of the 
integral is Jcos (2xv — 2fsin v). Thus the whole integral is nearly 

= — vers ( 2xv — 2 f sin v) = — sin {xv — £sin v) 2 ; 

and rj x t — 0 , if x be large and positive, & > t. 

Next let x < t, but let t be large and positive, & let x be also > 0. The parts corresponding to 
Q — nearly 0 & v are now J(± I + cosi^), & their sum is j-cosv. The part corresponding to 
6 — nearly v is, if aijicos v, + Jcos (2xv — 2 fsin v). What is the part corresponding to cos# = 

nearly It is insensible. 

(Feb. 6**.) 

But it is important to observe that the foregoing calculations suppose that x differs from t 
& from t cos v by large quantities, positive or negative. When x is nearly equal to if or to £ cos v, 
we must employ some new considerations. 

If x — t cos v, then rigorously 

Vx , t='ntcoBv,i^ Qi nt(vcosv- sin v ) 2 - 

& when 6 is nearly = v, we have 

Beo&v— sin#— vcosv — sinv+ {6— nearly; 


%rT sin 2t (6 cos v — sin 6) ^ 
o sin 6 (cos 6 — cos v) 


70-z 
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2 1 (6 cos v — sin 0) = 2t ( v cos v — sin v) J rt sin v (6 — v) 2 nearly; 


l-M- nearly, if c& = 2t (vcos v- sin v) and <£ + S</> = 2£(0cosv-sin0); also 
V isinv 

'sin^S<?!> , j jq dhf> 

oosfl-eosv= - -pZ nearly, and 


de 


d8<f> 


* cos 6 — cos v 2sinvS<£’ 

but to a given positive value of S<£ correspond two opposite values of 0-v; Y the corre¬ 
sponding part of rj t cos vJ is 0; whereas the corresponding part of rj Xtt is + | cos 2 (xv-t sin v), if a; 
be considerably less or considerably more than t cos v. And if we take in the connected periodic 
part outside the integral sign, we have 

— cos{2xv-2tsinv) i - Jcos (2£vcos v — 2t sin v), or 0, 
according as x is sensibly less than, or exactly equal to, or sensibly greater than t cos v. 

It seems then that we may regard the velocity of propagation as being = cos v, and not as 

. sin v 

being =-. 

v 

This distinction between the velocity of propagation of a wave, and the ratio of the space- 
period to the time-period of its vibrations , appears to me to be entirely new; and to be one of the 
most curious results hitherto obtained , by introducing the consideration of finite intervals. 

Let v — -, n being an integer number, expressing the number of molecular intervals con¬ 
tained in the length of the wave. And let only i such lengths behind the origin of x be disturbed 
at the origin of t. We meet these suppositions by changing x in the recent r) x>t to x + in, & 
subtracting the new expression from the old. We therefore obtain 


Vx,t z 


juype? 

rr\ n) Jo si: 


sin ind cos {2x6 4- in$ — 21 sin 6) 
sin 9 


d6; 


cos 6 — cos — 
n 


as the rigorous expression for a function which satisfies the equation in mixed differences 


and also the initial conditions 


and 


2X7T 

Vx , 0 = vers —, or =0, 
n 

a . rr . 2xi t 

% ai o=-2sm-sin~, or =0, 


according as x does or does not satisfy the conditions 

x< —in. 

[Here follows a verification.] 
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Let us consider the cases which correspond to x and t being both large and positive, & 
inquire, for these cases, the approximate values of y xt . 

In this research if is useful to remember that we may write, rigorously , 


^■'= 2 *(“%] 

. 0 


sin ( 2x9 + 2in6 — 2t sin 6 ) 

sin 6 ( cos Q - - cos — 

V n 


de- 


1 / . tt\ 2 s 

" 2 ^( Sm %) "7 

jo 81 


sin (2x9— 2t sin 6) 
1 9 ( cos 9 — cos - 




It is V sufficient to study the latter of these 2 integrals; which was indeed considered in 
part before, (see pages 554, 555,) but shall now be considered anew. For simplicity we shall 
write the above equation in the form 


Vx,t ^cc+in, t i . 

Now, because x and t are large, sin (2x6 — 22 sin 6) fluctuates often and rapidly between the 
finite limits + 1, while 6 varies from 0 to tt; & these rapid & repeated fluctuations destro}^ 
sensibly all those parts of the integral z xt which are not rendered sensible by having small 
divisors. We need therefore attend only, in the calculation of z Xti , to those values of 6 which are 

nearly 0 or tt or And the chief theorem for all these values is that 
n 

/ ° sirup dip 7 t 
o 4* 2* 

When 6 is nearly 0, we have 

sin 6 1 

2x9- 2tsin8~2 (x^t ) nearly ’ 

this relation becomes more and more exact as x and t increase, while the denominator of the 
fraction remains constant; because, under these conditions, 6 diminishes more and more & 
tends to 0. At the same time 


cos 6 — cos - tends to vers-; and ~ tends to , 

n n dip 2 (x - 


t) 


, if ip = 2x9 — 2 i sin 6. 


Thus the corresponding part of the element of z xi tends to this limit: 


2tt 

at least if x — t be considerably > or < 0. 


1 / 77" \ si 

— ( 1 + cos - } — 

!tt \ 71 / 


sixupdip 

~~W~’ 


It must also be observed that while 6 increases from 0 to +, that is to a small positive 
quantity, tp is to be considered as increasing or diminishing from 0 to a very large positive or 
negative quantity, according as # — £ is > or < 0; x — t being supposed to be always large. 

In the first of these 2 last mentioned cases, we get V, for the corresponding part of the 
integral s, „ 


and, in the 2 nd case, 


+.-^l + cos-); 

■i( 1+oos ») : {x<t) ’ 


which may be explained by saying that while — is in both cases positive, the factor sin ip is in 
the first case positive, but in the second case negative. 
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If x were exactly = t, we should have, rigorously, 

v 7r \ 2 f 77 si n 2t (9 — sin 8) dO 

2rr \ 


1 / . 

—- Sill - 

2tt \ nj 

. o 


M' 


\ 


cos 6 


Tr\ ’ 

— COS — I 
n) 


&, nearly, for the part which corresponds to 6 nearly = 0, 


ip~2t (8 — sin 6) 


t8 B 


dip = t$ 2 dO, 


dd 


dQ __ dip 

3 ’ — — vw ’ sin#~ 8 ~3ip’ 

and the part would be ~ ^1 + cos —^ . Such are the parts which correspond to values of I 
little greater than 0. 

Supposing next that 6 is only a little less than tt; we have, nearly, 

2x (tt— 0 )4-22 sin (ir — 8) a/ 

girL(w _ e) =2(x + t), 

& this relation becomes more and more exact as x 4 -1 increases, the arc 

ifi — 2a? (tt — 8) + 2t sin (rr — 8) 

remaining constant; because under these conditions the arc ir — 6 tends indefinitely to 0. 


Also tends to be 
dip 


+ 1 


, being rigorously — - 


+ 1 


2(x-\-t)’ ° ° 2 (x — t cos 8) 

large & > 0, the part of z xi which is now under consideration is + 1^1 
Thus the sum of these 2 first parts of the integral z x t is 

+ if x be much > t; 

— J cos-, if # be much < t; 


; therefore, since x +1 is 

-)• 

n) 


and 


i^2-cos^,ifa:be = «; 


t and x being both large & positive. 

Supposing finally that 8 is nearly — —, & putting 

<P = 2x9-2tame-<f>, <j>* 2x7r 


- — 21 sin —, 
n 


we have nearly 


and if x — t cos - be large, we may neglect the 2 nd term. 

In this maimer we get, for the 3 rd part of z x( , 

+ 22 1$ f 00 simp dip cos <P _ (2xrr rr\ 

according as* is much > or much < (cos-. If* = {cos- then 

___ n n* 

0 --==*-* j ± . dO dijj /„ n _ 

m tj. 5 -rr <p = 2t[— cos-sm~ ; 

sin- 0-- 2 V \» » n}’ 
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to each, value of + <£ = 2xd - 2t sin 6 correspond now two values of#--which are nearly equal 
and opposite; V the corresponding part of z x t is insensible.* 

If then cos^ be sensibly less than 1, so that icos^ may be regarded as considerably less 

than t, when t is large and positive; if x be also large and positive; we have the following 
approximate values for the integral z x t : 


z Xt i= — i cos cos 


2X7T 7T) 

- 21 sin— 

n n) 


i 77 

cos —, 


1 rrr [2 xtt . tt\ 

— \ cos J cos (- 2t sm — , 

n \ n nj 

11 / 7T \ 2 / 2X7T . 

i"h co « 2 -) — Jeos 2<su 

i — i cos / — 2 1 sin —1, 

\ n n) 


if a? be much <£cos-; 

n 

if x = t cos-: 


if x be much > t cos - but < t ; 

n 


if x be much > t; 


and consequently, under the same 5 different suppositions, the function 

. (2xtt , -7 t\ 

Vx,t=i vers (— - 2* sm -1 - z Xit 

takes the 5 following values: 

( cos 0 ~ 003 (it - sin l)= vers ( : w- : 2t>sbx i) ~ ( sin 0 ; 

(° os 0’ %( cos 0> °- 

What would happen if x — t cos ~ were of the same order as $ ? Let x — i cos ^ f Vi; then, by 
the last page, 

i{s = 2g$(d — ~ ) + sin —. t (d — —} ; 


/„ 7r\ 

. 77 / 


w -H-sm-.i 

n 

9 -) 

\ 

n \ 

n) 


*.* if i be positive and a good deal larger than ^/jsin^, we shall have, nearly, 

‘'HHi'-w-’* D- 


or, more accurately, 


^ S in|+P = {f + sin=.«»(ff-^)} 2 > 


[See p. 555.] 
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tip sin 

_i —u / i_i— 

l 


•KK-H^rV ' + v, 


(*- <cos crj 

— ° B i) + J( x - toos if +tsin ^ 


t sin- 


= (by hypothesis) a quantity of the same order * 


Vi’ 


we may V neglect its square in the denominator of the element of z xA ; & thus we have to 
calculate 

f% oo 


_L 

2ir 


si n{<p + ip)d.${6-^ ) j 

“(•-9 


i sin(^ + 2^' + sin^e' 2 )d£»' x ^ cos (<£ + 0' 2 sin^) sin 2|0' dO' 

~2tT ¥ IT S' 

— 0 O 

which tends to , when £, being positive, tends to become infinitely greater than sin^. 

Thus bv taking - = cos- + -^, in which £ is a large positive constant number, we shall 
t 71 Vt 

have with a given, and great, degree of accuracy: 

z^-ieos? —*cos(^—2fsin^), 

so that we are justified in considering cos — as the velocity of propagation. 

71/ 

1 / TT 7T 

If £ were much less than - / sin —, or more precisely if 0 V 2 sin — increased much more rapidly 
than (2f0' ) 2 , so that the ratio H~ 2 sin—= s's~ 2 is large, s being a number such that f 0” 1 sin 9d6 

71 JO 

is nearly — ~; then, for the integral 

1 f“cos(^d5-V i /r V2 )gin^'#' 

ttJ o r 

in which ip'^2%6', we cannot correctly substitute 

1 f s cos^shn/r' /v cos <p 
ttJo T " 2~’ 
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but are rather to substitute, as the opposite li mi t, 

in which we are to remember that s' ^ is now large. It is remarkable that this last Hmit if it do 
not vanish, must be proportional to s (s' )-*; for it may be written thus: 

4^? jo °°* & + *'*)**': 

m which p = — >!>'■■ Also ~ = , which we have supposed to be small; it is 

sin - 
n 


2 — £cos— ^ 

JiSlY. 


t sm — 
n 


Cauchy gives m his Memoir on Definite and Singular Integrals (Mem. Sav. Etr., Tome 

J o cos (</. 2 ) dijj = JJ sin ( 0 *) drj, = ~ ^ y 2 . 


We have then 


1 <9 r« 
77 'Vs'' J 0 


x — t cos 


cos (4> 4 P*) dr = -===2 sin I ~ - 2 1 sin — — — ) 
/ . . t r \ «- ft 4/ 


/ . 7T 

! Trt sm — 

ft 

There is something here analogous to a change of phase * 
(Feb. 7 th .) 


J 0 cos ( 0 a )d^r= sin ((A 2 ) A/, = i , 


Admitting that 
we have, as Cauchy remarks, 

1 frr i r® x r 03 _ 0 i r°° _ 

2 v 2 == 2j_ 00 cos ^ 2 )^ = 4j_ c0 GOS (^+^)^ + ^j oos(P-m z )dtP 

I f 00 

4 J (cos (?/r 2 4 m 2 4 2 cj!/f) -f- cos (r 4 m 2 — 2mip)} dp 

cos (tp 2 4 to 2 ) cos (2rmf r) dp = j cos (p 2 4 m 3 ) cos (2wp) dp ; 

— /— — f sin (0 2 4 tEr 2 ) cos (2mp) dtp; 

2 V 2 J o 


-i/. 

& for the same reason 


cos (^ 2 ) cos (2mp) dtp = ^5" cos |^ 2 — 

sin (*/* 2 ) cos (2znp) dip = cos ^bj* + 

* [Cf. Kelvin, Proc. Roy. Soc . Vol. xm (1887), p. 80.] 
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Hence I deduce, by integration relatively to w, 


Hence 


J» cos QA 2 ) sin (2WO dtj> = v^; cos dw, 

|” S in(^)sui(2 ro ^) # = v ^JJ r cos + dto. 

i_ rcos(^ + -A a )sin(2^)^_ f w oog /^ + ? _ ; 

/^Jo 'P Jo \ 4 / 


which, when „ is very small, is nearly = *cos (* + |) ; but, when «, is very large & positive, 
is nearly 


=i Vi { eos (V+ i) +1sin (^- + i)| "■^ cos 


1 f 03 cos (cf> + «s's -2 ?/r' 2 ) sin ip'di/j' 

r 


& these two extreme values agree with those lately obtained 
To calculate V 

1 f 03 

wj o 

we may put, as on the last page, 

& we get 

1 f ^ cos {<£-M's _2 i/r' 2 ) • 1 / 7T 2 \, 

-ffjo %' » - - Wd*--^J o 008 ^ +i -.)«to 


1 fA /* Eixi n /2XTT . 7T 7T 2 \ t 

- —= ^ cos —-2£ sin — ro 2 ) dm. 

VvrJ o \ n n 4 J 


We may even extend this expression to all values of x, t being large and positive; for as soon as 
x — t cos ^ is of the same order as t, whether positive or negative, it becomes sensibly 

__ 1 f 00 (2X7T . . tt it 9 \ 7 _ - / 2xtt . Tr\ . 

= h—;= cos I-2 1 sm --j---.ro 2 ) dm = + A cos I-2f sm — I .* 

vVJo W 7 i 4 / 2 \ ^ n) 

* [It is to be observed that the fundamental integral, z Xyty -written as a usual integral, is ^putting 

— (sin a 1 ) 2 f 8 * 31 fljjgfl ~ j* sin 0) ___ sin (2a;a — 2£ sin oc )l d$ 

J o t sin 0 sin ot J cos 0 —cos a* 

For values of 8 nearly equal to a this becomes 

cos (2xct—2t sin a) sin {a; (8— «) —t (sin 6— Bin«)}dfl , 

2 -n- ] 0 sin-|(0— a ) 



XX. MOTION IN ELASTIC MEDIUM 


563 


[Airy's integral .] 

Can we find any analogous general expression for the part of the same integral [2 
which corresponds to values of 6 nearly — 0 ? 

For such values, ?// = 2xd — 2t sin 8 = 2 (x — if) 6 4 - ~ 9 3 ± terms which may be neglected in 

sg _ 

comparison with these, even if —-— be small; because 0 is to be at largest of the same order as 

, in which s is a large but constant number, independent of t, & such that f dip is 

t J or' 

7T 

sufficiently near to - for the purposes of our approximation. For the same reason, we may treat 
2 

the denominator sin 6 I cos 6 — cos - J as being = 8 vers ~ ; & V shall have, for the corresponding 
\ nj n 

part of z x>t , the expression 


Ul + cos^T 

'tt \ n/Jo 


7t\ f 00 sin (2^,0, -j- \6P f )dd t 


in which 


0 and | = X . 

' </t 


If be very large, positive or negative, this expression is evidently = i-^l-Fcos^-j . 

If on the other hand £, be very small, the expression becomes -i ^ 1 -b cos -). But according 
to what law does its value vary for moderate values of f, ? 


We have, accurately, 


3 sin {Z£,0 r + J 0 3 ) d9 , _ rr 


s:< 


dd, cos ( 2 f, 0 , + 4 #®); 


so that it is desirable to try whether we can obtain a finite expression for this last integral, 

J cos (2$d + -J# 3 ) dd. * 

Can we calculate J°°e-“ 3 ^ 3 + 6 ^d^, when a is real, or er<&*eozrxdx, which bears a strong 

affinity to the integral discussed by Laplace, Calc. Prob ,, page 97, Je~ a ' x ' cos rxdx% 

[The calculation is reduced to the solution of a Riceati equation but is not carried further.] 

[Detailed description of wave motion. ] 

(Feb. 8** ) 

Waiving for the present the discussion begun on this page, let me resume the former 
discussion of z xj . 

* [Airy’s integral. Of. Watson, Theory oj Bessel Functions, pp. 188-190-} 
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It follows from that discussion that the function 


1 / . 7 r\ 2 

= — | sm — j 
2 77 \ n) 


sin (2x0 — 2t sin 6) dO 
sin 6 | cos 6 — cos 


involves a first part corresponding to 9 nearly 0 , which is ± ^ ^ 1 +cos^ j , according as x it, 

being large, is positive or negative; but is = ± j^( 1 + cos ^)’ accordin g as bein g lar g e , is 
positive or negative, if x — t. 

The same function or integral z Xti involves a 2 nd part, corresponding to 6 nearly = tt; 
which 2 nd part is ± i^l-cos-^, according as x-ht, being large, is positive or negative; but 

is = + — | 1 — cos -j , according as t, being large, is positive or negative, if x = — t. 

12 \ nj - 

The function z xJ involves finally a 3 rd part, corresponding to 0 nearly = ~; which 3 rd 

77 . i / 2 X7T . 77 \ 

part vanishes when a; = t cos - , if t be large, positive or negative; but is = + 1 cos I — - - 2t sm - I , 
according as x — t cos —, being large, is positive or negative. 


More precisely, by saying that x — t cos — is large , we mean that it is numerically equal to 

or numerically greater than s J ±t sin ^, 5 being a positive number so great that 

If 00 / ifi 2 \ sini/r _. 

*J_„ cos P 1 ?) - *"** 

is sensibly equal to cos <f>. Perhaps the number s — 1000 may sufficiently satisfy this condition. 
At all events, whatever degree of accuracy may be required, this number s is independent of t 
& of x . 

By saying that x — t is large, we mean that it is numerically equal to or greater than s' 
being a positive number so great that - j sin ^ ± —73 ^ ~ is sensibly — 1. Perhaps s' may be 
taken = 200 . 

Finally, by saying that x + ti s large, we mean that it is numerically equal to, or numerically 
greater than, the same quantity ^s'$, s' being the same positive number. 

Now let the number in be considerably greater than — / ± t sin -, & also than — ±t. 

2 V n 2 

(What are the relations between these 2 limits %) 

And first, let i be infinite; that is, let us return to the original problem of this manuscript", 
in which it is supposed that, at the origin of time, all particles behind the origin are disturbed 
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according to the law of the versed sine, & all beyond it are at rest. The number n of molecular 
intervals in one wave-length is not obliged to be large. We shall suppose that 1 - cos - is sensibly 
different from 0. 

We have now, (compare p. 554,) 

.. / 2 X7T n . 77-\ 

Vx,t = i vers -sm -J — z x t = \ vers <j> - z x<{ . 

The law of z xt is sufficiently stated on the preceding page; and we are to deduce the corre¬ 
sponding law of 7] x t . 


I* Let t be large and positive. * 

( 1 .) If x be = or >t + then 

***" = i (■ 3+008 t ) + i ( 1 ~ 1003 1) ~ i 003 (w - 2t sin t) = l vers {^r~ 2t sin l) > 

and r} x t = 0; the disturbance is insensible at a distance beyond the origin so great as f -f- is't*. 

1 / 7T \ 2 

( 2 .) If x be = t, then rj x i — — I cos — | ; there is then a certain constant and positive 

displacement, which travels with a velocity = 1 = the square root of the attractive (accelerative) 
force exerted by any one particle on its next neighbour, and therefore with a velocity inde¬ 
pendent of the wave-length. 

(3.) If a; be = or < t — but > or — t cos— tsin '—, then rj x f = (cos = a certain 

n V n ,X>1 \ 2n J 

other constant & positive displacement, three times as great as that last mentioned. This new 

displacement is sensibly constant, within an extent = t vers - — Is tsin- — b$'$: whereas 

n ~ N n - ’ 

for a range =s't* next following, there is a variable displacement, which vanishes (sensibly) at 
the end of that range, & is, at the middle, reduced to one third of what it was at the beginning. 


(4.) If # be —t cos ^, then rj Xti — J vers <j> 4- J cos ^ = a periodical displacement, which travels 

with a constant velocity ^ = cos ~ ~ a function of the wave-length j, & of which the amplitude is 
— I = half the amplitude that corresponds to the most complete effect of the initial disturbance. 

(5.) If a; be = or < £cos^~ -Ja J £sin~, but > or ~ -tf- then t — vers ^ sin ^ ^ — a 
periodical displacement, which has a constant amplitude = 2, & of which the period, for any 
given value of x , is 7r cosec ^ [wave-length — n]. This part of space corresponds very well to the 

phenomena of light. Its extent is t ^1 + cos J sin^ — 

(6.) If x be — — t, then ^ ^vers^*— i ^sin^-^ . 

* [See Appendix, JSote 12, p. 640.] 
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(7.) l£xhe = or <thea ^ = vers 

Thus the law of the versed sine may be considered as holding good, without sensible error, 
for all those particles which are at least as far behind the origin as the position x=-t- \s '$; 
but during the range = next following in the positive direction, that is, between the bounds 

x = _ t + is'ti, a negative term is added to vers <f>, which negative term is sensibly = ~ 3 (sin ~ j 

at the middle of this interval, & = - (sm^)* at the end thereof. It then remains sensibly 
constant, as also does the law vers <j> remain unchanged, during a large range 

= 2< ( COS 0 ~ iS 7^1 " 

that is. till z — tcos^ — ^s Jt sin?: but in the interval = s Jt sin ? next following, the displace¬ 
ment changes from i cos - cos to (e°s^ 2 , the coefficient of - cos <f> decreasing from 1 

to 0 & being = J at the middle of this interval, that is, when x — t cos — . In another range 

that is, till x = the constant term (cos^) remains sensibly the same; but in the 

1 / 7T \® 

interval = s'$ next following, this term is reduced to an insensible quantity, being = g I cos ^ I 
at the middle of the interval, that is, for x = t. Finally, for x>t + ls't*, the disturbance or 
displacement is insensible. 


II. Let t be large and negative. 

That is, let us trace back what must have been the state of the disturbances before the origin 


of t. 


(1-)' 

Ifx= 

or 

> -t-is'tl;r)x,i=0- 


(2.)' 

JIx — 

- 1 ; 

; ^'=K sin ^) 2 - 


(3.)' 

Iix = 

or 

< — i + but > or =£cos- + ^ 

j — t sin -: 
/ n 

(4-)' 

Tfx — 

Jcos^; 7}^ ( =(sm^) -J-cos^. 


(5.)' 

Ifx = 

or 

< t cos — — 4s / — t sin —, but > or ~ 
n N n 


(6.)' 

If x = 

^,, = vers*-±(co S ^) 2 . 


(7.)' 

I£x = 

or 

^/=vers<£. 



; Vx,i= ( si 


V 


sm 2 n) 

^-( COB 0 
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[Extension of original problem .1 
(June 14 th , 1839.) J 

If we have the equation 

vi,t = a l (Vx+ 1,1 - 2 VxJ + Vx _ ltt ) + a \ (r, x+%l - 2 Vx , + Vx _ 2 ( ), 
we may satisfy it, generally & rigorously, by the expression 

77 

2 r 2 

Vx,(^~ SJ)_ co Vi, 0 J o d6 cos (216 - 2x9) cos (2tQ> e ) 

TT 

1 ^ r 2 

+ ~ 2 <T)~ co Vi, 0 J o dd cos (216 — 2#0) sin (2tB d ) Qj 1 , 

in which © 0 = V^sin 6 2 + a\ sin 29*; x and l being integers. 

Let the initial conditions be 

m 


56 


or = 0, 


V~i,o=V ve rs 

and v'-i,o = 2 V sin 

according as — l is or is not included between 0 and in; then 




~ S 8?o | vers j J o ^ cos (2J0 + 2#0) cos (2j50 fl ) 

7T 

^ . 2/v r 2 ™ 'i 

+ 0W«m— j o cos(2Z0 4-2a?0) sin (2tQ d ) O^ 1 J-. 


We have 


Sjjo vers — cos (2Z0 4- 2x6) = 


sin 

2 sin# 


cos 


n 

S 55o ^ — cos (2Z# 4- 2##) = —^^ sin (2## -f m#) sin - 


(2x6+in9) ^sin—j 


cos 0 —* cos — cos 6 4- cos - 
n n j 


V / . w' 
Vx,f—Z. ( sm “ 

7T \ Tfc 


sin cos (2rr# 4 - in6) , v 

-:-^oos(2t©,) 

cos 9 — cos — 
n 


1 

1 

a 77 

cos#—cos — 
n 

a , 77 

cos 9 4 cos — 
n) 


In general 


V r\ * C” ™ sin m# sin (2## 4 -m#) . , 

— ©,r sm — d6—- -1----sin (2t®g), 

77 n n J o o v 0 

cos 6 — cos — 


4 sin a cos 6 cos c — sin (b + c + a) -sin (b -hc-a) 4sin (b-c + a)-sin(6-c~®), 
4sinasin6sinc = — sin (&4*c4-a) 4-sin (b 4-c — a) 4-sin (6 — c+a) — sin(6 — c—a); 

rixj^A—B+C — D, 
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in which 


17 . 7 T f 77 . 

~ 2 - sm - 0 

4tt nj 0 


= fsin” I 

47T 0 


Tj . 7T 

= —i-sin- 

47T % 


/ sin— ©51 
f n 

sin# ©0 


l (2a?# + 2w$ + 2£©$) 


cos# — cos — 


sin n 0 ^\ sin(2^+2 t® e ) 
sin 0 &e / cose-cos- 


\ sin( 2 a;fl + 2 in9 — 2 £©g) 


cos 9 — cos 


oos e —cos— 

[ Two-dimensional waves.] 

(June 14 t!l , 1839.) 

If we consider the vibrations of an indefinite square system of points & suppose that each 
attracts only the 4 nearest to itself, the distance between any 2 nearest points being -Im the 
state of equilibrium, & the attraction being sensibly =«* + &* (r- D for any distance r differing 
little from 1, but being sensibly = 0 for any much greater distance such as even V2, we shal 
then have the 2 indefinite equations in mixed difierences 

„ ( !d\\ a 2 A 2 fc 2 AI i £ 

°=|-( s ) 


( IdY a? A 2 6 a A 2 

0 =|-U) + TTx; + r+A S( 


of which the complete and general integrals may be thus written: 

tt rr sin(2£©)l 

Sx y t= J 2 | 2 # c os(2a:d- H6)eos(2y<j>-2m<f>) |^, m , 0 oos (2i0) + ^ >m>o } > 

-f ( , sin(2£©)| 

„ _il£ «^>cos(2^- 2m0)cos(2a^- 2Z^>) |^ m , 0 cos (2*0) 2 © )’ 

l/» 1 75-2 V, > J 0 J 0 ' 

© = Va 2 sin <£ 2 4- 6 2 sin 0 2 . 

Suppose now that for every integer value of l between 0 & — in, and for every integer 
value of m between — m, & +m,, (the extremes being included,) we have 

21tt . . 7T . 2lrr 

Vt,m, 0 ==^ers—, 0 = - 2^ sm-srn—; 
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but for all other values of l or m we have %ra , 0 = 0 , ^, m , 0 = 0, & for all values of l & m £, „ = 0 

£, m , 0 = 0. Then ^^,, = 0 and ’ ! 


•7T 77 

r2 


v Xl 


But 


',V,t ^2 ^(!)0 j Q ^ ^ COS (^2^ “ 2md) COS 


(2x<f> 4 2 Z<£) 


21tt w<ClAiJ 

vers-cos ( 2 £ 0 ) ~f- 

n v y © 


n . / 2 Ztt 
— sm I — 
V n 


j sin ( 2 £ 0 ) 


(m)—in, 


_ (22/0 - 2m0) = cousin (2m, 0 + 0) . 

sin 0 5 

77 

V V, „ , = ^ ©n -Y fdd f "d* in(2m,0+0 )sin*m£ 

77 2 \ »/ Jo Jo V sin0 sin^ 


3 (2*©) + sin (2<0) I _ 


cos ( 2x<f> -l- in<f>) 


cos cj> — cos — v cos 4> — cos — 

n “ - 


As m, increases without limit, this expression tends to become independent of y* namely 

_ 1 ( s i n W Y f 57 X± sin in 4> cos (2x<f> 4 incf> - 2at sin <£) 

Vx,v,t 77 \ n) Jo 9 sin? 




cos <£ — cos - 


agreeing with the value found before. The same result is obtained if y be large, but m, much 
larger. 

If on the contrary y be much larger than m , 5 then the relation 

2 cos 2yB sin (2m, <9 4- 0) = sin (2 yd 4 2m, 6 4 0) — sin {2yd - 2m, d-d) 

causes y t to be sensibly = 0 ; & we have thus an example of the possibility of representing in 
dynamical calculation the sensible rectilineariiy of the propagation of light. 

Diffraction corresponds to the case of y nearly = m,. 


[ Three-dimensional waves in dispersive medium .] 

(June 18 ttl , 1839.) 

In general, the equations of infinitely small vibrations of a system of attracting or repelling 
particles, 

/72Sa« 

~ = S {AS* <f> ( 7 ) + A* <j>' (r) Sr}, &c„ 

* [This means, of course, that in the integrand, with the exception of the factor sin (2m, #4 0}/sm 9 t 9 ia made 
zero so that © — # «j -n 4 ] 

HMPII 


72 
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may have their integrals expressed, as Cauchy* has shown, by equations of the form 

(8a;)* == r | | {d t cos(ux + vy + wz)+g t $in(ux + vy-i-tvz)}dudvdw, 

J — <x> J — coj—co 

(3 y)t= i e i h > > 

(S*),= {/, 

d t3 ...i f being 6 real functions of t and of u, v , w, depending on the nature of the system. 

The initial values & rates of increase of these 6 functions may be deduced from those of 
Brr, Zy, 8 z by the 12 formulae 

(Sr) 0 cos (ux + vy + wz) dxdydz , 


( l\ 3 f c0 f 00 f 00 

—j J J J ($z)oSin.(u&+vy + wz) dxdydz, 

in which (&r) 0 , (3y) 0 , (& z )o> (%)os (& z )q are 6 known real functions of x , y, 2 ;. 

The differential relations between d t , e t , f t are of the forms 

d" t = -{Ld t + Re t + Qf t ), e'l = - (Me t + Pf t + Rd t ), f” t = - (X/, + Qd, + Pe t ), 
in which L, M, N, P } Q, R are 6 real and known functions of u> v, w> depending on the nature 
of the system; this system being supposed to have a certain symmetry of arrangement & to 
have the same arrangement throughout; & the same equations hold good when d, e, f are 
changed to g, h, i. 

The expressions for these 6 functions L , ... R are 

L — Z . <f>' (r) + <£ (r)) vers (uAx + v Ay 4- wAz), M = 


N = 


p = S vQmfa&x + v&y + wkz), Q= , P = 

The integrals of the differential relations between d ( , e t , f t are of the forms 

A 1 d t +B 1 e t + C x f t ^ + cos a x t-k-(A 1 d f 0 -\- + C ± f' 0 ) J cos s x tdt, 

A^d t + B 3 e t + C 3 f t = (A 3 d 0 + B 3 e 0 + C 3 f 0 ) coss 3 t + (A 3 d' 0 + B 3 e' 0 + O 3 f' 0 )j cos s 3 tdt; 

A lt ... C 3 being 9 real cosines, namely of the inclinations of 3 rectangular lines to the 3 rect¬ 
angular axes of coordinates, these 3 lines being the axes of a certain surface of the 2 nd order, & 
depending only on u, v, w; but -s x , s 2 ? s 3 being (perhaps) not necessarily real. 

The equations which determine them all are 

+ | GP + AR ^ { AQ + BP 

B G 

points^^ 0 ^" ^ uvres * x * S<hie, Tome tv, pp. 237-298. It is to be noted that r<f>(r) is the law of force between two 
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(June 19 ttl .) 

Let only half the medium he originally agitated ; & in particular let the initial conditions b 
(S^) 0 — 0, (Sy) 0 = vers^'a; a (S«) 0 = 0, (Sr)' = 0, (Sy)' = s' sin {u'x), (Sz)' = 0, 

for all negative values of x, these 6 functions all vanishing for positive values of a*. 

Then 

d Q = 0, /o = 0, g Q = 0, i 0 — 0, d ' 0 = 0, f' 0 ~ 0, g ' 0 = 0 , i' Q = 0, 

and 

X r 0 r co rco 

e o= /g — e g dx dy dzversu'xcos(ux + vy + wz), 

\ J — oo J — co J — co 

X ro r co r* oo 

h 0 = {e> x 3 dx I dy l dz vers u'x sin (ux-hvy + wz), 

\^‘ <TT ) J — OO J — co J — oo 
X f* 0 /* oo /* oo 

6 ® ==<S (2 tt) 3 J dx J ^ J dzsinu'xcosi^ux-g vy + ioz), 

ho = s' 3 j da: | dy I dz sin sin (im? -hvy-h wz). 

J — co J — co J — oo 

[Hamilton then calculates from integrals in which the integrands above have a factor 
e -h 3 (x*+v*+z*)' Inserting these values in the equations 


e t = (I 3 fcos s x t 4- I?§cos s 2 t + B %cos s z t) e ( 




I »m«.t .jay 


j e ' 0 , &c. 


and making A = 0 in the triple integral for (Sy),, we get finally the following equation]* 

r ^ el'll/ { 'y' s' \ 

(Sy), = I vers ( u'x + s't) H— | —5-{ — sin wr cos s, t H— cos ux sin s-,t J. 

* 1 7T Jo u 2 — u 2 \u 1 s 1 1 / 

This expression for ( 8 y) t is rigorous in the present question; & accordingly it gives 

(Sy) 0 s vers u'x or =0, and ( 8 y)o = s' sinu'x or —0, 

according as a: is < 0 or >0; because, in these 2 respective cases, we have 

'“si nux .udu 1 f°° /si nux sin^rr\ , _ . 

= - I - : -f-- r I du ~ + 7T COS U X 

2J — co \u-tu u — u J 
1 . , „ f 00 sin^a: . du 

- Jo u(u 2 — u 2 

Thus, rigorously, 


■/: 




u a — u 
cos ux. du 


2 )‘ 


: ± 7 T vers u'x. 


(Sy) t = i vers (u'x + s't) + ^J o { (^ sin (.™+ s x 0 + (“<«*'~ ; 


& its periodic part is 0 or — cos (^'a? +•«?'/), according as ^^ being large, is > or <0. The 
velocity of propagation of vibration , or rather in this case the velocity of extinction^ is expressed 
* [See Sommerfeld, Diss., Konigsberg, 1891 and Carslaw, Fourier's Series and Integrals, p. 293.] 
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r . ds' ~ 1 

Velocity of propagation ^,-j 

(June 20 th ., 

Suppose tt.* only Ml tta podium .. oH»oslly -gtolrf. P.m.ly th.t hnlf n-UoM. on a. 
npgSTid. (relaWy a «> rflh. pta» “ *” h * "7 “ 

v'y + w'z 


x < — 


we have 


(Sx) 0 = A" cos {u'x 4 - v'y 4 - w's), (%)o — cos ( )» ^ COS ^ 

( K = iVsm( ), (S^ = i3Vsin( ), (S^=CVsin( 

v'y + w'z 

but ( 3*) 0 = (8y)o=(8*)o = ( &e )i = ( 8 »)i = ( S21 )o“ 0 ’ 35 > V ' 

. ...ii? 


); 


How are we now to effect the triple integrations for d 

We may conceive 3 new rectangular coordinates x\y',z\ of which x' is the perpendicular 
distance from the plane u'x + v'y+w'z = 0; («' may for simplicity be supposed 


V%' a + ^' 2 +w 
V v V2 +w 

of] a: and x '; & the plane of a?V is of the form 


>0;) ^ y - - fL = perpendicular distance from that plane which passes through [the axes 

u v 


u 

x + X' (v'y+u>'z) = 0, X = 

, («' a + M!' 2 )a;—- m' («'?/ + w>'2) 

• • g — -- ■ , - - ■ - " - 

* Vv' 2 -f-^' 2 V'M.' 2 H- < y' 2 +wj ' 2 

Accordingly these expressions give x'*-hy'Z-\rZ S2 = x 2 -\-y* + z 2 . They may be written thus: 
Making u' = k' cos 0 \ v'=Usin 0 'eos</>\ w'—Jc' sin 0 'sin</>', we have 

a;' = aicos4- (ycos<f> x + zsin<£')sin0 v ; = ?/sin<£' —zcos^; 

z K =x sin 0' — (i/ cos <j>' +z sin <£') cos 0'; 

and they give reciprocally 

eos0'+2'sin0'; 2/==(cr'sin0' —z' cos0')cos </>' +2/' sinf; 
g= (cc v sin0' —z K cos 0 V ) sin <£' — y ' eos<£\ 

ua; 4- yg/ + W2 = a?' {u cos 0 V + (y cos <£' + w sin <£') sin 0'} 

4-^' {vsm<f> y — wcos^»') + z x {“W-sin 0 ' — (y cos<£' 4 - wsin^> N )cos 0 '}; 

* [This is obtained by considering tbe contribution of the values of u in the neighbourhood of u=u to the 
value of the integral. It is to be observed that s v is the same function of u' as s % is of u.~\ 


Hence 
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and we are to multiply both the cosine and sine of this expression by the cosine & sine of 
k'x', & integrate relatively to x' from -00 to 0 but relatively to y' and 2' from - so to 00. 

The results, multiplied by & by A', B\ O', A's', B's', C's', will give d a , ... i’ 0 . 

We find, in tins way, 

J O p 00 poo 

dx x J dy s I dz s cos &V cos (ux + vy + wz) 

~jo cos ^ ^' cos t 55 ' {^cos 0' + (v cos <j> K ± w sin <f >') sin 6 ''}] 

J eo p oo 

_oo J cos ^ V 0>sin^' — weos<f>') 4 - s' sin0 v — (y cos <f>" 4- w sin 9'} cos 0'}] 


dy'dz' cos[?/' (v sin<£' — w eos<£') 4- s' {wsin0' — (y cos <j>' 4- w sin 9'} cos O'')} 
4 h z f 


if Jc t =u cos 0' 4- {v cos cj> x -\~w sin </>') sin 0', and k = W 2 -f 4- w 2 , as =yV 2 4-y' 2 4- 2 u' 2 . In 
like manner 


'•§ 

8 

0 1 

f>i 

TO 


1 

8 


00 

/«00 r 

1 

8 

t; 

8 

1 


-vy + wz) = — U 


J 

*' -(nar) 


/ 0 v fi 00 f 00 77 k / A- 8 — 

d?/' cfe' cos sin (2iaj 4- vy 4- wz) = — y -$—^ 4/ ’ ,s 

— co J — 00 J — 00 h- k~ — k - 

in which it is to be remembered that 

fc 2 — kj = (•v sin <5 b' —w cos <£') 2 4- {u sin 0' — (v cos <£' 4- w sin <£') cos 0'} 2 . 

Let u t —k t3 v,—vsin<f>'~wcos<f>\ w, =^sin^' — (ycos <£' 4- w>sin<£')cos0'; 

then k 2 — k 2 = v 2 4- w 2 , u — u f GosO y + w f sui6\ 

v=(u f sin 0' —w f cos 0')cos <£' 4-^, sin^', w— (u t sin 0' — w f cos 0') sin<£' — v t cos<£'; 

dudvdw—du f dv f dw ,; 

ux -\~vy + wz = u t x' 4- v f y ' 4- w ,z'; ^ 2 4- «? 2 4- w? 2 = u 2 4- v 2 4- w 2 — I- 2 . 


^ = A = if_J_) s e -w-/ B 

?' O' 4V2AVW 
go *j <1/ 1 \ 3 

A's' B's' O's' 4\2AVW ~ 


-4 L=.jL = J° _ 1 / 1 p 

A's' B's' O's' 2-rr \2A Vuj 

go.__.5o —Jo_— _L ^ 1 \ a e ~ - 

a v b' o' 277 -m-vw 


at®-*' 2 ’ 
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these are to be multiplied by (u, x ' 4- v, y K 4 w r z')du, dv, dw, , & also by some known functions 

ofu,,v /S w,, & integrated relatively to u fi v, , from — co to oo. 

This integration may be simplified, by 1 st suppressing 

f* f°° dv,dw,(~^Y 

J-ooJ-ca \ 2 hVrr/ 


& then changing u,, v,, w, to 7c, 0, 0: which latter change is equivalent to making 
u — 7cGOsd x , v — 7c sin 6 X gos cj> x , w = 7csin6 X sin<f> x . 

We are *.* to multiply 


8 h'V i 


>)• 


47T\fc — k +) 


O/fr V If \ / \ ,%r 

by some known functions of h & t, & to perform the operations j 

lim f d 7 c( 27 i^/rr) 
h= 0 J — oo 


' Tcx'dle. 


But 


/ kTit y 

7(i)-/(±t'); 


the sign of integration is V affixed only (after all reductions) to terms of the form 

cos . . 

. fcx 

F ( h, t). This latter function F ( 7 c, t) involves COS st ; & here also the velocity of propaga- 
ds x 


tion is 


dk' m 


Thus the parts of the 2 respective sets of integrals 

j du J* dv J* dw df cos (ux 4- vy 4- wz), j: duj dv J* dw g f sin (ux 4- vy 4 -wz), 

e ‘ > h 

ft > , 

which are respectively even and odd functions of t, are 

iA x cos k x x x cos s x t, -J A x sin 7 c y x x sins'#, 

, B x 

V , <?' ; 

Sc V by adding these we obtain 

i A ' cos ( 7 c x x y - s'#), %B X cos (& V - s'#), <}C y cos (Tc'x' - s'#), 

as the parts of the final expressions for (Bx) t , ($y) t , ($z) t which do not (after all reductions) 
involve the sign of integration. 

The other parts will be less simple. The parts of fJT... c^cos (ux 4- vy 4 wz), See., which are 
odd functions of #, are the sums of the thr ee values of 

s' 7 c s f 00 dh cos&as' sin st . , , 

2 tt J..*, s( 7 c 2 -Jc' 2 ) A ( AA + ££'+ CC'), &a„ 
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corresponding to the three systems of values of A, B, G and s; and the parts of 

jjj---9i^n(ux + vy+wz), <fec., 

which are even functions of t, are the sums of the 3 values of 
1 f 00 ,, & sin/ex'cos sf , 

2ttJ _ m dk F -/ c '2 A{AA' + BB' + GC'), &c. 

Thus the whole remaining parts of (Sx) t , (fy)„ (&), are the sums of the 3 values of 


X die S '^' C QS liX ' sin Si ~ sJc sin kx ' cos st 


7rs(k 2 -k' 2 ) 


A(AA' + BB' + CC'), &c., 


wliich sums consequently are 


■ \A ' cos (Jk'x' - s't) + (Sx),, &c. 


And thus we express rigorously the effect at the time t, corresponding to an initial system of 
velocities and displacements extending only to half the medium. And we confirm the theorem that 

ds s 

the velocity of propagation of vibration is for we find that the vibration does not sensibly 

ds ' 

attain a vlace x ' till x K < t -—. 
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RESEARCHES ON THE DYNAMICS OF LIGHT 
Read Feb. 11 th, 1839 . 


[Proceedings Royal Irish Academy, Vol. i ( 1836 — 1840 ), pp. 267 - 270 .] 


Aii indefinite series of equal and equally distant particles, . .. m_ t , m 0 , ra x , ..., situated in the 
axis of x, at the points ... — 1, 0 , + 1, ..., being supposed to receive, at the time 0 , any very small 
transversal displacements ... y_ lj0 , y 0 ,o> 2/i,o> *“7 and any very small transversal velocities 
... y'_ lsQ , y'o* 0 5 y' 1}Q , ... 5 it is required to determine their displacements ... y„ lt t3 t , y lf t> ... for any 
other time t; each particle being supposed to attract the one which immediately precedes or 
follows it in the series, with an energy 551 = a 2 , and to have no sensible influence on any of the more 
distant particles. This problem may be considered as equivalent to that of integrating generally 
the equation in mixed differences, 

Vx, t - « 2 (2/*+!, t ~ tyx, t + Vx-\, t)\ (1) 


which may also be thus written: 





Vx % t * 


( 1 )' 


The general integral required may be thus written: 

y*,«“U- 1 et + ^ a (J 0 *) \ (y^o+ty'z.o); 

an expression which may be developed into the sum of two series, as follows, 
aH 2 A „ aH 4 . 

y*,t=y x , 0 + + YTHTi + &c - 

, aH 3 .,, , aH 5 A . , p 

+ t y x , o + Y7273 0+Y7 2 [3 74.5 ?/*-*, o + ■ ; 

and may be put under this other form, 


( 2 ) 


(2)' 


~ « Vx+i of d9 cos ( 2 ^) cos (2 at sin 0) 

t* jo 

1 f 2 

H- ^-ooVx+ho dd cos (210) cosec 6 sin (2at sin 9 ); (2)" 

an 5 J 0 

the first line of (2)' or (2)” expressing the effect of the initial displacements, and the second line 
expressing the effect of the initial velocities, for all possible suppositions respecting these initial 
data, or for all possible forms of the two arbitrary functions y x>0 and y^ t0 . 

Supposing now that these arbitrary forms or initial conditions are such, that 

2 xrr _ . TT . 2 X 7 T 

Vx ,o — '^'vers —, and y' 0 = — 2^77 sm -sm- (3) 

n ’ ' n n 


[X©. force.] 
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for all values of the integer x between the limits 0 and — in, n and i being positive and large, 
but finite integer numbers, and that for all other values of x the functions y xQ and y x0 vanish: 
which is equivalent to supposing that at the origin of t, and for a large number i of wave-lengths 
(each =n) behind the origin of x, the displacements and velocities of the particles are such as to 
agree with the following law of undulatory vibration, 


Vx 


/ 2X7T 7 t\ 

-- v vers - — 2at sm - , 

V n 


(3)' 


but that all the other particles are, at that moment, at rest: it is required to determine the 
motion which will ensue, as a consequence of these initial conditions. The solution is expressed 
by the following formula, which is a rigorous deduction from the equation in mixed differences 
(1): 

r\l . 7i\ 2 f^sinm# cos (2x9 + ind — 2atsm9), 

y ^A mn n) Jo sin6 


!dB; 


cos 9 — cos - 


an expression which tends indefinitely to become* 


rj 2 xtt tt\ t) [ . 7r\ 2 ( 77 sm G 

y T/ = -^vers- 2at sm- - 

Ux > 1 2 \ n n) 27t\ n J 0 . . 


(2x0—2atsin 6) d8 


sin 6 cos 


3 77 \ 

1 - cos - 
nj 


(I) 


w 


as the number i increases without limit. The approximate values are discussed, which these 
rigorous integrals acquire, when the value of t is large. It is found that a vibration, of which 
the phase and the amplitude agree with the law (3)\ is propagated forward, but not backward, 
so as to agitate successively new and more distant particles, (and to leave successively others 

at rest, if i be finite,) with a velocity of progress which is expressed by acos^, and which is 


therefore less, by a finite though small amount, than the velocity of passage a^sin^ of an J 

given phase, from one vibrating particle to another within that extent of the series which is 
already fully agitated. In other words, the communicated vibration does not attain a sensible 
amplitude, until a finite interval of time has elapsed from the moment when one should expect 
it to begin, judging only by the law of the propagation of phase through an indefinite series of 
particles, which are all in vibration already. A small disturbance, distinct from the vibration 
(3)', is also propagated, backward as well as forward, with a velocity =a } independent of the 
length of the wave. And all these propagations are accompanied with a small degree of terminal 
diffusion, which, after a very long time, renders all the displacements insensible, if the number i, 
however large, be finite, that is, if the vibration be originally limited to any finite number of 


particles. 


* [See p. 554.] 
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XXII. 

RESEARCHES RESPECTING VIBRATION CONNECTED 
WITH THE THEORY OP LIGHT* 

Read June 24th, 1839. 

[.Proceedings Royal Irish Academy, Vol. i (1836-1840), pp. 341-349.] 

It is proposed to integrate the system of equations in mixed differences, 

D^ }h ^ Ag S(R.A g x g)h ); (1) 

in which k is any integer number from 1 to n inclusive; x ffih is independent of t, but <$x gh is a 
function of t and of x g>li ... x a>n , the form of which function it is the object of the problem to 
discover; 

R = ( 2 ) 

<f> being any real function of the semi-sum which follows it, and rn being any other real function 
of the index g -b Ag; while g and g A Ag represent any integer numbers from negative to positive 
infinity. The equations to be integrated may also be thus written : 

£g,h,t~ ^Ag ( RA g £g ^ f\-R A g ^{h )i A g X g ,A g (1) 

in which 

R'=rng + ^4>'{mm W 

the functions to be found by integration are now those of the form considered as 

depending on t and on x g , L , ... x 0tn m , their initial values, and initial rates of increase (relatively 
to t), namely and 0 , are regarded as arbitrary but given and real functions of x gli 

... x g>n ; it is also supposed, in order to simplify the question, that all the sums of the forms 

(A a x gn )*“, (3) 

are independent of g, and are ~ 0 when any one of the exponents a 1? ... a,„, is an odd number. 
These equations are analogous to, and include, those which M. Cauchy has considered in his 
memoir on the Dispersion of Light, and may be integrated by a similar analysis. 

A particular integral system may in the first place be found by assuming 


€g,h,t = AC r A h>r cos (e r A s r t - £g) x u i x g,i) 5 G) 

^ hn A% r =l; (5) 

$ r^h,r — ^ 5)1 i,r> (®) 

R' (A ff ^)^}vers (S& 1% A g x gA ), (7)t 

— AgXg ftAgXg ^TreYS ££lfyl'U i AgX ff ^)l (7) 


the index r being any integer from 1 to n, and being introduced in order to distinguish among 
* [A rough draft of this paper appears in Note Book 53 (1839).] 

t [We easily get A ff ~~ t vers 1 'u i A a x Syi + terms which vanish on summation with respect to A g by 

(3). Equations (3) in fact define the symmetry of the medium.] 
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themselves the n different (and in general real) systems of values of s 2 , and of the n~ 1 ratios 
of A ± , ... A h , ... A n , which are obtained by resolving the system of the n equations of the form 


in which, by (7)', 


s 2 A h — Y i ^ )x H hi A i , 


Hi, h = H hA . 

It is important to observe, that by the form of these equations (6)', (which 
researches,) we have the relation 


a^-h,r = 0» 


( 6 / 

(D" 

occur in many 
(o)' 


if q be different from r; and that, by (5) and (5)', we have also the relations 


(S) 

S< r )i = 0. (8) r 

In the particular integral (4), we may consider u x> ... u n as arbitrary parameters, of which 
X r and e r are real and arbitrary, while sf. and A hr are real and determined functions: and hence, 
by su mm ations relatively to the index r, and integrations relatively to the parameters u it 
employing also the relations (5) (5)' (8) (8)', and Fourier’s theorem extended to several variables, 
we deduce this general integral, applying to all arbitrary real values of the initial data: 


in which 


£g,h,t= ( n 8)i J_ ^ du ij ( E h,i cos + F hjt sin) ^ n UiXg t { ; 

J co co QO {* a 

du t — I duA du 2 ...\ 

— CO J — CO J — 00 J — 


du * 


(9) 

( 10 ) 


E h,t = S 5)i A h , r ( Yr COS tS r + Y' r sA SHI tS r ),\ 

= (Z r costs r + Z , r s-' L sm.ts r y,) 

Y r — S ( ^) i A ht r E h} o, Y' r —Yf h)1 A htr E' h>Q) \ 
Y r = ^ih)iA hf r F;' h0> Z' r = ± A h) r F' hQ \\ 


£g,h ,0 cos ( S(V 

= jdxg i'j £' gth)0 cos (E^y L u i x gti ) > 

^, 0 = (^r) (^8)1 J* ^ dx g,i) &g,7t, 0 s ^ n 

E h, 0 — (^ 2 ^^) ( ^-8)1 w dx o, 0 s * n &&n u i x gA- j 


(13) 


This general solution involves multiple integrals, of the order 2n; but many particular 
suppositions, respecting the initial data, conduct to simpler expressions, among which the 
following appear worthy of remark. 

Suppose that having assumed some particular set u\, ... of values of the n arbitrary 
quantities ... u n , we deduce a corresponding set of coefficients by the formulae 

73-2 
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(7) and (7)', and represent by s' L 2 and by A\ tli ... A ^ }1 , ... A^ rl> some one corresponding system 
of quantities winch, satisfy the equations 

I. (5)' 

s i 2 Ah, i — ,%Ai t i't (6)' 

we shall then have, as a particular integral system, that which is thus denoted: 

+ ( 4 )' 

X\ and e{ denoting here any arbitrary real quantities. If therefore we suppose that the initial 
data £ gh0 and are all such as to agree with this particular solution, that is, if we have, for 
all values of g and h, 

ig.h, o= ■X'MA. i cos ( € i - S S)1 VtXff'i), (14) 

£g.h. o= ~*l x l A h,i sin W ” s 5) i u \ x o, <) > (14)' 

we see, a priori , that the multiple integrations ought to admit of being all effected in finite terms, 
so as to reduce the general expression (9) to the particular form (4)'; an expectation which the 
calculation, accordingly, a posteriori , proves to be correct. An analogous but less simple reduc¬ 
tion takes place, when we suppose that the initial equations (14) and (14)' hold good, after their 
second members have been multiplied by a discontinuous factor such as 


ihj: 


sin {hJ^ m u\Xff ti ) dk\ 


which is = 1, or = J-, or =0, according as the sum ^ in u\x 0ji is < 0, or = 0, or > 0. It is found 
that, in this case, the 2 n successive integrations (required for the general solution) can in part be 
completely effected, and in the remaining part be reduced to the calculation of a simple definite 
integral; in such a manner that the expression (9) now reduces itself rigorously to the following:* 

1 f 00 dk 

£g,h,t = 1 cos (el + tsl - 'Zy in u\x {Jti ) + - XI J (A cos + M t sin «i); (16) 

in which 

L t = P t fo cos fox — Q t k sin kx ,) 

M t = P t fosm.kx~ 3 r Q t Jc K cos Jcxj 
P t =*1 S 0 ; )1 (4/r 1 sin ts r . Y? m A htr A' htt ), 

Q t — L (A hfr cos ts r . x A h>r A^ tl ), 

x~'Z% n a\x gAi (19) 

ka\ = Ui, Jc'al = u], = (20) 

and s r , A h r are the same functions as before of u l3 ... u n . 

A remarkable conclusion may now be drawn from these expressions, by supposing that all 
the quantities of the form sf are not only real but positive, so that the functions cos ts r and sin ts. 


* [The usual methods of integration lead to an integral of the form j °° {f(k + h")-f(k-}c')} dkjfc. This can be 

written as above 4Je f(k) dkj{Jc-~~'k 2 ), where/ (k) is an even function of k. This integral, as usual, must be in¬ 
terpreted as Cauchy s Principal Value. Hamilton’s method of obtaining these integrals is given on pp. 469 et seq-l 
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are periodic. For in this case the functions cos (ts r + kx) and sin (ts r ± kx) will vary rapidly and 
pass often through all their fluctuations of value, between the limits 1 and - 1, while k and the 

other functions of that variable remain almost unchanged, provided that ± x is large, and 

that the denominator is not extremely small. We may therefore in general confine 

ourselves to the consideration of small values of this denominator; and consequently may put 
it under the form 2k' (k — k'), making k = k' in the numerator, except under the periodical signs, 
and integrating relatively to k between any two limits which include k', for example between 
— oo and +oo. And because 

1, or = 0, 

according as r— 1 or > 1, we may make 


and* 


p t = A h, i sin ts x , Q t = A' htl cos ts x , 

L t = 1c x Al x sin (ts x - kx), M t = Jc x A^ 1 cos (ts x - kx) 


€a,h,t— • c °s — k y x)A f dk — ■ —^ ^ l ( 21 ) 

J - 00 77 (k —k) j v y 


that is, nearly, if x be considerably different from t — 1 

dk 

£o,h,t — i^i^A,i GOS + — k'x) |l + i ^sin( 

"We have therefore the approximate expressions: 


and 


— -^ 1 -^, 1 008 (el + tsl — k'x), if x <t -fT\ 

ate 


t — x ) h } 
dk 


ds 1 


we have also nearly, in general, 


• /» , ds x 

lf x>t w ; 




(21)' 

( 22 ) 

(22)' 

( 22 )" 


+ — k'x), if x = t^±; 

but the discussion of the case when x is nearly = is too long to be cited here.f The formula 

(22) for £g >h)t coincides with the particular integral (4)'; and the condition which it involves with 
respect to x expresses the law according to which this particular integral comes to be (nearly) 

true for greater and greater positive values of x and t, ^if >0,^ after having been true only 
for negative values of x when t was — 0. 


In the particular case n = 3, the foregoing formulae have an immediate dynamical applica¬ 
tion, and correspond to the propagation of vibratory motion through a system of mutually 
attracting or repelling particles; and they conduct to this remarkable result, that the velocity 
with which such vibration spreads into those portio ns of the vibratory medium which were 
previously undisturbed is in general different from the velocity of a passage of a given phase 

* £(21) is a Principal Value Integral, but when a part is removed by the Principle of Fluctuation (cf. p. 52®), this 
restriction is unnecessary in (21)'.] 
t [See pp. 565, 566.] 
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from one particle to another within that portion of the medium which is already fully agitated; 
since we have 


velocity of transmission of phase — ^, 


(A) 


but 


velocity of propagation of vibratory motion = ^ , 


(B) 


if the rectangular components of the vibrations themselves be represented by the formulae 
XA x cos (€ + *$ — kx), XA 2 cos (<= + st - kx), XA Z cos (e + st - kx), (C) 

t being the time, and x being the perpendicular distance of the vibrating point from some 
determined plane. 

This result, which is believed to be new, includes as a particular case that which was stated 
in aformer communication to the Academy,* on the 11th of February last, (Proceedings, No. 15, 
p. 269,) respecting the propagation of transversal vibration along a row of equal and equi¬ 
distant particles, of which each attracts the two that are immediately before and behind it; 

in which particular question s was = 2 a sin -, and the velocity of propagation of vibration was 

k 

= a cos -. Applied to the theory of light, it appears to show that if the phase of vibration in an 
ordinary dispersive medium be represented for some one colour by 


6 + 


2-7T 

T 



( 0 )' 


so that A is the length of an undulation for that colour and for that medium, and if it be per¬ 
mitted to represent dispersion by developing the velocity — of the transmission of phase in a 

A 6 

series of the form 


- = M t 


o ~ Ml (x) 2+ M* (x) 1 ~ &c - 


(A)' 


then the velocity wherewith light of this colour conquers darkness , in this dispersive medium, by 
the spreading of vibration into parts which were not vibrating before , is somewhat less than —, being 
represented by this other series 

(B)' 

For other details of this inquiry it is necessary to refer to the memoir itself, which will be 
published in the Transactions of the Academy, and will be found to contain many other in¬ 
vestigations respecting vibrating systems, with applications to the theory of light.f 

* [See pp. 576, 577.] 

f [This memoir was never published but manuscripts xix and xx, pp. 451-575, formed undoubtedly material 
for this work.] 
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Mx dear Sir 


XXIII. 

CORRESPONDENCE 

[Note Book 39.] 

[To Professor Powell '.*] 

Observatory, Dublin, 

Oct. 24z th , 1835 . 


I received your letter a few days ago, &> had even previously been intending to write to 
you on the subject of dispersion. My opinion of the value of your researches on that subject has 
not undergone any change, & I continue to consider you successful, and believe you to be the 
first who has been so, in the arduous & important enterprise of practically establishing the 
existence of a near agreement between the facts of dispersion & a formula suggested by theory. 

But it occurred to me some time ago, and I have been intending to mention it to you. that 
this formula does not (in my judgment) follow as a rigorous, though it does as an approximate. 
consequence from Cauchy’s mathematical investigations. In short, I think that you are not 
strictly warranted in omitting a certain sign of summation, although the final result is only 
slightly affected by that omission. 

To simplify the question, let us conceive a plane wave perpendicular to the axis of x, with 
vibrations parallel to the axis of y. Then the displacements $ and t will vanish. & we shall have 
the formula 

(d 


by Cauchy’s theory, or by your equations ( 12 ) in the Phil. Mag. for Jan. last; 77 being the value 
at the time t of the varying displacement of the molecule m which has x, y, z for its rectangular 
coordinates of equilibrium; & 77 -+-A 77 being the displacement, at the same moment t, of 
another molecule m, which has for its rectangular coordinates of equilibrium x -t- Ax, y -f Ay, 
z + Az; while r is the distance VAx 2 + Ay 2 + A z 2 between these two molecules in their positions 
of equilibrium, & /3 is the angle between this distance & the axis of y\ & finally f(r) and f(r) 
are functions of r, of which the former (if positive) expresses the law of attraction, or (if nega¬ 
tive) the law of repulsion, and the latter is derived from it by the rule 


/ (r) = r£'(r ) — f (r): 

and Sis a sign of su mm ation, relative to the actions (attractive or repulsive) of all the molecules m. 

If now we suppose v — eos ~ f + 

^0 ’ Vi > to & A, D being constants, we shall have 

* [Baden Powell, 1796-1860. Savilian Professor of Geometry, Oxford, 1827-60. Published researches on Optics 
and Radiation.] 
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Al? =_2 17l co S (f + jj-; (4) 

so that, the 2 nd part of A 17 disappearing in the summation, the differential equation of vibration 
( 1 ) is satisfied, if we establish the following relation between the constants A, /x, 

= S |2m f(r) + C ° 3 — ( -(sin !T ^'' ,> ' (5) 

Such is, I think, the law of the velocity - of propagation of a wave, considered as depending on 
the periodical time A of the vibrations^ of the molecules, & deduced from the principles of 
Cauchy. If we put for abridgment 

( 6 ) 

A 


m f (r)-fcos ft 2 /(r] 


A x 2 = H 2 , 


(although this quantity H- is not necessarily nor always positive), the law becomes 

_ (8 > 

in which it appears necessary, for rigour, to retain the sign of summation. To omit that sign 
would come to considering the action of only two near molecules; and even to apply the sign to 
H' 2 only, without treating 6 as variable, would come to considering only the action of two near 
layers of molecules, for which &x 2 is the same: whereas it is likely that the number of such near 
layers, within the extent of sensible action, is on the contrary very great. Yet, after all, the law 
of their total action is almost the same in kind as the law of the action of those two. For if we 
suppose, as it seems to be permitted to do, that Q (which is the semidifference of phases of two 
near molecules) is small, though not insensible, within the extent of sensible action; we may 
then develope, according to the ascending powers of this small arc, the square of the ratio of 
its sine to itself, 

m 1 -- 


and thus the law ( 8 ) will become 




m A**- 


(jf = S (if 2 ) (HH A**) + ^( ! x) 4 'S (j?*A**) - &e. 

And if this series converge rapidly enough , it will give, nearly , 

/IV 1 (TryS(H*Ax*) 

-SWT’ 

1 -. vsm 11 -1 f sV 


and finally 


(13) 
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if we put for abridgment 


_ 7r VjS (f? a Aa: 2 ) 
' (if 8 ) 


elope (i)' 
(?)■- 


But if we develope (-j according to the powers of ^ j by the approximate formula (13), we get 

/iy 2 c ,„ 2 , i (Trys(m\x *), 2 (ttY{S(h*&x*)Y „ 

U) =' S ^ 2 )-3 1a) -,8(g») + 45 (a) T ^W 2 )? &C ' ; (18) 

whereas if we develope it by the more accurate formula (10), we find 

' 1 \ 2 c/ „ 2 , l(irYS(H*&x*) , ^V(2 S(H*\x*) 1 {S(H*Az2)}2) 

-j -«(H»)- 5 ^j - §(rP) +( x ) r &c - : (17) 

and it seems possible enough that the difference of the third terms may be sensible.—Had we 
taken as our approximate formula 


in which 


H f/ = H t =VS(H 2 ) t 


.?J± /i S (H 2 Ax 2 ) 

' A S(H*) 

we should have had the approximate development 

(If &c -> < 21 > 

which would resemble more the original development (10), but still might differ sensibly from 
it, because the two expressions, 

S(H-AxJ) .and 


are not in general coincident-—I conclude therefore that your simplification of Cauchy’s 
results, obtained by omitting the sign of summation, or by attending only to the action of one 
pair of points, or at most one pair of layers, may be attended with some loss of accuracy, & 

indeed is likely to be so if the third term ^or the term proportional to in the development of — 

be sensible. And perhaps some of the differences which you have met, between the observed 
and calculated in dices, may have their source in the insufficient expression of this third term. 
You will judge whether attention to this suggestion might not increase the value of your 
already valuable researches.— 

For my own part, when my attention had been awakened by your success in reconciling so 
far as you have done the facts with the theory of dispersion, & when I came to perceive that this 
theory required in rigour the retaining of the sign of summation, (which I did only about a 
month ago, having been occupied till then by other things, especially by Halley s Comet,) I 
instituted several numerical calculations, some account of which you may like to have. The 

7+ 
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immediate result of theory appears, for the reasons that I have given, to be a law which may 
he expressed by a series of the form 


the general term being 


© 2 =^-^(x) 2+ ^(x) 4 - &c - 

±7T 2 fJL 2 Y 

' -*T) „ f f (r) + cos P 2 f(r) A , 


_- ,8 \m m + ooB/ W r) A ^ +2 j 

1.2.3.4... (2^ + 2) 1 r j 

in which we may, if we choose, change A.x to t cos ot. And it seems likely that in all useful 
applications of the law this series will converge; and also that the terms will be alternately 
positive and negative, or at least that the first term A 0 will be positive and the second term 
negative. Moreover it may be expected that the resultant development of /x itself, according 

to the ascending integer powers of ^j , will also be convergent; namely the series 

i u = a 0 4 -a 1 A~ 2 -l-a 2 A - 4 +&c., (24) 

of which the coefficients may be determined by equating to zero the coefficients of the several 
powers of A ~ 2 in the following identical development, deduced from ( 22 ) by substitution of the 
value (24) for y, namely 

0 = — 1 + A 0 (a 0 -|-a 1 A “ 2 + a 3 A- 4 + &c .) 2 —AjA -2 (a 0 -f aqA -2 -)- &c .) 4 

+ A 2 A - 4 (a 0 + &o.)° - &c. (25) 

For the first three of the new coefficients, we have thus the three equations, 

0= — 1 +A 0 a§, 

0 = 2A 0 a 0 a 1 — A 1 a^ i (26) 

0 — 2 A. qCEq (ig ~h* Al q a 2 — 44 j Aq flj - 1 ~ Al 3 , j 

which give a 0 = A~‘, 1 

o«, i (27) 

a 2 = -iA,A-J+iAlA- 0 Kj 

If we may confine ourselves to these three, the law of dispersion becomes simply 

/r = a 0 4-a 1 A“ 2 H-a 3 A- 4 , (28) 

in which a 0 & cq at least may be expected to be positive, while all the three coefficients 
a o> a i> a 2 are constant for any single medium, but vary in passing from one such medium to 
another. Consider now the four rays B , D, F, H. We shall have, for these four rays, and for 
any single medium, the system of the four equations 

+ -f 

+ + I (29) 

^jF = 05 0 + «iAF 2 + « 2 ^ 4 > I 
~ <^0 + + a % ^H 4 iJ 

between which it is possible to eliminate the three medium-constants a 0> a 1} a 2 > and 80 
deduce a general relation, valid for all media, between the 4 indices /u, B , fjL D , u f , {jl b and the 
four periodical times X B , A^ , A^ , A^ . 
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A slight consideration shows that this relation can only involve the two ratios of the three 
differences of the four indices, & the two ratios of the three differences of the four reciprocals 
of the squares of the periodical times; so that if we put for abridgment 



Mu Mb 

Mr Mb 

(30) 


Mn “Mb 

Mb ~ Mb F ’ 

and 

A~ 2 — X B 2 

>-2 _ "X - 2 “ 5 

a h a b 

X f 2 ~X b 2 

\-2 

a h a b 

(31) 


the result of the elimination will be a relation between the four quantities s B ,s F> t D , t F only, and 
will not involve the four other quantities Mb > Mb > ^b > 'W * if we previously substitute for ^, 
X B 2 , X F 2 their expressions deduced from (30) & (31), namely 


Mi> — MB~f~ s u (Mb Mb)* Mi? ~ l^B + S F (Mb—M i?)* (32) 

and A^, 2 = Ajg “ -{- t D ( X H 2 X B 2 ), X F 2 = X B 2 + t F (X^ 2 — X B 2 ). (33) 

This result of elimination will *.* be the same as if we supposed, in the equations (29), 


A* 2 = 0, A# 2 = 1, X B 2 — t D , 

Mr “ Oj Mb ~ 1 * Md = s d > 


Mj ' — s f> 


= 0, a ± = b, 


a 2 = c; 


j 


(34) 


that is, the same as if we eliminated any two new quantities b & c between the three new equations 


s B — bt B ~\~ct^ } s F — btp-i-ct^fj 1 — bc . ( 3 o) 

This last elimination is easy, & gives, as the relation sought, the following: 


1 t r> . So 1 tn 


= 1 . 


(36) 


I'D ~ ^F ^F ~ Ad 

As a verification, we may expand this relation, by substituting the values (30) & (31), so as 
to put it under the form 


0 ” (Mb Mb) (Ah “ ~ A B 2 ) (X F 2 — X B 2 ) (X H 2 — A F 2 ) 

~ (Mb ~~ Mb) (Ab 2 “ A s 2 ) (A# 2 — X b 2 ) ( X 3 2 — A D 2 ) 

+ <Mh“Mb) (Ab 2 -A* 2 ) (A* 2 -Aj 2 ) (X F 2 -X B 2 ); (37) 

for it will then be found to be satisfied, independently of the three medium-constants a 0 , a ± , a 2 , 
by the expressions (29) for the four indices Ms? Mz>> Mb* Mb * 


Having found from theory that this relation (36) or (37) was likely to hold good for all 
media, I proceeded to try it on the ten media observed by Fraunhofer. Adopting first his values 
of A, which are for these four rays 

A^ = 0,2541; A.,^0,2175; A^ = 0,1794; A* = 0,1464; (38) 

(the unit of tim e being here the time which light takes to traverse, in what is called a vacuum, 
the ten thousandth part of a Paris inch*;) I perceived that within the limits of the errors of these 
determinations, & in deed to a very great accuracy, the square of the period X F is the harmonic 
mean between the squares of the extreme periods X B & X H ; so that 

Aj a =i(A^ 2 + A* 2 ), (39) 

* [The metre superseded the French foot as the legal unit of length in France on Nov. 2 nd , 1801. The Paris 
inch equals 0*0254 of a metre.] 
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or in the notation (31), 

(40) 

Availing myself of this circumstance, I put the relation (36) or (37) under the simpler form 

4$^ t D (1 -~t D ) —s D — t D (1 — 2^), (41) 

or ” Pi* 1 = a D ~ Pb) + (/4ff “ ^‘H'F + pj})> (42) 

a D and b D being coefficients independent of the medium, which serve to calculate the index ^ 
when the indices {jl b , p Fi fi H have been observed, & which have for their expressions, as func¬ 
tions of t D , or of X B , X n , X H , the following: 

^=- (i - »„> - <*» 


bn 


'■ — 2t D ) — 


>-2 \ — 2 ’ 

A H ~~ A B 

A^-SA^ + A* 


(44) 


"y-2_^-2* X 3 2 — X b 2 

supposing, as already mentioned, that the observed relation (39) or (40) is accurate. Employing 
also the observed values (38) of X B , X D , X H , I found 

log (-%>) = 1,80441; | 
log (~b D ) =1,06281.) 

For Flint Glass of the kind which he called N r 13, Fraunhofer had found by observation: 


(45) 


fjujg — 1,6277; /a f — 1,6483; 1,6711; (46) 

and hence, by (42) and (46), I calculated 

^=1,63492. (47) 

The value observed by Fraunhofer was 

fjL D = 1,6350. (48) 

The difference between calculation and observation is v in this case very small. A similar 
calculation for each of the ten media, the data being taken to four decimal places from your 
paper in the Transactions, & the logarithms being taken to five places, (even fewer might here 
have sufficed,) gave, very easily, results which may thus be collected: 


Medium 

Up Galcul d 

^ Obs d 

Flint Glass 13 

1,63492 

1,6350' 

Flint Glass N r 23 

1,63350 

1,6337 

Flint Glass HST r 30 

1,63051 

1,6306 

Flint Glass N r 3 

1,60825 

1,6085 

Crown Glass M 

1,55901 

1,5591 [ 

Crown Glass N r 13 

1,52788 

1,5280 

Crown Glass N r 9 

1,52945 

1,5296 

Oil of turpentine 

1,47444 

1,4744 

Solution of potash 

1,40270 

1,4028 

Water 

1,33346 

1,3336.J 


The agreement between the ten observed & the ten calculated values of ftp is close enough; 
yet it is worth remarking that in almost every case the calculated value is a little less than 
the observed. This circumstance led me to think that by altering a little the multipliers a B , b B 
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in the formula (42), the agreement might be improved so far as the indices are concerned. 
But in order to justify an alteration of these multipliers, it is necessary to suppose that the 
values of A may be a little altered, or in other words that the periodical times of vibration for 
the four rays have not been determined so very accurately that the errors of their deter¬ 
minations may not have some sensible effect in the calculation of the indices; because the 
multipliers a D , b D may be expressed in general as the following functions of those periodical 
times, 

a i> — &D + ~ tf) — 


or thus more fully, 


and 


a . _A n 2 -Aj* ( An 8 -A^ . 

Ajcf 2 — 2 (A ^ 2 —Aj, X F 2 

h — Aj) ^ — Ajp . 2 Ajr , 3 — X B 2 
D A if 2 ~A_g 2 X R 2 — X F 2 5 



(50) 

(51) 

(52) 


as appears from the comparison of the formula (42) with the relation (36) or (37). However 
it seemed to me worth while to try the effect of supposing the values of A to be quite unkn own, 
& of determining the multipliers a D ,b D from observations on the indices alone. The formula 
(42), (which is not dependent on the particular supposition (39) or (40), provided that we con¬ 
ceive a D , bjy to represent the general & as yet unknown values (51) & (52),) gives for any two 
different media the two equations: 


A 1 z> “ H'f — ( a D ~ b&) (/Xj. — /xg) + b D (p H — pg),) 
H'D ~~ H'f — ( a D ~ ^ d ) f ~~ I^'jb) + b n (f/ H — fj,' F ) ;) 


(53) 


the accented indices belonging to the second medium: & hence we have, by elimination. 


a D — bj) 


04r ~ Pf) (Pd ~ Pf) ~ (Ate ~ Ate) (Pd ~ Ate) / 
(Ate — Ate) (fte - Ate) — (Ph ~ Ate) (Ate ~ Ate) ’ 


} — (fte Ate 1 ) itfjL Ate) (Ate Ate) (Ate Ate) 
D (/4r “ Ate) (j te Ate) ~ (Ate “ Ate) Wp - Ate) ' 


(54) 


To apply these expressions I chose the two media Water & Flint Glass, and among the various 
specimens of the latter, examined by Fraunhofer, I chose his N r 23, (specific gravity =3,724,} 
because it appears from his Table of indices, extracted by Herschel in article 437 of the Treatise 
on Light, that he has observed and recorded the phenomena of each of these two media, as they 
presented themselves in two distinct experiments.... 


pSTumerical details are. here omitted and the resulting table simplified.] 

...and substituting these values in the expressions (54), I found 

b D = -0,1547788; ai) — b D = - 0,4732852; a i> = -0,6280640; (61) 

or log ( — 1897115; log {b n -a B ) =1,6751230; log (-a*) =1,7980039. (62) 

Using these two new multipliers & b B , and employing equations of the form (53) & the 



890 X XIII . CORRESPONDENCE 

, , , „ as stated in that Table of Fraunhofer to which I just now 

observed, values of /a#, Ph as s1} 

referred, I found as follows: ^ 0 ba* Calrj'-Obs" 

VG 13 %,0?32368 0,0132240 +0,0000128' 

Jg 23 0,0131015 0,0131015 0,0000000 

FG 30 0,0129154 0,0128810 +0,0000344 

‘ * 0,0116659 0,0115480 +0,0001179 

COM 0,0076340 0,0076660 -0,0000320 

C G 13 0,0063462 0,0063550 -0,0000088 

' g 0 0064643 0,0064650 -0,0000007 

Oil of T 0,0071984 0,0073020 -0,0001036 

Sol-of P 0,0052832 0,0052770 +0,0000062 

Water * 0,0042260 0,0042260 0,0000000. 


Pp-Pd ° bsd 
0,0132240 
0,0131015 
0,0128810 
0,0115480 
0,0076660 
0,0063550 
0,0064650 
0,0073020 
0,0052770 
0,0042260 


Calc tl — Obs d 
+ 0,0000128 " 
0,0000000 
+ 0,0000344 
+ 0,0001179 
-0,0000320 
-0,0000088 
- 0,0000007 
-0,0001036 
+ 0,0000062 
0 , 0000000 . 


U ence Sum of positive differences = + 0,0001713,) 

Sum of negative differences — - 0,0001451, I ^ 4 ^ 

Sum of all differences — +0,0000262, j 
Mean of all differences = + 0,0000026. J 

This mean difference may be regarded as insensible; which cannot so well be said of the mean 
of the differences ( 49 ); & therefore the new multipliers & b D are probably not far from 

the truth, & may be thought to be somewhat more exact than the multipliers (45). 

To see now what relations they suppose between the periodical times of vibration, we are 
to resolve the equations (51) & (52), or more simply the two equations (50), so as to deduce the 
values of t B and t Fi or of the equivalent expressions 

A » 2 ~ A * 2 and A * 2 " A ^ 

A5»-Aj* Ai* —Aj a ’ 

The equations (50) give, when cleared of their divisors, 

{a D — b D )t F = (t I> — t F ){\~-t D ) i \ (65) 

bp (1 — t F ) = (t D — t F ) tjy ; 

and therefore, by addition. 

Substituting this expression for t D in the second equation (65), we find 

b D (1 - ■ b) = {(®D - b D ) t F + bj, (:1 - tjf)} {( a D - b D ) t F + (I - t F ) + ; ( 67 ) 

that is, we have to resolve the following quadratic for t F , 

t% (a D - 2 bj,) (a D - 2b„ + 1 ) + 2t F b D K -2b D +l) + b D (b D - I) = 0 . ( 68 ) 

Hence, by the numeric values (61) or (62), we find 

0= — 0,2170601—0,2109614^ + 0,1787352; (69) 

that is, 0 = + 0,9719029 fp —0,8234368; ( 70 ) 

and V, attending only to the positive root, 

t F = +0,5434102; ( 71 ) 


from which we derive, by (66), 


t D = +0,2155518. 
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The values of these two ratios deduced from the observed values of A. (38), by the formula '3R 
are sensibly smaller, namely ' v 

+0,4999527, ( 73 ) 

tjj — +0,1813010. (14) 

Yet perhaps when the great difference of the methods is considered, the agreement of results, 
such as it is, may be thought to give some support to the theory. However, the fairest way to 
judge of the degree to which the results of these two methods approach to or diverge from each 
other is to compare the values of the periods A^ and X F , which were deduced bv Fraunhofer 
from a spectrum of interference, formed by a fine grating, (&, if I remember rightly, without 
any use of the knowledge of the refractive indices,) with the values of the same Wo mean 
periods X D and A^, calculated from Fraunhofer’s similarly deduced values of the two extreme 
periods X B and X H , by employing the theoretical law of dispersion (28) and the 8 refractive 
indices [j , B , , ^ F , , fz B , fx B , fi F , for water and for a specimen of flint glass, which were 

determined by the same optician for the same four definite rays, through a process which did 
not suppose any knowledge of the periods of vibration. Calculating Y the two mean periods 
\ D and X Fi by the method above explained, that is by the formulae (33), (71), (72), from the 
two extreme periods X B , X H considered as known by observation of the diffraction-spectrum, 
namely A_g = 0,2541, X H = 0,1464 in (38), and from the 4 water and 4 flint glass indices, in equa¬ 
tions (59) & (60), considered as known by observation of two prismatic spectra, I find 

Aj> = 0, 21221; Ap^O, 17561: (75) 

values which do not differ very greatly from those which Fraunhofer found from the diffrac¬ 
tion-spectrum, namely. 

J Ajt) — 0,2175; A^ 0,1794: (38) 

since the differences, namely —0,00529 and —0,00379, (76) 

correspond each, in space, to less than the millionth part of an inch &, as compared with the 
corresponding period or undulation itself, to less than the fortieth part of such period. I even 
think that by pursuing, with greater accuracy & to greater extent than I have done, this train of 
investigation, it will be possible to deduce, from the phenomena of dispersion alone, those 
relations between the several periods or undulations which answer to my fractions t B> t F> &c., 
namely the ratios of the differences of the inverse squares of those periods, more exactly than 
from the phenomena of interference. And perhaps I may be tempted hereafter to resume this 
particular inquiry: since I see that many improvements might be made in the plan of the 
foregoing calculations. 

Meanwhile, as I have been, I am likely to continue to be, diverted for some time from this 
inquiry, I shall lay before you a few other results of past calculations, which look a little 
promising. I have hitherto mentioned only combinations of the four rays B. D, F, H. Rut by 
combining in exactly the same way the four rays B, F, Gf, H s I arrived at analogous conclusions. 
Thus, adopting Fraunhofer’s observed value of X G , 

X & = 0,1587, (77) 

(in which, the unit is still the ten thousandth part of a Paris inch, or the time light takes to 
traverse it in a space void of ponderable matter,) & ret ain i n g his values of X B , A H , I found 

+0,7769594; (78) 

Ajt * -Ajh 
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and hence, approximately, in the formula 

{jlq — = cl g (fj, F — /Xjj) + b G - 2/xji + /X 7j ), 

which is analogous to (42), I found, by supposing 

£p= is 

these numerical expressions for the multipliers a G , b G , 

a<?= _ 1 + 2#* = +0,55392, \ 

b G = t a { — 1 + 2^)= + 0,43037,} 

or log a Q = 15 * 74345 ,) 

log b G = 1,63384.) 


(79) 
(40) 

(80) 
(81) 


Adopting, next, the approximate values of [a b , [a f , [a h , as stated, from I raunliofer s observa¬ 
tions, in your paper, & collected in table (49) of this letter, for the ten media mentioned in 
that paper or in that table, I found for those media, in their order, results which may be thus 


Medium 

(j, G Calcul d 

fj, G Obs d 

CalcuV 1 — Obs a 

F.G. 13 

1,66066 

1,6603 

4- 0,00030 ’ 

F.G. 23 

1,65910 

1,6588 

4- 0,00030 

F.G. 30 

1,65569 

1,6554 

4- 0,00029 

F.G. 3 

1,63101 

1,6308 

4-0,00021 

C.G. M 

1,57368 

1,5735 

+ 0,00018 

C.G. 13 

1,54001 

1,5399 

+ 0,00011 

C.G. 9 

1,54182 

1,5416 

+ 0,00022 

Oil of T. 

1,48833 

1,4882 

+ 0,00013 

SoP of P. 

1,41272 

1,4126 

+ 0,00012 

Water 

1,34140 

1,3413 

+ 0,00010. 


Here 


Sum of differences — + 0,00202; 
Mean of differences — + 0,000202.) 


(83) 


This mean is not insensible; nor does it seem likely that it would be made so, by redressing the 
little errors of these comparatively rough calculations: for instance I happened to employ the 
value 1,74344 for log a G instead of 1,74345; but if the latter more accurate logarithm of 0,55392 
had been employed it would have tended to increase (though very slightly) the excess of the 
calculated over the observed fj, G . I proceeded *.* to calculate the multipliers a G — b G & b G , in 
the formula 

Pc? H'F ~ ~~b G ) (fj, F — |U B ) 4- b G — /xjp), (84) 

by employing the expressions 

a —b ~ (H'g ~~ Mr) ~ ~ ( /■% ~~ P- r) 0% /±f) } 

— M>f) it^F ~ Pb) “ (MjET " h 1 F ) {H'F ~~ 

b =s ~X /4 b) ~ (/% /4f) (/4f ~~ /4b) 

(/4et Pf) (&f f- 1 b) (/hi /4 f) H*b) j 

which are analogous to (54), & in which the four indices fju B , fx F , fx G , {m h are those determined 
for water, and [x F> p G9 p H are those determined for flint glass (N r 23), by the means of 
the two experiments of Fraunhofer on each of those two media. Those mean values of , fi F , 
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for water. 


of p F , p’ B for that specimen of flint glass, have been already stated in equa¬ 
tions (59) & (60) of this letter; with respect to p a & p' a , they were taken out in the same way, 
from Fraunhofer’s table extracted by Herschel, which gave 

1,3412770,] 

1,6588485. J ( 86 > 

In this manner I found, by (85), 

— +0,09514275; b G = 4 - 0,4433440; a G = 0,53848675; (87) 

log (a G — b G ) = 2,9783757; log b G = 1,6467408. (88) 

With these new multipliers & the observed values of /jl h -jul f , as stated in table (63) 

of this letter for each of the ten media, I found for those media the following values of p G - fi F , 
calculated by the formula (84), & the following differences between calculation & observation: 


Here 


Medium, 

F Calc d 

H'g AG ^bs d 

Calc d — Obs d 

F.G. 13 

0,0120606 

0,0120250 

4- 0,0000356 ' 

F.G. 23 

0,0120799 

0,0120805 

-0,0000006 

F.G. 30 

0,0119152 

0,0119400 

-0,0000248 , 

F.G. 3 

0,0107262 

0,0107300 

— 0,0000038 

C.G. M 

0,0067819 

0,0067940 

-0,0000121 

C.G. 13 

0,0055411 

0,0055710 

-0,0000299 

C.G. 9 

0,0056337 

0,0056050 

4-0,0000287 

Oil of T. 

0,0064507 

0,0064620 

-0,0000113 

SoF ofP. 

0,0044777 

0,0044970 

-0,0000193 

Water 

0,0034739 

0,0034740 

-0,0000001. 


Sum of positive differences = 4-0,0000643; 
Sum of negative differences = — 0,0001019: 

;l 


(89) 


(90) 


Sum of all the differences = — 0,0000376; | 

Mean of all the differences = — 0,0000038; J 
so that the separate differences are small, much smaller than those in table (82), and the mean 
of all is quite insensible & is less than the fiftieth part of the mean in (83). There is reason V to 
consider the new values of the multipliers (87) as more exact than the old ones (80), from which 
however they do not very greatly differ. And substituting the new values of a G — b G and b G in 
the equations analogous to (50), namely in the following: 

1 t G i 


& G — b G — (t G t F ) - 

V F 

b g = fe ~ 4) Y^T f 3 

or in these others, derived from them, 

t a = t F ( a G — 2b G 4 - 1 ) 4 - b G , 

^nd {cl g — 26^) ifl'G — 26^ 4- 1) 4- 2t F b G (cl g 26 G 4-1)4* b G (b G 1) 0, 

I found first this quadratic equation for t F , 

0 = - 0,226957 lt% 4- 0,5779421^ - 0,2467901, 
that is, 0 = 4-2,5464830^4-1,0873863, 


(91) 


(92) 

(93) 

(94) 

(95) 

75 


HMFIX 
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or. confining ourselves to the root which lies between 0 and 1, 

t F = 0,5426557; (96) 

and then, 0,7970463. (97) 

These values, deduced solely from the indices of four rays observed in two prismatic spectra, 
differ sensibly from the values 

t F — +0,4999527 (73) 

and +0,7769594, (78) 


which were deduced solely from the spectrum of diffraction; but it may be considered as some¬ 
what confirming the theory that they do not differ still more. And if we employ the prismatic 
values (96), (97) of t F , t G to calculate the two mean periods or undulations A^, A 6 , from the two 
extreme periods X B , X H considered as known hy observations on diffraction, we find, by the 
method already explained, 

A jp = 0,17568; X G = 0, 15746, (98) 

values which differ from those deduced from the observations on diffraction alone, namely 
from the following 

(38) Aj?. = 0,1794 and A^ = 0,1587, (77) 

only by the little differences 

- 0,00372 and -0,00124, (99) 

of which each is much less that the millionth part of an inch, if expressed in space, & of which 
the former is about the fiftieth part, & the latter less than the hundredth part of the whole 
corresponding period or undulation A. But what appears to me the most remarkable and 
encouraging result of these calculations, is the near agreement of the two prismatic results, 
(71) & (96), which give respectively 

aS-®= +0 ’ 6434102 ’ 

A -,_ A -. < 10 °) 

A£ 2 -aj 2 " + 0 ’ 5426557 ; 

the first having been obtained by combining the rays B , X>, F, H & the second by combining 
the rays B, F , G , H, as observed in two different spectra produced by prismatic dispersion. So 
close is this agreement, that, if Fraunhofer’s values be taken for A# and X H , the two resulting 
values of X Fi namely 

(75) A_p = 0,17561 & A*=0, 17568, (98) 

when reduced to what they represent in space, do not differ by so much as the hundred- 
millionth part of an inch in the length of the concluded undulation. If methods more refined 
had been employed,—for example, the method of least squares in combining more media than 
two, & if greater care had been given to the numerical part of the calculation, it seems reason¬ 
able to think that the agreement might have been found closer still. But I have reason to think 
that, for highly dispersive media, even the fourth term (= a 3 A -6 ) of the series (24) for the index 
is sensible; and that it must be allowed for, if we would obtain a sufficiently exact expression 
for the dependence of that index on the period or undulation A. 
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If you should not adopt these views 
tinue the use of the formula 


or if, adopting them, you should still choose to eon- 
1 #sin# 

u - T~‘ ( 101 ) 


(in which 8 varies inversely as A, and H is a constant quantity,) as giving a good approxima¬ 
tion to the truth; you may possibly find it convenient to employ occasionally this simple rule, 
which will give quickly a near approach to the value of d B : 

l°g 9 B — 3 , 77348 + log sin c f> , j 

log sec </> = -J (log fx H - log | (102 ^ 

The value of 6 B thus found is expressed in minutes. For example, in the case of Flint Glass N r 13, 
^=1,6277 log = 0,21157 | Const... 3,77348 

^ = 1,6711 log = 0,22300 [logjsin^... 1.20691 


2 Ml 143 2,98039 

<f>=9° 16" 0,00571/5 = 956' = 15° 56'. 

This value (9 B = 15° 56' is very nearly correct, as a solution of the equations 

X B 9 B = X E 6 b , p, B X B sin 8 B — (j, H X 3 sin 0 B , (103) 

X B and X H having the values 0,2541 & 0,1404, & jj. s , jj. h having those stated above. A process 
of correction, with which I shall not trouble you at present, gave me as a next approximation 
0 B = 15° 57' 53"4; on calculating 9 S from which, by the second equation (103), and then calcu¬ 
lating 0 B from it by the first of those two equations (103), I was brought hack almost exactly 
to what I set out with, as the second approximation, for I found 9 B = 15° 57' 53''5. But this 
exactness appears to be useless here. My formula for the first approximation is 



(104) 


I forget whether that which I gave you extempore in the section room* was exactly the same 
as this. 

I became greatly interested lately in the Dynamics of Tight, & thought that I could in some 
things improve the theory of Cauchy; especially by bringing the results to agree more closely 
with those of Eresnel, respecting the laws of double refraction & polarisation; though I was 
obliged to let some differences remain, such as that striking one concerning the relation of the 
direction of vibration to the plane of polarisation, & a few others, no one of which seemed 
capable of being soon decided by experiment. It is likely that I shall resume the whole subject, 
after the end of my next course of lectures on Astronomy, which always distract me from study. 
But before that time I hope to see Professor Lloyd, who has not yet (I believe) returned from 
a continental excursion; and I shall give him your message about the arragonite. -This letter 
has swelled to an Essay, but I expect to send it in an official frank. Accept my thanks for the 
new indices in your last letter, & believe me to remain, my dear Sir, 

Very truly yours, 
William R. Hamilton, 


Prof. Powell. 


[British Association Meeting at Dublin, 1835.] 


75-2 
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[:To Professor Powell .] 

Observatory , Dublin , 

Dec*’. 17 f \ 1835. 

My dear Sir 

Your letter reached me yesterday or the day before, & I have great pleasure in trying 
to remove any obscurity into which I may have fallen, in my former long epistle. I ought 
perhaps to have justified my assumption of the formula 

77 —r ) 0 +'J7i<30S (ftx — t + t Q )j; (2) 

or at all events I am bound to prevent any mistake of the meaning which I attach to that assump¬ 
tion. Por, you will observe that I did not pretend to prove that no other formula would satisfy 
the differential equation 



I only showed that this particular formula (2) was one solution of that differential equation, 
provided that A & y, are supposed to be comiected by the relation 

(^) 2 - s (2TO f (r) + 008 ^ n - ] - (sin ^’) 2 1 ( 5 ) 

& thence concluded that periodical vibrations of the particular kind expressed by the formula (2) 
ma y be propagated (on Cauchy’s principles) through a system of attracting da repelling points , 
provided that the slowness y of propagation is connected with da varies with the periodical time 
A of vibration by the law or relation ( 5 ); and even that this law or relation is a necessary condition 
for the propagation of such vibrations: without pretending to decide whether vibrations of some 
other sort may or may not be propagated according to other laws of velocity. I confined myself 
to the study of vibrations of that particular sort which I thought that induction from phenomena 
had led mathematicians to consider; & did not presume to say that I had followed out deductively 
all possible mathematical consequences from the differential equation of vibration. Yet, as I 
have hitherto studied much less the physics than the mathematics of light, I am anxious to 
have your opinion as to the correctness of my assumption (2), considered as suggested by in¬ 
duction ; & to know whether it really appears to you to contain anything new or unusual, when 
I explain fully my meanings for the symbols. 

To represent the phenomena of interference , it is supposed, in the wave-theory of light, that 
certain points, or molecules of ether, vibrate periodically in space and time ; in such a manner 
that if we consider the propagation of an indefinite series of plane waves parallel to the plane 
of yz, all the vibrating points, which at any one moment t have any one common x, have also 

equal and parallel displacements nq, £, and velocities ^7, ~ , of vibration; the same dis- 

at at at 

placements & velocities recurring periodically, in time after all the multiples 1A, 2A, 3A, &c. of 
some one fixed time-period A, & in space after all the multiples 1A', 2A', 3A', &c. of some one 
fixed space-period X ; so that we may put 
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the functions <j>, x, «£ being such as to satisfy these conditions of periodicity 

0 (x, — + + X, t), 

X ( x > *) = X ( x > t + A) = x (x + A', t), 

Ip (x, t) = ip(x, t-\rX) = tfj(x + \\ t). 

Besides, by the conception of the velocity (v) of propagation of a wave, it is equal to the ratio 
j of the period X in space to the period A in time; & accordingly it is thus that the periods in 

time, at least for the planetary spaces, have been inductively concluded from the periods in 
space observed in what we call a void (through the phenomenon of interference), and then 
divided by the common velocity of propagation considered as also known from astronomical 
observation: and more generally, the conception of a uniform velocity of propagation conducts 
to these formulae of displacement, 

^( 1 -*)’ *-*(?-*)• 

m which v = = 0 , A77 == 0, A£ = 0 , if A ^ = any multiple of A. Again, the phenomena 

of refraction, as explained by the theory of waves, conduct to the conclusion that the velocity v 
of propagation of light, of any one colour, in any transparent terrestrial substance, is less than 
in the planetary spaces & less in the ratio of 1 to p, y, being the index of refraction: we must 
V suppose that either the period in space is diminished, or the period in time increased, or at 
least that the period in space becomes less as compared with the period in time, on entering 
a transparent terrestrial substance, than it had been in the planetary spaces. And the phenomena 

of dispersion show that this diminution of the ratio ( 9 reaier f or than for 

red light , because they show that the index of refraction is greater. Besides it was concluded by 
Newton, though with some diffidence, So it has ( I believe) been confirmed by subsequent obser¬ 
vation of the phenomena of thin plates ; (but I beg you to set me right if I am mistaken on this 
point of the induction;) that whatever the colour of the light So whatever the transparent 
medium may be, the length of a fit, * or (as we would say) the length of an undulation, that- is 
the period in space , which I have here called A', is inversely proportional to the index of refraction, 
so that the product yX is constant for any one colour, So does not vary with the medium, 
though it varies with the colour, and is less for violet than for red light. And hence I gather, 
what indeed is very natural So seems to be almost necessary a priori in the theory of waves, 
and what I thought was generally supposed by undulationists, though I do not remember 
seeing it expressly stated in any hook, and beg of you to set me right if you know of any facts 
which militate against the conclusion: namely that the periodical time of vibration, which I have 
called A, in this letter and in the last, is constant for any one colour and does not vary with the 
medium . For if we take as the unit of velocity the velocity of propagation of light in the 

1 X 

planetary spaces, we shall have in general v~~; So since we have also we may conclude 

that A — yX = a quantity depending on colour only. Again to represent the phenomena of plane 

* [This is Newton’s phrase. See Newton's Qpticks, Book Two, Part m, Prop, xn, new edition, Bell (1931), p. 281.] 
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or rectilinear polarisation, and tlie interference of polarised rays , we suppose the displacements of 
the vibrating molecules to be either exactly or nearly parallel to or contained upon the plane 
surface of the wave, & to have a line of direction independent of the time; I therefore, who am not 
now' considering circular polarisation, nor indeed extraordinary media, but who may suppose 
if I choose that the light is reetilinearly polarised, am at liberty to suppose that while the wave 
is parallel to the plane of yz the vibration is parallel to the axis of y, & *.* to take for my formulae 
of displacement the following: 

£ = 0 , = £ = 0 , 


in which th e function x must satisfy the condition A.rj — (yx t) — 0, if A (yx — £) = any 
multiple of A. The simplest way of satisfying this condition, & the one which seemed to me to 
agree best with the received way of representing phenomena in the theory of waves, was to take 


2rr (yX — t) „ . 2rr (yx — i) 

7 = A + B cos —— -- + C sm -—- , 


or, which comes to the same thing, 

r\ — t? 0 + Vi cos 



( 2 ) 


t 0 being entirely arbitrary & ?? 0 , 77 1 being arbitrary but small. The constant is introduced 
for greater generality; I have some reasons for thinking it equal to —r/ 1 , so that the absolute 
displacement would vary as the versed sine of the phase : but in the present investigation, it is 
sufficient if we can rightly represent the laws of relative displacement, which are not affected 
by the introduction of an arbitrary common term; so that if you do not like my you may 
for the present expunge it. Having thus shown, perhaps at too great length, my reasons from 
induction for assuming the formula (2) as a probable law of vibration and one which I thought 
differed little (if at all) from the assumptions of other undulationists, I may refer to my former 
letter for the process, taken from Cauchy, or (at the least) suggested by him, by which I com¬ 
pared that assumed law of vibration with his differential equations of motion & showed that it was 
at least a particular solution of those equations and V dynamically possible , if y be supposed 
to depend on A by the relation ( 5 ). 


After all, if you choose rather to consider y as depending on the period in space, which is 
different for different media, as well as for different colours, & which I shall still call A', you have 
only to change A to yX in that relation ( 5 ), & it then becomes 


s \ 2 to !W+ cos ^/w ^ sin 

that is, as in formula (8), 

in which H 2 is still the (not necessarily positive) quantity 

™ fM + cos p* f{r) a 

2 r 5 


and 6 is still the semi-difference of phases of 2 near molecules, represented now by the expression 
q —. - s which perfectly resembles Cauchy’s. My essential objection is to the omitting of the 
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sign of summation S and not to the considering of periods in space, though I think per iods in 
time more convenient, because they do not seem to change in passing from one medium to 
another. On this last point of physics, I repeat my request that you will set me right if you 
think me wrong; & as to the mathematics connected with the sign of summation, I shall gladly 
write again, if you think there is the least occasion for it. My Lectures are just over; but, as I 
guessed, I feel more anxious at this moment to pursue my general dew of dynamics &: to expand 
the principles, connected therewith, of my Calculus of Principal Functions than to resume for 
some time my suspended optical researches. Believe me to remain very truly yours 

W. R. Hamilton. 

[The remainder of the correspondence with Professor Powell is of no scientific interest.1 


To Sir John Herschel.* 

Observatory , Dublin , 

Feb . 1839. 

My dear Sir 

When we parted last Summer on the banks of Ullswater, you were pleased to 
encourage me to pursue my researches respecting the dynamics of light; & I think, from what 
you said on the occasion, that you are not likely to consider it as an intrusion, if I sometimes 
endeavour to take advantage of your greater knowledge of what has been done in mathematics 
abroad, so as to learn whether my results have been anticipated; & whether, even where this 
may not have been done, the researches and results of others are sufficiently analogous to my 
own to deserve and demand my attention. 

It is only since the beginning of the present year that I have resumed my speculations upon 
light; and the problem which I have been recently considering is the propagation of vibration , 
properly so called, as distinguished from the mere preservation of a mode of vibration already 
established. Most of my own former calculations, & nearly all of those which I had seen in the 
writings of others, at least all those which had appeared to me to he sufficiently exact, were 
directed to the examination of the conditions under which a mode of vibration, thus once 
established, might thus be preserved for ever, through an indefinite extent of space and time; 
they related to the discovery of particular integrals of the general differential equations, giving 
periodical expressions for the disturbances as functions of as, y, z, t, which were not discontinuous 
functions , at least within the range of any single medium. The whole of each such medium was 
supposed to be agitated at once; & the question was, what mode of agitation could he per¬ 
manent, the acting forces being taken into account. It was not shown, at least not to my own 
satisfaction, how the vibration could spread, according to the generally admitted laws, from 
one part of a medium to another part of the same, leaving all beyond and all hehin it at res * 
Much had been done, perhaps, in the dynamics of light', little, X thought, in the ynamies o 
darkness. 

To give a very simple example of the difficulty that appeared to me to exist, & at the same 

* [Sir John Frederick William Herschel, 1792-1871. For a general aoooont of Hamilton's correspondence 
with Herschel, see Graves, Life of Hamilton.'] 
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time of the questions that I have resolved, let us consider the case of a single row of equal 
particles, arranged at equal & finite distances on one indefinite straight line, 

— 3 — 2 —1 0 +1 +2 +3 

so that their abscissae x may be considered as integer numbers, positive, negative or null, & that 
their ordinates y at first all vanish. Under these conditions, equilibrium subsists and motion 
will never arise. Rut if we now remove some or all of these particles, 

m_ 3 , m_ 2 , m_ l5 m 0 , m 1 , m 2 , m 3 , m a 

indefinitely little on either side from their natural positions on the axis of x, in directions per¬ 
pendicular to that axis; so as to give to each particle m x an indefinitely small ordinate y x , 
(positive or negative or null,) without changing its abscissa x; the equilibrium will in general 
be broken, and motion will commence, whether we do or do not give any initial velocities y x to 
the particles. And if for greater simplicity we suppose that the force mf(r) which any one of 
these particles exerts on any other is attractive at the distance r = 1, & insensible at the distance 
r — 2 and at all greater distances; we shall have this general differential equation, as regulating 
the motion of any particle m x , 
d 2 

C) (yx+i,t-Vx,t) + ™t (l) (y x _t 

or more concisely 

a 2 A 2 

-Pf y x ,i= 0) 

being the attraction at the unit of distance, that is, the attraction exerted by any 
particle on either of the two immediately adjacent. A particular integral of this equation is 
Vx,t — const, -f const, x sin (2xv — 2 at sin v + const.), 
and a still more particular one is therefore 

Vccj — V vers (2# v — 2at sin v) , (2) 

r] and v being any arbitrary constants. This last expression represents therefore a mode of 
vibration of which the permanence, is possible ; and which would continue for ever, if it were 
once established for all values of x. If even we suppose that, at the origin of t, the values of y Xji 
& of its differential coefficient y' x j~ D { y x j agree with this expression, or in other words that 
the initial displacements & initial velocities are all such as to agree with this law; so that we 
have, for all values of x } the conditions 

= vers 2xv , and y XtQ — — 2arj sin v sin 2xv; (3) 

then the expression (2) for y X)i , or the mode of vibration which it represents, will hold good for 
all values of t and of x , that is, at every moment & for every particle. And this is a fair specimen, 
I th ink , of the sort of results which I had obtained myself, & of the most satisfactory among 
those which I had seen as obtained by others, respecting the dynamics of light as distinguished 
from the dynamics of darkness, or the preservation rather than the propagation of vibrations. 
It gives, for example, in this particular vibratory motion, the expression 


SHIP 
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for the rapidity with which a given phase travels', and this is the simplest (though not the most 
accurate) form of Cauchy’s Law of Dispersion. It is in fact the form which Mr Powell at first 
supposed to follow from Cauchy’s investigations on that subject. 

Rut let us now suppose that the initial conditions (3) are satisfied only for a finite range of x. 
or in other words that only a finite number of the particles have their initial dis placements & 
velocities such as to agree with the law (2). To fix our conceptions, let the length of a wave be 

an exact multiple n of the molecular interval, so that v = —; and let a large but finite number i of 

such wave-lengths, immediately behind the origin of x, be the extent of initial disturbance; so 
that the particles m 0 , , m_ 2 , ... m_ in , have their initial displacements & initial velocities 

determined by the conditions (3); the other particles m L , m 2 , m 3 , ... , and rn_ it ._ 1; ... 

, (and also, by (3), the particles m 0 , m_ n , m_ 2n , ... m _ in+n , m„ in ,) having their initial dis¬ 
placements & initial velocities null. In other words, let the conditions (3) be satisfied for all 
values of x which are not greater than 0, and not less than — in; but let y x 0 & y' x 0 vanish for 
all other values of x, and even, by the conditions (3) themselves, for 

x — 0 , x = — n, x = — 2 n, ... x= -in-r n, x= — in . 

These things being supposed, it is clear that the law (2) cannot hold good for all values of a* & f; 
but the astronomical phenomena of the actual transfer of luminiferous vibration from one part 
of space to another, & the terrestrial phenomena of Sound, &c., together with the calculations 
already made respecting these phenomena, appear to make it probable that we shall find, with 
some reasonable degree of approximation, that the law (2) still holds for those particular values 
of x and t which are connected by the relations 


x<at 


sin v 


x 4- in > at 


sm v 


(2)' 


In fact, if this were rigorously true, it would imply that the vibration travelled onwards, with 
a constant velocity = a Sin - , and a constant amplitude = occupying always i wave-lengths, or 

agitating always a row of in particles, hut leaving all which are beyond and all which are behind 
these undisturbed. I thought it therefore important to inquire, how nearly these conclusions 
follow from these assumptions; or, in other words, how nearly the differential equation (1), 
combined with the initial conditions (3) for all values of x from 0 to —in, and with the con¬ 
ditions 

Vm, o = °> 24,0= 0, (3)' 

for all other values of x, conduct to the law ( 2 ), combined with the restrictions ( 2 )'. And I have 
found that from these premises results do follow, which have a certain resemblance to the 
results thus expected or guessed at, but which also differ from them sensibly. 

After long circuits of analysis, I obtained this form for the general & rigorous integral of the 
equation in mixed differences (1): 

dt ) de003 (2afcos 0 ) cos<2ifJ+M; (1)' 

76 
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which I afterwards developed into this other form 

Vx,t= Vcr.O + 1~2 &xVx- 1.0 + Yjr. 3Ti A * y *~ 2 '0 + &e - 

aH 3 


+ tyx, o' 


> ^xVx- 


i> o "f i g 3 ^ 4 5 




A J:?/i-2,o + &c.; (l) / ‘ 


1.2.3 

y 0 & y' 0 being two quite arbitrary functions, representing the arbitrary initial displacements 
and velocities. Either of these two forms, (1/ or (1)", may easily be shown a posteriori to repre¬ 
sent generally and rigorously the integral of the equation (1); & the latter of them may receive 
this elegant symbolic transformation: 

2 \ —1 

^‘ =u_ iTV dt (^.o+<yi,«); (i)"' 

which might have been directly obtained, by a simple process, from the proposed equation (1). 
Introducing now the initial conditions, or determining the arbitrary functions so as to have 
y Xt o=0, y^ 0 = 0, if a; > 0 or < — in, 

2 X7T 


but 


^ j0 =^vers- 


, _ . 7 T . 2X1T 

y' 0 — — 2ar) sm — sin- 


(3)' 

(3)" 


if x > 0, and < — in ; 

I find this other expression, also rigorous, but adapted to this particular question, 

2 f 77 sin ind cos (2xd 4- ind — 2 at sin 6) d6 m 




sin 6 


( 2 )" 


cos 6 — cos - 


which may be shown a posteriori to be correct, especially if we observe that 


sin v f 77 

it Jo 


cos Jed d6 


= 4- sin 0, or — sin hv, 


cos 6 — cos v 
according as the integer h is >0, = 0, or < 0. 

It remains therefore to discuss the rigorous integral (2)", & to examine how nearly it repro¬ 
duces the law of vibration (2) with the restrictions (2)\ 

The expression (2)" may be separated into two parts, of which one changes sign with a or t, 
while the other remains unaltered when the sign of a or t is changed; the latter of these two parts 
expresses the effect T x t of the initial displacements, and the former expresses the effect Z x j 
of the initial velocities; we have, therefore, 

Effect of initial displacements 

— v __ V ( ■ ' 7T \ 2 f 77 sin in6 cos (2x6 4- ind) cos (2 at sin 6) d$ 

— ■* xa — ~ I sm — I j —~—— —--. . . ■■ .—. .— . .. - .——-...—— ; 

nr> - • * sm 6 7T 

nrifi H — — 


(2)" J 


and 


Effect of initial velocities 

= f. “ 


V ( . rr \ 2 77 sr 
!,*——( sm—) — 
* ?r\ n) s 

. 0 


sin ind sin (2x6 4- ind) sin (2at sin 6) d6 

sin 6 ~~ ~ t r 

cos 6 — cos — 
o n 


(2)* 
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But if it be true that the vibration spreads in one determined direction, that direction must 
depend on the initial velocities, & must change when a changes sign; so that while X t — Z x , 
the displacement, whether — 0 or >0, of the particle m x at the time t, x & t being supposed for 
simplicity to be each > 0, & the vibration being supposed to spread from m 0 towards it 
seems that we ought to have a displacement either exactly or sensibly null, Y xt — Z ri = 0. 
when, by changing the sign of a , we suppose the vibration to spread the contrary wav towards 
m_ OQ . We are therefore to inquire whether, for positive values of x and f, the functions Y xj & 
are exactly, or even nearly equal; that is, whether the effects of the initial displacements 
& velocities are exactly or nearly the same. 

Xow, these two functions cannot be exactly equal for all positive values of x & t\ beca us e one 
of them, Y xt , is an even function, & the other, Z x>t , is an odd function of t. Yet I ha ve found that 
these two functions approach to a numerical equality, as t or x or either tends to — co; although 
one changes sign with t and the other does not. 

This result is of the same character as the theorem: 

'“sin ax , tt tt 

- ax — + —, or 0, or — —, 

X 2 2 

according as a is > 0, or = 0, or < 0; and indeed I make a frequent use of this last cited theorem 
in the general discussion of the foregoing integrals. 

It is instructive to consider first the case of i = oo, that is, the case when all the particles 
behind m 0 are supposed to be agitated according to the law (2), at the origin of t. This case is 
simpler in itself than the case of i finite, & the latter can be reduced to the former. The effect 
of a finite number of initial waves may be considered as the difference of the effects of two 
systems of such waves, each infinite in number but terminating differently. 


Making i = oo, I find that the integrals become 
TTT 1 V I , 2X77 / . . 7t\) V 


I 2x77 / . 77 \) T? / . 77 r sin 2x6 cos ( 2at sm 9) dB 

1 — cos-cos I 2at sm - | Y •— 1 sm — 

\ nj\ 2 tt\ n . Q i - 77 \ 

x x sm 9 I cos 6 — cos - | 

77 . 2 x 77 . / . 77 \ 77 / . 77 \ 2 f n cos 2x9 sin (2at sin 6) d6 

~ sm-sm I 2at sm — + -- sm — I --*-r— 

2 n \ n) 277 \ nj \ . Q rr\ 

v 7 x 7 I am H I H — Ana — I 


Z, r f = — ~ sin-sin 

2 n 


77 / 2X77 _ . . 77\ 7 } ( . 7T\ 2 f 77 Sm 

^, ( = 2ver^—-2a* ~ 

0 


sin 9 f cos 9 — cos - 


2 r 77 sin(2x0— 2atsin9)d9 


sin 6 j cos 9 — cos - 


As n, though large, is finite, it is permitted to suppose that at is a good deal greater than n 3 ; 


I shall suppose it to be a large multiple r 3 of 



76-2 
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in which, s is a positive number so large tliat we have, sensibly, 


Then, for all values of x between the limits 

± ^c°s^-|yaism^)=±jfl«!-(l + i)a<ve r 8 ^}, 

I find that we have, nearly, (& more and more exactly as t or r increases without limit,) 


/ tt\ 2 f^sin2;£(9cos(2<^sm#)££0 , . 2 xtt . . n 

(sin-I 1 - v \ =Jsm-sin [2at sm a), 

\ 71 1 




sin 9 l^cos 6 — cos — j 

r 77 cos 2:r0sin (2at sin 9)d0 n it 2x77 . n 

--:--— = 4 cos- h cos —— cos (2 at sm 0): 

. n ( 7 t\ z n ~ n 

sm 9 cos 9 — cos — I 
o \ n] 


r*,< = |veTS| 

/ 2X7 7 

. rr' 
2 at sm — 

I"™ 

n t 

__ r? , 

f 2X77 

A , . 77 

Zy. f — ~ vers 


2 at sm - 

x,t 2 \ 

[h 

n 


and therefore 


so that these two functions are in fact nearly equal, if n be large, that is, if the wave-length con¬ 
tain many molecular intervals, & if at the same time we take t sufficiently large and confine x 
within the limits just assigned. On the same suppositions, the displacement becomes* 

12X77 7r\ / . rr \ 2 

y x ^r, vers ( — - 2o* sm - j - , ( sm ■-J ; 

it differs therefore from that expressed by the law (2), only by a small and constant quantity. 
Rut the limits found for x differ sensibly from those anticipated in (2)', & conduct to a sensibly 

different law of the velocity of propagation. In fact, on taking x — at cos —, I find 

/ 7r \ 2 rj /2 xtt _ . . 7 r\ 


y*,t~n cos pjf 

the coefficient of the cosine of the phase being reduced to half its former amount; and this 
coefficient becomes insensible on taking 


which assumption gives 


. 77 , s / , . 7T 

x — at cos —+ - / at sm—, 
n 2 V n 

y* < -,(ooe£)\ 


This value of the displacement remains sensibly constant, t ill we pass to x — at — ^s r (at)^, 
*' being another positive number so large as to give sensibly 

[See Appendix, Note 12, pp. 640, 641.] 
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But while^ increases from at-is'(at)* to at + J*' (at)*, the displacement y xj decreases from 
7? ( COS lw) t0 °’ being == '^ 7? ( cos ^) wllen x is =at > & when a; is greater than at-his' (at)*, 

the displacement y x>i is insensible. Now, by the suppositions which we have made, the limit 
conjectured in (2)', namely 

sin v atn . rr 

x —at -=-sm —, 

v 7T n 

is greater than at cos ~ + ~ J at sin ~ & less than at — %s' (at)* ; we may even consider its excess 
over the one, & its defect below the other, as increasing nearly proportionally to t. The velocity of 
propagation therefore cannot be considered as but must rather be represented by 


a cos v — a cos —. 

n 


In short, if we were to consider a as the velocity of propagation, we should be obliged 
to consider as the front of the wave, or rather of the wave-system, a particle m x which is not 
properly vibrating at all hut is only displaced by an amount = 7 ? j eos-X j , which is common 

to a great and increasing number of particles beyond and behind it. But when we consider 
a cos v as the velocity, we get for the front of the wave-system a particle which is not merely 
displaced but vibrating, with a phase determined by the law ( 2 ). though the amplitude of its 
excursions is only half the amplitude which that law would assign. It is situated in the middle 
of an interval which does indeed continually increase, hut bears continually a less and less ratio 
to the time t\ the particles beyond which interval have no amplitude of excursion, while the 
particles behind it have the full amplitude required by the law ( 2 ). And whatever particle we 
take, throughout this interval, the ratio of its abscissa x to the time t tends ultimately to the 
limit 


TT 

a cos v or a cos—, 
n 

and not to the limit 

a sin v an . TT 

or — sm —. 
TT n 


I think then that a dis tin ction is completely established, at least in this particular question, 
between the rapidity of progress of a given phase , in a space already occupied by an indefinite 
system of waves, & the velocity of propagation of vibration , by which a bounded system comes to 
occupy new parts of space. The two velocities differ little, it is true, if the number of molecular 
intervals contained in one wave-length be great; but the difference is finite and follows a simple 
law, namely that of the difference between the cosine of a small arc and the ratio of the sine of the 
same arc to that arc itself; the latter being the old, & the former being the new result—at least, 
the result is entirely new to me; I am anxious to learn whether you know of its having been 
obtained before. Of course I am aware that it would be precarious and premature to speculate 
on any physical consequences of it, until it shall have been made a nearer approach to nature, 
by our considering, as no doubt we ought to do, the action on any one particle as being the 
resultant of the actions not of two but of many others. 
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It is remarkable that the same reasonings conduct us to consider still a third different 
velocity, namely that with which the disturbance (as distinguished from the vibration) is pro¬ 
pagated. This velocity of propagation of disturbance is simply = a; it is therefore independent of 
the length of the wave, & is equal to the square root of the attraction exerted by any one 
particle on that adjacent, the distance between these two adjacent particles being taken as the 
unit of length. 

Disturbance is also propagated backward with the same velocity a; in such a manner that 
(when t is large and positive as before) all negative values of x which are algebraically 

> — at + -^s' (at)* 


give 


f 2X7T 
\ n 

. 77 ^ 

— 2t sm — 
nj 

l-d 

' • rr Y" 

sm— ; 
, 2 n) 

the value x — — at gives 

^,(=’? vers ( 

'2xtt 

k n 

- 2£sin—^ 
n) 

— iv ! 

( sin ^) 2; 


and values algebraically < —at-is' (at)% give sensibly 

/ 2xrr 7T\ 

— V Te rs sin— J, 

that is, they reproduce the law (2) without any sensible error, the effect of the discontinuity 
of the initial state of the medium not having yet had time to show itself. 

It seems unnecessary to trouble you at present with any further details; except to mention 
generally that when I return to supposing the number i of the wave-lengths primitively agitated 
to be not infinite but only very large , I find results entirely analogous. Disturbance is pro¬ 
pagated forward from the front and backward from the rere of the initial multiple wave with 
a velocity which may still be considered as —a; there is also a forward (but not a backward) 

propagation of vibration, & its velocity is still =aco s^; the amplitude of the excursion is for 

a long time undiminished throughout the much larger part of the travelling multiple wave, of 
which the extent may long be considered as retaining its initial value = in; but however great 
the value of i may be, that is, however many simple waves we suppose to be in vibration at 
the origin of t, if only this number be finite, the progress of time will at last cause the terminal 
diffusion to encroach more and more upon the advancing i-fold wave, till its vibratory motion 
will have spent itself to all sense on the particles before and behind it, according to a 
law which I have been able to assign, and which gives, ultimately for the central particle, 

^ whose abscissa is —~ + at cos , an amplitude of excursion which varies inversely as the 

square-root of the time.—The formulae allow us also to trace the motion backwards in time, 
so as to say what must have been the disturbances at any earlier epoch, in order to produce 
the assumed state at the moment t = 0. 

Eeb. &K 

It would be unreasonable to ask you to examine at present int o the correctness of the fore¬ 
going results; which may indeed be affected by some mi stake of transcription; but perhaps 



with. Me trouble you could give me an opinion with regard to their writ), which might 
prevent me from claiming as my own what had been already discovered by others; or, in the 
contrary case, might encourage me to pursue the subject farther—I shall perhaps say some¬ 
thing on the matter to the R.I.A. on} next; in which event, it will be expected that I should 
alow some notice of it to be printed in the “Proceedings” or Monthly Notices, 

Now, any communication from you which should reach me in about a ml from this ink 
might be of use in the construction of such a notice; 4 that without mentioning your name 
unless you expressly desired or allowed it-Received Diploma 4 letter for Miss EL* 

Ml 

* [Miss Caroline Herschel. See Graves, Life of Sir If, E, Emilk, n, pp. 290,291, for HersckFs reply to 
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NOTE 1. On the approximation to t 


(I, pp. 37-42.) 

All the difficulties here arise, as Hamilton surmised, from the definition of t, in (330) (p. 30). 
The definition should have been of the form t = t, + m7 /; + mt'„. The quantities i lt and t’ n become 
determinate if we impose the condition that they are symmetrical, and t f can be defined by the 
equations 

t,=aU0-8 o ) = a'*(6'-6l); 

a, a', t can be replaced by a,, a' f , t, in the terms multiplied by mm'. 

Putting V — ma/ 2 (6 — 9 0 ) + m'a'& ($' — 9' 0 ) + mm' ( H„ 1 4- W), 

a , a' can be ehminated by the usual process, 


dv__ dh dv dh 

da da’ da' da'’ 


(A) 


and since 


dh da dh da' 
da d&Q da' dd' Q 


= 0, 


dv 


we can, in finding ^, treat a and a' as constants. 

CUq 

t occurs in H„t + W; here we can replace t by t, , to which we can give the symmetrical value 

t, = iai(e-6 0 ) + ia’ 

Hence we get, for initial values, 


^7 (H„ t+W)~ — \a'% (H„ 4- C 0 ) = — aa'n cos (e — e'); 


and finally 


dv 


= — m'a'% — mm'aa ' cos (e — c') = — m'a'% — mm' | aa'n cos (c — e') -l- -, 

l 2va'J 


which agrees with (424), (p. 37). 

Returning to (A), we get, putting h~ — 


2(1 +m)a 2(1 + m')a' 9 


la-\ (e - e 0 ) + to' {|ai (0 - 6 0 ) (C + H„) + D} = A (1 - m). 


Ja'-i (6 -d 0 ) + m { Ja'i (0- 0 O ) ( C + E„) + Z>'} = ~ (X - m’). 

Prom these we can easily obtain a symmetrical form for t in the form t, + m't ff + mt' /r and, by 
putting a f +m a fl , a' + ma' /f for a s a ' in the first term in each equation, get correct values for 
a„ and a'„. 
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NOTE 2. On the determination of Hamilton's principal function * 

(II, pp. 130, 151.) 

1. Introduction 

The use of the characteristic function in optics led Hamilton to the application of this 
function to dynamics.f His first important exposition was in his first essay on dynamics,; at 
the end of which he introduced the more general function S. In the second essay § he st udied the 
chief properties of this function 8, which is there called the principal function, proving 
incidentally that it satisfies two partial differential equations. 

Jacobi’s first important contribution to the theory was given in the memoir,!; in which he 
proves that any complete integral (in Lagrange’s sense) of the first of Hamilton’s two differential 
equations suffices to give the paths and time of the dynamical system. He also gives the often 
referred to, but seldom quoted, criticism which is reproduced here in full.*' 

Hamilton scheint mir dadurch seine scheme Entdeckung in ein falsches Licht gesetzt zu 
haben, ausserdem dass sie dadurch zu gleicher Zeit unnothig complicirt und beschrankt vird. 
Auch ist hier der Uebelstand, dass, da man eine Function nicht durch zwei partielle Differential- 
gleichungen definiren kann, denen sie gleichzeitig geniigen soli, ohne zu beweisen, dass eine 
solche Function auch wirklich moglich ist, sein Theorem, wde er es ausgesprochen hat, nicht an 
sick, sondern nur mit dem Beweise, den er liefert, verstandlich sein kann. Wenn dadurch, dass 
er gerade diese besondere Function S nimmt, die willkiirlichen Constanten die Anfangswerthe 
der Coordinaten und der nach den Coordinates Axen zerlegten Geschwindigkeiten werden, so 
hat dies kein wesenthches Interesse, da die Einf uhrung dieser Constanten die Form der Integral- 
gleichungen in der Hegel complieirter macht, man auch die vollstandigen Integralgleichungen 
aus jeder andern Form in diese bringen kann. Vielleicht ist auch Hamilton dadurch, dass er 
immer gleichzeitig zwei partielle Hifferentialgleichungen vor Augen hat, verhindert worden, 
die allgemeinen Yorschrifben, welche Lagrange in den Vorlesungen fiber die Functionenrech- 
nung fur die Integration einer nicht linearen partiellen Differentialgleichung erster Ordnung 
zwischen drei Variabeln giebt, auf sein Theorem anzuwenden, wodurch ihm, wie ich in einer 
andern Abhandlung zeigen werde, Hesultate von grosster Wichtigkeit fur die hfechanik ent- 
gangen sind. Ich bemerke noch, dass die Forderung, dass die Function 8, nachdem sie der 
ersten partiellen Differ entialgleichung genfigt, noch der zweiten geniigen solle, auch noch 
dadurch eine Beschr ankxm g herbeifuhrt, dass sie den Fall ausschliesst, wo die Kraffcefimction U 
die Zeit t auch explicite enthalt, weil fur diesen die zweite partielle Differentialgleichung nicht 
mehr giiltig ist.” 

* Proceedings Royal Irish Academy , Yol. xir, A (1932), No. 3, pp. 18—25. 

; See The Mathematical Works of Sir W. R. Hamilton, Vol. r, p. 484. 

X Pp. 103-161 of this volume. 

§ Pp. 162-211. 

II “fiber die Beduction der Integration der partiellen Bifferentialgleiehungen erster Ordnung zwischen irgend 
einer Zahl Yariabeln auf die Integration eines einzigen Systems gewohnlieher Difierenfcialgfeichungen,” Crdle, 
Vol. xvn, pp. 97—162, Jacobi’s Gesammelte Werke , Yol. iv, pp. 57—127. 

^ Gesammelte Werke, Yol. rv, pp. 73, 74. 
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This criticism contains two points which, have not been sufficiently examined. In the first 
place, no proof is given that a solution of the two simultaneous equations exists. In reply to this, 
it can be stated that although Hamilton never published a proof, yet he must certainly have 
possessed one, for in a note-book on the three-body problem, written early in 1833, he gives a 
rigorous proof for a special case—an orbit under a central force.* 

The second criticism, f that his occupation with two partial differential equations prevented 
him from applying Lagrange’s method for solving such equations, is more difficult to answer. 
It is a fact that in the note-book referred to this very difficulty made his progress slow and 
tedious. In the few places where he does form the characteristic function of a special dynamical 
problem—as, for example, on page 130 in the first essay—we are left in doubt as to what 
method he employed, for he has given no direct account of it. It seems probable that he first 
integrated the differential equations of motion and then evaluated by direct integration the 
right-hand side of the equation 

F = J* 2 Tdt. 

Expressing this in terms of the initial and final configurations he obtained the characteristic 
function in the appropriate form. 

An alternative method! is described in the present paper, in which it is shown that the 
Hamiltonian form of the principal function S, and therefore of the characteristic function V 
also, can be obtained immediately from the Jacobi complete integral. 


2. The Hamilton integral 

If we are given a dynamical system of N degrees of freedom whose coordinates are 
x lt x 2> ..., x N and whose Hamiltonian function is 

#(*1. •••> ■■;Pn, t), 

we know that the equations of motion are 

dXr = dH dp? _ dH 

dt dp r ’ dt ~~ dx r 9 ' 

and that Hamilton’s partial differential equation associated with the system is 

dV Tr ( dV \ „ 


i- £•■)-»• 


If we know a complete integral of this equation we can easily deduce Hamilton’s principal 
function. 


* See pp, 79, 80 of ibis volume. 

f Of. Poisson’s criticism: “...c’est k dire l’esprimer en fonetion des incomm.es i ft, 0, etc., de leurs valeurs 
initiales a, /3, y, etc., et de la constant© des forces vives. Cette method© d’int^gration est cell© que M. Hamilton a 
donn6e.. .17usage serait tr&s bom6e et k peu pr&s nul, si l’on voulait, comme 1’auteur le propose, le fair© servir a 
trouver toutes les int^gxales premieres et seeondes des Equations de mouvement, et qu’il fallat determiner d priori 
la fonction F, sans connaatre aucune de ces int6grales.” Poisson, Liouville. Journal de Mathgmatiques (1837), 
pp. 317-337. 

t H>r another method of finding 3 afterwards proposed by Hamilton himself, see Note 9, p. 631. 
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Let 

f( x i> x N , t } a 1} a N ) 4- a^ N+1 
be a complete integral of (2) and let ns put 

S —/ (x } t, a) —f (xP, t°, a ), (3) 

where x%, t° are any given values of x r> t. We associate with (3) the equations 


da r da r da r 


(4) 


in which we have denoted/ (x°, t°, a) by/ 0 for brevity. Equations (4) are just sufficient in number 
to solve for the a 's in terms of x r , t and xt° and, on substituting these values in (3), we obtain 
a function 8 of the variables x r3 t, x®, t°. We shall first show that S is an integral of (2), which 
we shall call the Hamilton integral. 

We have immediately 

dS_df dS da m _ df 
dt dt da m dt dt 3 

dx r dx r da m dx T ox/ 


the repeated suffix m implying summation from 1 to N. Since/ (x, t, a) satisfies (2), we conclude 


that 



= 0 , 


showing that S is also an integral. It is a complete integral depending on the X + 1 arbitrary 
constants x®, t Q . 


( 5 ) 


3. The identification of the Hamilton integral with Hamilton's 'principal function 
We shall next show that the Hamilton Integral 

8 (x } t, x °, t°) 

is Hamilton’s principal function. 

Let us consider the equations 

y_JA 

da r da/ 

where the a’s are arbitrary constants . Since / (x, t, a) is a complete integral the determinant 

d*f 

da r dx s 

is different from zero, and equations (5) can he solved for rr r , giving equations of the form 

x r =x r (t, ;t 0 3 a; 0 , a). ( 6 ) 

Moreover it is obvious from (5) that x r = xP r > t = t° satisfy these equations, and therefore in (6) 
x r reduces to when t=t°. If we also put 

df 


(7) 
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and associate these last equations with (6), we obtain the set of equations 

x r — x r (t, t°, x°, a), \ 

Pr—Pr(t> ^°> X °> 

We shall show that (8) is the general solution of the equations of motion (1). 
From (5) 


a 2 / dx S ] ay 


da r dx~ dt da. r dt 


But we have 


§f-i 

dt i 


for all values of the a’s. Therefore 


s 2 / [ du a 2 / 


da r dt dp s da r dx i 


( 8 ) 


; = 0. 

(9) 

df 

Pr ~dx r ’ 

(10) 

= 0, 

(11) 


and we obtain from (9) and (11) the result that 

dx, 

dt dp r ' 

Also from (7) 

dp r _ ay ay dx a= ay a 2 / bh 

dt dx r dt + dx r dx s dt dx r dt dx r dx s dp s * 

But when we differentiate (10) partially with respect to x r we get 

a 2 /, a# a# ay 

dx r dt dx r ^~ dp s dx r dx s 

Hence 

dPr^^dH 
dt dx r ’ 

We have, therefore, verified that (8) is the general solution of the equations of motion since 
it contains the requisite number of arbitrary constants. It gives all the natural motions that 
pass through the configuration x J at the time t°. 

Now, Hamilton’s principal function is defined as the integral 

!‘A p ’ 3 £- s ) d, ^ (,2) 

evaluated along the natural motion which passes through the configurations x r , ccj at the times 
t, t° respectively, and is expressed in terms of the initial and final variables t° and x r , t. 
This natural motion is given by (8) for suitable values of the constants a r3 or by the equivalent 
equations (5) and (7). 


We have, consequently, 
dH 






-/(a; 0 , t°, a ), 



3 ] 
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and we express the integral in terms of x r , t and x ®, t° by eliminating the a* s by means of (5). 
This is exactly the definition of 8 (x, t, x°, t°), and we have therefore identified the Hamilton 
integral with Hamilton’s principal function. 

If f (x, t, a) + ct N+1 is a complete integral of Hamilton*s partial differential equation, then 
Hamilton s principal function is obtained by eliminating a r from the equations 


S~f(x, t, a)—f(x° > t°, a), 

df{x, t, a)_df(x°, t°, a) (13) 

da„ 3 a r 


4. Geometrical interpretation 

To find a geometrical interpretation of this construction of Hamilton’s principal function 
we shall take a space of N 4- 2 dimensions, whose coordinates are 

x r , t, V. 

In this manifold the equation 

V=V(x r ,t) 

represents a hypersurface, and if V satisfies the partial differential equation (2) we call it an 
integral hyper surf ace. 

If f(x, t, a) 4- a N+ 1 is a complete integral of (2), then 

V=f{x, t, a)4-<% +1 

is a family of integral hypersurfaces depending on the N 4-1 parameters %, a_ v ^_i. We take 
from this family those which pass through the point (#?, t°, 0). The condition for this is 

f (a? 0 , t °, a) 4- ~ 

and the new family is 

t, a)—f&°, t°, a), (14) 

depending on N parameters. The envelope of this family is obtained by eliminating the a’s 
from (14) and the N equations 

Jf„§4 ==0 

da r da r 

But this elimination leads to the hypersurface 

V = S(x, t, xP, i°). (15) 

We have, therefore, proved the following theorem: 

If 8 ( x , t, x°, t°) is Hamilton’s principal function, the hypersurface 

V = 8(x, f, £°) 

is the envelope of an N-ply infinite family of integral hypersurfaces of Hamilton’s partied differential 
equation, all of which pass through the point (#?, £°, 0). 

78 
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5. An example of the method 

As an example of the method let us consider a dynamical system of three degrees of freedom 
whose coordinates are x, y, s, and whose Hamiltonian function is 

i (Pl+Py+Pl) + i (A 2 ^ 2 + /* V + ~ 

where A, /u, v, e are constants. The Hamilton partial differential equation is 

S+i{(£W 

We can obtain a complete integral of this equation by the method of separation of the 
variables. The integral is 

/= — A J Va 2 — x 2 dx — fj,j V p 2 — y 2 dy — v J Vy 2 — z 2 dz 4- {e — J- (A 2 a 2 + jx 2 p 2 + v 2 y 2 )} t + S, 

a, ft, y, S being the arbitrary constants. We have, therefore, 

$= — A f Va 2 — x 2 dx — p, f V/3 2 — y 2 dy — v f V y 2 — A*dz + {e — (A 2 a 2 4-p 2 j8 2 + v 2 y 2 )}( t — 1 , 0 ), 

J 3/Q v J/o v ^0 

where, until the integrations are performed, a, P, y are regarded as constants and afterwards 
as functions of x , «/, z s t, x 0 , y 0 , z 0 , t 0s given by 


Let us suppose that 
Then from ~ = 0 we get 

that is, 

and 

— x 2 ) = 

We therefore have 


0£/_a^ = a>sf 

0a dp dy 

a>x 0 >x, etc. 


cos -1 - — cos -1 — = A (t —1 0 ), 


_ V{x 2 4- xl — 2xx 0 cos A {t — f Q )} 
sinA(£ — £ 0 ) 


x 0 — x cos A (t — f 0 ) 


a? 0 cos A (tf — £ 0 ) — x 


sinA(£ —£ 0 ) ^ X ° ] ~~ sin A (t-t 0 ) 


— J Va 2 — x 2 dx— -|a 2 ^cos- 1 ^ — cos- 1 ~ ^ — § (xVa 2 — x 2 — Va 2 — ccg) 

= -kc 2 Aff-f n ir ^fao~^cosA(£ —y}-# 0 {a: 0 cosA(£-£ 0 )-a;} l 
2 sin A (if — £q) J 

— i<* 2 A (t — f 0 ) + i i x — x o) z cot A (f — £ 0 ) — xx Q tan J A (t~ t Q ). 

Hence the final form of S is 

^ = iA —a%) 2 cot A (f—f 0 ) H- ip.(y — y 0 ) 2 cot p (t — f 0 ) + fv (z — z 0 ) 2 cot v (t —1 0 ) 

—Aa^ 0 tan JA (t — f 0 ) — fiyy 0 tan -Jp (£— 1 0 ) — vzz 0 tan (t —1 0 ) A e {t —f 0 )- 
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6 . The principal function of a binary system 

It is interesting to apply the method also to find an expression for the principal function 
of a binary system, as it leads directly to a formula for the characteristic function which was 
used by Hamilton without any indication as to how it arose.* In fact, the expression for 
the characteristic function just referred to actually suggests the method described above. 

We have two masses m ± and m 2 , whose coordinates are (x 1 , y ls zf) and (x 2 , y Zi z 2 ) z and the 
force-function is m 1 m 2 f(r) ) where r is the distance between the masses. If (x, y, z) are the 
coordinates of the centre of gravity of the masses and we put 

x x -x 2 = g, y 1 ~y 2 =z 1 -z 2 =£, 

we have 

{m ± -f- m 2 ) x — mj x ± + m 2 x 2 — (m-j, -f m 2 )x 2 + m 1 g — (% + — m 2 g s etc.. 

and so 


fro t> <. . 

x,—x-b- -t, etc., 

m-j + m 2 


i, etc. 


We have therefore for the kinetic energy 

? 1 = >i («i + 2 /i + «i)- 


■ \m 2 {x\ + yl + £|) 


Also 

where 


= IK + %) (ae a + y 2 + g 2 ) + | ^ 

V = m 1 m 2 f{r), 
r=V£* + V+£». 


The Hamiltonian function H of the system is easily seen to be 


and the partial differential equation is 

38 1 1 f/?8y /?£)• (d_sy 1 + lm lf n b j/£S\* /|S\ a /|S\ a l 0. 

dt + 2 m 1 + m !t \\dx) + \dy) \dz) J 2 %% I s ’?/ \°w J 

To solve this equation, let us write 

S = -Ht+V+V,, 

where H is an arbitrary constant, V is a function of x , y, z and V f a function of g, 17 , l. We shall 
have 

=+; {(1+(f h(W) ^{(l)‘ + ffi) ,+ (t)'! - 

and it is immediately obvious that we have 




and 


mi + m 2 \\ 

m 




:2 


where H, is a new arbitrary constant. 

* P. 130. 
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Taking, first of all, the equation for V, it is immediately seen to be satisfied by 
V = Xx + jjLy + V2 {m 1 + m 2 ) H„ — A 2 — /x 2 . z, 

A, jj, being constants, and this is obviously a complete integral. 

Secondly, ta kin g the equation for V f , we wish to find a complete integral depending on the 
initial and final radii vectores r, r Q and the angle 8 between them. If a, f3, y are the initial values 


Off, v, £, 

r = Vf 2 + ^ 2 +£ 2 , r 0 = V<x 2 +j3 2 + y 2 , 


rr 0 cos 0 = fa + ij/j + £y. 

Hence 

dr £ £ . . a S8 

5 * = -, -r 0 oosfl—rr o sm0^=a, 
0£ r r u 

that is, 

— = A cot 0-cosec 0. 

0£ r 2 rr 0 


Let us exa min e if we can find a solution of the partial differential equation of the form 


F, = JR(r) + ©(0), 

R being a function of r alone and 0 of 8 alone. We have 

dV. dr , 00 g fg Q a A 

dg dg dg r [r 2 rr 0 j 

and thus the partial difierential equation becomes 
m L 




which is satisfied if we put 
0' 


R' = 


wi 1 m 2 k 
+ m 2 5 
m 1 m 2 


m 1 + m 2 

h being a constant. These equations give 




h*)i 


m x m 2 
m 1 4 - m 2 


0 = J n 1 ro ? _ iJ= m x m 2 

% + m 2 m x + m, 


J P dr. 


Collecting our results, we have the complete integral of the original differential equation 


S = ~Ht + Xx + jxy-jrV2 ( m- L +m 2 )H // — \ 2 — fjL z .z + 


m 1 m 2 


- hQ + jpd r - 


m 1 + m 2 

Applying the above method to find the principal function we put 

tf=-#(*-* 0 ) + AOr-a; 0 )+^~^)+V2^ 

m x 4- m a { J r# 1 

and we have to eliminate A, ja, if, H t , h between this equation and the following, 

ds 


djs 

0A = °’ 


dS „ dS „ 
S,u. ~ °’ 0H -0 ’ 


S = °- 
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S= -H(t-t 0 )+V2(m 1 + m 2 )H„V(x-x 0 ) 2 +(y-y 0 ) 2 +(z-z 0 ) 2 + ^~ :1 - 

771^ ~r 771% 

where we must eliminate H, H f ,h by means of the equations 



dS _ 

d H~ 

ds _ 

dH,~ 


(t — t 0 ) 4- 



- J ^ VT* - * 0 ) 2 +(y - y 0 ) 2 +( 2 - g o) 2 + 


m i m 2 rj?L dr= 0 

m 1 + mJ ra dH, ■ 


d £dr\ = 0. 

dh m 1 + m 2 { J ro oh j 

Remembering that S + H is the characteristic function of the system, we see at once 

that the above expression for the characteristic function is exactly the form used by Hamilton 
on p. 130. 
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NOTE 3. Comparison of Hamilton's and Lagrange's methods 


(II, p. 160.) 


Lagrange’s method of variation of elements is as follows (Cf. Mecanique Analytique , 
Tome i, 2nd Part, Section v). If we have n degrees of freedom, each of the coordinates, in 
the “undisturbed 55 problem is supposed to be expressed in terms of the time and 2 n arbitrary 
constants (C r ). In the disturbed problem these constants are supposed to be functions of the 
time. Substituting in the n equations of motion we get n relations concerning the (now) variable 
quantities (C r ). The problem is made determinate and greatly simplified by the following 
assumption—that the coordinates (£.) and the velocities (£' r ) are the same functions of the 
quantities (C r ) in the disturbed and in the undisturbed motion. This is the meaning of the 
statement “... calculate at once the perturbations of place and of velocity, by employing the 
same rules, and altering at once the initial position and initial velocity ”. If we give a displace¬ 
ment Aoq, , A y i to the initial position we get 


A&i — . nifc 


r* 


'< SJ 

i«r 


dt + 


i S 


8$ dt + Sa, 


i J o Syi 


Sex.'- . Sod . n Sod , 


S B' 

The perturbations given in (T 7 .) satisfy these equations, since = ~ . 

The Lagrangian assumption will be satisfied if we can differentiate the equations 


& + A&=<M a i + Aai, —, <+Aa£, t) 

once -with respect to the time and get the same result whether we regard Acq,..., Aa •,... constant 
or variable. This gives 


86 d 


Mid 


Mid 


Mid 




Mid 


Mi d 


Sfit dt 


Mi dt 


Sal dt v 


Midi' 


Midi 


and from (T ? .) 


0=S„w* 


/MtSmv 

\Scti 8k { 


+ 


Thus the perturbations in (T 7 .) satisfy the Lagrangian requirements, and by noticing the 
number of conditions we see that the expressions are unique. 
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NOTE 4. Explanatory 
(III, p. 202 .) 

The integrals of angular momentum are 

gy f — rjx' = C ± , rjz' - Zy' = C 2 , gx' - gz' = C 3 . 

These can be written in the form 

fiy' — ?)Z' — /c — A, 

] 17 s 7 — £ 2 / = — V2/cA — A 2 sin v, 

1 gx' — gz' = a/ 2 /cA — A 2 cos v, 
which gives equations (I), (2) and (4) of (Q 2 .). 

The integral of energy gives 

(*' 2 + y' 2 + z' 2 ) = ,* + 

which is (3) of (Q 2 -)- 
Now 

r 2 = £2 + *? 8 +£ 2 and ?r'= ££'+ ijtj'+ ££' = —(£*' + W' + £ s ’)- 

Hence . „ 

K 2 = 2 (&/' -Tja:') 2 = (f 2 + ij 2 + ? 2 ) (*' 2 4- «/' 2 4- s' 2 ) + (£r +tjj/ + 42 )-- 

Thus from the equation of energy 

M 


M* 


~ (M +* m) 2 

Jlf -rm ac 2 

-r' 2 = 2( l x. + Mf) - -pt. 


01 M + m 

and equation (5) follows. 

Lastly we have _ 

(/c — A) £ — V2kX — A 2 (g sin v - rj cos v) ; 

( K _ A) 2 r 2 = A 2 - (2,cA - A 2 ) (f 2 + 1 ? 2 ) - /c 2 £ 2 + <2/cA- A 2 ) (fsinv- 7 ? cos j>) 2 , 

and it follows that _.i 

T, K £ r 

geos v + ^smv = r^l- 2a _-^ 

Also 


.]*■ 


. r=r - £ («T - W) + V W ~ W) _ .. 3/ + m V2kA - ^ tf cosv + r, sin k>. 

rC-tr =-^—7- - -* ' r 


Consequently 
and thus 


d n 

l\ M + m k 

1- ** 1 

V2kX — A 2 dt \r 

: ) ~ M r 2 |_ 

2kA — A 2 J 


d . n / 

— sm“ x I-== 


dr 


\rV2/<rA-A 2 


0 - 


M 4 -m, k dr 

~M~~ r*di' 


Equation ( 6 ) now follows when we use (5). 
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NOTE 5. The principal function for the undisturbed motion of a planet* 

(V, p. 217.) 

Let ( x , y) be the coordinates of the sun and M its mass, and let (x + g, y + 77 ) be the coordinates 
of the planet and m its mass, so that (f, 07 ) are the heliocentric coordinates of the planet. If 
(x, y) are the coordinates of the centre of gravity, we have 

x=x ~W+m^’ y- y ~m+lk V ’ 

, _ M , M 

x + t= x + M + m*’ y+ ^ y + W^‘ 

Hence the kinetic energy of the system is 

T = \M (a; 2 + y z ) + {(a- + £) 2 + {y + v?) 2 } 




and the potential energy is 


Therefore the principal function is 


3=^{T-V)dt=$(M + m)(& + &)t + ^^^& + r t 


2) + M + m dt 


= i(M + m) 


(x-x 0 ) 2 +(y-y 0 ) 2 ) Mm 

t M 4 -m~ 




+ V 2 )+^\ dt, 


}jl being equal to M + m. 

The equations of the orbit in terms of the eccentric anomaly are 

r = a (1 — ecosy), 

£ — a (cos v — e), 77 = aVl — e 2 sinu, 

where 2 a is the major axis of the orbit and e its eccentricity. From the equations of motion 

e=-?l 

g r 3 > v— r 3> 

we easily deduce that 


a 3 1 — e cos v 9 


* Cf. pp. 135—137. 
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that is, on integration 


^t — v — v Q — e sin v + e sinv 0 = 2 j 0 — e sin cos 0 f 

t + V - a* (1 - e s cos 2 v) o» - g ± - 63 0082 " - g i±£S” ?, 

a(l— eeosy) 3 al-ecosy 


»= + £r 


/a) , r p ( 1+ecosy 


■ f'iUi 

J 0 2a 11 


-r ;- r 

- e cos y 1 — e cos y j 


/x f* 3 4-e cosy /— v , 

_ * -ai=4-Vjaa (3 + eeosy)t£y 

2aJ 0 l-ecosy - ^ J Uo v ' 

= -J- V"pa {3 (y — y 0 ) + e (sin v — sin y 0 )} = Vpa 13 4- e sin cos ^ 


= a j 1 — e cos — 5 cos 


V - v 0 _y -f v 0 \ 


4a. 2 sin 2 A = (g — 1 0 ) 2 + (rj — ?] 0 ) 2 = a 2 (cos y — cos y 0 ) 2 4- a 2 (1 — c 2 ) (sin v — sin y 0 } 2 


and consequently 


If we put 


= 4a 3 sin 2 — ^ V ° 11 — e 2 cos 2 - j, 

lin A = a sin ---- - J^l—e 2 cos 3 v 0 V °- 1: 

sin i^o >) 

in A = ■ -——— -;- 

u — y 0 utv 0 
1 — e cos —cos — 5 - 


y 0 v + Vq 

— — y,, ecos—= 


in the above formulae, we have 

. , siny.Vl— e 2 , []* a y f —siny / 

a = a (1 — e, cosy,), sinA = -:-> v ~ i J ~Ti 771 71 

v ' tn 1— e / cosu r *h & (1 — e, cosi'j 1 

and 

z- 3u.4-e, sinu, 

s = Vjaa —77V-x * 

^ -^(1 —e^cosy,) 

We can obviously express e, and v, in terms of v and sin A, and consequently s.VJix is a function 
of v and sin A only. 

Moreover, from the fundamental property of the principal function 


HMPH 
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and hence, easily, 

ds /I //x\_ 11 

di~~ dv\2 N + 2a’ 

that is, 

^ = ~/v / /xa = ~V / ^<x 3 /V/xa==-. 
dvj a a 

If the orbit is circular, e, ==ecos^^===0 and we see that A and v both reduce to v r , and 

consequently t = v — A = 0 for circular orbits. If the orbit is nearly circular, e, is small and 
consequently i is also small. 
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NOTE 6. On the approximation to the parallactic inequality 

(VI, p. 248; VII, pp. 272-275.) 

In the Theory of the Moon the terms involving cos r and sin r in the expansions of a jr and A 
respectively are called the parallactic inequalities. Hamilton was unable to reconcile the corre¬ 
sponding terms in his expansions with those of Plana and Lubbock. By taking into account two 
further operations, which he overlooked, it is possible to obtain the correct results. Here we 
confine our attention to r and to terms as far as the order m 2 . 

The principal function 3 may be written 

S— S 0 ~\~s, where $ 0 = j ^ ^ ~ j df, 

S = s x -j - S 2 d* £3 5 

where s x = n 2 f r 2 P 2 dt , s 2 —nj j r*P 3 dt„ s 3 — n; j r*P±dt. .... 

Jo Jo Jo 

P 2 , P 3 , P 4 , ... being Legendre coefficients of argument cos (A — n f t). 

As a first trial, taking 3— S 0 , we get the ordinary elliptic values for ?* 0 , A. Substituting these 
values in S 0 + %, we get 

. . . ( m 2 ( 19?k\ . j 

r = r 0 + A 1 r, where A 1 r= — a|—— — m 2 | H—— J cos 2r j . 

Substituting in 8 = 3 0 + s ± + s 2 , we get as far as terms in m 2 

* . . . ma 2 /15 27 m\ 


A . . . ma‘ 10 zjm\ 

r^rg + Aj.r + Azr, where A 2 r = — I ‘ 


The last term according to Plana and Lubbock should be 


ta 2 /15 81 m\ 

i7\l6 + “l6 _ ) < 


If however we substituted the need appro x i m ation r 0 -j- A 2 r-r-A 2 /-f A 3 r, we should find 

, , A , 165 m 2 a 2 

another term A 2 r of the order of A 2 r, where A 2 r = ——. 

The foregoing process will not however give the complete approximation to r. If8—8 Q ^-3 J1 
we have the accurate equation 

Substituting the previous approximation in the integral on the right-hand side, we get from the 

resulting value of S, the term for A 2 r = ~ yg-^— • We tilen g et 

/27 165 15\m 2 a 2 81m 2 a 2 

A 2 r + A4r+AJr = ^ + -g2--jgJ ^ - lg 

It may he remarked that in getting this term by de Ponteeoulant’s method (Brown, Lunar 
Theory, pp. 105, 106) it is made up of the same three components. 


a' r + = (J 
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NOTE 7. On Hamilton's method of approximating to the 
motion of the moon 

{III, p. 209; VII, pp. 266, 269.) 

Let P, P 0 (see figure) be the positions of the moon’s centre at the times t , t Q and let P 0 CP 
be its actual (geocentric) orbit. 



Disregarding the sun’s attraction, a body starting at P 0 with the actual orbital velocity of the 
moon will describe an ellipse P Q DP r . The elements of this ellipse, which we may call the fixed 
ellipse, are constants a, e, e, zn, 6, i. Still disregarding the sun’s attraction we can have another 
ellipse PqAP which starts at P 0 at the time t 0 and arrives at P at the time t. This is the 
Hamilton ellipse. Let the elements of this new ellipse be a + Aa, e + Ae, ... and the initial 
velocity at P 0 be (u 0 — Au 0 , v 0 — Av 0 , w 0 — Aw 0 ), (u 0 , v 0 , w 0 ) being the initial velocity in the 
fixed ellipse as well as in the orbit at P 0 . If, by the ordinary laws of elliptic motion, we have 

%=/(«> *•*)> 

then, rigorously, 

u 0 ~Au 0 +/(«-{- Aa, e + Ae, ...). 

Here Au 0 , Av 0 , A w 0 are the components which must be added to the initial velocity in the 
Ha mi lton ellipse in order to get the correct initial orbital velocity. If Aa, Ae, ... are small, then 


AWo + Aa^ + Ae^ + ... = 0. 


Also, since the Hamilton ellipse passes through the same initial point, we have also equations 
of the type 


A a 


dx o 

da 



+ 


= 0 . 
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These six equations give us A a, Ae, ... in terms of A u 0i Av Q; A w Q . Finally, if x, y } z be the 
position of the moving point at the time t in the fixed ellipse, then the coordinates of P are 
x + Ax> y -f Ay, z + A z } where 

A dx . ox . 

Aa? = ^-AflH-=”Ae + .... 
da de 


The actual values of Au 0 , At? 0 , Aw 0 are given by the variational equation 

A^. Sx + Av. Sy + Aw. Sz - A^ 0 .8% - A?; 0 .8y 0 - A^‘ 0 .8% = 8 j Pdf* 

The Lagrange ellipse, QjBP, is an ellipse touching the orbit at P and having there the correct 
orbital velocity. In fact the fixed ellipse referred to above is the Lagrange ellipse at the period 
t Q . We now proceed to show that the Hamilton ellipse and the Lagrange ellipse both give the 
same first approximation. In the variational equations 

2(Ap r 8g r -Aft.Sa r ) = -8j Pidt, (ii) 

we may regard p r) j3 r as functions of q r , ol t . This type of partial differentiation we shall denote 
by the symbol 8, whilst if we regard p ri q r as functions of % n j2 r we shall use c. We have then 
8 8oc 

equations of the form ^ = 0 (s4=w) and ~ = 1. and 


From (ii) 


^+s,|A-0. 

OCL r dfi s 80 C r 




Rdt 






+ S. 


K cjS s 


iiii) 




because 


-v 


9&_3_ , v JLl 
aA3«v + •3A&* r 3AJ 



V j£2»_L 
r left go. 


WsJAr 

8 a r Sa* 5 


£?» JL : . f 

ca r cftj J 


Rdt 


which is the Lagrangian form for this type of variable constants. 
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NOTE 8. Hodographic and anthodographic isochronism 
(XI, p. 293.) 


These theorems may be proved as follows. 

Let ABT be a circular hodograph, centre G and radius a, 
passing through the given points A and B, and let O be the 
centre of force of the orbit. If the tangent at any point T cuts 
AB in X and M is the middle point of AB, we put 

MX = x, CM = b, MB = c, TX = r, and AX = 9. 

We have 

x sin 9 — a — b cos 6 , t sin 9— b—a cos 9, 

and therefore, for a small variation of X , 

SxsinO — t$9. 



Since the velocity of T in the hodograph equals the acceleration of the corresponding point in 
the orbit, ™ 


where r is the radius vector of the particle in the orbit. But rp = h, where p is the perpendic ular 
from O on TX and h is the areal velocity. Hence the time of describing the elementary arc of 
the hodograph at T is 


dt~- 


ah 2 d9 


ah 2 dx 


(ax- 




hr). 


^ OX ^ sin 2 # ijltc 2 OX 2 
= n/h. Similarly the time of describing the elementary arc at T' is 


di' = 


pdx 

arc 2 OX 2 


(ax + br). 


Adding and integrating, we find for the time of description of the hodographic arc TT f 

2[A C x xdx _ 2 p, f4> dcf> 

C 2 J c rOX 2 c 3 J 0 (l + /c cos cf>) 2 ’ 

where x — c sec ef>, OM — he. This expression is the same for all hodographs that pass through 
A and B and are cut orthogonally by the circle with centre X and radius r, which proves 
Hamilton’s theorem. 

We may also remark that 

^O.0jB = a2-OC 2 = ^(l-e 2 ) = ^, 

where a is the semi-major axis of the orbit. Hence the orbits of all hodographs passing through 
A and B have equal major axes. 

The anthode of a moving particle is obviously the inverse of its hodograph with respect to 
a unit circle whose centre is O. Consequently the theorem of anthodographic isochronism 
follows immediately from the above result by inversion.* 

* Tite method of inversion, was not widely known in 1847 . For its early history; see Caiori, History of Mathe¬ 
matics, p. 292 . 
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NOTE 9. Hamilton*s method of finding the principal f miction 
from the partial differential equation 

(XIII, pp. 335-339.) 

In a manuscript dealing with the Calculus of Principal Relations,* Hamilton describes an 
interesting method of obtaining the principal function from the partial differential equation of 
the first order which it satisfies, and it is worth describing here in detail how the method is 
applied in the important dynamical case. 

Let us consider a dynamical system of coordinates x 1 , ..., x N} and having L (x, x, t) as its 
Lagrangian function. Hamilton’s principal function 8 is defined as the integral 




8 = Ldt , 


( 1.3 


evaluated along a natural motion of the system and expressed as a function of the initial and 
final values of the afs and of t. It is easy to show 7 that S must satisfy the Hamilton partial 
differential equation 

ds 
dt " 

a l 

Pr=l 




where 


H{x, p, = 


CX 7 




(3) 


The question arises how we are to distinguish the solution S from the other solutions of (I;. 
Hamilton identifies it by saying that 8 must vanish identically when x x . .... x .,., t taxe tiieir 
initial values a x , ..., a N and t Q , and also that 

8 r l x 1 — a 1 x 0 — a 9 x x — a x 


j ya 1 , ■ 


t —1 0 — ’ t~~t Q L — C 0 t '~ 

as t~>t 0 , a relation which follows immediately from (1). We shall see that these conditions will 
determine 8 uniquely. 

Now 8 is a function of x x , ..., x N , a lt . a N> t, t 0 . Hence if we put 

x r = a r + (~f) (*-«#), t=t 0 +(t-t 0 ), 

we see that S can be expressed as a function of a r ,t 0 , -f —p ,t — t 0 and we shall assume that we 

r Zq 

can expand it in ascending powers of (t — £ 0 ) s that is, 

S = A X (t-t 0 ) + A 2 (t-t 0 )*+...+A n (t-t ( >) n +. 


t — tn 


t-u 


(4) 


(5) 


where the A" s are functions of the remaining variables. This expansion can obviously be written 
in the form 

8 — /SjH$ 2 4- 8 3 +-• * + $» + *«*> ^ ' 

where 8 n is homogeneous of degree n in the variables a : r — a ri t—t 0t and consequently 

it -t 0 ) d -§ + (x r -a r )^nS n . m 

* Xm, p. 332. 
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If we substitute this value of S in ( 2 ), we obtain 

or, putting x r = a T + (x r - a r ), t = t 0 + (t - 1 0 ) , and writing for brevity 


H 0 = H(a,p»,t„), 


we can expand ( 8 ) in ascending powers of (x r — a r ) and (t~ t 0 ) as follows 


(9S, 

dS s 

\ 3 l 

\dcc r 


7 0 PJ) 


If we write the partial differential equation (2) as i/r = 0, we may write the expansion (9) in 
the form 

i Ao + ? Ai + J / f 2 = 0, 

where ijj 7l is homogeneous and of degree n in the variables (x r — a r ), (t —1 0 ), and, since this partial 

GO 

differential equation must be satisfied identically by X S n , we must have 

n 

<Ao = 0 > «Ai=o, >p z =o, ..., ip n = o, ... 

separately satisfied. 

Now it is easily seen from (9) that ift 0 = 0 stands for the equation 

d&L *\_ n /in\ 


dS* TT / B8 1 \ 

ji +I r¥’T 0 ’ 

tisfied by S x . Moreover, it 
Id equal the right-hand side 

^ t 0 y 


which gives an equation to be satisfied by 8 X . Moreover, it appears from a comparison of (4) 
and (5) that A x or SJit — t Q ) should equal the right-hand side of (4) identically, that is, that 


Hence we should expect that ( 11 ) satisfies equation ( 10 ), a result which is easily verified. 
The second equation ifj ± = 0 becomes 

M.J./- 




But it is easy to prove that 


and therefore ( 12 ) becomes 


dH 0 __x r — a r 
t~t n 


(t - to) -gf- + (*V '- Or) + (t - to) j (*r ~'«V) 9 ^° + (<'~ h) ^ f = 0, 

or, using equation (7), 

2 S s = ~{t-t a ) |(av - a r ) ^ + («- <o) > 

and so S 2 is given immediately when S x is known. 
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It is easy to see that we can continue in this way; for example, 4=0 can be written 




a ^« 11fl » =0 


and hence, as before, 


3^3 - (® r -fl r )=—+ (t~y 


3 35, 


! ff 
Eh n 0> 


(14| 


3a f 1 ‘ 0/ 3£ 0 ' cx r cp® i 

the right-hand side being known when 5 X and 5 2 are known. In general, 4 = 0 car- be written 


dS n 35„3tf 0 , w „ v 35, v , rr 
3f + 3*, 3®» + 1 (Xr ° r) 3a. +( ^3L + 3l3^i Io ~- =0; 


/ n , « ^ ^ n ; 

Ot 0 OT r Oj3“j 

the remaining terms involving only the 5’s up to 5^. Multiplying by (f-f 0 j and using the 

JH* . 

0$ 


value of—, we have from (7) 


nS n - - to 


/ >3 35, 3 !' . 

^ ° r 3a r + ~ ; 3t 0 "3/. cf r H °' 


(15} 


Consequently S n can be calculated when 8 V 5 2 ,..., 5„_ 1 are known fu 


functions of an. a r .f. 


The process can therefore be continued indefinitely and the function S obtained without 
any integrations whatever. Moreover the process obviously leads to a unique complete integral 
of (2) satisfying the condition (4), and we conclude that 5 must be the principal function. 


The method may be a useful one practically if we are dealing with a comparatively short 
interval of time, since we are furnished by successive approximations to 5 and in that case 
only a few terms need he calculated to give a sufficiently approximate value of the principal 
function. 
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NOTE 10. Hamilton's method of solving partial differential 
equations and its relation to Cauchy's theory 

(XV, pp. 391-407.) 

1 . The partial differential equation of the first order 


Let us take a partial differential equation of the first order 

F{x, y, z, p, q) = 0. (1) 

We may use geometrical terminology and call ( x , y,z,p, q) an element of contact, if the equation 
( 1 ) is satisfied, and a one-parameter family of elements of contact 

x = x(u), y—y(u), z = z(u) > p=p(u), q = q(u) 

a multiplicity. Along a multiplicity we must have 

px’ -b qy' — z' = 0, 

where dashes denote derivatives with respect to u. 

If we take a neighbouring multiplicity ( x + 8x, y- b S y, z -b Sz, p + Sp, q -b Sq), we have 

0 = 3 (px' + qy f — z') =pSx' + Spx' + qSy' -\-Sqy' — Sz', ( 2 ) 

the variations Sx, Sy, Sz, Sp, Sq not being arbitrary but subject to the condition 


S-F = !? 8*- 

OX 


BF s j BF & BF~ 
.~ Sy+ - 8z+ _ 8p . 


-Sq~0. 


Hence, multiplying by a factor A and integrating, 


0 = J AS {px' -b qy' — z') du ~ Ja {p Sx' -b Sp x' + qSy' + Sqy' — Sz') du 

— [\(pSx + qSy — 3z)] -f J{ — (A p)' Sx — (A q)' By -b X'Sz + A x'Sp -b A y'Sq}du. (4) 

Let us choose our original multiplicity so that the part under the integral sign vanishes for 
all neighbouring multiplicities. We must therefore have 


-{XpY=p 


(A qY = fx' 


x ^ ^ dx f By 9 " dz 9 

x , ,BF w ,BF 

Hence, along the multiplicity 

§fH = d>y___ dz _ -dp _ -dq dX dp 
cLF BF dF BF BF BF BF~.BF~\’ 
Bp Bq P dp +q dq\ Bx +P dz dy +q ~Bz A dz 
that is, the multiplicity must be a characteristic. 
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The solutions of these equations are of the form 

x = x (u, x Q , y Q} z 0 , p 0 , g 0 ), etc., 

where zero suffixes denote initial values of the variables, and if we associate with them the 
equation 

( x o s Vo, 2 o> Po s ?o) == f*; (7; 

we see that (6) will satisfy (1) identically for all values of u. Moreover, we have from 
A (pSx -\-qSy Sz) = A 0 {p 0 8r 0 4- q Q dy 0 — Sz 0 ), 

and it follows that p and q will be the partial derivatives of z with resnect to x and y res oeetivelv. 

if 

Po $z 0 + q Q ~Sz Q = 0. h: 

In other words, we shall have an integral surface of (1) if we take x 0 . y Q . z 0 , p 3 . in ■; 0 as 
any functions of a variable v subject only to the two conditions 

F y*> z 0’ Pq> £o) = °> Po ~j~ t <?o = d* 9; 

In particular, if we are given a curve r 0 = x 0 (v), y Q = y 0 (r), 2 0 = r 0 (i-), which is not a characteristic, 
then (9) determines p Q , q 0 and we have the unique integral of (1) that passes through the riven 
curve.* 

2. The partial differential equation of the second order 
The same method can be applied to the partial differential equation of the second order 

F (x, y , 2 , p, q. r. s, t ) = 0. 1 11 

Let us call ( x, y , z, p, q, r, s, t) a second-order element of contact if it satisfies (1) and let us call 
a one-parameter family of such elements 

x = x(u), y = y(u), z = z(u), p=p(u), q = q(u), r — r (u). s = s(ii), t = t(u) 
a second-order multiplicity, u being the parameter. Along such a multiplicity, we must have 

px' H- qy' — z' =0 , j 

rx' 4- sy' —p' = 0, [■ (2) 

sx' A-ty' —q'~ 0,J 

where dashes denote derivatives with respect to u. If we take a neighbouring multiplicity, 
x + Sx , y 4 - Sy, etc., we have 

0 = 8 (px' 4 - qy' —z') =pSx' 4 - qhy' — Sz' 4 - Spx' 4 - Sqy' f 
0 = 8 (rx' +$y' —p')=rSx' -\-sSy' — Sp' ~ J rSrx* +Bsy' (3) 

0 = 8 (sx' ~hty' — q') —sSx' + tSy' -Sq'-hSsx' 4 -Sty', 

where the variations are subject to the condition 

8jf, =£ Sa!+ f^ + S 8z+ f^ + ¥ S5+ S ,Sr+ ^ :ss+ ^ :si=s0 - (4) 


* Of. Goursat, Gours d’Analyse, Tome n (1918), pp- 602-610. 


80-2 
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Multiplying equations (3) by three multipliers A, jjl, v we have, on integrating by parts, 

0 = J[AS (px' + qy f — z') + p-S ( rx ' A-sy' —p') + vS ( sx' 4- ty ' - q ')] du 
=*[A(pSx-±qSy — Sz) -I- fi (rSx 4-5 Sy — Sp) + v(s8x + tSy — Sg)] 

4-J*[ - {(Ap)' 4- (jar)' 4- (vs)'} Sx - {(Ag)' 4- (ys)' 4- (vt)'} Sy 4- A 'Sz 

+ (Ax' 4- p) Sp + (A y' 4- v) Sq 4- yx'Sr 4- (pjy' 4- vx') Ss 4- vy'St ] du. (5) 

As before, we choose our multiplicity so that the part under the integral sign disappears for all 
variations subject to (4). We must therefore have, along the multiplicity, 

dF 

(Apy + (yry + (vsy+ P '^ = o, 
dF 

(Aqy + (fj,s)'+ (vty + p =o, 

y ( 6 ) 

^ ~ p Hz’ x y +v= p^’ 

, ,BF , , f dF , t dF 

v y =p 

P being another multiplier.* Equations (2) and (6) are eleven homogeneous linear differential 
equations of the first order between the twelve variables x , y, z, p, q, r, s, t, A, jjl, v, p, and hence 
these can in general be solved in the form 

x~x (u, x 0> y 0 , Zq, p 0> q Q} , s 0 , t 0 , A 0 , p, 0 , v 0 , p 0 ), etc., (7) 

where zero suffixes denote initial values of the variables. 

Moreover it is easy to see that a linear combination of (2) and (6) leads to F' = 0, and there¬ 
fore if we have the condition 

F 0 = F (Xq, y 0 , z 0 , p 0) q Q , r 0 , s 0 , = 0, (8) 

the solution (7) will satisfy (1) identically. 

In addition, we have, from (5), 

A (pSx 4- qSy — Sz) 4- p. (rSx -bsSy — Sp) 4- v (s&x + tSy — Sg) 

= A 0 (p 0 Sx 0 4- q 0 Sy Q - Sz 0 ) 4- /x 0 (*o Sa; o + s o §Vo “ S.Z>o) + v o ( s o $ x o + h %o ~ • 

Therefore, making 

Po + 2o s 2/o ~ Sz o = <M 

r o % x o + «5o “ Spo = 0, (9) 

s 0 Ssc 0 4- t 0 ^2/o — ” fij J 


it follows that 


A (p Sx 4- qSy — Sz) + y (r Sx 4- 5 Sy — Sp ) 4- v (sSx +1 Sy — Sq) — 0, 


It is easy to see that the last three equations of (6) become 


„8F , ,8F , , s dF n 


when fj,„ v , p f are eliminated, and this equation is sometimes called the differential equation of the characteristics. 
Cf. Goursat, Gouts <F Analyse, Tome m (1915), p. 51. 
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for aU values of the initial variables and their variations. But we have still A 0 at our 

sposa Hence (10) must be true for arbitrary values of A, p, v and consequently the coefficients 
of A, /*, v m 10) must vanish separately, which means thatp, q are the first partial derivatives of 
z and r, s, t t he second partial derivatives. If we make, therefore, r 0 , y 0 .z 0 . p Q .q Q . v t . 

functions of a parameter v satisfying (8) and (9), we shah have an integral surface of the 
equation (1). e 

In particular, if we are given a first-order multiplicity 

x o = x o(v), y 0 = y 0 (v), z 0 = z 0 (v), p 0 =p 0 (v), q 0 = q 0 {v ), 

the first of the equations (9) is satisfied and the remaining two together with (S) determine 

r °, Sq , t 0 . We can therefore find an integral surface of (1) passing through a given first-order 
multiplicity.* 


* C'i* Goursat, Cours d?Analyse, Tome m (1915), pp. 47-51. 
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NOTE 11. Hamilton's luminiferous cether 

(XVII, p. 413.) 

Hamilton, following Cauchy’s first memoir*, attempted to explain on classical dynamical 
principles the optical properties of crystals. The investigations contained in Note Book 40 
(1835) anticipates, in part, Cauchy’s subsequent investigation, and in order to see the place of 
these -unpublished investigations in the history of such attempts by Cauchy, Poisson and Green 
it see ms useful to adopt the idea of a continuous medium and also to make use, like Green, of 
the potential energy function. If u, v, w denote coordinate displacements and suffixes denote 
differentiations, the potential energy per unit volume is 

Gu x 4- Hv y +Iw s + %G + v% + w%) 4 \H (u 2 + v% + w%) 4- (u% + v% + w%) 

4 \Lu% + + \Nw% + \R (v e 4- w y ) 2 4- I Q (w x + u z ) 2 -j- (u y 4 - v x ) 2 

+ Pv y w 9 + Qw z u x 4- Ru x v y . 

There are thus nine constants (which have here the values given on pp. 424, 425). This 
limitation arises from the fact that Hamilton assumes a “simple” space-lattice which is uni¬ 
formly strained from a cubic lattice, and that the force between the single points of attraction 
in the cells is along the line joining them and a function of their distance apart. The constants 
G, H, I are equilibrium stresses. The other quantities are connected by the relations 

+ N + L = QQ, L + M=ZR 

(see the expressions, p. 425). If 

u — £ cos h (olx + fiy-hyz — ct), v — rj cos k (a# 4 - fiy 4 - yz — ct), w=g cos k (ocx 4 - fiy + yz — ct) } 
where g, 07 , £ are constants and a, jS, y the direction cosines of the wave-normal, we have, the 
volume density being taken as unity, 

c 2 | = g {(L 4 - G) a 2 4- (P 4 H) + I) y 2 } 4- 2a/3R v 4- 2ayQ£, etc. 

Given a, /3, y, we have three values, in general different, for c 2 and three corresponding directions 
for 77 , £, which are mutually at right angles to one another. Is it possible to have two of those 
directions in the wave-front or, what amounts to the same thing, is it possible to have one of 
these directions parallel to a, /3, y ? We thus get, if none of a, /3, y is zero, 

L 4- G — 1 If 4 -JEL ~ JSf 4 - 1 — ZR 4 * G — 3 Q 4* G — etc., 
i.e. an isotropic medium. It becomes therefore necessary to make the assumption that two of 
the vibrations are nearly in the wave-front, it being understood that L , M, N and therefore 
P, Q, R differ very little from one another. Introducing the quantities g' 7 7)', £' given by 
yg — oc£ = f', yy) — fig = 7)\ acg 4- fir) 4- y £ = £' 
and making use of M 4 -N = 6P, etc., we get 

c 2 i' -e {(Q + G)a 2 + (R + H)j3*+(Q + I) y*} 4 - (R - P) (ocj&j' 4- 3ccy£'), 
e Y = 7 }' {(R + G) a 2 4-(P-f- H) p 2 4 (P 4- 1) y 2 } -h(R-Q) (ocpg f 4* 3 fat'), 

* M dm. de VAcad. VoL x, p. 293. General reference may be made to Green, Math. Papers, pp. 293-311; TVMttaker, 
History of Theories of the JEther and Electricity, Chap, v; Bom, Atomtheorie des festen Zustandes; Macdonald, Proc. 
Eond. Math „ 80 c. VoL xxxn (1900), pp. 311-315. 
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cT - Jaf {Z - (Za 2 + Mp* + Wy 2 )} + {if - (Za 2 + J//3 2 + ^y>}} 

+ yi' {(Z + G) a 2 + (II + H)p*+ (N -f I) y 2 }. 

Hence for the transverse waves we have 

c 2 £' = £'{(Q + G)«. 2 +(RpH)j3* + (Q + I) y 2 } + (R-P) oLfa'i 
C V = V {(■£ + £) a 2 + (P + #) /3 2 -f(P-f./) y2} + (P-<g) a ^. 

The elimination of £' :r) f gives ns the quadratic for c 2 

{c 2 -(Q+ Q) a 2 -(R + H) p 2 -(Q + I)y 2 }{c 2 -(R+G)y*-(P-T-H)P*-(P+I) y 2} 

= (R-P)(R-Q)y^K 

In order that this should be in the usual Fresnel form, 

q2 _ c /2 + c 2 _ q"2 q2 _ c ; "2 == 

a number of conditions are necessary. It will be found sufficient, however, to express the fact 
that 

{(Q+G)a 2 + (R + H) p*+(Q+I)y*}{(B+Q)<x*+(P + H) /3 2 p (P + I)y 2 }-(R-P)(R-Q)x*P* 
contains a 2 -{- /3 2 -b y 2 as a factor and that neither R — P nor R — Q is zero. This gives 

{Q+G-P-H){G-L 0 = 0, 

(P + I-R-G){H-I) = 0 , 

(JB + H-g-/)(/-(?) = 0 . 

We have thus two alternatives: (1st) Q + G= P + H, P +1 = R-\- G. R+H^Qp 1. These 
are satisfied if (see p. 434) R 0 -f 2R 1 •+- R 2 — 0 . ( 2 nd) G — H—l. These equations can only be, 
approximately, satisfied (apart from an isotropic medium) if R 0 -f R ± is small compared with 
R 2 . When a beam of light is polarised parallel to one of the coordinate planes the two wave- 
velocities are equal. If, with Fresnel, the vibration is perpendicular to the wave-normal, then, 
for example, if £: 77 : £ — 1 : 0 : 0 , the two wave-normals have for direction cosines ( 0 , 1 , 0 ) and 
( 0 , 0 , 1 ). We get R + H = Q-\-1. Hence this corresponds to the 1 st alternative. If we take 
with MacCullagh and Neumann the vibration in the plane of polarisation, for example, if the 
wave-fronts have normals ( 0 , 1 , 0 ) and ( 0 , 0 , 1 ) and for the corresponding vibrations ^ = £ = 0 
and i = J = 0 , we get Q = H. Hence these correspond to the 2nd alternative. These correspond, 
respectively, to Cauchy’s Second and First Theories.* 

In order to attempt a discrimination between these two theories, Hamilton proceeds to 
take into account dispersion. This means adding eighteen additional terms like u xx , etc., to the 
potential energy. Several interesting results are obtained, e.g. the difference of the squares of 
two principal velocities is still proportional to the product of the sines of the inclinations of the 
wave-normal to two fixed axes. However the position of these axes are independent of the 
wave-length, and in fact none of the formulae deduced fit in with observed experimental facts. 

* Whittaker, p. 143. H amilt on knew only the First Theory at this date. 
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NOTE 12. Example of wave motion 

(XX, pp. 565, 566; XXIII, pp. 604-606.) 

Hamilton considers tlie motion of an infinite series of particles, which in equilibrium 
occupy the points x = 0, ±1, ±2, etc., when started in a certain way. If we take the curve 

(2itx . 77 \ 
lx ' 1 V n n) 

the initial conditions are that when t = 0 all the particles on the negative side of the origin 
will have their positions and velocities given by the above curve, i.e. 

_ 27 tx . _ . 7 r . 2ttx 

Vx,o= i-cos —; Vx,o= ' 2sm w sm ' n 

but that all on the positive side of the origin have rj x 0 = 0. Hamilton works out the asymptotic 
values of the related integral for large values of t. In order to illustrate graphically we take 
n = 6 so that there are six particles in each wave-length of the curve 

i / ttx \ 

= 1-COS I—- 

The particles are however not marked on the curve. Tor s and s' we take the values suggested 
by Hamilton, 1000 and 200 respectively, and we take t to be 10®. The initial state is shown in 
Tig. 1. 

I n 



Fig. 1. 


When x> 10,001 x 10 5 , r) xj = 0 but when x = 10,000 x 10 s , 7 ^= 0-039. On going backwards 
from the wave-front this disturbance increases to 0-117 (Tig. 2), a value which it retains for a 
range 9999 x IQ 5 >x> 8772 x 10 5 . This disturbance has its velocity of propagation = 1. 

\V 


Fig. 2. 


X 





12] 


EDITORS’ APPENDIX 


041 


In the range 87 72 x 10 5 > x > 8448 x I0 5 vibratory motion of graduall y increasing magnitude 
appears. For example, in the neighbourhood of 8660 x 10 s we find 

Vx,t = ^| 1 ~ cos — t)| + 0-433 (Fig. 3). 

.'o 

This Hamilton regards as the true wave-front and he finds its velocity to be ~~ (= 0*866) as 

3 

distinct from the phase velocity - ( = 0955). 

7T 

w 



The range 8448 x IQ 5 > x > - 9999 x 10 5 has 

Vx,i = j 1 - cos 0-07 (Fig- 4 i- 

This Hamilton says “corresponds very well to the phenomena of light ” (p. 565). 
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References are to pages. In the case of items mentioned in ike headings of sections, references 
are generally to the pages of those headings rather than to the pages of the text where the 
items occur. For items of frequent occurrence in the text, only the leading references are given. 


-A-berration of a star, curve of, 290 
Academy, Royal Irish, v, 103, 283, 286, 291, 293 
Accumulated living force, 107; see also Action; Charac¬ 
teristic function 
Action, 25, 107, 214 

— function, differentiation of, with respect to vis viva, 
x, xii, 49 

— law of least, 108, 109 

-of stationary, 96, 98, 109 

-of varying, 105 

-for binary system, 129 

-for ternary system, 142 

-for three-body problem, 53, 97 

-in general coordinates, 115, 120 

— parabolic, 89 

— relative, 122, 125, 150 

-approximate value for, 151 

-law of varying, 122, 125 

— see also Characteristic function 
Adare, Lord, 439 

Aether, Faraday-Maxwell, xii 

— Hamilton’s luminiferous, 638 

— law of force between particles of, xiv, 448, 449 

— propagation of light in, 446 
Airy, 249, 256, 275, 563 
Airy’s integral, 563 
Alcinoe, 291 

Amplitude, 459 

— constants of, 454 

Angular momentum, integrals of, 623 
Anomaly, eccentric, 43, 136, 624 

— true, 208 
Anthode, xiv, 293, 630 

— of a comet, 293 

— relation of hodograph to, 630 

Anthodographic isochronism, theorem of, xiv, 293, 630 
Appeel, 48 

Application of calculus of principal relations to lunar 
theory, xiii, 238, 257 

— of characteristic function to dynamics, 103 
-to problem of three bodies, x, xii, 1 

— of principal function to dynamics, x, 162, 212 
Approximate determination of elements in three-body 

problem, 14 

— expression for vis viva in three-body problem, 17 

— expressions‘for perturbations of multiple system, 155 

— value of relative action, 151 

Approximation, lowering of order of, in lunar theory* 
273, 274 

— method of, by calculus of principal relations, 250, 

257, 278 

— to motion of moon, Hamilton’s method of, 628 

— to parallactic inequality, 248, 272, 277, 627 

— to principal integral, 335, 339, 344, 348, 367, 631 

— to 8, 161, 169, 214, 631 


Approximation to S, for lunar theory, 243, 247 

-for motion in resisting medium, 351 

-for nearly circular orbits, 220, 225, 229 

-for particle. 183 

-for pro; eerie. 1S9, 191 

-in :uree-:. :.dy problem. 235 

— to time, in three-or, Iv :,rhvAm. 37, 612 

— to V, 147, 149, 150 

-for central orbits under various laws of force, S3. 

SS, 89, 92. 93, 94. 95 

-for multiple system, 150 

-in three-body problem. 25, 27, 32, 44, 53 

Approximations to perturbations of dvnamieal system, 
loo, 172 

Areal velocity, 20S 

Areas, law of description of, 112, 127 

-for binary system, 134 

-for central orbits, 97 

Argument of latitude, 208 

Astronomical bodies, perturbations of. see Perturbations 

— refraction, 98 

Asymptotic expansions of Bessel functions, xii, 509. 539 

— values of integrals, xv. 539, 547, 554 
Atmospheric refraction, 96 

Attracting systems, motion of, 105, 150, 197 
Attraction between particles of aether, law of. xiv, 448, 
449 

— energy of, 547 
Auxiliary function, 160 

-approximation to, 161 

-law of variation of, 160 

-partial differential equations for, 161 

- see also Principal function 

Axes, optic, 442 


-Deattfort, Admiral Sir F., 103 
— D. A., 103 
Bessel, 292, 451 

Bessel functions, xii, xv, 451, 458, 509, oil, 526, 547 

-asymptotic expansions of, xii, 509, 539 

Biaxal crystal, dispersion in, 437 

-Fresnel’s law of polarisation in, 434, 444 

-of wave-velocity in, 433, 434, 444, 639 

-optic axes of, 442 

-wave-surface in, 432, 442 

- see also Dispersive crystal 

Binary system, 128 

-canonical elements for, 202, 206 

-characteristic function for, xii, 128 

-differential equations of varying elements for, 

206 

-integrals of motion of, 132, 207 

-law of varying action for, 129 

-partial differential equation for S, 619 
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Binary system, partial differential equations for V, 130, 
135 

-principal function for, 619 

-relative motion of, characteristic function for, 134 

—- — variational equation for, 128 
Biot, 440, 442 
Book®, 283 
Boris-, 638 
Boscovich, 104, 118 
Boscovich’s hypothesis, 104 
Bremxker, 292 

British Association, 256, 257, 267, 278, 410, 595 
Brown, 240, 246, 248, 277, 627 


Oajorx, 202, 630 

Calculus of principal functions, see Principal relations 
-relations, see Principal relations 

— of quaternions, see Quaternions 

— of variations, see Variations, calculus of 
Canonical elements, xiii, 202, 206 

— equations of motion, x, xiii, 166, 215 

— forms of equations of motion, Lagrange’s, 117 

— set of constants, 206 
Capital problem of dynamics, 212 
Carslaw, 571 

Cauchy, xii, 277, 391, 413, 447, 448, 450, 469, 476, 516, 
552, 561, 570, 578, 580, 583, 584, 585, 595, 596, 598, 
601, 634, 638, 639 

Cauchy’s law of dispersion, 447, 582, 584, 586, 596, 601 
-of force between particles of aether, 448 

— method of characteristics, xii, 391, 634 

— principal value, 469, 476, 516, 552, 580 

— researches on light-propagation in crystals, com¬ 

parison with Hamilton, xii, 638 
Cayley, 104, 211 

Central forces, theorems on, xiii, 286 

— orbit, approximation to V for various laws of force, 

83 

-characteristic function for, 79 

-curvature of, 100 

-hodograph of, 287, 288 

-partial differential equations for F in, common 

solution of, 79 

-transformations of, 95 

- see also Binary system; Elliptic motion; Planetary 

motion 

— sun, 291, 292 

Centre of gravity, law of motion of, 112, 199 

-motion relative to, 121 

Centrobaric coordinates, 2, 124 
-of Jupiter and Saturn, perturbations of, 20 

— radius vector, perturbations of, in three-body 

problem, 57, 67 

— velocity, 199 

Characteristic function, xiii, 105, 107, 214 

-application of, to dynamics, x, 103 

-applied to three-body problem, xii, 1 

-approximation to, 147, 150 

-for central orbits, 83, 88, 89, 92, 93, 94, 95 

-for multiple system, 151, 153 

-in three-body problem, 25, 27, 32, 44, 53 

-derivative of, with respect to vis viva, x, xii, 46, 

49, 108 

-disturbing part of, for multiple system, 153, 155 


Characteristic function, disturbing part of, for ternary 
system, 154 

-for binary system, xii, 128 

-for elliptic motion, 44, 46, 135 

-for parabolic motion, 139 

-for planetary motion, 135 

—- — for relative motion, 121 

-for ternary system, 140 

-for three-body problem, 3 

-integrals of motion deduced from, 107, 108, 115 

-- law of variation of, 107, 168 

-for binary system, 129, 131 

-for relative motion, 121 

-for ternary system, 142, 143 

-in general coordinates, 115, 120 

-in three-body problem, 3, 4, 29 

- see also Action, law of varying 

— — method of improving approximation to, 147 

-partial differential equations for, 109 

-common solution for, 79 

-in binary system, 130, 135 

-in elliptic motion, 45, 79, 138 

-in general coordinates, 116 

-in ternary system, 142, 143 

-in three-body problem, 5 

-relation of principal function to, 160, 168 

Characteristics, Cauchy’s method of, xii, 391, 634 

— of partial differential equation of first order, xii, 392, 

634 

-of second order, 636 

Circular hodograph, law of, 288 
-varying, 290 

— orbits, nearly, xiii, 6, 217 

-characteristic function for, 32, 43 

-perturbations of, 30, 235 

-principal function for, 218 

-approximations to, 220, 228, 235 

-general expansion for, 225 

-in polar coordinates, 228 

Comet, anthode of, 293 

— motion of, 135 

— see also Parabolic motion; Planetary motion 
Common solution of partial differential equations for 

F, 79 

Comparison of Hamilton’s and Lagrange’s methods of 
perturbation, 160, 207, 622 

-in lunar theory, 269, 628 

-results in perturbations of three-body problem, 

73, 77 

Composition of forces, statical proof of, xiii, 284 
Concave curvature of central orbit, 100 
Conics, description of, under central forces, xiii, 286 
Constants, canonical set of, 206 

— method of variation of, 175, 249; see also Parameters, 

method of variation of 

— of amplitude and epoch, 454 

— of cubic lattice, 418 

— variation of elliptic, in three-body problem, 32 
Contact transformation, 179 

Convex curvature of central orbit, 100 

Coordinates, see Centrobaric; General; Geocentric; 

Heliocentric; Polar; Relative 
Coriolis, 106 

Correspondence with Herschel, xv, 599 

— with Lubbock, xiii, 249 

— with Powell, xv, 583 
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Criticism, Jacobi’s, 109, 613 

— Poisson’s, 614 

Crystal, biaxal, dispersion in, 437 

--Fresnel’s law of polarisation in, 433, 444 

-of wave-velocity in, 433, 434, 444, 639 

— — optic axes of. 442 
-wave-surface in, 432, 442 

— directions of vibration in, 423, 434 

— dispersive, Fresnel’s law of propagation in, 438, 444, 

445, 639 

-wave-surface in, 444 

-wave-velocity in, 437, 439, 441 

— law of vis viva for vibrations in, 437 

— plane waves in, conditions for, 416 
-velocity of, 423, 427, 433 

— wave-velocities in, 423 

Crystalline medium, potential energy of, 638 
Crystals, optical properties of, comparison with Cauchy’s 
and Green’s results, 638 

— propagation of light in, xii, xiv, 413, 450 

— reflection and refraction in, 435 
Cubic lattice, 418, 450 
Curvature of central orbit, 100 


-LJarkness, dynamics of, xii, 541, 555, 599, 600 
Degree of periodicity, 485 

Depression of order of approximation, in lunar theory, 
273, 274 

Derivatives, Lagrange’s notation for partial and total, 
316, 317, 336 

Description of areas, law of, see Areas 

— of conics and sphero-conics under central forces, 

xiii, 286 

— of wave-motion in elastic medium, 563, 604, 640 
Determination of principal function, 613, 631 

-approximate, 335, 339 

-conditions for, 334, 335, 409 

Development of theoretical dynamics, 104 
Differential equations, see Partial; Total differential 
equations 

— expression of first order, calculus of principal 

relations for, 332 

— -principal integral of, 308, 309, 332 

-principal supplementary equations of, 333 


Diffraction, 569 

— spectrum, 591 
Direction of light vector, xii 
Directions of vibration in crystal, 423, 434 
Dispersion, in biaxal crystal, 437 

— law of, 447, 582, 584, 586, 596, 601 

— of light, 578, 583, 586 

— prismatic, 594 

Dispersive crystal, law of wave-propagation in, 438, 444, 
445, 639 

-wave-surface in, 444 

-wave-velocity in, 437, 439, 441 

- see also Diaxal crystal 

— medium, law of wave-velocity in, 447, 582, 584, 586, 

596, 601 

-propagation of vibration in, 437, 446, 569, 572, 

578, 583, 596 

-three-dimensional waves in, 569 

Disturbed motion, principal function for, 171 
Disturbing function, for particle, 183, 184 


Disturbing function, for projectile, 1S9 

-in general perturbation theory. 172, 173 

-in lunar theory. Laplace's, 239, 257 

-in three-body nroblern. 32, 34,^44, 49, 53. 

51 .^ ~ 

-heliocentric, 70 

-law of variation of, 37 

— part of .S’, 170, 172 

-for particle, 183 

-- for projectile, 189, 190, 191 

-of F, for multiple system, 153. 155 

-for ternary system, 154 

Doxkin, 206 
Donkins theorem, 206 
Dublin, University of, 2S3 
Dun raven. Castle, 238 

Dvnamies. application characteristic function to, 
x, 103 

-of ’.-rir.ai function to, x, 163. 212 

— capita'; of. 212 

— development of theoretical, 104 

— fundamental theorem of, 3 

— general Method in. xiii. 103. 162. 212 

— of dark:.-.-'-, xii. 541, 555, 599, 600 

— of light, xii. 411 

— of material bodies, 1 

— reciprocal theorem in, xv, 451, 45S, 490. 493 


-Utarth’s annual motion, holograph of, 290 
Eccentric anomaly, 43, 136, 624 
Eccentricity, vector of. 290 

Elastic medium, description of wave-motion io. 563, 

604, 640 

-energy of attraction between particles of, 547 

-equations of vibration in, 527 

-general integral of, 547, 54S, 576, 601, 602 

-propagation of motion in, xv, 527, 599 

-three-dimensional waves in, 569 

-two-dimensional waves in, 568 

Element of contact, 634 

Elements, approximate determination of, in three-body 
problem, 14 

— canonical, xiii, 202, 206 

— elliptic, 30, 43, 104, 202 

-perturbations of, in lunar theory, 245, 247, 262, 

269 

-in three-body problem, 32 

— function of, 163, 177, 179 

-approximations to, 180 

-for multiple system, 209 

-for particle, 185 

-for projectile, 193, 196 

-law of variation of, 179 

-partial differential equations for, 179, 185, 194, 

210 

— Lagrange’s, 163 

— method of variation of, 174, 622 

— of undisturbed motion, 174, 200 

— varying, 163, 174, 177, 209 

-differential equations of, 175, 201, 206 

-for binary system, 206 

-for multiple system, 200 
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Elements, varying, for particle, 185 

— — for projectile, 192 

-in three-body problem, 77 

Ellipse, fixed, 57, 628 

— Hamilton’s, 208, 209, 266, 269, 628 

— Lagrange’s, 209, 269, 628 

— momentary, 77 

— varying, 208, 209, 269 
Elliptic elements, 30, 43, 104, 202 

-perturbations of, in lunar theory, 245, 247, 262, 

269 

-in three-body problem, 32 

— motion, 43, 135, 217, 624 

-characteristic function for, 44, 46, 135 

-— principal function for, 217, 624 

— orbit, longitude in, 208 
-time in, 139, 140 

— variations, in three-body problem, 34 
Energy, 106 

— of attraction between particles of elastic medium, 547 

— of vibrating system, 463 

— potential, for crystalline medium, 638 

— see also Living force; Vis viva 
Ephemerides, 256 

Epoch, 459 

— constants of, 454 
Equation of limits, 309 

— variational, Lagrange’s, 105, 164, 212 

-for binary system, 128 

-for ternary system, 140 

-in lunar theory, 239, 257 

Equations, canonical, x, xiii, 166, 215 

— of motion, Hamilton’s, xiii, 166, 215 

-for particle, 182 

— -for projectile, 186 

-Lagrange’s, 117, 164 

-transformation of, 164 

— of vibration, in elastic medium, 527 

-general integral of, 547, 548, 576, 601, 602 

-of attracting or repelling system, 413,446,569,578 

-of linear system of particles, 452, 576, 600 

— see also Partial; Total differential equations; 
Principal supplementary equations 

Equivalent vibrations, principle of, 437 

Euclid, 289 

Euler, 139 

Euler’s theorem, 139 

Extinction, velocity of, 571 


Factorials, Vandermonde’s notation for, 523 
Faraday, xii 

Faraday-Maxwell aether, xii 
Fit, 597 


Five points in space, relation connecting, 146 
Fixed ellipse, 57, 628 

— sinusoid, 502 

Fluctuating functions, xii, xv, 451, 458, 504, 520, 557 
Fluctuation, method of, 476, 504, 520, 555, 557 

— principle of, 520, 581 
Foci, kinetic, 78 

Force, approximation to F for various laws of, 83, 88, 
89, 92, 93, 94, 95 


— between particles of aether, law of, xiv, 448, 449 
Force-function, 106, 164, 198 


Force-function for binary system, 128 
-for ternary system, 140 

— living, see Living force; Vis viva 

— Newtonian law of, 135; see also Planetary motion 
-hodographic representation of, 287, 290 

Forces, central, theorems on, xiii, 286 

— parallelogram of, statical proof, xiii, 284 
Fourier, 529, 579 

Fourier’s theorem, 529, 579 

Fraunhofer, 587, 588, 589, 590, 591, 592, 593, 594 
Fresnel, 432, 433, 434, 438, 439, 444, 445, 595, 639 
Fresnel’s law of polarisation in biaxal crystal, 434, 444 

-of propagation in dispersive crystal, 438, 439,444, 

445, 639 

-of wave-velocity in biaxal crystal, 433, 434, 444, 

639 

— wave-surface, 432, 442 

Function, see Action; Bessel; Characteristic; Disturbing; 
Elements, function of; Fluctuating; Force-; Gamma; 
Hamiltonian; Principal 

Fundamental theorem of calculus of principal relations, 
363, 364 

-of dynamics, 3 


Otallleo, 104 

Gamma function, 508 

General coordinates, 113, 118, 164, 214 

-characteristic function in, 115, 167, 168 

-equations of motion in, 117, 164 

— — Hamiltonian function in, 165, 215 

-integrals of motion in, 115, 167, 215 

-law of varying action in, 115, 120, 125 

-partial differential equations for /S in, 168, 631 

-for V in, 116, 169 

-principal function in, 166, 215 

Geocentric coordinates of moon, 238 

— longitude of moon, 240 

-perturbations of, 243, 245, 248, 262, 263, 272, 

274, 277 

— radius vector of moon, 240 

-perturbations of, 243, 245, 248, 262, 263, 

272, 274, 277 
Goursat, 635, 636, 637 
Grating, 591 
Graves, C-, 286 

— R. P., 104, 106, 297, 599, 607 
Gravity, centre of, see Centre of gravity 

— motion under, see Projectile 
Green, 638 

Group-velocity, xii; see also Velocity of progress of 
vibration; Velocity of propagation of disturbance; 
Velocity of propagation of vibration 

-distinguished from phase-velocity, xv, 510, 517, 

556, 571, 572, 577, 582, 605, 641 


JEZ" fune 


notion, see Hamiltonian function; Living force; 
Vts viva 
Hadley, 585 

Hamilton, Life of, 104, 106, 297, 599, 607 
Hamilton integral, 614 
Hamiltonian function, 165, 215 
-law of variation of, 215 
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Hamilton’s ellipse, 208, 209, 266, 269, 62S 

— equations of motion, x, xiii, 166, 215 

— luminiferous aether. 68S 

— principle, 167 

— theorem on central orbits, xiii, 2S6 
Harmonic oscillator, principal function for. 618 
Heat, effect of, on indices of refraction, 440 
Heavtsece. xv, 542 

Heaviside's operator, xv, 542 
Heliocentric coordinates, 51, 53, 70, 207, 20S 

-perturbations of, in tkree-bodv problem, 24, 70, 

71, 72 

— disturbing function, 70 

— longitude, perturbations of Jupiter’s, 11 
-of .Saturn’s, 14 

— plane, perturbation of coordinate perpendicular to, 

— radius vector, perturbations of, 71 

-of Jupiter’s, II 

-of Saturn’s, 14 

— velocity, 20S 
HersceelT, Miss C., 607 

— Sir J., xv, 202, 527, 589, 598, 599, 607 
Herschel, Correspondence with. xv. 599 

Herschel’s notation for inverse trigonometrical functions, 
202 

Hodograph, xiii, 287 

— law of circular, 288, 293 

— momentary relative, 291 

— of central orbit, 287, 288 

— of earth’s annual motion, 290 

— relation of anthode to, 630 

— relative, 290 

— varying circular, 290 

Hodographic isochronism, theorem of, xiv, 293, 630 

— representation of moving point, 289 

— vector, 291 
Hodographs, reciprocal, 288 
Houel, 211 
Hypersurface, 617 
Hypothesis, Boscovich’s, 104 


JT, operator, 542 

Iceland Spar, double wave-surface in, 441 

-indices of refraction of ordinary ray in, 439, 440 

-velocity of light in, 439, 441, 442 

Indices of refraction, effect of heat on, 440 
Inequality, parallactic, approximation to, 248, 272, 277, 
627 

Infinite linear system, vibration of doubly-, 458, 459, 
460, 461, 465, 482, 502, 503, 511 

-recapitulation of results, 495 

-of semi-, 457,459,460,461,465,482,500,511 

-recapitulation of results, 492 

Integral, Airy’s, 563 

— complete, determination of principal function from, 

614 

-of partial differential equation of first order, 393, 

396 

— general, of partial differential equation of first order, 

329, 330, 393, 396, 401, 402 
-connection with principal in¬ 
tegral of total differential equation, 329, 330 

— Hamilton, 614 


Integral of partial differentia! conation <A second order. 

401, 402 

— principal, .see. Principal integral 

— relation, principal, see Principal integral 
integrals, asymptotic values of, xv, 539, 547, 554 

— of momentum, 113 

— of motion, deduced from Q. 167 

-from .S', 167, 213, 215 

-from I', 108, 115 

-for binary system, 132, 133 

-for particle, 182 

-for t r'jeotne. 186 

— of undisturbed motion, 171, 174 

-for binary system, 202 

-for multiple system. 200 

-for prcjerrue. 188, 189 

Integration r.z partial differential equate ns. by calculus 
of principal relations, xli, xiv. 391, 634 

-Lp- pfaff's method. 329, 331 

Interference of polarised rays, 598 

— phenomena of. 591, 596 

— spectrum of, 591 
Interval of wave, 421 

Inverse of hodograph. anthode as, 63u 
Inverse trigonometrical functions, Herschel’s notation 
for, 2u2 

Inversion, method of, 630 

Irish Academy. Royal, v, 103, 2to, 286, 291. 293 
Isochronism. hodoaraohic and an*hodographic, xiv, 
293, 630 

Isotropic medium, 638, 639 


•Jacobi, 48, 109, 168, 206, 2s3, 613, 614 
Jacobi’s criticism, 109, 613 
J effrets, 542 

Jupiter, equations of motion of, 2 

— perturbations of, S 

-agreement with. Laplace, 11 

-in eentrobaric coordinates, 20 

-in heliocentric coordinates, 70 

Jupiter's eentrobaric longitude, perturbations of, 10, 11 
-radius vector, perturbations of, 9, 10 

— heliocentric longitude, perturbations of, 11 
-radius vector, perturbations of. 11 


JlVelvix, 561 
Kepler, x, 290 

Kepler orbit, x; see also Planetary motion 

Kinetic foci, 78 

Known planets in 1834, 104 


Lagraxge, x, 53, 73,74,77,104,105,106,108,109, 117, 
118, 121, 160, 163, 164, 166, 167, 175, 209, 212, 213. 
255, 263, 266, 269, 276, 279, 280, 282, 283, 316, 317, 
331, 336, 613, 614, 622, 629 
Lagrange’s elements, 163 

— ellipse, 209, 269, 629 

— equations of motion, 117, 164 
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Lagrange’s method of variation of parameters, applied 
to perturbation problem, 255, 279, 280 

-compared ■with method of principal 

function, 255, 263, 269, 279, 280, 281, 282, 622 

— multipliers, 120, 121 

— notation for partial and total derivatives, 316,317,336 

— results in perturbations of three-body problem, 

compared with Hamilton’s, 77 
Laiibert, 139 
Lambert’s theorem, 139 

Laplace, x, 8, 11, 12, 49, 51, 105, 109, 519, 563 

— agreement with, in perturbations of Jupiter, 11 
Laplace’s disturbing function, compared with Hamil¬ 
ton’.-;. 51 

-in lunar theory, 239, 257 

Latitude, argument of, 208 

Lattice, cubic, 418, 450 

Law of circular holograph, 288, 293 

— of description of areas, see Areas 

— of dispersion, 447, 582, 584, 586, 596. 601 

— of force between particles of aether, xiv, 448, 449 

— of living force, 107 

— of motion of centre of gravity, 112, 199 

— of polarisation in biaxal crystal, Fresnel’s, 434, 444 

— of propagation in dispersive crystal, Fresnel’s, 438, 

439, 444, 445, 639 

— of variation, see Action function; Characteristic 

function; Disturbing function; Elements, function 
of; Hamiltonian function; Principal function; 
Principal integral 

— of wave-velocity in biaxal crystal, Fresnel’s, 433,439, 

444, 445, 639 

Laws of least, stationary, varying action, see Action 
Least action, law of, see Action 

— squares, method of, 594 
Legendre, 508, 627 
Legendre’s celebrated function, 508 

— polynomials, 9, 240, 258, 627 
Leebniz, 106 

Length of undulation, 446 

— wave-, 446 
Le Yerrier, 292 

Le Verrier’s planet, 292 

Life of Hamilton , 104, 106, 297, 599, 607 

Light, dispersion of, 578, 583, 5S6 

— dynamics of, xii, xiv, 411 

-correspondence on, xv, 583 

-- researches on, 576 

— propagation of, in crystals, xii, xiv, 413, 450 
- in vacuo , xiv, 446 

-rectilinearitv of, 569 

-velocity of, see Velocity 

— theory of, researches respecting vibration connected 

with, xiv, 451, 578 

— vector, direction of, xii 

— see also Crystals; Propagation; Reflection; Re¬ 

fraction; Velocity; Vibration 
Limits, equation of, 309 

Linear system of particles, energy of vibrating, 463 

-equations of vibration of, 452, 576, 600 

-general integral of, 452, 490, 492, 576, 

601, 602 ... 

-vibrations of, xiv, 451, 576, 600 

- see a j so Vibration 

Liouvelle, 277 
Living force, 3, 106 


Living force, accumulated, 107, 108; see also Action; 
Characteristic function 

-equation of, 107 

-in three-body problem, 2, 17, 25 

-law of, 107 

-deduced from hodograph, 289 

-relative, 121, 126, 150 

- see also Vis viva 

Lloyd, 439, 595 

Longitude, in elliptic orbit, 208 

— moon’s geocentric, 240 

-perturbations of, 243, 245, 248, 262, 263, 272, 

274, 277 

— of node, 208 

— of perihelion, 208 

— perturbation of Jupiter’s, 10, 11 

— -— of Saturn’s, 14 
Lovett, 160, 175 

Lubbock, J. W., xii, xiii, 238, 246, 248, 249, 250, 256, 
257, 263, 264, 266, 274, 275, 276, 277, 278, 279, 283 

— correspondence with, xiii, 249 

— Lord, 249 

Lubbock’s expression for perturbation of moon’s co¬ 
ordinates, 277 

— results in lunar theory compared with Hamilton’s, 

246, 248, 263, 272, 275, 627 
Luminiferous aether, Hamilton’s, 638 
Lunar tables, 249, 256 

— theory, xiii, 238, 249 

-application of calculus of principal relations to, 

257, 266 

— -comparison of Hamilton’s, Lubbock’s and Plana’s 

results in, 246, 248, 263, 272, 275, 627 

-disturbing function in, Laplace’s, 239, 257 

-lowering of order of approximation in, 273, 274 

-method of principal function applied to, xiii, 238, 

257, 266 

-perturbational parts of elements in, 242, 245, 247, 

262, 268, 269 

-perturbations in, Hamilton’s and Lagrange’s 

methods compared, 263, 264, 269, 276, 628 

— -— principal function in, 238, 239 

-approximations to, 243, 247 

-variation of, 238, 239, 258 

-variational equation in, 239, 257 

— see also Moon, motion of; Moon’s coordinates, 
perturbations of 

Macctjllagh, xii, 639 
Macdonald, 638 
Madler, 291, 292 
Malus, 440, 442 

Marks of position, 113, 114, 164, 214 

— of relative position, 125 

Mathematical Papers, Vol. i, 3, 5, 105, 109, 168, 613 
Maxwell, xii 

Mecanique Analytique, 73, 74, 104, 106, 109, 117, 160, 
163, 164, 165, 166, 622 

Mecanique Celeste, 9, 10, 11, 24, 51, 71, 264, 285 
Medium, crystalline, potential energy of, 638 
- see also Crystal 

— dispersive, see Dispersive 

— elastic, see Elastic 

— resisting, approximation to S for motion in, 351 
Method, general, in dynamics, xiii, 103, 162, 212 
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Method, Hamilton’s, of approximating to motion of 
moon, 62S 

— of characteristic function, applied to dynamics, x, 103 
-to three-body problem, xii, 1 

— of fluctuation, 476, 504, 520, 555, 557 

— of integration of partial differential equations, 391, 

634 ' ‘ 

— of least squares. 594 

— of principal function, see Principal function; 

Principal relations, calculus of 
-relations; see Principal relations, calculus of 

— of variation of constants, see Constants, method of 

variation of 

-of parameters, -see Parameters, method of variation 

of 

Methods of approximation, see Appr-cxim-dion 

— of determining principal function, 334, 335, 613, 

631 

— of perturbation, see Perturbation 

— operational, applied to vibration in elastic medium, 

xv, 527 

Mitscherlich, 440 
Mobitjs, 124, 287 

Mode of vibration, permanent, 489, 492, 495, 496, 49S, 
499 

-simple, 464 

-sinusoidal, 4SS, 489, 492, 495, 497 

Molecules of elastic medium, vibration of, 527 
Mount, 283 

Momenta, generalised, 165, 214 

— perturbations of, 172, 173 
Momentary ellipse, 77 
Momentum, integrals of, 113 

Moon, motion of, Hamilton’s method of approximating 
to, 628 

— theory of, xiii, 238, 249 

-application of calculus of principal relations to, 

257, 266 

-comparison of Hamilton’s, Lubbock’s and Plana’s 

results in, 246, 248, 263, 272, 275, 627 

-disturbing function in, 238, 239 

-lowering of order of approximation in, 273, 274 

-method of principal function applied to, xiii, 238, 

257, 266 

-perturbational parts of elements in, 242, 245, 

247, 262, 268, 269 

-perturbations in, Hamilton’s and Lagrange’s 

methods compared, 263, 264, 269, 276, 62S 

-principal function in, 238, 239 

-approximations to, 243, 247 

-variation of, 238, 239, 258 

-variational equation in, 239, 257 

Moon’s coordinates, perturbations of, 243, 245, 248, 
262, 263, 272, 274, 277 

-Hamilton’s results compared with Lubbock’s 

and Plana’s, 246, 248, 263, 272, 275, 627 
Multiple system, 150, 200 

-characteristic function for, approximation to, 150 

-disturbing part of, 153, 155 

-function of elements for, 209 

.— — integrals of undisturbed motion of, 200 

-rigorous transition from binary to, 155 

-with one predominant mass, perturbations of, 

150, 155, 200 
Multiplicity, 634 
Multipliers, Lagrange’s, 120, 121 


early circular orbits, see Circular orbits, nearly 
Neptune, discovery of, 104. 291 
Neumaxx, 639 

Newton, x, 104, 140, 208. 217, 231, 2S6, 2SS. 289, 200, 
291, 597 

Newtonian law of force, 135, 217 
-hodograpiiic representation of. 2S7, 290 

— orbit, x; see also Elliptic motion; Planetary motion 
Node, 454, 456 

— longitude of, 208 

Notation, Herschei's, for inverse trigonometrical 
functions, 202 

— Lagrange’s, for partial and total derivatives, 316, 

317, 336 

— Vandermonde's, for factorials, 523 


operational methods, applied to vibration in elastic 
medium, xv, 527 
Ope-rator L> , 544 

— V, 530 

— • V“ 3 -l535 

— Heaviside's, xv. 542 

— /, 542 

— tan 3, 543 

Optic axes of Liaxai crystal, 442 
Orbit, plane relative, 135, 136 

— varying. 208, 209, 269 

— see also Central; Elliptic; Kepler; Newtonian; 

Parabolic; Planetary 

Orbits, nearly circular, see Circular orbits, nearly 
Oscillating sinusoid, 497 


Paraboiie action, 89 

— motion, characteristic function, for, 139 

— orbit, 75, 76 

-time in, 75, 139, 294 

Parallactic inequality, appmx:irwHon to, 627 
Parallelogram of forces, ayr ■„>? of, xiii, 284 
Parameters, method of variation of, applied to perturba¬ 
tion problem, 255, 279, 280 

-compared with method of principal function, 

255, 263, 269, 279, 280, 281, 282, 622 

-Poisson’s mode of applying, 280 

- see also Constants, method of variation of 

Paris inch, 587, 591 

Partial differential coefficients, Lagrange’s notation for, 
316, 317, 336 

-equation of first order, characteristics of, xii, 

391, 392, 634 

-complete integral of, 393, 396 

-general integral of, 393, 396 

— --integration of, 391, 634 

-Pfaff’s method of, 326, 329, 331 

-- — of second order, characteristics of, 636 

-integral of, 401, 402 

-integration of, 397, 635 

-examples, 403 

-equations for function of elements, 179 

-to motion of particle, 185 

--of projectile, 194 
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Partial differential equations for function of elements in 
multiple system, 210 

-for principal integral of differential expression, 

334 

-of total differential equation, 360, 365, 

409 

-for Q, 169 

-f or s, 161, 168, 214, 631 

—--— for particle, 182 

-for projectile, 187 

-in elliptic orbit, 217, 219 

-compatibility of, 219 

-in general coordinates, 168, 631 

-in three-body problem, 230, 231, 233, 234 

-for V, 109 

-in binary system, 130 

-in central orbits, 79, 95 

-common solution of, 79 

-transformations of, 95 

-in general coordinates, 116, 169 

-— in relative coordinates, 127 

-in ternary system, 142, 143 

-in three-body problem, 5 

Particle, motion of, 181 

-disturbing function for, 183, 185 

-function of elements for, 185 

-Hamilton’s equations for, 182 

-integrals of, 182 

-perturbation theory for, 181 

-principal function for, 182 

-disturbing part of, 183 

-varying elements for, 185 

Particles, linear system of, see Linear system 

— of aether, law of force between, xiv, 448, 449 
Perihelion distance, 208 

— longitude of, 208 

— passage, time of, 208 
Periodicity, degree of, 485 

Permanent mode of vibration of linear system, 489, 492, 
495, 496, 498, 499 

Perturbation, Lagrange’s and Hamilton’s methods 
compared, 159, 160, 255, 279, 280, 281, 282, 622 

— .—-in lunar theorv, 263, 264, 269, 276, 

628 

— problem of, 171, 177 

— problems of, calculus of principal relations applied 

to, 250, 257, 278 

-— rigorous theory of, by principal function, 170, 174 

— theorem of, 73 

— theory of, disturbing function in, 172, 173 
-for motion of particle, 181 

-of projectile, 188 

---with, variation of gravity, 197 

-for multiple system, 150, 155/200 

Perturbations, independence of, on disturbed mass, to 
first order, 78 

— in three-body problem, 5, 20, 30, 231, 235 

— of astronomical bodies, xiii; see also Lunar theory; 

Three-body problem 

— of dynamical system, approximations to, 155, 172 

— of elliptic elements, in lunar theory, 245, 247, 262, 

269 

-in three-body problem, 32 

— of Jupiter, 8 

— of Moon, see Lunar theory; Moon 

— of multiple system, 150, 155, 200 


Perturbations of nearly circular orbits, 30, 235 

— of Saturn, 12 
Pfaff, 326, 329, 331 
Pfaff’s method, 326, 329, 331 
Phase, 459 

— change of, 507, 509, 561 

-velocity, xii, 451, 556, 605; see also Phase, velocity 

of passage of; Phase, velocity of transmission of 

-distinguished from group-velocity, xv, 510, 517, 

556, 571, 572, 577, 582, 602, 641 

— velocity of passage of, 577, 581 

-of transmission of, 459, 487, 491, 494, 496, 510, 

517, 582 

Plana, xiii, 246, 248, 249, 263, 272, 273, 275, 276, 277, 
283, 627 

Plana’s results in lunar theory, compared with Hamil¬ 
ton’s, 246, 248, 263, 272, 275, 627 
Plane, momentary, 77 

— of ecliptic, 2 

— polarisation, 597, 598 

— relative orbit, 135, 136 

— waves in aether, 446 
-in crystal, 416 

-velocities of propagation of, 423, 427, 433 

Planet, heliocentric coordinates of, 207, 208 

— motion of, see Central orbit; Elliptic motion; Plane¬ 

tary motion 

Planetary motion, 135, 217, 624 
-characteristic function for, 135 

— — principal function for, 217, 624 

—- — see also Central orbit; Elliptic motion; Parabolic 
motion 

— orbit, time in, 139, 140 
Planets, known in 1834, 104 
Plates, phenomena of thin, 597 
Pleiades, 291 
POGGENDORF, 439 

Point, motion of single, see Particle, motion of 
Poisson, xiv, 109, 160, 163, 175,177, 264, 276, 277, 280, 
283, 419, 449, 536, 537, 614, 638 
Poisson brackets, 175, 176, 201, 203, 204, 206 

-constancy of, 177 

Poisson’s criticism, 614 

— law of force between particles of aether, 449 

— mode of applying Lagrange’s method of varying 

parameters, 280 

Polar coordinates, equation of living force in, for three- 
body problem, 17, 25 

—• — perturbations of, in three-body problem, 20 

-of nearly circular orbits in, 228 

Polarisation, Eresnel’s law of, 434, 444 

— plane, 597, 598 

Pontec ouiiANT, de, 249, 256, 264, 277, 283, 627 
Poole, 542 

Position, marks of, 113, 164, 214 
-of relative, 125 

— vector of, 287 

Potential energy of crystalline medium, 638 
Powell, xv, 439, 583, 595, 596, 599, 601 

— correspondence with, xv, 583 

Principal function, x, xiii, 72, 160, 163, 166, 167, 213, 
215 

-application of, to dynamics, x, 162, 212 

-applied to perturbation theory, 170, 174 

-approximations to, 170, 335, 339 

-for nearly circular orbits, 220, 228, 235 
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Principal function, approximations to, for particle, 182, 
183 

-for projectile, 189, 190, 191, 351 

-- — in lunar theory, 243, 247 

-in three-body problem, 235 

determination of, from complete integral, 613 

-Hamilton’s method of, 334, 335, 631 

-disturbing part of, for particle, 183 

-— for projectile, 189, 190, 191 

-in perturbation theory, 170, 172 

-- for binary system, xiii, 619 

— — for disturbed motion, 171 
-for elliptic orbit, 217, 624 

--^for general dynamical system, 160, 166, 167, 213, 

-for harmonic oscillator, 618 

-for lunar theory, 238, 239 

-for particle, 182 

-for projectile, 186, 187 

-for relative motion, 200 

-for three-body problem, 230, 231, 232 

-for undisturbed motion, 171 

■-general expansion for, for nearly circular orbit, 

225 

-- integrals of motion deduced from, 167, 213, 215 

-law of variation of, 160, 166, 213, 215 

— --f or elliptic orbit, 217 

-for relative motion, 200 

-in lunar theory, 238, 239, 258 

-in three-body problem, 233 

-method of, applied to lunar theory, xiii, 238, 257, 

266 

-compared with method of varying parameters, 

255, 263, 279, 280, 281, 282 

-of improving approximation to, 169, 214 

- see also Principal relations, calculus of 

-of total differential equations, see Principal 

integral 

-partial differential equations for, 161, 168, 214, 

631 

---f or particle, 182 

-for projectile, 187 

-in elliptic orbit, 217, 219 

-in three-body problem, 230, 231, 233, 

234 

-relation of characteristic function to, 16S 

-of Q to, 168 

— functions, calculus of, see Principal relations, cal¬ 

culus of 

— integral of differential expression of first order, 308, 

309, 332 

--approximation to, 335, 339, 631 

-- f or two variables, 344, 348 

■— -determination of, 334, 631 

-partial differential equations for, 

334, 409 

-of system of total differential equations of anv 

order, xi, 363, 372 

-law of variation of, 363, 364 

-of first order, 369 

-_-law of variation of, 370 

-of second order, 372 

-of total differential equation of first order, xi, 305, 

306, 316, 358, 365, 408 

-- — improvement of approximation 


Principal integral of total differential equation of first 
order, law of variation of, 359 

-partial differential equations for, 

360, 365, 409 

-relation of general integral to, 

329, 330 

— relations, calculus of, xi, xiv, 105, 163, 212, 297, 332, 

334, 358, 40S 

-applied to lunar theory, xiii, 257, 266 

-to perturbation problems, 250, 278 

-for differential expression of first order, xi, 332 

-—--for system of differential equations of airy 

order, xi, 360, 372 

-of first order, 368 

---of second order, 372 

-for total differential equation of first order, xi, 

297, 316, 358, 364, 408 

— --fundamental theorem of, 363, 364 

-particular cases, 375 

— supplementary equations of differential expression 

of first order, 333 

-of system of differential equations of any 

order, 360, 362, 372, 373, 374 

-of first order, 368, 370 

-of second order, 372 

-of total differential equation of first order, 302, 

303, 316, 3o8, 364, 408 

— value, Cauchy’s, 469, 516, 552, 580 
Principia, 100, 286 

Principle, Hamilton’s, 167 

— of equivalent vibrations, 437 

— of fluctuation, 520, 581 

— Kayleigh’s, xii, 340 

Principles of least, stationary and varying action, see 
Action 

Prismatic dispersion, 594 

— spectra, 594 

Problem, capital, of dynamics, 212 

— of perturbation, 171, 177 

— of three bodies, see Ternary system; Three-body 

problem 

— of two bodies, see Binary system; Elliptic motion; 

Planetary motion 

Problems of perturbation, calculus of principal relations 
applied to, 250, 257, 278 

Progress of wave, velocity of, 577; -see also Group- 
velocity; Velocity of propagation of vibration 
Progressive wave, simple, see Travelling sinusoid 
Projectile, integrals of motion for, 186, 187, 188 

— motion of, 186 

-disturbing function for, 189 

-function of elements for, 193, 196 

-Hamilton’s equations for, 186 

-perturbations of, 188 

-principal function for, 186, 187 

-approximations to, 189, 190, 191 

-disturbing part of, 189, 190, 191 

-varying elements for, 192 

— — with variation of gravity, 197 
Propagation of disturbance, velocity of, 606 

— of light in crystals, xii, xiv, 413, 450 
- in vacuo , xiv, 446 

-rectilirtearity of, 569 

— of motion in elastic medium, 527 

— of plane ware in crystal, velocities of, 423, 427, 433 

— of vibration, 413, 450, 451, 527, 576, 578, 590 


to, 367 
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Propagation of vibration, general law of, 571, 572 

-velocity of, 510, 517, 556, 560, 571, 572, 574, 

575, 582, 605; see also Group-velocity 

— slowness of, 417, 596 

— wave-, Fresnel’s law of, in biaxal crystal, 433, 434, 

q-ig 639 

-in dispersive crystal, 438,439, 444, 445, 639 

-law of velocity of, in dispersive medium, 447, 

582, 584, 586, 596 


Q function, 167, 170 

-integrals of motion deduced from, 167 

-law of variation of, 167 

-partial differential equations for, 169 

-relation of principal function to, 168 

Quantity of vibration, 463 
Quaternions, 286, 287, 291, 293 


JLtadius vector, centrobaric, perturbations of, 57, 67 

-heliocentric, perturbations of, 71 

-—-— Jupiter’s, perturbations of, 9, 10, 11 

-Moon’s geocentric, perturbations of, 243, 245, 

248, 262, 263, 272, 274, 277 

-Saturn’s, perturbations of, 14 

Rayleigh, xii, 340, 490 
Rayleigh’s principle, xii, 340 
Hays, Theory of system, of, 105, 214 
Reciprocal hodographs, 288 
—• theorem in dynamics, xv, 451, 458, 490 
Rectilinearity of light propagation, 569 
Reflection and refraction of light in crystals, 435 
-laws of, 437 

— of vibrations, 457, 459 
Refraction, astronomical, 98 

— atmospheric, 96 

— indices of, effect of heat on, 440 
-in Iceland Spar, 439, 440 

— see also Reflection and refraction 
Relation between five points in space, 146 
Relations, calculus of principal, see Principal relations 
Relative action, see Action 

— coordinates, 113, 198 
-for binary system, 207 

— hodograph, 290 

— living force, 121, 126, 150 

— motion, 121, 197 

-— — characteristic function for, 121 

-in binary system, 134 

-in elliptic orbit, 136 

-in ternary system, 143, 147 

— --— variation of, 121 

-principal function for, 200 

-variation of, 200 

— orbit, plane, 135, 136 

— position, marts of, 125 

Resisting medium, approximation to principal function 
for motion In, 351 
Riccati, 563 

Rings, phenomena of, 445 
Rrrz, 340 
Rotjth, 168, 206 
Run berg, 439 


£ function, see Principal function 
Salmon, 146 

Saturn, equations of motion of, 2 
—perturbations of, 12 

-in centrobaric coordinates, 20 

-in heliocentric coordinates, 70 

Saturn’s longitude, perturbations of, 14 

— radius vector, perturbations of, 14 
Semi-infinite linear system of particles, vibration of, see 

Infinite linear system 
Sinusoid, 488, 489, 492 

— fixed, 502 

— oscillating, 497 

— travelling, 497, 499, 501, 502 

Sinusoidal mode of vibration, 488, 489, 492, 495, 497 

— wave, 451 

Skotodynamies, xii; see also Darkness, dynamics of 
Slowness of propagation of wave, 417 

— vector of, 293 

Solar system, approximation to characteristic function 
for, 83, 94 

Solution, common, of partial differential equations for 
V, 79 

SOMMERFELD, 571 
Spectra, prismatic, 594 
Spectrum, diffraction-, 591 

— of interference, 591 

Sphero-conic, description of, under central force, xiii, 
286 

Square system of particles, vibration of, 568 

Squares, method of least, 594 

Star, aberration of, 290 

Stationary action, law of, see Action 

Strained cubic lattice, 418, 450 

Sun, central, 291, 292 

Supplementary equations, principal, see Principal sup¬ 
plementary equations 

Surface, wave-, double, in Iceland Spar, 441 

-Fresnel’s, 432, 442 

-in dispersive crystal, 444 

System of total differential equations. Calculus of prin¬ 
cipal relations applied to, see Principal relations 
-Principal integral of, see Principal integral 

— see also Binary; Linear; Multiple; Solar; Square; 

Ternary 

Systems of Rays, Theory of, 105, 214 


T function, see Living force; Vis viva 

Tables, lunar, 249, 256 

Tajt, 106 

Taylor, 335, 354 

Taylor’s theorem, 335, 354 

Ternary system, 140 

-characteristic function for, 140 

-disturbing part of, 154 

-law of variation of, 143 

-force-function for, 140 

-integrals of motion of, 142, 143, 144 

*-law of varying action for, 142 

-partial differential equations for V, 142, 143 

-variational equation for, 140 

-with one predominant mass, perturbations of, 

150,200 
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Ternary system, see also Lunar theory; Moon, theory 
of; Three-body problem 

Theorem, fundamental, of calculus of principal rela¬ 
tions, 363, 364 
-of dynamics, 3 

— see Eulers; Fourier’s; Hamilton’s; Lambert’s; 

Reciprocal; Taylor’s 

Theoretical dynamics, development of, 104 
Theory of Systems of Mays , 105, 214 
Theory of light, .see Light, theory of 

— Moon, see Lunar theory; Moon, theory of 
Thickness of wave, 417, 421 

Thin plates, phenomena of, 597 

Three bodies, problem of, see Three-body problem 

Three-body problem, x, xii, 1, 230 

-application of characteristic function to, xii, 1 

-characteristic function for, 3 

---approximation to, 25, 27, 32, 44, 53 

-variation of, 3 

-disturbing function for, 32, 34, 44, 49, 53, 231, 

232 

-approximation to, 49, 237 

-Hamilton’s and Laplace’s compared, 

51 

-heliocentric, 70 

-variation of, 37 

-- elements in, approximate determination of, 

14 

-elliptic elements in, perturbations of, 32 

-partial differential equations for & in, 230, 

231, 233, 234 

-for V in, 5 

-perturbations in, 5, 20, 30, 231, 235 

-principal function for, 230 

-approximation to, 235 

-variation of, 233 

-time in, approximation to, 37, 612 

- vis viva in, approximation to, 17 

- see a l so Lunar theory; Moon, theory of; 

Ternary system 

Three-dimensional waves in dispersive medium, 569 
Time, approximation to, in multiple system, 155, 156 

-in three-body problem, 37, 612 

•— in parabolic orbit, 75, 139, 294 

— in planetary orbit, 139, 140 

—- obtained from characteristic function, 49, 108 

— of perihelion passage, 208 

Total derivatives, Lagrange’s notation for, 316, 317, 
336 

— differential equations, see Principal integral; Prin¬ 

cipal relations, calculus of; Principal supple¬ 
mentary equations 
Transformation, contact, 179 

Transmission of phase, velocity of, 459, 487, 491, 494, 
496, 510, 517, 582; see also Phase-velocity 
Transverse vibrations, see Vibration of linear system 
Travelling sinusoid, 497, 499, 501, 502 
True anomaly, 208 
TtnaNEB, 267 

Two bodies, problem of, see Two-body problem 
Two-body problem, see Lin ary system; Ellip tic motion; 

Parabolic motion; Planetary motion 
TVo-dimensional waves in elastic medium, 568 
Two variables, principal integral for differential ex¬ 
pression in, 344 

-examples of, 348 


D function, see Force-function 
Lilswater, 599 

Ultimate state of vibration in elastic medium. 555, 5H5, 
566 

Undisturbed motion of binary system, 2 C J2 

-of general system, integrals of. 171, 174 

-principal function for, 171 

-of multiple system, integrals of, 200 

-of particle, 1S3 

-of planet, principal function for, 217, 624 

-of projectile. 188, 1S9 

University of Dublin, 283 
Uranus, 291 


V function, see. Action function; Characteristic function 
Vacuo, propagation of light hi, xiv, 446 
Value, asymptotic, xv, 539, 547, 554 
Vandermoxde. 523 

Vandermonde’s notation for factorials, 523 
Variation, law of, see Action function; Characteristic 
function; Disturbing function; Elements, function 
of; Hamiltonian function; Principal function; Prin¬ 
cipal integral 

— of constants, method of, 175, 249; stv also Para¬ 

meters. method of variation of 

— of gravity, projectile with. 197 

— of parameters, method of, see Parameters, method 

of variation of 

— of elements, method of, 174. 622 
Variational equation, La grange's. 105, 164. 212 

-for binary system, 128 

-for ternary system, 140 

-in lunar theory, 239, 257 

Variations, calculus of, xi, 107, 109. 166, 303. 309, 317, 
359, 363, 391, 408 

-applied to integration of partial differential 

equations, xiv, 391 
Varying action, see Action 

— elements, see Elements, varvinsr 

— ellipse, 2QS, 209, 269 

— orbit, 208, 209, 269 
Vector, hodographic, 291 

— light, direction of, xii 

— of eccentricity, 290 

— of position, 287 

— of slowness, 293 

— of velocity, 287, 293 
Velocities, wave-, in crystal, 423 

-in dispersive crystal, 437, 439, 441 

Velocity, areal, 208 

— centrobaric, 199 

— distinction between group- and phase-, xv, 510, 517, 

556, 571, 572, 577, 582, 602, 641 

— group-, xii; see also Velocity of progress of vibration; 

Velocity of propagation of disturbance; Velocity of 
propagation of vibration 

— heliocentric, 208 

— of extinction, 571 

— of light in Iceland Spar, 439, 441, 442 

— of passage of phase, 577, 581 

— of progress of vibration, 577 

— of propagation of disturbance, 606 
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Velocity of propagation of vibration, 510, 517, 556, 560, 
571 572 582 605 

— of transmission of phase, 459, 487, 491, 494, 496, 

510, 517, 582 

— phase-, xii, 451, 556, 605; see also Velocity of passage 

of phase; Velocity of transmission of phase 

— vector of, 287, 293 

— wave-, Fresnel’s law of, in biaxal crystal, 433, 434, 

444, 639 

-in aether, 447, 448 

-law of, in dispersive medium, 447, 582, 584, 586, 

596 

Venter, 454, 456 

Vibrating system, energy of, 463 

-equations of motion of, 413, 446, 569, 578 

Vibration, directions of, in crystal, 423 

— general law of propagation of, 571, 572 

— in aether, propagation of, 446 

— in crystals, propagation of, 413, 450 

— in elastic medium, equations of, 527 
-general integral of, 547, 548, 576, 601, 

602 

-for large values of t, 555, 565, 566 

— --propagation of, xv, 527, 599 

— of eubic system, 418 

— of infinite linear system, 458, 459, 460, 461, 465, 482, 

502, 503, 511 

-recapitulation of results, 495 

— of linear system, 451, 576, 600 
-for large values of t, 503 

-initially oscillating in simple mode, 463 

-progressive wave, 487, 497 

-one particle vibrating in prescribed manner, 

511 

-passage from finite to infinite system, 465, 

468, 477, 495, 500 

-from infinite to finite system, 478, 482, 485 

-permanent mode of, 489, 492, 495, 496. 498, 

499 

-recapitulation of results, 488 

-with arbitrary initial conditions, 451, 576 

— of semi-infinite linear system, 457, 459, 460, 461, 
465, 482, 500, 511 

-recapitulation of results, 492 

— of square system, 568 

— quantity of, 463 

— researches respecting, connected with theory of 
light, xiv, 451, 578 

— sinusoidal mode of, 488, 489, 492, 495, 497 

— velocity of progress of, 577 

-of propagation of, 510, 517, 556, 560, 571, 572, 

582, 605 


Vibrations in crystals, law of vis viva for, 437 

— principle of equivalent, 437 

— reflection of, 457, 459 

Vis viva, 106; see also Living force 

-approximations to, in three-body problem, 17 

-derivative of V with respect to, x, xii, 46, 49, 108 

-law of, for vibrations in crystal, 437 

Voss, 285 


unction, see Disturbing function 
Watson, 509, 563 
Wave-front, xv, 640 

-description of, 563, 604, 605, 606, 640 

— interval of, 421 
-length, 446 

— motion in elastic medium, description of, 563, 599, 

640; see also Vibration in elastic medium 

-in linear system, see Vibration of linear system 

-normal, 638, 639 

— simple progressive, see Travelling sinusoid 

— sinusoidal, 451 

— slowness of, 417 

-surface, double, in Iceland Spar, 441 

-Fresnel’s, 432, 442 

-section by principal plane, 442 

-optic axes of, 442 

-in dispersive crystal, 444 

— thickness of, 417, 421 
-velocities, in crystal, 423 

-in dispersive crystal, 437, 439, 441 

-velocity, in aether, 447, 448 

-in biaxal crystal, Fresnel’s law of, 433,434,444,639 

-in dispersive crystal, Fresnel’s law of, 438, 439, 

444, 445, 639 

-in dispersive medium, law of, 447, 582, 584, 586, 

596 

- see also Group-velocity; Phase-velocity; Velocity 

of propagation of vibration; Velocity of trans¬ 
mission of phase 
Waves, plane, in aether, 446 
-in crystal, 416 

-velocities of propagation of, 423, 427, 433 

— three-dimensional, in dispersive medium, 569 

— two-dimensional, in elastic medium, 568 
Whittikee, 139, 166, 286, 638, 639 
Work, 106 


oung, 106 
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